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Abstract

The study is aimed at analytical determination of eigenfunctions of the nonlinear eigenvlaue problems following from the crack problems in
power law materials under mode III loading and mixed mode (mode I and mode II) loading. The study is based on the perturbation theory
technique (the small artificial parameter method) allowing us to find the analytical solution for the eigenfunctions in the closed form in the
case of mode III crack problems and to derive the analytical approximations for mixed mode (Mode I and Mode II) crack problems. The
method of analytical determination of eigenfunctions of the nonlinear eigenvalue problem is presented.
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1. Introduction

Hutchinson [1,2] and Rice and Rosengren [3] derived the classical Hutchinson-Rice-Rosengren (HRR) stress field in plane
stress and plane strain for a crack in power-law hardening materials. They solved the governing nonlinear differential equations
for the stress function (describing a nonlinear eigenvalue problem) by a numerical procedure. This solution exclusively
describes the dominant singular crack-tip field. Up to now for plane stress and plane strain neither higher order eigensolutions
are known nor an analytical solutions for the dominant field is available in the literature [4]. As it is noted in [4] the
corresponding antiplane shear problem of a notch with traction free faces in an nonlinear hardening material first was analyzed
by Neuber [5] and Rice [6,7] by the use of the hodograph transformation. The brief review of classical results for antiplane
deformation of cracked bodies can be found in [4]. Since then researchers have tried to derive the analytical solutions for the
antiplane shear problem as well for mode I and mode II crack problems [4 - 25]. Thus in [4] the higher order fields at a notch or
a crack tip in the power-law hardening material under mode III loading (longitudinal shear) are studied. The authors derived a
closed form solution for the eigenvalues, determining the asymptotic behavior of the fields analytically applying the perturbation
technique. It is shown that the eigenvalues of the nonlinear eigenvalue problem solely depend on the eigenvalues of the
corresponding linear problem and on the hardening exponent. It is noted that it is valid for all three combinations of
homogeneous boundary conditions. A method is derived for constructing the higher order eigensolutions from dominant
singular solutions.

The asymptotic stress and strain fields near the crack tip under antiplane shear in an elastic power-law hardening material are
developed in [8]. Using an asymptotic expansion and separation of variables for the stress function, a series solution for all of
the hardening exponents can be obtained. The stress exponents for the higher order terms are analytically determined; the
angular distributions which are governed solely by plastic strains are also analytically obtained. Good agreement with the finite
element solutions confirms the proposed approach. It is further demonstrated that the first three terms, controlled by two
parameters, can be used to characterize the crack tip stress and strain fields with various hardening exponents. In [8] a series
solution with assumed separation of variables form for the stress and strain fields near the crack tip in an elastic power-law
hardening material under antiplane shear has been developed. The leading order term is analytically obtained by solving a
nonlinear eigenvalue problem. The higher order fields are governed by either linear homogeneous eigenvalue equations or linear
nonhomogeneous governing equations. The stress exponents of higher order fields for any hardening exponent are analytically
determined. The governing equations for higher order terms which are controlled solely by the plastic strains can also be
obtained analytically. However, the governing equations governed by elastic and plastic strains need to be solved numerically.
With the analytically determined stress exponents, distinct regions resulting from different strain hardening exponents where the
higher order terms up to the fourth order attributed to the plastic strains or elastic and plastic strains can be identified. It has been
demonstrated that a truncated three term solution with two parameters accurately characterizes the crack tip stress and strain
fields. The paper [9] considers the mechanical fields near the tip of a crack deformed by an anti-plane shear at infinity for a class
of nonlinear elastic materials. For brittle materials rupture occurs when a maximal stretch is reached. Taking into account of this
critical value, the crack is replaced by a totally damaged zone of finite thickness named a quasicrack. Inside this domain, the
stress is identically zero and the shape of the boundary between damaged and undamaged body is found analytically. C. Stolz
has determined [9] the shape of the damaged zone under anti-plane shear condition for hyperelastic brittle material. The
analytical results are a generalization of preceding results obtained in [10] for brittle materials. The thickness of the damaged
zone is determined by the critical strain energy at rupture and the loading. C. Stolz has extended [9] the theory for a more
complex constitutive law and recovered results obtained many years ago. The case of power law and its extension on a class of
non linear elastic law is discussed with and without brittle damage. With brittle damage one obtains for mode III loading, the
geometry of the quasi-crack proposed by Neuber for hardening law has been found. This result is extended to some cases of
softening especially for a generalization of the special material introduced in [11]. In [12] the stress and strain fields near the tip
of a steady-state growing crack are examined for elastic-viscous materials. A solution to this problem has been originally
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derived by Hui and Riedel [13], with some paradoxes such as the non-dependence of the far fields with respect to the crack
growth rate. A two-scale match asymptotic analysis is suggested in [12] to overcome these paradoxes. The scale factor is
completely determined by the material properties. The inner scale may be considered as a boundary layer, where the stress field
completely described by a serial Fourier analysis. The unit value fits with the Hui and Riedel solution [13].

In [14] it is noted that there exist many nonlinear eigenvalue problems in science and engineering. Nonlinear eigenvalue
problems are much more difficult to solve than linear ones. Many nonlinear eigenvalue problems have multiple eigenvalues and
eigenfunctions. However, even by means of numerical techniques, it is difficult to find all multiple solutions of a nonlinear
differential equation. There are some analytic techniques for nonlinear eigenvalue problems, which are based on either
perturbation techniques [15 - 20], or traditional non-perturbation methods such as the Adomian decomposition method [21 - 24],
Lyapunov artificial small parameter method [25], and so on. It is well known that perturbation techniques are too strongly
dependent upon small physical parameters. Besides, convergence radius of perturbation series is often small, so that perturbation
approximations are valid in general only for problems with weak nonlinearity. In [14] a general analytic approach for nonlinear
eigenvalue problems is described. Two physical problems are used as examples to show the validity of this approach for
eigenvalue problems with either periodic or non-periodic eigenfunctions. Unlike perturbation techniques, this approach is
independent of any small physical parameters. Besides, different from all other analytic techniques, it provides a simple way to
ensure the convergence of series of eigenvalues and eigenfunctions so that one can always get accurate enough approximations.
Finally, unlike all other analytic techniques, this approach provides great freedom to choose an auxiliary linear operator so as to
approximate the eigenfunction more effectively by means of better base functions. This approach provides us a new way to
investigate eigenvalue problems with strong nonlinearity. In [14] an analytic approach to get series solutions of nonlinear
eigenvalue problems is described by means of two examples. This analytic approach is valid for nonlinear eigenvalue problems
with either periodic or non-periodic eigenfunctions, and thus is rather general. All of the series solutions agree well with exact or
numerical results, and this fact shows the validity of the analytic approach realized in [14]. The author of [14] shows that the
analytic approach proposed has some obvious advantages. First of all, unlike perturbation techniques, it is independent of any
small physical parameters: it is valid no matter whether or not there exist any small physical parameters in governing equations
and/or boundary conditions. Second, different from other traditional techniques, it provides us a simple way to ensure the
convergence of series solution of eigenvalue and eigenfunction, so that one can always get accurate enough approximations.
Thus, this approach can be applied to solve eigenvalue problems with strong nonlinearity. Third, unlike all other analytic
techniques, this approach provides us great freedom to choose an auxiliary linear operator so as to approximate the
eigenfunction more effectively by means of better base functions. Therefore, this approach can be widely applied to solve
strongly nonlinear eigenvalue problems in science and engineering, no matter whether the corresponding eigenfunction is
periodic or not. Analytical approaches to nonlinear eigenvalue problems following from fracture mechanics analysis as well as
the perturbation theory methods in general attract many researches in the past and nowadays [9,12, 26-36].

The present paper is aimed at analytical determination of eigenfunctions of the nonlinear eigenvalue problems arising from
the antiplane shear crack problems in power-law materials. The goal of the study is to develop the analytical approach for
determination of the eigenfunctions of the nonlinear eigenvalue problems by the perturbation theory methods. The paper
continues the perturbation theory method applied for the mode III crack problems in [4, 33-35].

2. Fundamental equations. Statement of the problem

Singular fields and higher order fields in the vicinity of the crack in a power-law material under longitudinal shear are
investigated in many works [1-4]. The very neat approach for the nonlinear eigenvalue problem has been proposed in [4] where
singular fields and higher order fields near a sharp notch in a power-law material under longitudinal shear are analyzed. In [4]
using the perturbation theory method the whole set of eigenvalues is determined. A closed form solution for the eigenvalues
determining the asymptotic behavior of the fields is analytically derived by applying the perturbation method. However
nowadays along with the eigenvalues and along with the eigenspectrum of the problem it is important to know the
eigenfunctions corresponding to the eigenvalues derived. In the present paper the closed form solution for the eigenfunctions for
the crack tip fields is obtained. It is shown that the asymptotic analysis and methods of summability allow us to derive the
analytical solution for the eigenfunctions of the nonlinear eigenvalue problem. The constitutive behavior shall be given by the
power law of the Ramberg-Osgood type

&.=3Bc""'c_/2, &, =3Bc""'c, /2, o,=+0.+0, (1)
where o, is the effective stress, and B and the hardening exponent # are materials constants determined experimentally. The
equilibrium equation and the compatibility equation in polar coordinates are written as

ro,.,.+0, ,+0, = 0, ¢.,= (rggz)qr. )

rz,r

Introducing the stress function ;((r,é’) such as 0, =r" X0> 0y =— X, the equilibrium equation is satisfied identically.

The asymptotic solution is searched in the separable form

;((r,«?):rsf(ﬂ). (3)
Introducing the asymptotic presentation (3) into (1) and (2) one can obtain the nonlinear ordinary differential equation (NODE)
" ’ " 2 2
2L+ (=) 2 (5 )+ [s=Dn+1]sf2 =0, fo=(f") +(sf)". (4)
The solution of equation (4) should satisfy the conventional traction-free boundary conditions on the crack faces:
f(@=x7)=0. (%)
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In conjunction with the boundary conditions (5) the nonlinear ordinary differential equation (4) describes a nonlinear

eigenvalue problem where the unknown eigenvalue s and the eigenfunction f(6) depend on the boundary conditions and the
hardening exponent 7. The unknown eigenvalue s and the eigenfunction f(€) should be found as a part of the solution. In [4]
the subtle approach allowing us to find the closed form solution for the eigenvalue has been used. Thus, hereafter we will
consider that all the eigenvalues are known.

3. Eigenvalues and eigenfunctions of the antiplane shear problem

An analytical expression for the eigenfunctions of the nonlinear equation (4) can be derived by applying the perturbation
technique. For this purpose, the eigenvalue is represented in the form [4] s =s,+ &, where s, is the eigenvalue of the
"undisturbed" linear problem and & is the deviation on account of the nonlinearity. Furthermore, the hardening exponent 7 and

the stress function f'(6) are represented as power series
n=ny+en +&m+n +etn, v’ +..=) e'n,,
) . (6)
F(0)=£,(O) +ef,(0)+E [,(O)+& f,(O)+ & [,(O)+ & fi(O) +...= Ze’fj(e)
=0

where 7, and fo (€) are referred to the linear “undisturbed” problem. Introducing the asymptotic expansions (6) and collecting

terms of equal power in &, the following set of linear differential equations is obtained

& f'+sify=0 (7

e f+sf, =—[2+nl(s0—l):|sofo (8)
fz" +S§f2 [”1 +n2 ]sof0 [1 +n1 Sy — ]fo —2s0n1f0'2f0 /g, 9)

& f3"+s§f3 [nl+n2 ]sofogl/go [l-l-n1 1):|f0g1/g0—2s0n2f0'2ﬁ)/g0— 10

—S0|:n2+n3 :|f0 [n1+"2 So — ]fo (fz +sofz)(g1+"‘1fo )/go ”1f0 fo/go

where g, = f,” +s0f,0, g =21 f +2s,f,7 +2s; f, f, . The boundary conditions are the conventional traction free conditions

on the crack surfaces: f, (0 = iﬂ) =0. It implies that all the functions f, (¢) have to satisfy the same condition. It is known

that when the boundary value problem for the homogeneous differential equation has a nontrivial solution, the corresponding
boundary value problem for inhomogeneous differential equation has a solution if and only if the inhomogeneous part satisfies
the solvability condition [20]. The solvability condition permits to find the coefficients n, in equations (6). The coefficients 7,

have been found and the closed form solution was presented in [4]:

P z (2s,-De| 1 Z & | _ 25,1 s .
Sy =13\ S (s, =1) s, =13\ s, —1 (2s,—Ds—s, s-1

Jj=0 Jj=0

The asymptotic expansion for the hardening exponent when the HRR-type problem (s, =1/2) is considered takes the form

1 & - Y s
n=1- =——
SO—IJZ_;‘(SO—J s—1

It allows us to find the whole spectrum of the eigenvalues
_ (n+Ds,+(n—-1)2s,-1) . \/((n +1)s,+(n—1)(2s,~ 1))’ —4n’s; (25,~1)
2n(2s,—-1) 2n(2s,—-1)
Our aim is to study the possibility to derive the closed form solution for eigenfunctions. To obtain the closed form solution
one can solve analytically the system of linear ordinary equations and two point boundary problems for these equations. Further

one can analyze the structure of the solution and reveal the general features and inherent properties of the approximate solutions.
For this purpose one can analyze the structure of the solutions of each boundary value problem obtained. In the case of a linear

material the eigenfunctions and eigenvalues can be easily determined:

Jo(8)=2cos(8/2). (11
The solution of equation (8) satisfying the traction free boundary conditions f,(6 = £7) = 0 can be written as
1,(0)=—ncos(0/2) (12)
The solution of equation (9) satisfying the traction free boundary conditions f, (0 = £x) = 0 can be expressed as
£.(0)=— 1 —n +n} cos® 6+8n, cos 0 +8n, (13)
16 cos(6/2)

The solution of the two point boundary value problem for equation (10) with the boundary conditions f;(6 =+7)=0 with

respect to function f;(d) has the form
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1 n}sin® @+n, cos@+3n; cos’(0)—n; cos@sin® @ —8nn, cos” @—2n cos’ @ —4nn,sin’> 6 +8mn, —6n

0)=—
/) 32 cos(6/2) (14)
1 —2n] cos’ @—n/sin’ 6+2n] 5
——n +| —n, +nn, +(n, -n; )n, |cos(6/2).
" oos02) [+, + (1, - Jeos(012)
Similarly one can find the solution of the boundary value problem for the subsequent function f,(0):
FO)=_Tn n’ sin® @+n; cos @ +3n; cos’(0) —n; cos Gsin’ @ —8mn, cos” @—2n; cos’ @—4nn, sin® 0 +8nn, —6m; .
! 64 cos(6/2)
1 —24n’n, cos’ @—4n' sin® 0+ 24n'n, cos @ —32nn, sin® @+ 24n'n, — 24n’n, sin® O cos O + 64n,n, +32n; —12n,n;
+— +
256 cos(8/2)
1 7n —n cos* 0—5n cos@+5n cos’ @ 1 4n/ cos® 0+8n; cos’ 6—3n; cossin’ 6 +4n] sin® @ +16nn;cos’ § s
96 cos(8/2) 32 cos(@/2) (15)
_ 1 msin®@cos’ @ 1 (2n/ —2n cos’ @—n/sin’ )’
64 cos(6/2) 2° cos(6/2)
1 —2n} cos” @—n’ sin® @ +2n/
—Z(—n2 +n)— cos(@l/ 2 - Jr[—n3 +nng +(n, -n) Jn, +(n, - 2n,n, +nf)nl}cos(¢9/2).
The solution of the boundary value problem for the function f(6) can be expressed as
£(0) = 1 (=ng +mmy +(n, —n)n,)(2n) —2n cos® @—nj'sin 6)
T3 cos(6/2)
_m_12n] sin @cos 0-64nn, cos’ G+56m; n, cos’ G+64n,n, +32n,~12n'n, +(16-7/3)n ~16n; sin® @ +24n/n, cosf
256 cos(6/2)
_m_32mnysin’ @+16n cos® @ +32n; cos® 0 +(80/3)n;' sin® 0+ 5n; cos’ 6~ (16/3)n; cos* 6+ 4n;' sin’ 6
256 cos(6/2)
_m_4n/'sin® @cos’ 6+12nn, cos’ @ +12n/n, sin Ocos’ 6 +(80/3)n cos§
256 cos(8/2)
2 2 _ 2 2 20 2a2 2
- ”111 (2 =2m cos’ 0 n; sin’ 6) —%(an —2n] cos® @ —n; sin® ) x
2 (cos(8/2)) 2
m sin” @+n’ cos@+3n’ cos” @—n. sin® @ cos @ —8nn, cos’ @ —n; cos’ @ —4nn,sin’0—3n +8nn, .
1 (cos(0/2))’
n’ cos’ @sin’ @—cos’ O—sin’ Gcos@+sin’@ n’ 47cos@+19cos’ 643 N
2° cos’(6/2) 2°.3 cos*(0/2)
1 —nin, sin® @+ nn, sin’ @cos @ —n/n, sin’ Ocos® @ 1 nin, sin’ 8+ 3n/ sin® fcos @
2° cos’(6/2) 28 cos’(6/2)
1 mn; sin® @+3n'n, sin® @ —9n’n, —9n,n; —3n’n, cos’ @—3n, n: sin” @ cos @ —3n’n, sin® O cos &
+ +
2° cos’(6/2)
1 n cos” @+ 3n/n, cos @+3n;n, cos @ +9n;n, cos’ @+9n’n, cos’ @ —3n;n, cos’ &
+ +
26 cos’(6/2)
L mny+nn - n'n, cos” @—n,n, cos” O s 5m'n, cos’ @ —5n,n cos@—nin, cos* O+ Tnin,
2} cos’(6/2) 24 cos’(6/2) 16)
1 nynysin® @+nn, sin® @ s n’ sin* @ —n’ sin® Ocos’ O
2* cos’(6/2) 2’ cos*(6/2)

+[(n3 -2mn, 40 )ny +(ny—n)n, +n n, —ng +(n, - 2n,n, -0 +3n,n; -nf)nl]cos(9/2)+

1 o +n?) (n sin” @+n; cos@+3n’ cos’ @—n; sin’ Ocos & —8n,n, cos’ @ —n; cos’ @—nn, sin* @-3n’ +nn, )

20t cos(6/2) ’

The sequence of the solutions obtained has been analyzed carefully. The following perturbation series expansions based on the
generalized multinomial theorem [36] are used

+

© m
(Za"aij =(ay+ea,+&a, +Ea,+..48"a, +..) =AtEL+E L +E L+t L+ (17)
i—0

m

where A, is the coefficient of the term &”". The asymptotic expansion of (a0+8a1+32a2+83a3+...+8"an+...) can be
determined as follows [36]:
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2 3 n m
(ao +éa +&a,+e&a;+...+¢a, +) =

Kk
_ R } m kO knfl m—ky ko —ky n Ko =k —
=D IDIED I PR e (¢4,)" " ...(&"q, =
k=0k=0 k,=0 0 1 n
w ko ke
_ z Z m ko kn, ao koako k “a/nc,,,,—k” .“gOJr(kﬂ—k,)+2(k,—k_,)+..,+n(k,,,1—k,,) _ (18)
k=0k=0 k,=0 ko k, k,
k =
— z Z z m kO knfl N aoz koako —k ”af,,,,—k” mgk,,+k,+kz+..,+k,,+... _
ko=0k; =0 ko kl kn

=d el +EL+EL .+ D+
The coefficient A, can be expressed as
k n-1
4, 2( j{ J [k 2] ayMaP ™ ay, Y ko=n, k=k, >0 (i=0,12,.,n-2). (19)
n—1 i=0
The solutions (12) — (16) have been thoroughly analyzed and then the perturbation expansions (17) — (19) are used. This gave

the opportunity to derive the general form of the eigenfunction f, (¢). Having obtained the solutions of the linear ordinary
differential equations one can find the sum of the second series expansion in (6) k = (n - 1) / (n + l) :

f(9):((n+l)/n)\/[ (1-4% sin? 9)+cos9}[ (1—kzsin26’)—kcost9}k/(2(1—k)k).

4. Mode I and mixed mode loadings of the cracked specimens

The objective of this part of the paper is to study the stress singularities at the vicinity of the mixed mode (Mode I and Mode
IT) crack under plane stress conditions by the approach described above. The governing equations for the power law constitutive
relations are transformed to eigenvalue problems of ordinary differential equations (ODEs) based on the assumption that the
stress fields are asymptotic near the mixed-mode crack tip. The asymptotic and numerical methods are further developed in the
present work to analyze eigenvalue problems of ODEs. Consider a stationary crack in a power-law material under plane stress
conditions. Applied loading is accounted as mixed-mode I/II loading. Polar coordinates are introduced and centered at the crack
tip. With reference to the polar coordinates the equilibrium equations can be written as

G, +0,hy+0,—04=0, 10, +04,+20,=0. (20)
The compatlblhty condition has the following form
2(rgr:95n9)’r =& "V, +r(r€9n9)’rr @b
For a material subjected to a power law hardening the constitutive equations for plane stress conditions can be written as follows
¢, =Bo!" (20, -0,)/2, ¢€,=Bo."(20,-0,)/2, ¢&,=3Bc"c,,/2 (22)

where o, = \/afr +0,,—0,0, +30., is the von Mises equivalent stress; B,n are the material constants. It should be noted

that in the case considered the analogy between nonlinear elastic behavior and creep holds. That implies that all relations and
solutions obtained for a nonlinear elastic (plastic) material with the constitutive equations (3) can be transferred to creep
processes with the constitutive relations of Norton’s creep law simply by replacing the strains by strain rates. The solution of
Eqgs. (1) — (3) should satisfy the traditional traction free boundary conditions on the crack surfaces o,,(r,0 =17)=0,

0,,(r,0 =+r)=0. The mixed-mode loading can be characterized in terms of the mixity parameter M * which is defined as

M =2/ m)arcig|limo,, (r,0=0)/0,,(r,0= 0)‘ . (23)

The mixity parameter M equals 0 for pure mode IT; 1 for pure mode I, and 0 < M? <1 for different mixities of modes I and
II. Thus, for combine-mode fracture the mixity parameter M” completely specifies the near-crack-tip fields for a given value of
the hardening exponent 7 . By postulating the Airy stress function ;((r, 49) expressed in the polar coordinate system, the stress

components state are expressed as: Oy, = ¥, » O, = ¥o, 17— Xogp 17" 5 Org = —( oo /r),r . As for the asymptotic stress field at the

re
crack tip » — 0, one can postulate the following Airy stress function

2(r0) =K' £ (0) (24)
where K is an indeterminate coefficient, A4 is indeterminate exponent and f(6) is an indeterminate function of the polar
angle, respectively. In view of the asymptotic presentation (5) the asymptotic stress field at the crack tip is derived as follows
o, (r,0)=Kr'"c,(6) or

o, (r0) =K' [(A+1) f(O)+ f"(0) ], 04 (r.0) = Kr* " (A+1) A1 (6), 5, (r,0) =—Kr" "' A1"(0) (25)
where 4—1 denotes the exponent representing the singularity of the stress field, and will be called the stress singularity

exponent hereafter. According to (3) the asymptotic strain field as » — 0 takes the form ¢, (r 9) BK"r'* 1)"5 (6) or in the
expanded form
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&, (r,0)=BK"r* " £ [(A+1)(2-2) £(0)+ 217 (0) ]/ 2,

E0p (1 0)=BK"r* " f1 [(A+1)(221) £ (O)-f"(0) ]/ 2. £, (r.0) =3BK"r* ™" £ 1 £7(6) / 2
The compatibility condition (2) results in the nonlinear forth-order ordinary differential equation for the function f(8):

e {(n—l)[(/1+l)(2—/1)f+2f”]2 /z+zfj} +

+6[(A=Dn+1]A{ (=) f2hf '+ £ "} + (n=D(n=3)R* [(A+1)2-A) f +2f "]+

+(n=-1)f’ [(/1+1)(/1+2)f+2f”]{[(ﬂu+1)f'+f'”]2 +[A+Df+ A+ "+

A+ 2 ([P ) = A+ D) A" 2= [(A+D S+ [T (A+DAS - (27)

(26)

_%[(/1 ) f+ fJ A+ DAL +327 (£ 7+ ff'")} +2(n=1)f2R[(A+ D2 =) f'+2,"]+

A (/1+1)(2—ﬂ,)f”—(/l—l)nfe4 [(/1+1)(2—/1)f+2f"]+
+[A=Dn+1](A-Dnf [(A+DRA-1)f — f"]=0
where the following notations are adopted
1. =\/[(/1+1)f+f”]2 + A+ 2L =[(A+D) [+ [ (A+1)Af 32717,
h= [(ﬂ+1)f+f”][(/1+1)f’+f'"]+(l+1)212ﬁ”—[(/1+1)f'+f’”](/1+1)/”tf/2—[(/”L+1)f+f”](/l+1)/lf’/2+3ﬂsz”.
The boundary conditions imposed on the function f (9) follow from the traction free boundary conditions on the crack faces:
f@=x7)=0, f'(@==xx)=0. (29)
One of the effective method for the solution of nonlinear eigenvalue problems is the perturbation theory technique based on
the artificially introduced small parameter [14, 16, 20 - 35]. An analytical expression for the eigenvalues of the nonlinear

equation (7) can be derived by applying the perturbation theory method. For this purpose the eigenvalue A is split up into
e=A-4, where A, refers to the “undisturbed” linear problem and & is the deviation on account of the nonlinearity.

(28)

Furthermore, the hardening exponent n and the stress function f (0) are represented as power series (6).The set of the

boundary value problems for f, () is obtained:
e SV +2(4 1)1 + (A =1 £, =0,
LO=0)=1, f0=0)=(4+1)/1g(M’7/2), f,(0=7)=0, £ (@=m)=0,
f@=-1)=0, £/ @=-m)=0, f,(0=0)=1 [ (@=0)=(4+1)/1g(M’x/2),
g SV 2(AA) (A, ——nl[ 5 O”/XO/2+w0)/(2g0)+h0(xo'go—x0h0+3ﬂ1fg0f0')/g§}—
A [(2=1) (A1) m+ 84,112 £, (25 =1)[(2 =1) (4% +1)m +8%,] /2,
[0=0=0, f(O=0)=1/1g(M"z/2), f(0=7)=0, f(@=7)=0,
fi0=-m)=0, f(@=-m)=0, £(0=0)=0, £ (@=0)=1/1g(M"z/2)
& ;V+2(zg+1)f;”+(,1;—1)2f2=—2gl[f;”+z(/1§+1)f;”+(ﬂ,§—1)2ﬂ/go+
—6[ 2+ (A =1) | " =(1=22) /" +(A 1) (1=24 ) £, + [ 147, (4 1) ] x -
~o (A =1)(44, +1) £, = (24 =D)[ 1+ 7, (A = 1) ]y =1 (1=24)) £, (£ %0+, )/ &,
62 [ +my (A 1) A =61+ (2 =V f" + 1" = (% -1) £y +
+[1+m (4 =1)](1-24) fo =22 (4 1) fo + (22 =) [ 141, (2 = 1) | (42, +1) £, -
~(22 V) +m, (2 ~1) ]y [ 142 (A ~1)] 2o +[m+m, (A ~1)]x, -
—2g1{60[2+n1 Ao =] +(1=22) £ = (2 ~1)(1=24) fo~[ 141 ( 0—1)]x0}/g0—
+[1+m, (4 1) ](1-24,) fo =24 (4 1) fo + (224, =) [ 1+, (4, - 1) | (44, +1) £, -
2, {y (Ao ~1) (4, +1) fy + (24 ~D)[ 1+, (4 ~1) |30} / g~ 2, [goxo'—hoxo-t-ﬂozgofo'}/gg -

-, xog fOIon /2+W0)+2h |:g0x0 —hyX, +3ﬂ1)2g0fol:|}/g§ -

(30)

= § 2h, goxl = hyx, +3102g0f1’:|+2h0 |:g1x0’ - hx, +3/102g1f0’ :|} /gg -

nl[xog0 S x0/2+w1)+x0gl(f0 x0/2+w0)+g0x1(f0 x0+w0)J/g§+
i GD

{62, [24m (A1) b fy =21 (1=220) £, + i, +2g0(1—220)h0f0'}/g§
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LO=0)=0, f@=0)=1/1g(M"z/2), f,(0=7x)=0, f (@=n)=0,
(32)
LO=-1)=0, f(0=-1)=0, £,(6=0)=0, f/(0=0)=1/1g(M"7/2)

where the following notations are used
x =(4+1)(2-4) fi +21", v =(A+D) (24 1) 1 = £ u, =(A +1) fi + 1"
h =u, (ul'+f0')+u0' (u+fy ) +v, [v1'+(210 +1)f0'}+v0' I:Vl +(210+1)f0]+3/10f0' (lofl"+f0")—

—%uo' (v +(24, +l)f0]—%uo [vl' +(24, +1)f0'}—%v0 (ul' +f0')—%v0' (u, + £+ 32 £ (/lofl' +f0'),

w, = 2, (ul' +f0')+u0 [(/10 1) £ +f0"}+(/10 )L, + fy) 420, [vl' +(24 +1)f0'J+

v, —u, /2)[\/1" +(24, +1)f0"]+v0" [0+ (24 +1) £ (A +1) £ [v +(24 +1) £, ]/ 2=, [(,10 +1) 1 +f0”}/2—
= (4 17 )= [+ (2 +1)f0'}—%v0" (i + £+ 60 Sy (At 10 432 L7 (s 11 )+ 300t (" + 1)

The solution of the fourth-order linear ordinary differential equation (30) with respect to function fO(H) satisfying the

traction-free boundary conditions has the form: for the crack opening mode I (for symmetric stress fields, pure mode I)
fil = pcosal—acos B, a=24,-1, B=2,+1, for the shear crack mode II (the skew-symmetric stress fields, pure mode II)

£ =sina@ —sin S0 , where the spectrum of the eigenvalues is determined by the characteristic equation sin 274, =0, whence
one can easily find A, =m/2, where m is an integer. Thus it is shown that an infinite number of eigenvalues exists. In view of

the linearity of Eq. (30) for the mixed-mode crack problem the solution is the superposition of the symmetric and antisymmetric
parts of the stress field with respect to the crack plane

1,(6)=C,(Bcosab—acos 0)+C, (sinad —sin 6) (33)
where C, and C, are unknown coefficients which have to be determined from the boundary conditions of the actual crack

problem and represent the modes I and II, respectively. In view of (23) the unknown constants C, and C, are related to the
mixity parameter M’ = 2arctg[(/1U +1)C, / Cz]/ 7 . The zeroth-order problem (30) has the nontrivial solution (33), hence the

inhomogeneous problems for the functions f, (49) and fZ(H) (13) will not have solutions unless a solvability condition is
satisfied [16, 35]. Therefore, if A, is not an eigenvalue of the homogeneous problem (i.e. the homogeneous problem has only

the trivial solution), the inhomogeneous problem has a unique solution for every continuous right hand side G,(6) of the

differential equation for f,(€), k>0. On the other hand, if /10 is an eigenvalue of the homogeneous problem (i.e. the

homogeneous problem has a nontrivial solution), the inhomogeneous problem does not have a solution unless [16, 27, 35].
Following the procedure described in [16, 27, 35] one can find that the compatibility condition has the form

j G, (Ou(0)d6 =0. (34)
That is, G, (0) is orthogonal to the eigenfunction u(6) , corresponding to the eigenvalue A,. These results constitute the so-

called Fredholm’s theorem: for a given value 4, either the inhomogeneous problem has a unique solution for each continuous

right hand side of the equation, or else the homogeneous problem has a nontrivial solution [16, 35]. To determine the solvability
condition (34) we use the concept of adjoint problems [16-35]. The boundary value problem (31) is self-adjoint since the
differential equation and the boundary conditions of the adjoint problem coincide with the differential equation and boundary
conditions of the homogeneous problem (30). Therefore, u(8) = f,(6) , where the function f;(0) is determined by Eq. (33).

According to Eq. (34) the solvability condition of the boundary value problem (34) has in the expanded form
L”{_nl |:x0 (fO]on /24w, ) /1(2g,)+h, (xolgo —xph, + 3}“ozgofo, ) / gg}_

—%fo” [(Z4—1)(44, - 1)n, +8/10]—%f0(202 —1)[(4 —1)(44, +1)n, +8AO]}fO(0)d9=o.

The compatibility condition of the boundary value problem for the function f,(6) allows us to find the coefficient », . Having
obtained the function f,(8), one can determine the unknown function f, (&) . Using the analogous reasoning, one can formulate
the compatibility condition for the solution of the boundary value problem for f,(6@) and calculate numerically the values of the

following coefficient of the asymptotic expansion n, of the hardening exponent n for different values of the mixity parameter.

5. Results and Discussion

The perturbation theory method allowed us to find the closed form solution for mode IIT crack problem. The problem has
been reduced to the nonlinear eigenvalue problem and the analytical presentational of the eigenfunction has been obtained by the
small parameter method. The asymptotic analysis based on the artificial small parameter method of the perturbation theory
provided a possibility to reveal the new stress singularity in the vicinity of the mixed mode crack tip. In the paper the technique
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for numerical determination of the eigenvalues of the nonlinear eigenvalue problem is proposed. Numerical approach allows us
to find the eigenfunctions immediately and the results of calculations are shown in Fig. 1. Using this technique the new
eigenvalues resulting in the continuous radial stress components at € =0 are found. It is shown that the method proposed gives
the eigenvalues corresponding to the HRR problem in particular cases of mode I and mode II crack problems. The theoretical
significance of the present paper is that from the method described here one can clearly know all the mathematically possible
distributions of stress singularities at the crack tip under mixed-mode loading. It should be noted that it is important to develop
asymptotic analysis methods and their applications for nonlinear eigenvalue problems in solid mechanics [27-37] and, in
particular, in nonlinear fracture mechanics and continuum damage mechanics [37] for enunciating newer and better approaches
for imparting knowledge on reliable determination of fatigue and fracture behavior. In nonlinear fracture mechanics the
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eigenfunction expansion method is one of the most commonly encountered approaches [25-37]. The method leads to nonlinear
eigenvalue problems which stipulate the possible distributions of stress singularity at the crack tip and the determination of the
whole eigenspectrum requires invoking developed asymptotic and computational techniques and their combinations.

Fig. 1. Eigenfunctions: solution of the nonlinear eigenvalue problem for near crack-tip stress field under mixed-mode loading.
6. Conclusion

Using an asymptotic expansion and separation of variables for the stress function a series solution for all hardening
exponents is obtained. In the present work the closed form solution for the eigenfunctions for the crack tip fields under antiplane
shear is obtained. It is shown that the perturbation method allows us to derive the analytical solution for the eigenfunctions. The
approach developed here and the closed-form solution obtained can be used for Mode I, Mode II and mixed mode crack
problems for determining the eigenfunctions. It should be noted either that the class of nonlinear eigenvalue problems arising in
nonlinear fracture mechanics is essential in connection with creating the multiscale models of fracture with multi-singularities
with different orders at the crack point. The singularity representation scheme has to be considered where the local damage at
the different scales will be modeled by different orders of the stress singularities. Different stress singularities can be related to
different loading type and severity of material damage. In accordance to these models it is necessary to introduce the hierarchy
of the zones in the vicinity of the crack tip with dominating role of different stress asymptotic behavior and to realize the
matching procedures between different stress asymptotic solutions. The accurate construction of all the intermediate zones with
one or other stress asymptotics requires the knowledge of the whole spectrum of eigenvalues and these problems are still open.
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