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Abstract. Both easily readable and obscure proof scripts can be found
in the Mizar Mathematical Library (MML). Many authors do not want
to invest additional e�orts in improving readability of their deductions,
once the computer accepts their scripts. In their opinion, text of the
proofs are ignored by most of the readers and the readability is essential
only at the top level of scripts where statements of theorems are formu-
lated. However, the analysis of such scripts is unavoidable if we have to
rebuild some theorems to make them stronger or more easily applicable.
Therefore, it is important to develop tools that can improve legibility of
proofs, in particular those that shorten reasoning by removing technical
sub-deductions, and this requires development of criteria that lead to ex-
traction of statements which, in the opinion of human readers, describe
well the extracted reasoning.
We propose characteristics of formula complexity that can be applied
to determine which sub-deductions should be extracted so that resulting
lemmas are more comprehensible. To better understand their signi�cance
we study the distribution of these characteristics on statements of theo-
rems that are collected in the MML.

Key words: Lemma extraction, Complexity of formulas, Legibility of
proofs

1 Introduction

1.1 Motivations

The legibility of proof scripts might be considered as one of the most important
factors of formalization quality, but in practice the growth of proof databases is
not always accompanied by the improvement of the formalization quality of the
articles. Analyzing proof scripts developed with proof assistants, especially the
longer and more complex deductions, leads to a conclusion that their legibility
often seems to be of the secondary importance to their authors since computer
assisted proof development frameworks can check the correctness of such deduc-
tions. According to the opinion of some proof authors any attempt to analyze

? The paper has been �nanced by the resources of the Polish National Science Center
granted by decision n◦DEC-2012/07/N/ST6/02147.
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details of the proofs scripts created in this way is extremely di�cult or even
impossible. However, analysis of such proofs is unavoidable if we try to adapt or
modify them [5].1

This concerns especially systems such as Mizar [2, 10], where the proof script
language is close to the natural language, which makes it possible to create leg-
ible deductions. Therefore, authors of Mizar proof scripts can manually try to
improve the comprehensibility of their work spending a lot of time over their
readability [13, 6], similar as it is done for informal mathematical proofs. How-
ever, many authors do not want to invest additional e�orts in this process and
assume that the task can be handled automatically for them, since having a dig-
ital form of structured formal proof, a computer can not only automatically
verify the correctness, but also automatically enhance proof scripts. Therefore,
it comes as no surprise that Mizar is being developed in many directions to meet
these needs of users, similar to the way people work on informal mathematical
proofs.

We can identify three main directions of development to improve legibility.
The �rst one is based on improving the representation of proof scripts in HTML
format [14] by adding selected information that is automatically generated by
Mizar and also by bringing the formal mathematical language to the informal one
by introduction to the formal language idioms that stem from informal math-
ematical practice [7�9]. The second direction is based on the simpli�cation of
deductions in proof scripts by �nding and removing irrelevant parts of reasoning
or by elimination of redundant premises from the justi�cation of steps, preserv-
ing the correctness of the modi�ed proof scripts. The third direction is based
on rebuilding the deduction structure in proof scripts by changing the order of
independent steps in reasoning and also by detecting reasoning passages (called
packets) that are, e.g., technical and repeated many times in a reasoning, and
extracting them as lemmas or encapsulating them on a deeper level of a proof
in the form of a nested lemma.

The last direction is still the least developed. SMT solvers can be used to
choose a better order of independent proof steps [12]. A method of extracting
packets as external or nested lemmas so that the correctness of proof scripts is
preserved has also been developed [11]. However, an additional challenge remains
to formulate packet extraction criteria so that resulting new lemmas can be
accepted as ones that deserve readers' attention and are worth extracting. In
this paper we concentrate on this aspect.

1.2 Proposed approach

The ability to �nd such passages automatically is crucial, since the extraction of
carelessly selected packets can drastically reduce the proof scripts legibility even
if the modi�cation reduces the length of the proof. Additionally, the statements
associated with the reasoning in a packet has usually a more complicated form

1 Actually this is mentioned in Page 3 of an unpublished preliminary version of the
article [4].
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than a plain implication premises =⇒ conclusions preceded by a sequence of
universal quanti�ers. It turns out that a mathematical statement can be per-
ceivably more complex than another one, even if both have the same number of
assumptions and theses; or their prenex normal forms are at the same level of
the same arithmetic hierarchy [1, 11].

In this paper we analyze the selected characteristic of sentence complexity
of theorems and lemmas in the Mizar Mathematical Library (MML) to get the
most typical values. and then apply them in the context of lemma extraction
based upon the notion of proof graph. In Section 2 we introduce the notion of
an abstract model of proofs and packets. In Section 3 we discuss selected indica-
tors of the packet's statement complexity that describe a structure generated by
premises and conclusion in a packet. We discuss also the impact of the positions
of quanti�ers in a formula for the complexity of a deduction that justi�es the for-
mula. Then in Section 4 we report the statistical results obtained on statements
of theorems and lemmas occurring in the MML. Finally, Section 5 concludes the
paper and discusses future work.

2 Packets in Abstract Proof Graph

To formulate the notion of a packet, we have to �x the terminology and notation.
Let G = 〈V,E〉 be a DAG, E1 be a subset of E, V1 be as subset of V . An arc

is called E1�arc if it belongs to E1. A path P = 〈u1, u2, . . . , un〉 of G is called
an E1�path if 〈ui, ui+1〉 is an E1�arc for i = 1, 2, . . . , n − 1. Additionally, we
say that P passes V1 if u2, u3, . . . , un−1 belong to V1. For vertices u, v in V , the
notation u →

E1

v means that 〈u, v〉 is an E1�arc. Moreover, the notation u →∗
E1

v

means that there exists an E1�path that leads from u to v. Additionally, we say
that vertices u, v are connected only by passing V1 and denoted this by u ∗

V1

v,

if there exists a path that leads from u to v and every path that leads from u to
v passes V1.

An abstract model of proofs was considered in detail in an earlier work [11].
For our purposes we recall only the part of its de�nition that is the most relevant
for our purposes. We illustrate it with an example on Fig. 1, where P, Q, R, S,
T represent predicate symbols with two arguments and F represents a functor
with one argument. Note also that the additional packet P is analyzed in the
further part of this article. Generally, we call a DAG P = 〈V,O∪M〉 an abstract

proof graph if O and M are disjointed families of arcs, called ordered arcs and
meta�edges respectively, 〈V,M〉 is a forest, and O contains a distinguished set
of arcs R(P) ⊆ O, the elements of which are called references. Additionally,
the contents of a nested reasoning are closed outside, i.e., introduced variables
and formulated statements in a sub-reasoning cannot be used outside the sub-
reasoning, i.e., from areas of the proof in which the sub-reasoning is nested (for
each u, v, w ∈ V if u →

O
v, u →

M
w then v →∗

M
w and v 6= w). The vertices

of P represent steps of the reasoning, O�arcs represent the �ow of information
between di�erent steps of the reasoning, and M�arcs represent the dependence
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α : let x be set;

β : A1: P[x];
γ : consider y be set such that

A2:y=F(x) by A1;
δ : A3: Q[y] by A2;
ε : consider z be Subset of y such that

A4: R[z] by A3;
ζ : consider r be Relation of y,z such that

A5: S[r] by A4;
η : A6: T[r] by A5;

α :

β : γ :

ε : δ :

η : ζ :

packet P

x x

A1

y y A2

A3
y

z A4
A5

r

Fig. 1. The example of reasoning sequence written in the Mizar style and the corre-
sponding fragment of the abstract proof graph that represents the reasoning.

between each step from areas of the proof and a proving fact. R(P)�arcs that
correspond to solid arrows represent the information �ow between a premise
(e.g., the fact labeled by A1 in β) and a place of its use (γ). The other O-arcs
that correspond to dashed arrows represent all kinds of additional constraints
that force one step to precede another one, e.g., the dependence between a step
that introduces a variable (the variable v in α) into the reasoning and a step
that uses this variable in its expression (β, γ). Note also that arcs and vertices
of abstract proof graphs are not labeled (arcs and nodes in Fig. 1 are labeled
only to simplify their identi�cation).

Using the notion of meta-edges we can de�ne formally the notion of packet
introduced in an earlier study [11]. Let us �x the notation D = 〈VD, ED〉 for
a subgraph of P induced by a set of vertices. We call D a packet, if D is induced
by the set of all roots in the forest 〈V,M〉 or every vertex of D has a common
successor in 〈V,M〉. Note that in an earlier de�nition (see [12]) the packet was
a subset of steps in a one-level deduction, where we ignored each nested local
lemma that was a justi�cation of a step in the deduction. To consider the set of
a packet steps together with steps of such supplementing lemmas we de�ne an
area of the packet by A(D) := {v ∈ V : ∃u∈VDv →∗M u}. A vertex v of P is called

a D�premise, if v /∈ VD and 〈v, u〉 is a R(P)�arc for some u ∈ A(D). Similarly,
we call a vertex v of P a D�conclusion, if v ∈ VD and 〈v, u〉 is a R(P)�arc for
some u ∈ VD \A(D). Let v be a vertex of V. A D�premise p is called v�necessary
if there exists O ∪M�path that passes A(D) and connects p with v. Note that
to explore every dependency between a premise and a conclusion, we cannot
be limited only to R(P)�paths, even if reference arcs are su�cient to de�ne
premises and conclusions. As an illustration note that the step β presented in
Fig. 1 is ζ�necessary, even if the reference arcs 〈δ, ε〉, 〈ε, ζ〉 do not occur in the
proof graph of the packet, since there exists ordered arc 〈γ, ζ〉. Note that the
packet P has also ζ�necessary premises ε, and β is also δ�necessary.

In our research, we distinguished also a set of vertices V(P) that correspond
to steps that introduce variables into a reasoning in both cases of steps that
introduce an universal or an existential quanti�er and of steps that introduce
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a new constant. A vertex v of V(P) is called a D�universal, if v /∈ VD and 〈v, u〉
is a O \ R(P)�arc for some u ∈ A(D). Similarly, we call a vertex v of V(P)
D�existential, if v ∈ VD and 〈v, u〉 is a O \R(P)�arc for some u ∈ VD \ A(D).
In Fig. 1, the packet P has two universal vertices: α, ε and also two existential
vertices: γ, ζ. Additionally, the order of these steps in graph suggests that the
packet's statement must have the following form ∀x∃y∀z∃r . . . .

3 Properties of the Packet's Statement

A method of extracting an arbitrary packet as an external or a nested lemma
has been described in an earlier work [11]. However, the question of the packet's
property which determines the choice of the extraction method is omitted. In
this Section we describe the characteristic of the packet's statement complexity
that describes a packet considered as a subgraph position in an abstract proof
graph, i.e., the information �ow between the packet and the rest of a reasoning
that contains the packet.

Let us focus on the packet P presented in Fig. 1, the reachability relation
between packet's premises and conclusions, and also the reachability relation
between ones that are connected only by passing the packet's area. Using the
reasoning in a packet we can provide a packet's statement in the form "quan-
ti�ers premises → conclusions" (e.g., . . . (P (x) ∧ R(z)) =⇒ (Q(y) ∧ S(r)).
However, we cannot preserve the correctness of the modi�ed reasoning, since δ
(Q(y)) is ε�necessary (R(z)) or more precisely, there exists an outgoing path
〈γ, ε, ζ〉 that generates a circle if we replace the packet by a single step (for more
detail see the de�nition of lemma extraction procedure [11]). Since, the packet's
statement has to preserve the necessary relation, we have at least two options
for the formulation of the packet's statement:

... (P[x] implies Q[y]) & (R[z] implies S[r])

... P[x] implies (Q[y] & (R[z] implies S[r]))
(1)

Obviously, the �rst proposition is more general than the second one. However we
can extract P preserving the correctness in both cases. Analyzing the structure
of implications we can observe that a deduction justifying the �rst statement
should have a form of two disjoint proofs (corresponding to each implication)
and the skeleton of a deduction justifying the second one has the form �assume
P[x];, thus Q[y];, assume R[z], thus S[r]�, (see Fig. 3).

Analyzing the structure of implications we assume that the formula contains
only negation, conjunction, implication; where negation can precede only a lit-
eral. Additionally, we eliminate every formula of the form α =⇒ (β =⇒ γ)
using the Exportation low (((α ∧ β) =⇒ γ)⇐⇒ (α =⇒ (β =⇒ γ))) and
also we eliminate repetitions of formulas as (α =⇒ β) ∧ (α =⇒ γ). We say
that such formula is implicational. Generally, we can transform a formula to sev-
eral expected forms. However, this nondeterministic does not occur in majority
statements of theorem occuring in the MML. Note that the equivalence in the
Mizar system is a syntactic sugar for two implications, the disjunction is used
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only in 2% of all theorem statements in the MML, and the negation precedes
a non-literal formula only in justi�ed cases where it facilitates the understanding
of a theorem's statement in the Mizar reviewer's opinion.

Note also that when proving an implication, the most natural proof is the one
where we �rst assume the antecedent. Obviously, we can conclude the consequent
directly or using the reductio ad absurdum method. However, in both cases, the
complexity of the antecedent has a negligible impact on the proof graph that
describes the information �ow in a reasoning. The only exception is when the
antecedent is a conjunction of several facts, but even in that case the number of
facts plays an important role than the complexity of each of them. Therefore,
we omit the complexity of antecedents (accordingly, packet's premises) in our
structure that describes implicational formulas (see P[x], R[z] in Fig. 1).

Let us consider an implicational formula φ. Then to each sub-formula of φ
that has the form:

(γ0 =⇒ (α ∧ (β1 =⇒ γ1) ∧ (β2 =⇒ γ2) ∧ (βk =⇒ γk))

we can associate a vertex of a directed rooted tree as follows

α β1; β2; . . . ; βkγ0

γ1

γ2

.

.

.

γk

The height of obtained tree is called the depth of φ and the number of leafs there
the breadth of φ. The �rst formula presented in (1) has depth 1 and breadth
2; and the second one has depth 2 and breadth 1 (see Fig. 2). We show that

Q[x]

P[x];R[z] P[x] Q[y] R[z] S[r]

S[r]

Fig. 2. The structure of implicational formulas presented in (1)

depth and breadth represent the generality level of formula that distinguishes
statements of lemmas and theorems. Note that in the most general packet's state-
ment, the formula is equivalent to the basic packet's statement (for more detail
see [11]), i.e., a conjunction of implications, where the consequent of a given
implication is one of the packet's conclusions c, and the antecedent is a conjunc-
tion of c�necessary the packet's assumptions. In consequence, the breadth of the
packet's statement should be close to the number of packet's assumptions and
the depth of the packet's statement should be close to one or even 0 if the packet
has no assumptions. However, the modi�cation of the reasoning part left after
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the extraction of a packet with such statement is more complicated and a gen-
erated proof of the statement based upon the packet's reasoning is extremely
long and has repeated passages that do not occur in existing proof scripts in
the MML. Therefore, we analyze the depth and the breadth of the statement of
a theorem that is collected in the MML in the context of a situation, where the
statement is as general as possible and a generated proof does not have repeated
passages. Obviously, the optimal values of depth and breadth are determined
by properties of packets. Note also that we can indicate the formula that has
breadth 1 (see (3)). However, the generality level of the formula is low. As an
illustration, let us denote by Pre(D) the set of D�premises and similarly denote
by Con(D) the set of D�conclusions. We de�ne two recursive families of vertices
{Pre(D)i}∞i=1, {Con(D)i}∞i=1 as follows:

Pre(D)0 = {p ∈ Pre(D) : ¬ ∃
u∈Con(D)

u →∗
M∪O

p},

Con(D)i = {c ∈ Con(D) : ∃
p∈Pre(D)i

p ∗
A(D)

c},

Pre(D)i+1 = {p ∈ Pre(D) : ∃
c∈Con(D)i

c  ∗
(A(D))′

p}.
(2)

Note that only a �nite number of elements in the families can be non-empty,
since Pre(D)∪ Con(D) is �nite. Additionally, there exists a number d such that
Con(D)0 6= ∅, Pre(D)i 6= ∅, Con(D)i 6= ∅, for i = 1, . . . , d, and Pre(D)i =
Con(D)i = ∅, for i > d, since for each D�premise p there exists at least one
D�conclusion c that p is c�necessary. Then the following formula has breadth 1.

Pre(D)0 implies ( Con(D)0 & (
Pre(D)1 implies ( Con(D)1 & (

. . .
(Pre(D)m implies Con(D)d ) . . . )))),

(3)

Additionally, the formula has the minimal depth among these statements of
packet D that have the breadth equal 1.

So far in this section we ignore information about variables. Generally, the
packet's statement has to be preceded by a sequence of quanti�ers that bind
occurring variables. The packet extraction methods that take into consideration
variables has been described in an earlier paper [11]. Obviously, the number of
universal and existential vertices of a packet suggest two natural characteristics
that correspond to the number of variables, which are bound by universal and
existential quanti�ers in the packet's statement. The arithmetical hierarchy of
a theorem's statements, considered in the work of Alama [1], takes into consid-
eration the complexity of the antecedent that we omit in considerations. It is
important to note that in [11] only packet's statements not in prenex normal
form were considered. Moreover, there is an a priori assumption that the exis-
tential quanti�er corresponding to a D�existential vertex e has to be preceded
by every corresponding statement of e�necessary D�premises. In this section we
present only a simple justi�cation of this assumption, i.e., without this assump-
tion modi�cation of reasoning is extremely complicated and generates unnatural
proof scripts.
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α0 LemmaP: for x be set st P[x] ex y be set st Q[y] &

for z be Subset of y st R[z] holds ex r be Relation of y,z st S[r]

proof

α1 : let x be set;

α2 : assume A1: P[x];

γ′ : consider y be set such that A2:y=F(x) by A1;

α3 : take y;

δ′ : thus Q[y] by A2;

α4 : let z be Subset of y;

α5 : assume A3: R[z];

ζ′ : consider r be Relation of y,z such that A4: S[r] by A3;

α6 : take y;

ζ′′ : thus S[r] by A4;

end;

α : let x be set;

β : A1: P[x];

θ1 : consider y be set such that B1: Q[y] & for z be Subset of y st R[z] holds

ex r be Relation of y,z st S[r] by A1, LemmaP;

δ : A3: Q[y] by B1;

ε : consider z be Subset of y such that A4: R[z] by A3;

θ2 : consider r be Relation of y,z such that B2: S[r] by B1;

η : A6: T[r] by B2;

Fig. 3. The modi�cation of the proof script (presented in Fig. 1) which represents the
extraction of the packet P, where the packet's statement is presented in (4).

According to the a priori assumption, in every statement of the packet P
presented in Fig. 1, the premise P[x] (β) has to precede both existential quan-
ti�ers ex y be set; ex r be Relation of y,z (γ, ζ) and the premise R[z]
(ε) has to precede only the second one. In consequence, we obtain the following
formula:

for x be set st P[x] ex y be set st Q[y] & for z be Subset of y st

R[z] holds ex r be Relation of y,z st S[r]
(4)

that corresponds to the second formula in (1). A generated deduction that
demonstrates the formula and a modi�ed part of reasoning remaining after the
packet's extraction is presented in Fig. 3. Note that the generated deduction has
to contain six skeleton steps that correspond to universal (α1, α4) and existential
(α3, α6) quanti�ers; and correspond to antecedents (α2, α5). Similarly, variables
(y, r) that are introduced to a reasoning in the area of a packet have to be rein-
troduced in the remaining parts of the reasoning after the packet's extraction
(θ1, θ2). It is important to note that the resulting proof script, see Fig. 3, is the
shortest of all proofs where the packet P is extracted as a lemma.

4 Statistical Results and Discussion

In our study we analyze 55160 theorems and 53839 lemmas that are collected in
the MML version 5.32.1234. For us, a �theorem� is only this item in the MML
that is explicitly called theorem in the Mizar syntax. Every other step that
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has a nested deduction as a justi�cation, not only on the top level of its proof
script, is called a preselected lemma. We call a preselected lemma � lemma� if
the statement does not constitute a correctness condition or a property, where
the statement is imposed by the Mizar syntax (for more detail see the current
overview of the Mizar system [2]), e.g., in every de�nition of a functor, we have
to demostrate the existence and the uniqueness conditions, if the functor value
is not de�ned by a term.

4.1 Premises and Conclusions

As we have expected, the analysis of the number of explicitly formulated premises
in theorems and lemmas shows that lemmas have on average 1.8 times less
premises than theorems do. Note that the average number of premises in lemmas
is equal 0.76. Additionally, more than half of lemmas does not have premises
and only 6.25% do not have more then 2, whereas for comparison 19.82% of
theorems have more than 2 (see Fig. 4). The results for the average number of
conclusions are not signi�cantly di�erent for lemmas and theorems (1.15 and
1.38 respectively), and in both cases the percentage of statements dramatically
decreases with the increase of the number of conclusions. Obviously, not all
premises are visible in the statement of a lemma. Indeed, if the statement of
a step (1) is used as a premise in one of the steps of the nested reasoning that
is the justi�cation of a step (2), and both steps (1) and (2) are in the same
level of nesting, then the premise does not occur in the statement of the step
(2). Such hidden premises (1) are called implicit premises, in contrast to these
that are formulated in the statement of the step (2), and these are called explicit

premises. However, a similar situation occurs in the case of theorems if we use
the previously proven facts that are formulated on the top level of proof scripts.
Obviously, these facts can also be used in lemmas. But if we sum up explicit

and implicit premises, then the percent of formulas in the MML with the same
number of such premises does not distinguish statements of lemmas and theorems
(see the ratio of percents (solid line) at the diagram that represent number of
all premises presented at Fig. 4). However, the set of implicit premises can be
de�ned in terms of the notion of packet D and is equal to Pre(D)0 (see (2)).
Therefore, as an appropriate numerical characteristic of a packet we choose the
cardinality of Pre(D) \ Pre(D)0.

We can also analyze the arithmetical hierarchy of explicit and implicit premises.
However, the main part of premises contains identi�ers of local constants (mainly
lemmas) or reserved variables (theorems). In consequence, the main part of im-

plicit lemma's premises is at 0�level on the arithmetic hierarchy. Therefore, in
our study, we preceded by a sequence of necessary universal quanti�ers every
implicit premise that contains such identifers. But then the percent of implicit

premises on the level of the arithmetic hierarchy that occurs in lemmas and
theorems is almost identical.

A bit di�erent is the case of implicit premises, since according to the assump-
tions of Section 3, we should analyze explicit premises as they were originally
formulated by the author of a proof script. In that case the average level of
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arithmetic hierarchy is 0.116 and 0.027 for Π∗; 0.0572 and 0.0196 for Σ∗ in
explicit premises occurring in lemmas and theorems, respectively, where for sim-
plicity of notation a formula φ is Π∗ (Σ∗) if φ is Πi (Σi) formula for some i.
Note also that non-literal premises, if they are Π∗ (Σ∗), then they occur 1.92
(1.32) times more often in theorems then in lemmas. Additionally, the number
of premises drastically decreases with increasing level of arithmetical hierarchy,
on average 10.9 and 18.2 times in lemmas and theorems, respectively. Therefore,
as a characteristic of a packet D we should take into consideration not only the
cardinality of Pre(D) \ Pre(D)0, but also the level of arithmetical hierarchy of
statements formulated in vertices of Pre(D) \Pre(D)0, to reduce the number of
more complex one.

4.2 Variables bounded by universal and existential quanti�ers

As in the previous section, we assume that every formula is preceded by a se-
quence of necessary universal quanti�ers, which �x all local constants (mainly
lemmas) or reserved variables, called together parameters. Note that the average
number of parameters in lemmas and theorems is equal 3.40 and 1.54, respec-
tively (see Fig. 6). Additionally, 54.26% of theorems have less than 2 parameters
and only 4.64% have more than 4 parameters, whereas for comparison 48.36%
of lemmas have 3± 1 parameters and 36.75% have more than 4 parameters.

For simplicity of notation, we called a variable universally quanti�ed if it is
a parameter or it is bounded by a universal quanti�er and we call a variable
existentially quanti�ed if is bounded by an existential quanti�er. Analyzing the
number of variables bounded by universal quanti�ers in formula, we obtain that
percent of lemmas and theorems with the same value is almost identical, for
the most popular values (3, 4, see Fig. 6). However, the ratios of these percents
for theorems to lemmas is less then 1 for popular values (2�5). Note also that
existentially quanti�ed variables occur very rarely in formulas and the rations of
the statement percents with the same number of such variable for theorems to
lemmas is less then 1 if and only if the number is less then 2.

4.3 The Depth and Breadth

As we have expected, the main part of statements have depth less than or equal
to 1. Additionally only 7 theorems in the MML have the depth greater than 3
(3 of them describe di�erentiability in higher dimensions, for more detail see the
relevant Mizar article [3]). Similarly, the main part of statements have breadth
equal 1 and 42% of them are formulated without premises (37.25% theorems and
51.34% lemmas with breadth equal 1). Moreover, only 23.42% of formulas that
have the depth greater than 0 or the breadth greater than 1 are used as lemmas
(see Fig. 7).

We are aware that the described result is only a small step forward. However
this is the �rst promising result concerning this questions. Analysis of human
readers' opinions, especially the Mizar's users, does not make it possible to obtain
more important results, which can be summarized by the statement: a lemma
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Fig. 6. The percent of statements (bars) with the same number of parameters; existen-
tially quanti�ed variables; universally quanti�ed variables that occurs in lemmas and
theorems, and also the ratio of these percents (solid lines) for theorems to lemmas.

corresponds to a separate fragment of reasoning between �two throats� in the
proof that correspond to the premise and the thesis of the lemma (A.Trybulec).
Additionally in [11] an arti�cial property of the package (the closeness of packets
with respect to directed paths) has been described.

It is crucial in the process of packets' extraction, but the determination of
the in�uence of this property on the statement of existing lemmas was extremely
counterintuitive. This impact is our �small step forward� and is described in
Section 3 as a depth and breadth of formula. These two parameters seem to be
also non-intuitive but they can be easily calculated for formulas and they well
improve the result of a method that distinguishes formulas that occur in lemmas
and theorems, and base only on the number of premises, conclusions and bound
variables.

5 Conclusions

In this paper we describe a next stage in the research on methods that improve
proof legibility realized in [11] that base on rebuilding the proof structure, either
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lemmas.

0 1 2 3 4 5 6 7 8 9 10

0

25

50

75

100

Value of Characterization

P
e
rc
e
n
t
o
f
L
e
m
m
a
s

Explicit Premises

All Premises

Conclusions

Explicit Premises
and Conclusions

Parameters

∃ Variables
∀ Variables

Depth

Breadth

Fig. 8. The percent of statements with the same value of a characteristic that are used
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encapsulating sub-deductions (packets) in the form of a nested lemma or ex-
tracting them as lemma. We de�ne characteristics of the packet's statement and
also we indicate the most appropriate values that are helpful in deciding whether
to extract a packet as a lemma or not. Moreover, the proposed characteristics
based on the packet's statement determine a packet position in an abstract proof
graph. This dependence is crucial, since in our approach we analyze the probabil-
ity that in human readers' opinions, a package should be extracted basing on the
lemmas and theorems statement collected in the MML that are not generated
from packets.

This research showed that for every packet we can calculate the probabil-
ity of using in the MML the that the packet' statement is used in the MML
to formulate a theorem or a lemma; and also it indicates which of these two
types is more probable, in respect to each proposed characteristic. The two non-
intuitive characteristics of a statement have proved to be especially important.
The depth and the breadth well improve distinction that based only on the num-
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ber of premises, conclusions and bound variables. However, still an open problem
to investigate is to determine impact of individual characteristics on the �nal
qualitative assessment of a packet.
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