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ABSTRACT

The article examines and grounds the problem of classification of commuting matrix pairs. The
sum of classification of commuting matrix pairs is equivalent to the sum of classification of non-
commuting matrix s-sets. Since s is here arbitrary, the sum seems infinitely complex. Its solution
is known only for s=1 and arises from the theory of Jordan form of a matrix.
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BBeaeHue

TpaAULIMOHHO CYMTAETCs, YTO JMHelHas ajarebpa npejactasssieT co60i pas/es MaTeEMaTUKH, B
KOTOpOM BCe I0CTaBJIeHHbIE 33/1a41 UMEIOT pellieHue U, 60Jiee TOTo, 3TO pPellleHHe 3alMChIBAETCS B IBHOM
Bu/Je. OlHAaKO 3TO MHeHUe OIIMO04YHO. B inHelHOM anrebpe ecTh 3a/layy, KOTOPbIe He TOJIbKO He pelleHbl
Jl0 CUX I1OD, HO U, CKOpee BCero, HUKorja He 6yayT peiueHsl [1,2,4,5]. Takve 3a/jayM Ha3bIBAIOT «AUKUMU».
Bo3HUKaeT BONpOC, KaK CTPOro MaTeMaTH4YeCKU OGOCHOBAThb, YTO IOCTaBJIEHHAs 3ajadya SfBJsAETCS
«MKoM»? BriepBble Takoe o60cHOBaHME 6bl10 nonydyeHo U.M. l'enbdangom u B.A. [loHoMapeBbIM B 1969
roJly /sl 3a/1a4H 0 KJacCcupUKalMy nap KOMMYTUPYIOIIUX MaTPUL. A UMEHHO, B CTaThbe [3] OHU oKa3aJy,
YTO 33/]a4ya 0 KJacCUPHUKAIIMU NTap KOMMYTHPYIOIIUX MaTPUI] PABHOCUJIbHA 33/1a4e 0 KJIacCCUPUKAIUM S-
Hab0pOB HEKOMMYTHUPYIOIINX MaTpHLL. [I0CKO/IBKY S 3/1eCh TPOU3BOJIBHOE, TO 3T 3a/ja4a MPeJICTABJISETCS
6eCKOHEYHO CJIOKHOM. PelieHre ee M3BECTHO TOJIBKO 11 S=1 U BbITEKAET U3 TEOPUHU KOPJAHOBBIX popM
MaTpHUIL.

Pa6oTra chirpajsia BaXKHYI0 POJib B pPa3BUTHUM are6pbl. B HacTosiiee BpeMs 3ajjaya CYMTAETCS
«JJMKOM», eC/IM B Ka4eCTBe [10/133/Ja4X OHA COJIePKUT 33/ja4y O ape KOMMYTHUPYIOIIUX MaTpuL [4,5,6,7,8].

Pa6oTa [3] mpeacTaB/isseT cO60M KOPOTKYIO 3aMeTKY, B KOTOPOM OCHOBHbIE Pe3yJIbTaThl TOJbKO

*

Tpyapt 1 MexayHapoaHoili HayyHOW KoH¢pepeHuuu «KoHBepreHTHble KOTHMTHUBHO-
nHopManuoHHbIe TexHoaorum» (Convergent’2016), MockBa, 25-26 Hos6ps, 2016
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cbopMyIMPOBaHbL, HO HE J0Ka3aHbl. Llesb cTaThU: 1aTh pa3BepHYTOE 10KA3aTeAbCTBO YTBEPKAEHUN 3TON
pa6oTel. HacTosmas pa6oTa cocTOUT M3 2-X 4acTell. OCHOBHBIM pe3y/JbTaTOM IEPBOX YaCTH fIBJISETCS
TeopeMa 1, cbopmynupoBaHHasa B paboTe [3]. CorstacHO 3TOM TeopeMe 3a/iadya O Mape KOMMYTHPYIOIIUX
MaTpHUI, PaBHOCHJIbHA 33Jlaye O KJAcCUOHUKALMU TpoeK MaTpul. PopMynupyroTcs U J0Ka3bIBAKOTCS
BcrioMoraTesibHbIe JleMMbl. CaMa TeopeMa ZJ0Ka3bIBaeTCs [OCTATOYHO MOAPOOHO, TPUBOAUTCS JUarpaMma
paccyxJieHuid. Bo BTOpOH 4YacTH J0OKa3aHa OCHOBHasi TeopeMa O DPAaBHOCWJBHOCTH 33/la4yd O Tape
KOMMYTHPYIOLIMX MaTPHUL 3a/ja4e 0 KJacCudHKaL U1 POU3BOJIbHBIX S-HA60POB MaTPHIL,

Yacte 1. 3a1a4a 0 nape KOMMYTUPYIOIIMX MAaTPHULL

[lycTb fjaHbl 7 TMHEHHBIX N-MepPHBIX NOANPOCTPaHCTB V,, ...V, Hajg nosieM C. O603Hauum V =D V.

BriGepeM B Ka/10M U3 HUX 6asuce’, 1 <i<n 1<m < 7.

BBezeM oTHolleHHs Hopsiika Ha 6Gasuce € = {e["}, cornacHo kKoTopoMy e]* < ej", ecmt m <
kunmam =k, i <j.

Toraa ynopsio4eHHbIN Ha6op

feM1<i<nl<m<7} (1.1)

3TO 6asucB V.

HaszoBeM 3ToT 6a3uc (1.1) cTaHJapTHBIM.

llycte A = (a;;), B = (B;j), C = (CU) NnXn- MaTPULbI.

OnpenesnvM B IPOCTpaHCTBe V JIMHENHbIE onepaTopblA U Bro TpeM nXn- MaTpuuam A = («;;),
B = () C= (CU) MpU NOMOIITY caeAyroled auarpammsbl 1 (Puc.1)

V7 O

r — r'y

C

Ve » V7 N 0

F'y B r'y

E B

V3 ) V5 > V7 » O

ry E Y A

E E A

\'I_E_.. ‘\'2Tp~ V4 Tﬁ V7 >

Puc. 1. luazpamma 1

OnepaTop A [eHCTBYET «TOPU30HTAJbHO» UJIM IOCTPOYHO, COIJIAaCHO AuarpaMMe 1. A uMeHHO:

Alel) = e?,
A(e?) = ef,
Alet) = €],
A(ed) =e?,
A(ef) =2 ajie/,
A(ef) = X bje],
Ael) = 0.
OnepaTop B AelCTBYeT «BEpTUKAJbHO» COTJIACHO AuarpaMmme 1. A MMeHHO:
B(el) = €2,
B(e}) = ef,
B(ef) = Y€/,
B(e?) = ¢?,
B(els) = 2 bjiej7'
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B(e}) = Y a;€/,
B(e!) = 0.
Jlemma 1.1 OnepaTtopsl A U B KOMMYTHUPYIOT.
JloKa3aTe/bCTBO.
AB = BA.
v, EV.
ABv; = BAv;.
Jl1s1 [oka3aTenbCTBa JOCTATOYHO NOKa3aTh, 4To ABe* = BAe",V i, m.
Alel) =0,
ABe! =0 = BAe],
ABef = A(X;a;e]) =0,
BAe! = B(X;a;¢]) = 0.
JleMMa JjoKa3aHa.
Jlemma 1.2
[lyctb @, 1, T - onepaTopsl B IMHEWHOM NPOCTpaHCTBe V.
llpeanosioxum, 9to ¢ = TPT L.
Torga T (Imy) = Ime.

JloKa3aTebCTBO.
0 =TYT ! = T =Ty,
Imy ={yl3x,y=9x)},
ImTY = T(Imy) = ImTY = ImeT = Ime.
HTak,

T(Imy) = Ime.

JleMMa Joka3aHa.

I[lycThb faHbl elle Tpu MaTpulpl A, B’,C’', KOTOpbIe ONpeeIoT onepaTopbl U MaTpUlbl A’ u B’
TOYHO TaKXe KaK U3JI0XKeHO Bblle. [[peanosoxuM, 4To MaTpuLbl Cu C'HEBBIPOXKAEHbL. ByieM roBopuTh,
YTO Napa KoMMyTUpyrux MaTpul, (A, B) conpsikeHa nape (A’', B"), eciu cylecTByeT HEBBIPOXKAEHHAs
7nx7n-matpuna J Takas, 4T0 A = TAT *uB’' = TBT L

Bygem roBoputbh, uyTo TpoWku (4,B,C) u (A, B',C') compspkeHbl, €CIH CYLIECTBYET
HeBLIpOXAeHHasA nXn — maTpuna Ttakas, yto A’ = TAT ™Y, B’ = TBT 1, C' = TCT 1.

Teopema 1. Ilapa koMmMyTHpyOIIKX MaTpul, (A, B) conpsbkeHa nape (A',B') Torga v TOJbKO
TOr/a, Koraa Tpoiika (4, B. C)conpsikeHa tpoiike (A’, B',C').

JloKa3aTe/bCTBO.

Nyukt 1. Ilycte mapa (A,B) conpsxkeHa mnape (A',B’). IlokaxeM, 4YTO CyLIECTBYET
HeBLIpOXAeHHasaA nXn — matpuua T Takasa, yto A’ = TAT™Y,B' = TBT~,C' = TCT™*.

CywiecTByeT HeBBIPOXKJeHHasa 7nX7n-Marpuna I Takasd, 410 A' = TAT L (TA = A'T) u B' =
TBT~1,(TB = B'T). llokaxeM, 4To MaTpuLa T 6JI09HO HUKHETPEYToJabHasA. [ 3TOro MoKa)eM, 4TO
TWV) eV, ® (Bic; Vi)

ansaooro1 <i < 7.Jnsai = 13To 0UeBUIHO.
3aMeTHuM, 4To
(AN(B')Y =TA'BIT (1.2)
JJIS JTI0OBIX I, J.
(r.e.(1): (AN(BY = (TAT ™) .. (TAT ) (TBT™Y)...(TBT™Y) =TA'B T

4

j
TV =V
Torpa us JleMMsl 2 nosny4yaem:
7 (Im(A'B)) = Im((A) (B'))),
rae Im o603HavaeT 06pas onepaTopa.
Tak kak V, € ImA, To npuMenuM (1.2), monoxus i = 1,j = 0. [Tonydyaem
TWV)cImA =V, VvV, V. DV,
Tak kak V; € ImB, 0T (V3) cImB' =V, @V, RV, D V,.
Tak kakV, € ImA?, toT(V,) c ImA? =V, @ V..
Tak kak Vg € IMAB, 10T (V5) € ImA'B' =V @ V,.
Tak kak Vy, € ImB2, 10T (V) € ImB? =V, D V..
Tak Kak V, € ImB3 (31€Ch UCIO/Ib3yeTCS HEBBIPOXKAEHHOCTb MAaTPHUILLI C), TO
T(V,) € ImB3 =V,
Yro fokaseiBaet (1.1).
0603HauuM yepe3 T,,,, 1 < m < 7 fuaroHajbHble nXn 6J0ku B MaTpule J. Torga
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T(el) = Ty (™) + {nun. kom6uHanus ef', k> m} (1.3)
W3 Teopemnl Jlaniaca BeITEKAET, YTO MaTpHULia I HEBBIPOXK/IeHHas!, TO U BCe JUaroHaJbHble GJIOKU
T,, HeBbIpOXJeHHbIe. 06paTHasA MaTpuua T~ Takxe 6JI04HO HUKHETPEYToJIbHAA U /IS HEe UMEET MeCTO
(1.2).
MaTpuna A Takxe 6JI04YHO HIKHETpeyrosbHas. s oooro 1 <m < 7 0603HayuM depe3 a(m)
HOMeD, At KOTOporo Vi, u V() CKperieHbl TOPU30HTAIbHON CTpesiKoW Ha jguarpamme 1. Hanpumep
a(1)=2, a(2)=4, a(5)=7. U3 onpefenenus MmaTpulpl (onepatopa) A BbITEKAET, YTO
Ael") = Apel™,
rae A,,ecTb nXn — MaTpHULA, COOTBETCTBYIOLIAsA NIepexoy 10 FOPU30HTANbHON cTpesike. Hanpumep, aia
A, =E A, =E A; = A, As = B. 3nec E- efyiHM4YHasA MaTpULa.
Pacnuiem g B.
MaTpuna B Takxke 6J1094HO HIbKHeTpeyroJibHas. [ ao6oro 1 < m < 7 0603HavyuM 4yepes b(m)
HOMep, AJist KOTOPOro Vo, u Vj () CKpervieHbl BEpTUKaIbHOU CTPeJIKoW Ha AuarpamMme. Hanpumep,b(1)=3,
b(3) =6, b(2) =5. 3 onpenesenus MaTpullbl (onepaTopa) B BbITEKAET, YTO
B(el") = B ™,
rae BecTb nXn — MaTpula, COOTBETCTBYIOLIAsA MepexoAy MO0 BepTHUKaJbHOU cTpesike. Hanpumep, gia
B, =E,B,=E,B,=A,Bs =B, B, =C.
AnajsioruyHo
A'(eM) = Alpet™

e
B (") = Blpel ™.
Torpa
TAT (€l = TyomyAm T (ef ™) + {nnn. kom6unauusa e, k > a(m)}
A'(e") = Alet™,
Mockonbky A = TAT L, TO
Ay = a(m)AmT‘rE1 (1.4)
aag awoborol <m<7.
PaccmoTpum aaia B.

TBT1(e") = %(m)Bngl(ef(m)) + {nun. komM6uHaLMs ef' k> b(m)}

B'(eM™) = B;nef’(m),

Tak kak B' = TBT !, To
By = Tymy BT (1.5)
aag awoorol <m<7.

Monoxkum B (1.4)m = 1. Takkak A; = A} = E, T0E = TLbET{ !, toectb T} = T5.
Monoxkum B (1.5)m = 1. Takkak B; = B] = E, 10 E = TLET]}, T0ecto T; = Ts.
Monoxum B (1.4) m = 2. Takkak A, = A, = E, 10 E = T,ET; Y, Toectb T, = T,.
Mosioxkum B (1.4) m = 3. Tak kKak A; = Ay = E, T0E = TsET; *, toectb Ty = Ts.
Mosioxkum B (1.5)m = 3. Tak kak B; = B} = E, T0 E = T,ET; 1, To ectb Ty = Tg.
Monoxum B (1.4) m = 4. Takkak A, = A, = E, T0E = T,ET;}, toects T, = T.
Takum ob6pazom, noayyuan, uto Ty =T, =T, =T, =T, =T, = T,.
0603HauuM 3Ty MaTpuLy yepe3 T.
Monoxum B (1.5)m = 4. Takkak B, = AuB] = A, To A’ = TAT™L.
Monoxum B (1.5)m = 5. Tak kak B; = Bu B = B', 0 B' = TBT .
Mosioxkum B (1.5)m = 6. Tak kak B = Cu B, = C', 0o C' = TCT™1.
YTo AOKaA3bIBAET YTBEPXKAeHHUE MyHKTA 1.
IyHKT 2. [TokaxkeM, uto napsl (4, B), (A’, B') conpsikeHbl.

A =TAT™?
[lyctb {B’ = TBT 1. PaccMoTpuM 6J104HO AMArOHAJIbHBIN oniepaTop T: V — V, st KOTOporo
C'=TCT™?
T(e") =¢ pniam=1,2,3,7
T(e™ =21y tie" pnam=4,5,6
0603HaYUM
A= TAT,
B = TBT.
[TosnyyaeMm, 4TO
A=A,
B=3



JlelicTBUTENBHO:
Ael =e? = A'e?,
Ae? = et = Ae?,
Ae} = TATtef = (TAT Vel = A'e}.
OKOHYaTeNbHO
A =TAT™,
B' =TBT™1.
YTBepk/eHue A0Ka3aHo.

YacTte 2. OcHOBHAg TeopeMa

PaccMoTpuM Teneps o61ui ciay4yait Ha guarpamme 2 (Puc. 2).

E

&
A2
Va > .. > ... >
F 3 &
Al
T.
Vi > Vi * Va3 L.
F 3 F 3 F 3 F 3
Al
Vi ————* V2 * Va3 » ... —* Vs
& A F A
Al
Vi * V12 * V13 ... *V1s1 » Vis

Puc. 2. luazpamma 2
[lycTb onepaTop A Takxe AeUCTBYyeT «TOPU30HTAJbHO» UJIM OCTPOYHO, COTJIACHO AUarpaMMe 2.

A UMeHHO:
Alel) = e?,
A(e?) = e,
A(e}) = ef,
A(el) = ¢7,
A(ef™) = Y a;ef,
A(ef) =0.
OnepaTtop B AelCTBYeT «BEPTUKAJbHO» COTJIACHO JiuarpaMme 2.
A UMeHHO:
B(el) = €7,
B(e?) = €2,
B(e}) = e},
B(ef™) = X cjef,
B(ef) = 0.

OcHoBHasa TeopeMma. [lape!l Matpur (A, B) u (A', B')conpspKeHbl TOr/Ia U TOJIBKO TOTZA, KOT/Aa
conpsokenbl (Aq, A, ... A;) 1 (By, By, ... Bg).

JloKa3aTeIbCTBO yTBEPKAEHUA aHAJIOTUYHO. PacCMOTpUM ero cxeMaTH4HO.

CxeMa J0Ka3aTe/IbCTBA.

IyHskT 1. [lyctb napa (A, B) conpsikena nape (A', B).

JlokasblBaeM, YTO CyLIECTBYeT HEBBIPOXJEHHasA nXn — matpuua T Takas, uto A, = TB; T},
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A, =TB,T™%,..A;' =TB,T™ .
CylecTByeT HeBBLIPOXJeHHasa 7nX7n-matpuna T Takad, uto A, =TB, T L(TA, =
B,'T), A, =TB, T ,(TA, =B,’T),.. A, = TBT 1, (TA; =B,/T)
[TokasbiBaeM, 4TO MaTpulia I 6/104HO HKHETPEYTOJIbHAS, T.€.
T(Vij) € Vij ® (Bic; Vi)
Jaamoboro1 <i<7,1<j<7.
3aMeTHuM, 4TO
(A (AY = TA AT (6)
JJIS1 JTI0OBIX I, J.
T:Vij = V.
Torpa u3 JleMMsl 2 nosny4aem:
7 (1m(A,' A7) ) = Im((A, ) (A))).
0603HauuM yepe3 T, 1 < m < 7 AuaroHajibHble nXn 6Ji0ku B MaTpuue T. Toraa
T(e™) = T (™) + {nun. koMGuHanHS ef k> m}. (7
W3 Teopemnl Jlaniaca BbITEKaeT, 4TO MaTpulia T HeBBIPOXK/EHHAs, TO U BCe JUaroHasbHble 6JIOKU
T,, HeBbIpOXKJeHHbIe. 06paTHas MaTpuia T ! Taxe 6J109HO HUXKHETPEYroJIbHas U /I Hee HUMeeT MeCTO
(6).
AHanornyHo TeopeMe 1.1 [poka3biBaeM, 4YTO MaTpuubl Aq,A,,...Ag Takxke 6JIOUHO
HW)KHETPEYTOJIbHBIE.
U3 onpegenenus MaTpulipl (onepaTopa) A BBITEKAET, YTO
Ae™) = Ameia(m),
rjae A,,eCTb XN — MaTPHULA, COOTBETCTBYIOLAsI IEPEXOAY 10 FTOPU30HTATbHOMN CTPEJIKE.
MaTpunpl B, B,, ... B; Takke 6J104HO HHUXKHETPEYTOJIbHBIE.
B(el") = Bl ™,
rje B, ecTb nXn -MaTpuU1a, COOTBETCTBYIOIAs IEPEXOAY 110 BEPTUKAJIbHON CTPEJIKE.
AHaJIOTMYHO JI0Ka3bIBAETCH:

A'(el") = Alet™,
B'(e") = Blpel ™.
Torpa
Ay = a(m)AmT‘rE1 (8)
aag awoborol <m<7.
By, = Ty(m)Bm T (9)
aag awoborol <m<7.
AnasioruyHo Teopeme 1 gokasbiBaeM, uTo Ty =T, = T3 =T, =Ts =Ty, = T,.
Yro joKa3bIBaeT yTBEPKAEeHHe NyHKTa 1.
IyHKT 2. [loka3biBaeM, 4To napsi (A, A4,, ... A;), (By, By, ... Bg) CONPSDKEHBL.

A/ =TB,T™!
A, =TB,T™?! o .
[lyctb . PaccmaTpuBaeM 6J104HO AuaroHasbHbIN onepatop T: V = V.
Ay =TB,T™!
0O603HayaeM
A = TA, T,
A, = TA,T,
Ay, = TAT!
[TosnyyaeM, 4TO
‘21 = "qllﬁ
c/qz = c/qzl,
‘Z; = c"ls,'
OKoHYaTeJbHO
A/ =TB T
A, =TB,T™!
Ay =TB,T™!

YTBepxKJeHHe 06Iero caydast J0Ka3aHo.
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Jakidenue

"Jlukye" 3a/ayy JIMHEHHOHN aareOGpbl BbI3bIBAIOT MPUKJ/IAJHON MHTEpeC y HUccefoBaTesel, 4YTo

OTpa)keHOo B myOauKauusx [5-16]. 3ajaya o nape KOMMYTHUPYIOIIUX MaTPUL, UHTEPECHA TaKXe C TOYKU
3peHHUs KOMIIbIOTEPHBIX 3a/a4 [17-20].
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Paboma evinosnHeHa npu noddepicke epanma MuHucmepcmea o6pasoeaHusi u Hayku Pocculickotl
®edepayuu, nocmanosaeHue Ne 220, e ®PI'BOY BO «ToabsimmuHcKull 2ocydapcmeeHHbIl
YyHusepcumemy», dozogop Ne 14.B25.31.0011.
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