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Abstract. An experimental facility has been developed for researching the 
surface properties of metallurgical melts, which, unlike the known ones, is 
equipped with an optical system and a PC, that allow a digital image of a lying 
drop, obtained in the experiment, to be processed using a high-speed software 
package, which significantly reduces the time of the experiment, allows to store 
data and simplifies the work of the experimenter. 
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1 Introduction 

The laborious and expensive high-temperature physicochemical measurements are 
characterized by a change in the studying object during the experiment due to the 
interaction with the structural materials of the measuring cell and the furnace 
atmosphere [1]. Therefore, it is very important to reduce the duration of the 
experiment, to measure the maximum possible number of properties during this time 
and to strive to automate the work of the experimenter [2-3]. With the advent of 
digital technology for recording measurement information and processors for its 
processing, such a task becomes real. 

The high speed and accuracy of digital recorders allow multiple measurements of 
each characteristic in a period of time until they change, which reduces systematic 
error and makes it possible to effectively apply statistical methods to reduce random 
error [4-5]. Naturally, the transition to digital technology and partial automation of the 
experiment should be accompanied by appropriate changes in the calculation methods 
and approaches to their implementation. 

Recently, more attention has been paid to methods based on the analysis of a 
digitized image of a two- and three-phase contact zone during an experimental 
research of both surface and interfacial tension, and contact angles. Obviously, the 
further development of the fixed-drop method is directly related to the development 
of new methods and specially developed algorithms that allow automatic computer 
calculation of surface properties. To date, there are no well-tested, modern, high-



precision, experimental methods for measuring surface and interfacial tension, 
therefore the development of this direction is relevant and promising.  

2 Formal problem statement 

It is known [6] that the contour of a drop is defined by the Laplace’s equation of a 
capillary and it has to be written like the differential second-order equation: 
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where 
σ – surface tension, N/m2; 
ρ2 –density of the medium, where the drop is, kg/m3; 
ρ1 –density of the medium, which is form the drop, kg/m3; 
g − acceleration of gravity, m/s2; 
y – coordinate of the point on the surface along the vertical axis; 
y0 – coordinate of the point on the top along the vertical axis. 

3 Literature review 

There are different methods of the experimental definition the surface tension of 
liquids: method of capillary rise, ring or slab detachment method, method of a 
recumbent drop, method of a hanging drop, drop weight method, method of the 
maximum pressure in gas bubble. Method of a recumbent drop gives the most exact 
result and nowadays it is widely used in the high-temperature searches [7-8]. 

In this method the metal drop melts on the horizontal refractory substrate or 
forcibly formed under the sharp edge of the crucible. Drop are photographed at a 
temperature of shaping and then it is measured to know its maximum diameter (2r) 
and inches under it (h). 

All known methods described in the literature [6-20] are based on the use of the 
system parameters connection with some characteristic dimensions of the 
experimental drop profile. According to the tables with theoretical droplet shapes that 
have been calculated in advance, the connection between the characteristic sizes and 
the droplet parameters are made, or using the formulas that approximate the table 
values, the system parameters are found. 

However, the calculation of capillary characteristics using tables is inconvenient 
and time consuming. It is not possible to fully automate such a calculation. 

The inconvenience associated with the tabular description of the function led       
S.I. Popel, Y.P. Nikitin and S.M. Ivanov to the graphical integration of the equation 
[17]. The accuracy of the graphs published by them is 2–3%. The method presented 
by them is applicable to drops of arbitrary size. The calculation is carried out by the 



experimenter manually. The method of graphical integration gives results that are 
close enough to those obtained by Bashfort and Adams, who calculated them in a 
more accurate way [7]. Manual construction of graphs for calculating σ is a complex 
and lengthy process, it is not possible to improve the accuracy of the method and 
make any changes to those already published by S.I. Poppel and other graphs. The 
method of calculation proposed in the thesis allowed us to significantly speed up data 
processing and to fully automate the calculation of the surface tension of melts with a 
high degree of accuracy (less than 0.5%) compared to known methods. 

Photographic methods of image registration, which are traditionally used in the 
practice of studying the capillary properties of melts according to the shape of a lying 
drop, don’t allow obtaining final results directly in the course of the experiment. The 
tasks that confront the experimenter in this case — the processing of photographic 
materials, the manual measurement of photographs and the calculation of capillary 
characteristics using tables are very laborious and time consuming. Inevitably, by 
measuring the image, and especially by carrying out a tangent, the researcher 
introduces elements of subjectivity into this procedure, and the measurement error 
depends on the quality of the image. For example, tracing the maximum diameter per 
eye can give an initial error of 1.5%. 

Analysis of the digitized image of the zone of two-and three-phase contact allows 
you to fully automate the calculations. Most of the known measurement methods are 
done manually. Although some automated systems using cameras [9] and cameras on 
a CCD matrix [8] are described. A number of calculation algorithms have been 
developed [9-11]. According to the authors of the article [12-13], such systems have 
not received wide distribution, and now further research is needed on methods, 
algorithms and systems for measuring capillary properties. The raster image of a large 
drop is formed using a digital camera[14]. The direct digital image is then processed 
on a PC. In this work, the Dorsey method is used. Most of the known measurement 
methods are done manually. Although some automated systems using cameras [7] and 
cameras on a CCD matrix [8] are described. A number of calculation algorithms have 
been developed [9-11]. According to the authors of the article [12-13], such systems 
have not received wide distribution, and now further research is needed on methods, 
algorithms and systems for measuring capillary properties. The raster image of a large 
drop is formed using a digital camera[14]. The direct digital image is then processed 
on a PC. In this work, the Dorsey method is used. 

The analytic solution this differential equation doesn’t have. An approximate 
solution can be obtained with a predetermined degree of accuracy. All known 
techniques described in the literature [15-19] are based on using of the coupling of the 
system parameters with certain characteristic dimensions of the experimental drop 
profile. According to the sheets with theoretical drop shapes, which are calculated in 
advance, a connection is made between the characteristic dimensions and parameters 
of the drop, or by the formulas approximating the tabulated values, find the 
parameters of the system. Calculating the capillary characteristics by using tables is 
inconvenient and time-consuming. 

An analysis of the theoretical aspects of the recumbent drop method has shown that 
the previously developed formulas and tables are either difficult to apply or not 



applicable at all for PC calculations, which requires transformations of the Laplace’s 
equation to a form convenient for computer mathematical processing. 

4 Тhe numerical solution of the Laplace differential equation 
by empirical formulas  

To find the particular solutions of the differential equation (1) that satisfies the initial 
conditions 0)0( y ; 0)0( y  for different values of the capillary constant, let’s use 

the geometric meaning of the first and second derivatives. 
As a result, was obtained the expression: 
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which determines the plane curvature of the curve and the first derivative is equal to 
the tangent of the angle of inclination of the tangent to the axis 0x. Substituting these 
values into equation (1), was introduced the substitution: 
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So it was observed:  
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Equation (6) defines the radius of curvature at any point of the meridian section of 
the drop, but contains an undefined ratio (sin φ)/x. When approaching the top of the 
drop of х→0, у→0, φ→0, the vertex both main droplet radius R1 and R2 drops of 
curvature equal to each other and equal to R0. From the Laplace’s equation (1) for this 

case was observed 

 

Having R1→R2→R0= 2∙A/y0, this was substituted into equation (2) and found the 
limit of the right side of the resulting expression. 
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 Were chosen on the meridional section line three sufficiently close to each other 
points Mi-1, Mi and Mi+1 and drawn through them the normal lines (Fig. 1).  

 
Figure 1. The scheme for constructing the drop elements for numerical 

integration. 
 
The normal line passing through the point Mi-1 intersects the normal line passing 

through the point Mi at the point Oi-1, and the normal lines passing through the points 
MiMi+1 intersect at the point Oi. It was denoted the angles formed by the normal lines          
Mi-1Oi-1, MiOi and Mi + 1Oi, respectively, φi-1, φ, φi+1.To numerically integrate the 
differential equation (1) and calculate the droplet shape, it was assumed that for a 
sufficiently small change in the current angle φ in the range from φi-1 to φi, the radius 
of curvature Ri-1 (the segment Mi-1Oi-1 or the segment MiOi-1) of the initial angle φi–1 

of the original abscissa xi-1 and the initial ordinate Vi-1 does not change. In the next 
interval of variation of the angle φ from φi to φi+1, the radius of curvature Ri (of the 
segment MiOi or Mi+1Oi) or the other is calculated for a new value of the angle φi, the 
new abscissa xi and the new ordinate yi. 

From the rectangular triangle OiMi+1Pi+1 and ОiМiPi was found:  

  1 1 1cos cos cos cosi i i i i i i i i iy P P R R R             
,  



  1 1 1 1sin sin sin sini i i i i i i i i i i ix M P M P R R R               ,  

 1i i iy y y      

 1i i ix x x    .  

Thus, we have the following algorithm for calculating the meridional section line 
coordinates of the drop and volume (Fig. 2), which is implemented in the Delphi 
visual programming system.

 
 

We built dependences graphs of the coordinates x = x (φ), y = y (φ) of the 
meridional section of the drop on the current angle φ, as well as the volume of the part 
of the drop between its top and plane y = y0 = const, shown schematically in Fig. 3 

The graphs of the dependences of the coordinates x = x (φ), y = y (φ) of the 
Meridional section of the drop from the current angle φ, and also the volume of the 
part of the drop between its vertex and the plane y = y0 = const have functions at the 
corresponding values of the parameters ах, bх, сх, ау, bу, су, аv, bv, сv. 
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Therefore, for the empirical description of the numerical solution of the differential 
equation of the drop form (1), these dependences [4]. The coefficients of the obtained 
equations are found by the method of rectifying the obtained graphs and introducing 
new variables. Was found the ratio of the next to the previous value of any of the 
coordinates 
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Take the natural logarithms from the left and right sides of this relation: 

 1 1 1 1ln( / ) ln( / ) ln( / )i i x i i x i i x i i xx x b c b c                

Denote 
1ln( / )i ix x by x~ , 

1ln( / )i i   trough  , then was obtained a linear 

relationship between the variables x~ and . 

   xx cbx ~~
 (13) 

While investigation unknown dependencies it is possible random errors associated 
with the measurement process. To reduce the effect of random measurement errors, 
was applied the least squares method, which allows to determine the parameters of the 



chosen dependence, in which the deviation from the experimental data (in this case, 
the calculated data) is minimal. 

 

0;0  iii vyxi

A

y
Bi 


2
0

  ii

  ii
i BAyy

A
R




0

  ii 1

iim  sinsin 1  

mRx ii 

nRy ii 

1coscos  iin 

iii yyy 1
2

1

2 



 

 ii
ii

xx
yv 

iii vvv 1

1

1sin




i

i
i x

B


1 ii

 i

 
Figure2 .Algorithm for calculating the meridional section line coordinates of the 

drop and volume 
 
There are calculation results (x1,φ1,), (x2,φ2),…,(xn, φn) and the form of the function 

  xx cbx ~~ . It is necessary to choose bx and cx so that the sum of the squares of 

the differences between the empirical and calculated values (deviations) is minimal: 
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When the expression (13) is substituted into condition (14) it was obtained: 
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Figure 3. The dependence of the x, y coordinates and the volume of the drop v on the 

current angle φ 
 
To find the values bx and cx  that convert the left-hand side of the resulting 

expression to a minimum, it is necessary to equate the derivatives with respect to 
zero. A function can have an extremum (min) if all its partial derivatives are zero or 
nonexistent.  
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This is the final form of the normal least-squares method [5]. It was solved the system 
and found empirical values according to Cramer's formulas:  
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After determination the coefficients сx,bx was found  
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that is, determined all the coefficients of the empirical dependence (3). 
Similarly, we find the coefficients ay,by,cy,av,by,cy of dependences (4) and (5), 

which allows us to determine the volume. 
The analytical description of the numerical solution of the differential equation (1) 

by the empirical formulas (9-11) can be considered quite accurate [6-7]. Thus, on the 
basis of the empirical dependences obtained, prototypes of the drop contours are 
obtained.  

To conduct experimental research of the density and surface properties of 
metallurgical melts, we have developed a facility made of low alloy steel. To obtain 
an image of a droplet, the installation is equipped with an optical system capable of 
moving in horizontal and vertical planes. The optical image of the object under 
research is formed by a Stemi SV 11 horizontal optical microscope and transmitted 
using an SONY SPT-M308CE monochrome video camera as an analog signal to a 
DATA TRANSLATION image grabber (frame grabber) (DT-3155). The digitized 
image with a spatial resolution of 768x576 pixels and 256 levels of gray is placed in 
the memory of an Intel computer for further processing. 

The detection of droplet boundaries was carried out in three stages, according to 
the method described in works [20-23]. At the first stage, the operator  
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is used in the entire field of the image under research to calculate the gradients in 
columns and in rows. Pixels with the largest intensity gradient value are selected for 
further processing. At the second stage, the magnitudes of the intensity gradients for 
the pixels selected at the first stage are compared in the horizontal, vertical and 
diagonal directions, and the maximum value is selected. In its direction, an 
approximation is made by a natural cubic spline under certain boundary conditions 



The coordinate of the intersection point of the gray intensity level (half sum of the 
upper and lower plateaus) and the approximating curve is chosen. At the third stage, 
using the least squares method for each of five consecutive points along the profile of 
the lying drop, a second-order polynomial is selected. The pixels of the drop border, 
which are used for further mathematical processing, are calculated as the midpoint of 
such a polynomial curve. 

5 Experiments and results 

Comparison of geometric drops of pure metal melts and those obtained by calculation 
show their identity, which guarantees the accuracy of the measurements made (Fig. 
4). 

 
 

Figure4. Geometrical parameters of melt drops: 
а – melt pure iron, at a temperature1600оС; 
б – melt pure iron, at a temperature 1500оС. 

 
The study of the wetting angle of the studied slag mixtures on steel 09G2S at    

1600 ° C using the proposed method was carried out. The measurement results are 
shown in Table 1, where by positive experience is meant such that it is possible to 
clearly define the point of contact and build a tangent line. Accuracy increased by 2-
2.5 times. 
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Table 1. Contact angle of SFM at the interface with steel 09G2S  

The proposed method Known method Amount of experiments 
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1 54°40´ 1% 52° 2,2% 3 1 3 3 
2 54° 0,5% 52° 2,6% 4 2 4 3 
3 53°20´ 0,8% 51º 2,4% 3 2 3 3 
4 59° 1,1% 56° 3% 5 2 5 4 
5 57°20´ 0,9% 55° 2,1% 3 1 3 3 
6 54° 0,75% 52° 1,9% 4 1 4 4 

7 54°58´ 1% 52° 2,7% 3 1 3 2 

8 55° 0,5% 55° 2,9% 4 2 4 4 
9 55°60´ 1,01% 53° 3,1% 5 2 5 4 

10 56°36´ 0,95% 54° 2,4% 2 1 2 2 
 

6 Conclusion 

Techniques for solving the basic equation of a drop surface based on an improved 
mathematical apparatus with the implementation of Delphi visual programming in the 
system was improved, which significantly speeds up data processing and fully 
automates the calculation of the surface tension of melts with a high degree of 
accuracy (less than 0.5%) compared to known techniques. 

A high-temperature experimental facility has been developed for the research of 
the surface properties of metallurgical melts, which, unlike the known facilities, is 
equipped with an optical system and a personal computer that allow the digital image 
of a lying drop, obtained in the experiment, to be processed using a high-speed 
software package, which significantly reduces the time for experiment and allows to 
store data and simplifies the work of the experimenter. 
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