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Preface

Welcome to the 2007 International Workshop on Description Logics, DLO7,
in Brixen-Bressanone, Italy, 8-10 June 2007. The workshop, arriving this year to
its 20th edition, continues the long-standing tradition of international workshops
devoted to discussing developments and applications of knowledge representation
formalisms and systems based on Description Logics. The list of the International
Workshops on Description Logics can be found at http://dlkr.org.

There were 86 papers submitted to DL07, more than double of the submissions
in each of the past few editions. Each paper was reviewed by at least three members
of the program committee or additional reviewers recruited by the PC members.

Papers were accepted in three categories: long papers, regular papers (with and
without associated presentation), and posters. In addition to the presentation of
the accepted papers, posters, and demos, the following speakers gave invited talks
at the workshop:

— Alex Borgida: Knowledge Representation Meets Databases — a view of the
symbiosis

— Hector Levesque: Some Further Thoughts on Expressiveness and Tractability

— Renee J. Miller: Retrospective on Clio: Schema Mapping and Data Fxchange
in Practice

The chairs the DLO7 workshop gratefully acknowledge the support of the Free
University of Bozen-Bolzano (www.unibz.it) in both the financial and logistical
support, in particular with the registration process. Additionally, we would like to
thank the organisers of DL’06, Bijan Parsia, Ulrike Sattler, and David Toman, for
donating the surplus they made in 2006 in the form of Student Travel Awards.

Our thanks go to all the authors for submitting to DL’07, and to the invited
speakers, PC members, and all additional reviewers who made the technical pro-
gramme possible. In particular, we like to emphasise the effort of the four area
chairs Volker Haarslev, Domenico Lembo, Boris Motik, and Anni-Yasmin Turhan
in the co-ordination and organisation of both the review process and the workshop
programime.

The organisation of the workshop also greatly benefited from the help of many
people at the Free University of Bozen-Bolzano. Finally, we would like to acknowl-
edge that the work of the PC was greatly simplified by using the EasyChair con-
ference management system (www.easychair.org) developed by Andrei Voronkov.

Diego Calvanese, Enrico Franconi, and Sergio Tessaris
Description Logics 2007 workshop chairs
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Knowledge Representation meets Databases
— a view of the symbiosis —

Alex Borgida

Dept. of Computer Science
Rutgers University
New Brunswick, NJ 08904, USA

borgida@cs.rutgers.edu

Abstract. This rather informal paper surveys a personal selection of
research projects which addressed new problems related to Databases,
and whose solution was both inspired by ideas from the field of Knowl-
edge Representation and Reasoning, and at the same time ended up
contributing new ideas to that field. The problems include natural lan-
guage access to databases, Information System (environment) design,
permitting exceptions to integrity constraints, configuration databases,
and goal-oriented schema design.

1 Introduction

It is possible to view KR&DB research from multiple viewpoints. First, it can
be considered as applying database notions to knowledge representation sys-
tems. The typical concerns of database research are taken to be persistence and
scale, which require special data storage techniques and possibly optimization of
queries. Less frequently considered outside the DB field, but just as important,
are notions such as concurrency control and recovery in case of failures. Thus for
any KR&R system equipped with a Tell/Ask interface (e.g., a rule-based system,
description logic reasoner), there have been investigations on how to add (some
of) the above “database properties”. For example, Chaudri et al. [7] considered
the issue of concurrency control for knowledge bases.

In the opposite direction, one can view KR&DB research as applying KR
ideas to traditional database problems. For example, normally the standard first
step in database schema design is drawing an Entity-Relationship diagram. It
turns out that one can check the self-consistency of ER diagrams, or of single
entity sets in them, by translating them into a description logic, and then using
a standard DL reasoner, as done by the i.Com tool [9].

I will focus instead on the mutually supportive research at the meet of these
two areas. Invoking the privilege of an invited speaker, I will concentrate exclu-
sively on work that I have personally witnessed or been involved in'.

1T have had the great fortune to collaborate on much of this work with John My-
lopoulos and Ron Brachman, who are not just outstanding scientists but, even more
importantly to me, the nicest, most easy-going and supportive people one could hope
to meet. It gives me great pleasure to acknowledge their invaluable help.
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To give some shape to my presentation I will use a list of topics that have
been the focus of considerable research in the KR&R field:

semantic networks

objects/classes with instanceOf and IsA
First Order Logic

Description Logics

goals

U o=

and discuss how attempting to solve new database-related problems led to solu-
tions inspired by these notions, and frequently new results of interest to KR&R
itself. Given the nature of the audience, I will also try to point occasionally to
interesting connections to topics such as Description Logics and the Semantic
Web.

2 Semantic Networks

In 1974/75 John Mylopoulos was flooded by a large group of new students inter-
ested in AT research (including James Allen, Phil Cohen, Hector Levesque, John
Tsotsos and yours truly). He proposed to work on the problem of natural lan-
guage access to databases - the Torus project. (Other significant Al research
in NLP was being driven by the same problem, including William Woods’ LU-
NAR project, and William A. Martin’s EQS/OWL projects.) To solve the NLP
problem, one needs, of course, a representation of the semantics of sentences,
and this being the mid 1970’s, the answer was semantic networks: labeled di-
rected graphs, which in our case had an open-ended label set for nodes, but only
employ a fixed pre-determined set of possible edge labels.

Fig.1 is based on [14], and illustrates part of a semantic network graph de-
scribing the process of writing, sending and receiving recommendation letters.

What makes this interesting from a KR&DB point of view is that in order to
answer questions such as “Did we receive any letters for Jimbo?”, the semantic
representation needs to be connected to the database. Supposing that there is a
database table

RecLetterTable (Name,Source,Address,Text,DateReceived)
this is accomplished by connecting every column to a node in the graph (e.g.,
Name to Applicant, Source to Recommender, ... ). The result is that the seman-
tic network acts as a semantic data model for the database — one providing, in
fact, considerably richer semantics than standard ER diagrams. What was miss-
ing of course, as elsewhere in Al, is precise semantics for semantic networks.

KR&R Resonances

The following quotes from the IJCAI'75 papers on Torus resonate interestingly
with later topics in the field of DL:

— “Due to the properties of the sub/superset hierarchy, there is a unique posi-
tion in the semantic net for each semantic graph we wish to integrate”. For



“dl07-proceedings” — 2007/5/21 — 15:39 — page 3 — #13

Proceeding of DL.2007 - Invited Talks 3

2007© A Borgida 7DLO7

Fig. 1. Part of a Torus Semantic Network

example, as illustrated in Fig.1, “recommender writing a recommendation
letter” is a specialization of “writing”. Thus Torus’ (graph) classification re-
sembles concept classification in DLs, but without a clear idea of what is a
definition vs primitive, or what is the semantics of subsumption.

— The term “definitional azis” is mentioned in [15], but with no further expla-
nation.

— Torus represents properties, such as hasColor, using so-called “characteris-
tics”:

PHYS_OBJECT <--ch-- COLOR --val--> COLOR_VALUE
/ /
/ /
eltOf elt0f
/ /
PapaSmurf <--ch-- COLOR --val--> Blue

which resembles the representation suggested in the recent Dolce ontology
[10], based on the notion of qualia.

— Some concepts, like ADRESS_VALUE, have an associated “recognition func-
tion” to recognize instantiations, such as ‘65 st george street, toronto’.
This prefigured the test-defined concepts of the Classic description logic [5]
(and of Taxis [16]): these are concepts that have associated procedures for
recognizing instances, so that they support instance classification, but are
treated as primitive “blackbox” concepts as far as concept classification.
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3 Inheritance and Meta-classes Everywhere

In 1977, Mylopoulos and Wong, with the assistance of Phil Bernstein, embarked
on the Taxis project [16], whose goal was to develop a language for design-
ing/implementing Information Systems at a conceptual, rather than “log-
ical” / “physical” level. Taxis provided a conceptual modeling language not just
for objects but also for procedures, exceptions, exception handlers, and even-
tually workflows. So, for example, after specifying Students, Courses, and how
to Enroll students into courses, one could describe Part_Time_Students, Gradu-
ate_Courses, and additional details concerning the procedure to enroll for these
specialized arguments. My participation in the project concerned the formal se-
mantics of Taxis, especially procedures, workflows (“scripts”), and the overall
methodology of programming by specialization.

KR&R Resonances

— IsA hierarchies of procedures were also a new idea in KR&R — see [2].

— Taxis scripts [1] which prefigured workflows, were also organized in inheri-
tance hierarchies. This echoes somewhat the application of DLs to workflow
fragment management [11].

While Taxis pushed to the limits the use of inheritance, meta-classes become
essential when moving to the creation of an IS software development envi-
ronments. The result was the language Telos [17], which allowed one to define
(conceptual) models, and to state meta-data constraints. For example, consider
the use of a property category like “initial condition” in

PERSON
initial condition
age : {0}

This allowed what were essentially assertions in a complex temporal logic to
be abbreviated so the time aspects did not appear in formulas. By thinking of
properties, such as age, as classes (instantiated potentially for each individual
of their domain class), property categories, like initial condition, become
meta-classes, like INITIAL_PROP_CLASS: classes with classes as instances. So,
given that property classes p have associated p.Class, p.Name, and p.Range, in
our example we would have
p0.Class=PERSON, pO.Name = age , pO.Range = {0}

and p0 would be made an instance of property meta-class INITTAL_PROP_CLASS,
which would be defined to have an (obscure) invariant constraint

Vp e INITIAL_ PROP_.CLASSNt € TIME Nzx.
(z € p.ClassQt Az & p.ClassQ(t — 1))= z.(p.Name)@t € p.Range

describing the temporal semantics.

Incidentally, according to its formalization, a Telos KB consists of a set
of “units”, each with 4 associated fields: [[source, identifier, destination, time-
interval]]. For example,
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pl with [[Jimbo,instance0f,PERSON,2/feb/1992 - 31/dec/2067]1]
p2 with [[PERSON,age,{0},all_time]]

p3 with [[p2,instance0f,INITIAL_PROP_CLASS,all_time]]

Jimbo with [[Jimbo,Jimbo,Jimbo, 2/feb/1992 - 31/dec/20671]

As the last line above indicates, even objects were units with 4 fields.
KR&R Resonances

— RDF(S) anyone? Telos’ treatment of properties as objects that link a source
to a destination via a name echo RDF’s <subject, predicate, object> triples,
especially the fact that properties can have properties themselves. The main
difference is Telos’ addition of a temporal interval.

— While Telos was a theoretical language, it was made into a practical system,
ConceptBase [12], by adding deductive rules to it. The considerable success
of ConceptBase (downloaded at over 500 sites) lies at least in part in its
uniform treatment of everything as an object that can have properties, which
allows meta-statements to be easily recorded.

4  First Order Logic

Integrity Constraints are intended to detect inconsistencies after database up-
dates. But, when dealing with the natural world, these constraints are almost
always over-generalizations. Hence, one desires to allow the coexistence of
general constraints such as

IC :Ve. e € EM P=(e.salary > 1000) A (e.salary < e.manager.salary)

and occasional exceptions such as

calvin.salary=20000
calvin.manager = hobbes
hobbes.salary=15000

where the problem might be blamed on the fact that hobbes is only temporarily
assigned to be calvin’s manager. But this leads to a difficulty: once even one
exception is allowed to persist, this IC will always evaluate to false, and can no
longer detect errors in future updates (e.g., when judy’s salary is changed to
900), which is “a new reason for it to be false”. Therefore we want to modify
the constraint to restore its error detection role. In [3], I propose that one first
rewrite IC in FOL without function symbols:

Ve.(e € EMP A sal(e, se))= (se > 1000)A
VYme, sm.(mgr (e, me) A sal(me, sm))=se < me)
Then, rather than going for the obvious

Ve.(e # hobbes N e € EM P A sal(e, se))=(se > 1000)A
VYme, sm.(mgr (e, me) A sal(me, sm))=se < me)
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(which is not good enough because in this IC there are two conditions that are
being checked at the same time), we propose to use the the more subtle

Ve.(e € EM P A sal(e, se))=(se > 1000)A
([mgr(e, me) A —=(e = calvin A me = hobbes)] A sal(me, sm))=se < me)

Interestingly, this corresponds to a model theoretic specification: minimally muti-

late all models of the original IC, so that the exceptional fact (manager(calvin, hobbes))
is counter-factual. The nice property of this is that (i) there is a syntactic trans-
formation corresponding to it, and (ii) the actual syntactic form of the ICs does

not matter. (I owe Ray Reiter a debt for helping me see the above.)

KR&R Resonances

My student, Mukesh Dalal used this idea of minimal mutilation of models to
obtain a propositional knowledge-base revision operator update(kb, u) [8] — (al-
most) the first one that was insensitive to the syntactic form of the theory kb
or the update u. (To get the models of update(kb,u), it iteratively mutilated
single atoms of kb models till at least one model consistent with u was found.)
Interestingly, through the advice of David Israel, this seems to also have been
the first Al paper to mention the Alchourrén - Gérdenfors - Makinson belief
revision axioms.

5 The Classic Description Logic

Classic [5] was probably the most widely used second-generation description logic
system: one with precise semantics, polynomial time subsumption checking, and
complete algorithm (when one-of and fills were used with individuals that
themselves had no properties, such as numbers, enumerations, etc.).

More significantly, Classic was used in real, industrial applications dealing
with configuration management, as well as (attempted) support for data explo-
ration/mining carried out by humans.

Not only was Classic first published in the SIGMOD database conference
(rather than an AT conference), but special strengths of description logics
became apparent when viewing DLs as languages used for interacting
with a database-like system. Specifically, one can adopt a Levesque- and
SQL-inspired view of a knowledge base management system as a black box with

— create operator to declare new identifiers, with possible definitions

— constrain operator to express integrity constraints on valid states of the KB
— update operator to manage facts about a specific world (A-box)

— inquire operator to ask about the state of the world (A-box)

Now, each of the first three operators x above involves a language L, while
inquire involves two languages: one for stating questions, Lgyery, and one for
expressing answers, Lgnswer. By considering what happens when each of these
languages is a DL such as Classic, one gets the following insights:
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— Lereate: DLs provide the (well-known) opportunity to add not just primitive
but also defined concepts (“views”), and to automatically organize these in
subsumption hierarchies.

— Leconstrain: DLs allow necessary conditions to be stated on primitive concepts,
which are like Integrity Constraints. (These are the first key ingredient in
configuration management applications.)

— Luypdate: By asserting a description such as Vfriends.(Vgender. FEM ALE)
about DonJuan, one is able to say things about an indefinite number of
objects — the current and any yet to be specified friends of Don Juan. This
is the source of considerable expressive power for DL-based knowledge/data
management, in contrast to null values in relational databases, and the sec-
ond key to the success of Classic in configuration management. Note that
this benefit of dealing with incomplete information accrues even when the
language does not support disjunction, and has polynomial time reasoning.

— Lguery: Of course, DL concepts are well suited to retrieve sets of values —
their instances; a benefit here is that queries can themselves be organized in
subsumption hierarchies, which facilitates re-use and query refinement. (On
the down side, DL concepts cannot express even some very simple conjunc-
tive queries [4] — the bread and butter of database research.)

— Lanswer: When using DL concepts as part of answers, one gets the benefit of
descriptive, rather than just enumerated, answers. For example, in response
to the query “Who is female?” one might get not just Eve, but also “the
friends of Don Juan”.

KR&R Resonances

It may be worth recording that essential to the practical success of Classic was
the ability to extend its expressive power as needed (through test functions). I
believe that OWL has not yet met the hard-nosed challenge of real applications,
where customers may walk away if their needs are not served. I do not see any
reasons why OWL cannot be made extensible at least to the point of allowing
arbitrary “concrete domains”, and then maintaining libraries of such extensions,
just like we will maintain libraries of concepts (ontologies).

A more interesting reverberation was our application of Classic-like ideas to
the specification of Corba services [6], which is exactly like the use of DLs for
specifying services on the Semantic Web.

6 Goals

In the past decades, research in Requirements Engineering for software has un-
dergone a revolution, whereby the standard functional specification stage is now
preceded by a new phase of early requirements, dealing with the intentions of
the agents and organizations in the environment where the software is to be
used. Because of its focus on goals, and how they are to be achieved, this is
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known as Goal-Oriented Requirements Engineering (GORE). One of the impor-
tant aspects of GORE is dealing with so-called non-functional (soft) goals, such
as efficiency, accuracy, etc. — goals that do not have clear criteria of success.
The field of database specification, on the other hand, has remained pretty-
well unchanged since the mid-70’s: one still starts by constructing a concep-
tual schema as an ER or maybe UML diagram. In recent joint work with
Jiang, Topaloglou and Mylopoulos [13], we have started to look at a goal-
oriented approach to database design. As in GORE, we start with vari-
ous stakeholders, and their general hard and soft goals; decompose these into
subgoals using AND/OR graphs; then apply means/ends analysis to find tasks
that achieve them. See Fig. 2 for a small example, which uses the i* nota-
tion [19]. In diagrams, we use contribution edges labeled with + or — (or

Give one Give multiple
exam exams

Fig. 2. A Goal Model in *

even ++ and ——) to indicate how goals influence each other. Thus, in Fig.2,
the softgoal (peanut-shape) of evaluating students accurately contributes posi-
tively towards the “Do a good job” softgoal, but performing the task of giving
a single exam (hexagon) contributes negatively towards accurate evaluation.
One important advantage of goal-oriented approaches is that they provide con-
sideration of design alternatives, and traceability for decisions based on such
contribution dependencies. So, for example, we might choose between schemas
StudentTablel (studentId,examGrade) and StudentTablel (studentId,examl,
exame?2,averageGrade) ) based on which goals are more important.
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Continuing with our goal-based schema design, our methodology suggests
analyzing the textual description of goals, and the participants in the tasks, to
obtain a list of “relevant concepts”, which is then organized into a domain model
(expressed in some conceptual modeling language); its purpose is to provide a
shared understanding of the domain for database designers and end-users. The
conceptual schema of the database is then derived from this by addressing a
list of questions concerning issues such as persistence, time, data quality, etc.
For each such category, we have a number of alternative schema manipulation
operators which can be applied to derive the final conceptual schema from the
domain model.

KR&R Resonances

Of course, one of the earliest KR&R proposals in Artificial Intelligence was
Simon and Newell’s GPS, which was also concerned with means-ends analysis
to achieve goals. And, in a separate context, it was Simon who introduced the
important notion of “satisficing”, which is applicable for such goals.
Although it is clear how to formalize AND/OR goal decomposition even in
Horn propositional logic, notions like softgoals, their satisficing, and contribution
edges would seem to be inherently “soft” — hard to reason with. Sebastiani et
al [18] however show how to formalize even this aspect: Since there could be con-
flicting evidence concerning any goal g, the secret is to replace proposition g by
propositions fully_satis fied_g, partially_satis fied_g, partially_denied_g, and fully_denied_g.

An edge g — h then introduces axiom

partially_satis fied-g=partially_denied_h

while edge ¢ — h also adds axiom
fully_satis fied-g= fully_denied_h

By using a suitable extension of this set of axioms, and a min-sat solver, it
is then possible to find minimal sets of “input/bottom” goals that guarantee
desired top-level goals.

7 Conclusions

I have briefly reviewed a sample of database-inspired projects which had con-
nections to KR&R topics: natural language access to databases < semantic
networks; information system design <« inheritance & metaclasses; exceptions
to database integrity constraints «<» First Order Logic and minimal mutilations;
querying and verifying consistency of incomplete databases < description logics;
goal-based database design < goal analysis and satisfaction/satisficing. In each
case, | tried to give an impression of the benefits each field, DB and KR&R,
derived from the other, as a result of the research carried out. Of course, the
above survey was highly skewed towards my own experiences — there are many
more such examples, both extant and to come.
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Some further thoughts on expressiveness and
tractability

Hector Levesque

University of Toronto, Toronto, CANADA

Abstract. Since the mid 1980s, there has been considerable research
studying the expressiveness and the tractability of various description
logics. In this talk, we consider this issue as it was then and now. We
argue that an overly strict interpretation may have caused the work on
description logic to be seen as less relevant than it used to be to the
general Al enterprise.
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Retrospective on Clio: Schema Mapping and
Data Exchange in Practice

Renée J. Miller

Bell University Labs Chair of Information Systems
Department of Computer Science
University of Toronto
miller@cs.toronto.edu

Abstract. Clio is a joint research project between the University of
Toronto and IBM Almaden Research Center started in 1999 to address
both foundational and systems issues related to the management of het-
erogeneous data. In this talk, I will take a look back over the last eight
years of this project to review its achievements, the lessons learned, and
the challenges that remain.

Key words: Schema mapping, mapping generation, mapping compila-
tion and execution, data exchange, data integration

The Clio project was founded to tackle the challenging issues raised by the
proliferation of independently developed data sources that are heterogeneous
in their design and content. Heterogeneous data sets contain data that have
been represented using different data models, different structuring primitives,
or different modeling assumptions. Such data sets often have been developed
and modeled with different requirements in mind. As a consequence, different
schemas may have been used to represent the same or related data. To manage
heterogeneous data, we must be able to manage these schemas and mappings
between the schemas. Clio is a management system for heterogeneous data that
couples traditional data management solutions with additional tools for cre-
ating, using and maintaining mappings between schemas. Our first results on
schema mapping generation [MHHO00] were first demonstrated at SIGMOD 2001
[HMHO1]. The main contributions of the Clio project include the following. .

Schema mapping generation. In many integration applications, data that con-
forms to a (source) schema (also called a local schema), may be queried or viewed
through another (target) schema (also called a global schema). The relationship
between the source and the target schema is modeled through a set of artifacts
called schema mappings. Prior to Clio, most work on automating schema map-
ping generation focused on finding simple attribute-attribute correspondences or
matches (using text similarity or natural language techniques). Clio introduced
a novel interactive mapping creation paradigm [MHHO0] for creating mappings
that represent structural transformations of data. These mappings are created
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using the semantics encoded in the schemas, and represent the semantic rela-
tionship between schemas. We have investigated how to automate the mapping
creation process, and how to effectively solicit user input when the semantics
of the schemas are ambiguous or incomplete [MHH00,PVM™02]. This work was
demonstrated at ICDE 2002 [HPVT02]. In addition, we have developed a data-
driven visualization tool to help users understand and refine mappings as they
are generated [YMHFO01]. We use carefully chosen data examples to explain map-
pings and alternative mappings to help a user arrive at a correct and complete
mapping. Most recently, we have considered the generation of mappings that
may be correlated with other mappings [FHH'06], work that was demonstrated
at ICDE 2007 [HHP*07]

Schema mapping specification. Mappings are specified using an expressive declar-
ative language with a formal semantics. The mapping language is suitable for
relational schemas and for nested structures including XML schema, DTDs, and
concept hierarchies. The expressiveness of this mapping language enables a wide
range of transformations and makes the language suitable for use in a variety of
mapping applications [PVMT02,FHH06].

In creating a mapping from a source schema to a target schema, we do not
assume that the schemas represent the same data. Certainly, there may be source
data that are not represented in the target. Additionally, there may be target
data that are not represented in the source. An accurate mapping must be able
to represent missing (unmapped) source and target data [PVM™02].

Using Mappings. The mappings produced by Clio can be used for both data in-
tegration (where the target data is virtual) [YP04] and for data exchange (where
the target data is materialized) [PVM'02]. For data exchange, we faced the
challenge of being able to generate new values for unspecified (unmapped) tar-
get data that are essential for ensuring the consistency of the target database.
Clio presented the first algorithm for data exchange in 2002 using a solution that
is guaranteed to generate a valid target database [PVM™T02].

We have gone on to investigate some of the foundations of data exchange
[FKMP03,FKMPO05] with a formal study of how data exchange differs from data
integration. Importantly, this formal study uses a mapping language (tuple-
generating dependencies) that are inspired by the Clio system. We have con-
sidered how to characterize the best data exchange solution [FKP05], how to do
data exchange in networks of peer schemas [FKMTO06], how to compose map-
pings [FKPTO05], and a number of other issues surrounding the use of mappings
[Fag06].

Mapping compilation and execution. Mappings can be compiled into executable
queries or programs which perform data exchange [PVM™02]. Depending on the
application environment, Clio can generate SQL queries, Xquery, XSLT, among
other formats, for execution. Alternatively, Clio also provides its own optimized
execution engine for efficient evaluation of data exchange programs [JHPHOT].
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Our declarative mapping formalism is sufficiently expressive to capture the se-
mantics of a wide variety of integration and exchange applications, and as a
result, the ability to compile mappings into different runtime environments for
efficient execution is critical.

Managing and maintaining mappings. Our declarative mappings can be adapted
and reused more easily than low-level procedural mapping scripts. We have pre-
sented solutions for adapting mapping as schemas evolve [VMP03,VMP04,YP05],
demonstrated at ICDE 2004 [VMPMO04].

Industrial impact. Clio technology has been transferred into IBM’s product lines,
and forms a core component of IBM’s Rational Data Architect [HHH'05]. The
use of declarative mappings (over hand-coded procedural scripts) is now con-
sidered “best-practice” in commercial products and Clio has lead the way in
changing the culture. In addition, Clio has been a leader in demonstrating that
both schemas and mappings are dynamic artifacts that must be managed effec-
tively.
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Abstract. In Description Logics (DLs), both tableau-based and
automata-based algorithms are frequently used to show decidability and
complexity results for basic inference problems such as concept satisfi-
ability. Whereas tableau-based algorithms usually yield worst-case opti-
mal algorithms in the case of PSPACE-complete logics, it is often very
hard to design optimal tableau-based algorithms for EXPTIME-complete
DLs. In contrast, the automata-based approach is usually well-suited
to prove EXPTIME upper-bounds, but its direct application will usually
also yield an ExXpTIME-algorithm for a PSPACE-complete logic since the
(tree) automaton constructed for a given concept is usually exponen-
tially large. In the present paper, we formulate conditions under which
an on-the-fly construction of such an exponentially large automaton can
be used to obtain a PSpPACE-algorithm. We illustrate the usefulness of
this approach by proving a new PSPACE upper-bound for satisfiability
of concepts w.r.t. acyclic terminologies in the DL SZ.

1 Introduction

Two of the most prominent methods for showing decidability and complexity
results for DLs are the tableau-based [4] and the automata-based [7] approach.
Both approaches basically depend on the tree-model property of the DL under
consideration: if a concept is satisfiable, then it is also satisfiable in a tree-
shaped model. They differ in how they test for the existence of a tree-shaped
model. Tableau-based algorithms try to generate such a model in a top-down
non-deterministic manner, starting with the root of the tree. Automata-based
algorithms construct a tree automaton that accepts exactly the tree-shaped mod-
els of the concept, and then test the language accepted by this automaton for
emptiness. The usual emptiness test for tree automata is deterministic and works
in a bottom-up manner. This difference between the approaches also leads to dif-
ferent behaviour regarding elegance, complexity, and practicability.

If the logic has the finite tree model property, then termination of tableau-
based algorithms is usually easy to achieve. If, in addition, the tree models these
algorithms are trying to construct are of polynomial depth (as is the case for the
PSpACE-complete problem of satisfiability in ALC), then one can usually modify

* Funded by the DFG, Graduiertenkolleg Wissensrepréasentation, Uni Leipzig.
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tableau-based algorithms such that they need only polynomial space: basically,
they must only keep one path of the tree in memory [17]. However, the automaton
constructed in the automata-based approach is usually exponential, and thus
constructing it explicitly before applying the emptiness test requires exponential
time and space. In [8], we formulate conditions on the constructed automaton
that ensure—in the case of finite tree models of polynomially bounded depth—
that an on-the-fly construction of the automaton during a non-deterministic
top-down emptiness test yields a PSPACE algorithm.

If the logic does not have the finite tree model property, then applying the
tableau-based approach in a straightforward manner leads to a non-terminating
procedure. To ensure termination of tableau-based algorithms in this case, one
must apply an appropriate cycle-checking technique, called “blocking” in the DL
literature [4]. This is, for example, the case for satisfiability in ALC w.r.t. general
concept inclusions (GCIs) [1], which has both the finite model property and
the tree model property, but not the finite tree model property. Since blocking
usually occurs only after an exponential number of steps and since tableau-based
algorithms are non-deterministic, the best complexity upper-bound that can be
obtained this way is NEXPTIME. This is not optimal since satisfiability in ALC
w.r.t. GCIs is “only” EXPTIME-complete. The EXPTIME upper-bound can easily
be shown with the automata-based approach: the constructed automaton is of
exponential size, and the (bottom-up) emptiness test for tree automata runs in
time polynomial in the size of the automaton.

Although the automata-based approach yields a worst-case optimal algo-
rithm in this case, the obtained algorithm is not practical since it is also expo-
nential in the best case: before applying the emptiness test, the exponentially
large automaton must be constructed. In contrast, optimised implementations
of tableau-based algorithms usually behave quite well in practice [9], in spite of
the fact that they are not worst-case optimal.

There have been some attempts to overcome this mismatch between practical
and worst-case optimal algorithms for EXPTIME-complete DLs. In [5] we show
that the so-called inverse tableau method [19] can be seen as an on-the-fly imple-
mentation of the emptiness test in the automata-based approach, which avoids
the a priori construction of the exponentially large automaton. Conversely, we
show in [2] that the existence of a sound and complete so-called EXPTIME-
admissible tableau-based algorithm for a logic always implies the existence of an
ExPTIME automata-based algorithm. This allows us to construct only the (prac-
tical, but not worst-case optimal) tableau-based algorithm, and get the optimal
EXPTIME upper-bound for free.

In the present paper, we extend the approach from [8] mentioned above such
that it can also deal with PSPACE-complete logics that do not have the finite
tree model property. A well-known example of such a logic is ALC extended
with transitive roles [14]. To illustrate the power of our approach, we use the
more expressive DL S7 as an example, which extends ALC with transitive and
inverse roles. In addition, we also allow for acyclic concept definitions. To the
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best of our knowledge, the result that satisfiability in SZ w.r.t. acyclic concept
definitions is in PSPACE is new.

For lack of space we must omit most of the proofs of our results. Detailed
proofs can be found in [3].

2 Hintikka trees for SZ with general TBoxes

The DL S7 extends ALC with transitive and inverse roles, i.e. if N¢ is the set
of concept names and N is the set of role names, then there is a set N C Ng
of transitive role names and, if »r € N, we can use r~ in concept expressions
like a role name. The semantics of SZ is defined as usual (see e.g. [11]). For
convenience, we introduce the following notation: for an S7 role s, the inverse
of s (denoted by 5) is s~ if s is a role name, and r if s = r~ for a role name r.
Since a role is interpreted as transitive iff its inverse is interpreted as transitive,
we will use the predicate trans(r) on SZ roles to express that r or 7 belongs
to NT-

An acyclic TBoz is a set of concept definitions A = C, where A is a concept
name and C'is an SZ concept term, with the additional condition that definitions
are unique and acyclic in the sense that a concept name does not directly or
indirectly appear in its own definition. A general TBoz is an acyclic TBox which
can additionally contain GCIs (general concept inclusion axioms) of the form
C C D, where both C and D are SZ concept terms. Please note that this
definition is slightly non-standard because we do not allow cyclic definitions in
general TBoxes. Obviously, an arbitrary set of definitions can be transformed
into a general TBox by replacing cyclic definitions with GCIs. The semantics of
TBoxes and the satisfiability problem are defined as usual (see e.g. [4]).

The definition of acyclic TBoxes ensures that the concept definitions simply
introduce abbreviations (macro definitions), which could in principle be com-
pletely expanded by repeatedly replacing defined names by their definitions.
Thus, acyclic TBoxes do not increase the expressive power, but they increase
succinctness because expansion can lead to an exponential blow-up [13].

For the DL ALC, it is known that the satisfiability problem is PSPACE-
complete w.r.t. acyclic TBoxes [12] and EXPTIME-complete w.r.t. general
TBoxes [16]. We will show in this paper that the same is true for SZ.

Tree models of satisfiable SZ concepts can be obtained by applying the well-
known technique of unravelling [6]. For example, the S7 concept A is satisfiable
w.r.t. the general TBox {A C 3r.A} in a one-element model whose single element
belongs to A and is related to itself via r. The corresponding unravelled model
consists of a sequence dg,dq,ds,... of elements, all belonging to A, where d;
is related to d;y; via r. Intuitively, Hintikka trees are tree models where every
node is labelled with the concepts to which the element represented by the node
belongs. These concepts are taken from the set of subconcepts of the concept
to be tested for satisfiability and of the concepts occurring in the TBox. In our
example, the nodes d; would be labelled by A and 3r.A since each d; belongs to
these concepts.
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To simplify the formal definitions, we assume in the following that all con-
cepts are in negation normal form (NNF), i.e. negation appears only directly in
front of concept names. Any SZ concept can be transformed into NNF in linear
time using de Morgan’s laws, duality of quantifiers, and elimination of double
negation. We denote the NNF of a concept C by nnf(C) and nnf(=C) by «~C.

Definition 1 (Subconcepts, Hintikka sets). The set of subconcepts of an
ST concept C' (sub(C)) is the least set S that contains C' and has the following
properties: if S contains —A for a concept name A, then A € S; if S contains
DUE or DNE, then {D,E} C S;if S contains Ir.D or Vr.D, then D € S. For
a TBox 7, sub(C, T) is defined as follows:

sub(C) U |J ({4, -A}usub(D)Usub(~D)) U | sub(~DUE)
A=DeT DCEeT

A set H C sub(C,T) is called a Hintikka set for C if the following three con-
ditions are satisfied: if DM E € H, then {D,E} C H; if DUFE € H, then
{D,E} N H # 0; and there is no concept name A with {A,-A} C H.

For a TBox 7, a Hintikka set H is called 7 -expanded if for every GCI D C
E € T, it holds that “D U E € H, and for every concept definition A =D € T,
it holds that, if A € H then D € H, and if ~A € H then ~D € H.3

Hintikka trees for C and 7 are infinite trees of a fixed arity k, which is
determined by the number of existential restrictions, i.e. concepts of the form
Ir.D, in sub(C, T). For a positive integer k, we denote the set {1,...,k} by K.
The nodes of a k-ary tree can be denoted by the elements of K*, with the empty
word € denoting the root, and wi the ith successor of u. In the case of labelled
trees, we will refer to the label of the node w in the tree ¢ by ¢(u).

In the definition of Hintikka trees, we need to know which successor in the tree
corresponds to which existential restriction. For this purpose, we fix a linear order
on the existential restrictions in sub(C, 7). Let ¢ : {3r.D € sub(C,T)} — K be
the corresponding ordering function, i.e. ¢(3r.D) determines the successor node
corresponding to 3Ir.D. In general, such a successor node need not exist in a tree
model. To obtain a full k-ary tree, Hintikka trees contain appropriate dummy
nodes.

For technical reasons, which will become clear later on, the nodes of the
Hintikka trees defined below are not simply labelled by Hintikka sets, but by
quadruples (I, II, {2, ), where g is the role which connects the node with the
father node, {2 is the complete Hintikka set for the node, I" C 2 consists of the
unique concept D contained in {2 because of an existential restriction Jp.D in
the father node, and II contains only those concepts that are contained in 2
because of universal restrictions Vo.FE in the father node. We will use a special
new role name A for nodes that are not connected to the father node by a role,

3 We will refer to this technique of handling concept definitions as lazy unfolding. Note
that, in contrast to GClIs, concept definitions are only applied if A or = A is explicitly
present in H.
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i.e. the root node and those (dummy) nodes which are labelled with an empty
set of concepts.

Definition 2 (Hintikka trees). The tuple ((Io, 1o, 20, 00), (1,111, 1, 01),
oy (T, Oy 2k, 01)) is called C, T -compatible if, for all i,0 < i < k, [3UII; C §2;,
£2; is a T-expanded Hintikka set, and the following holds for every existential
concept Ir.D € sub(C, T):

— if Ir.D € (2, then
1. I'y(3r.p) consists of D;
2. 11 ,(3,.p) consists of all concepts E for which there is a universal restric-
tion Vr.E € ), and it additionally contains Vr.E if trans(r);
3. for every concept VF.F' € 2,3, p), {20 contains I, and additionally V7. F'
if trans(r);
4. Op(3r.D) = T3
— if Ir.D ¢ 2, then I',(3,.p) = Hy(ar.0) = Pp@Er.p) = 0 and 0y3r.p) = A

A k-ary tree t is called a Hintikka tree for C and T if, for every node v € K*,
the tuple (t(v),t(vl),...,t(vk)) is C,T-compatible, and t(e) has empty I'- and
IT-components, an {2-component containing C', and A as its g-component.

Our definition of a Hintikka tree ensures that the existence of such a tree
characterises satisfiability of ST concepts. It basically combines the technique
for handling transitive and inverse roles introduced in [10]* with the technique
for dealing with acyclic TBoxes employed in [8].

I'(e)=H() =0
2(e) ={3r.ANVr.3s.B,3r.A,Vr.3s.B}

/ Q(E)\
r() = {A} re)==0
II(1) = {3s.B} m2)y=~0
(1) = {A,3s.B} 2(2)=0
/ Y{l) =r / o(2) = A
r(2) = {B}
II(12) =0
Q @ .Q((IZ)): {B,3r.A,Vr.3s.B} @ e
y N N v N 7N

Fig. 1. A Hintikka tree for Ir.AMVr.3s.B.

Example 3. Figure 1 shows a Hintikka tree for the concept Ir.A M Vr.3s.B,
where r is a transitive role. Since there are two existential subconcepts, the
model is a binary tree, and we assume that the first son stands for the concept

4 there used in the context of tableau-based algorithms.
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dr.A and the second one for 3s.B. Node number 1 is labelled with A, Js.B and,
since r is transitive, also with Vr.3s.B. Node number 2 is a dummy node (all
dummy nodes are shown as black). The label of node 12 has to contain B, but
the {2 set can contain any other concept that does not violate the conditions for
Hintikka sets, e.g. those shown in the label. Thus, in this case, node 121 cannot
be a dummy node, but it has to contain A and ds.B.

Theorem 4. The SZ concept C is satisfiable w.r.t. the general TBox 7 iff there
exists a Hintikka tree for C' and 7.

3 Tree automata

The existence of a Hintikka tree can be decided with the help of so-called looping
automata, i.e. automata on infinite trees without a special acceptance condition.
After introducing these automata, we will first show how they can be used to
decide satisfiability in SZ w.r.t. general TBoxes in exponential time. Then we
will introduce a restricted class of looping automata, and use it to show that
satisfiability in SZ w.r.t. acyclic TBoxes can be decided in polynomial space.

3.1 Looping automata

The following definition of looping tree automata does not include an alphabet
for labelling the nodes of the trees. In fact, when deciding the emptiness prob-
lem for such automata, only the existence of a tree accepted by the automaton
is relevant, and not the labels of its nodes. Since all information relevant for
the existence is contained in the states of the automaton, the node labels are
redundant. For our reduction this implies that the automaton we construct for
a given input C,7 does not actually accept the Hintikka trees for C, 7. Instead,
it attempts to label the unlabelled tree as a Hintikka tree for the input. If C'
is satisfiable w.r.t. 7, then the automaton accepts the unlabelled tree and its
successful runs are the Hintikka trees for C' and 7.

Definition 5 (Automaton, run). A looping tree automaton over k-ary trees
is a tuple (Q, A, I), where Q is a finite set of states, A C Q**! is the transition
relation, and I C @ is the set of initial states.

A run of this automaton on the (unique) unlabelled k-ary tree t is a labelled
k-ary tree r : K* — @ such that (r(v),r(v1),...,7(vk)) € Afor all v € K*. The
run is successful if () € I. The emptiness problem for looping tree automata is
the problem of deciding whether a given looping tree automaton has a successful
run or not.

In order to decide the emptiness problem in time polynomial in the size of
the automaton, one computes the set of all bad states, i.e. states that do not
occur in any rumn, in a bottom-up manner [18, 5]: states that do not occur as first
component in the transition relation are bad, and if all transitions that have the
state ¢ as first component contain a state already known to be bad, then ¢ is
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also bad. The automaton has a successful run iff there is an initial state that is
not bad.

For an S7 concept C and a general TBox 7', we can construct a looping tree
automaton whose successful runs are exactly the Hintikka trees for C' and 7 as
follows.

Definition 6 (Automaton Ac 7). For an ST concept C' and a TBox 7T, let
k be the number of existential restrictions in sub(C, 7). Then the looping au-
tomaton Ac 7 = (Q, A, I) is defined as follows:

— @ consists of all 4-tuples (I, IT, {2, p) such that ' UIT C 2 C sub(C,7), I
is a singleton set, {2 is a 7-expanded Hintikka set for C, and ¢ occurs in C
or 7 or is equal to X;

— A consists of all C,7-compatible tuples ((I, o, {20, 00), ({1,111, 01),
oy (D, gy 821, 01));

- 1:={(0,0,2,)\) € Q| C € 2}.

Lemma 7. Ac 7 has a successful run iff C is satisfiable w.r.t. 7.

Since the cardinality of sub(C,7) and the size of each of its elements is linear
in the size of C,7, the size of the automaton Ac 7 is exponential in the size
of C,7T. Together with the fact that the emptiness problem for looping tree
automata can be decided in polynomial time, this yields:

Theorem 8. Satisfiability in S w.r.t. general TBoxes is in EXPTIME.

This complexity upper-bound is optimal since ExPTIME-hardness follows
from the known hardness result for ALC with general TBoxes [16].

One could also try to solve the emptiness problem by constructing a successful
run in a top-down manner: label the root with an element gg of I, then apply a
transition with first component gy to label the successor nodes, etc. There are,
however, two problems with this approach. Firstly, it yields a non-deterministic
algorithm since I may contain more than one element, and in each step more
than one transition may be applicable. Secondly, one must employ an appropriate
cycle-checking technique (similar to blocking in tableau-based algorithms) to
obtain a terminating algorithm. Applied to the automaton Ac 7, this approach
would at best yield a (non-optimal) NExPTIME satisfiability test.

3.2 Blocking-invariant automata

In order to obtain a PSPACE result for satisfiability w.r.t. acyclic TBoxes, we use
the top-down emptiness test sketched above. In fact, in this case non-determinism
is unproblematic since NPSPACE is equal to PSPACE by Savitch’s theorem [15].
The advantage of the top-down over the bottom-up emptiness test is that it is not
necessary to construct the whole automaton before applying the emptiness test.
Instead, the automaton can be constructed on-the-fly. However, we still need
to deal with the termination problem. For this purpose, we adapt the blocking
technique known from the tableau-based approach. In the following, when we
speak about a path in a k-ary tree, we mean a sequence of nodes vy, ..., v, such
that vy is the root € and v; 1 is a direct successor of v;.
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Definition 9 («—-invariant, m-blocking). Let A = (Q, A,I) be a looping
tree automaton and < be a binary relation over @, called the blocking relation.
If ¢ < p, then we say that ¢ is blocked by p. The automaton A is called «—-
invariant if, for every q < p, and (qo,q1, - -+, Gi=1,4, ¢i+1, - - -, qr) € 4, it holds
that (qo,q1, -+ Gi—1,P: Git1, - - qx) € A.

A «—-invariant automaton A is called m-blocking if, for every successful run
r of A and every path vq,...,v,, of length m in r, there are 1 < i < j < m such
that r(v;) — r(v;).

Obviously, any looping automaton A = (Q,A,I) is =-invariant (i.e. the
blocking relation is equality) and m-blocking for every m > #Q (where “#Q”
denotes the cardinality of @}). However, we are interested in automata and block-
ing relations where blocking occurs earlier than after a linear number of transi-
tions.

To test an m-blocking automaton for emptiness, it is sufficient to construct
partial runs of depth m. More formally, we define K=" := U?:o K'. A partial run
of depth m is a mapping 7 : K<™~ — @ such that (r(v),r(v1),...,r(vk)) € A
for all v € K<™72. 1t is successful if r(¢) € I.

Lemma 10. An m-blocking automaton A = (Q, A, I) has a successful run iff
it has a successful partial run of depth m.

1: if I # () then

2:  guess an initial state g € 1

3: else

4:  return “empty”

5: if there is a transition from ¢ then

6:  guess such a transition (¢, q1,...,qx) € A
7: push(SQ, (q1,-..,qx)), push(SN,0)

8: else

9:  return “empty”

10: while SN is not empty do

11:  (q1,---,q%) := pop(SQ), n := pop(SN) + 1
12: if n <k then

13: push(SQ, (g1, -.,qk)), push(SN, n)

14: if length(SN) < m — 1 then

15: if there is a transition from g, then
16: guess a transition (qn,q1,...,q;) € A
17: push(SQ, (g1, - --,4q%)), push(SN, 0)

18: else

19: return “empty”

20: return “not empty”

Fig. 2. The non-deterministic top-down emptiness test for m-blocking automata.

For k > 1, the size of a successful partial run of depth m is still exponential
in m. However, when checking for the existence of such a run, one can perform
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a depth-first traversal of the run while constructing it. To do this, it is basically
enough to have at most one path of length up to m in memory.> The algorithm
that realizes this idea is shown in Figure 2. It uses two stacks: the stack SQ
stores, for every node on the current path, the right-hand side of the transition
which led to this node, and the stack SN stores, for every node on the current
path, on which component of this right-hand side we are currently working. The
entries of SQ and SN are elements of Q¥ and K U {0}, respectively, and the
number of entries is bounded by m for each stack.

Note that the algorithm does not require the automaton A to be explicitly
given. It can be constructed on-the-fly during the run of the algorithm.

Definition 11. Assume that we have a set of inputs J and a construction that
yields, for every i € J, an m;-blocking automaton 4; = (@i, 4;, ;) working on
ki-ary trees. We say that this construction is a PSPACE on-the-fly construction
if there is a polynomial P such that, for every input i of size n we have

— my < P(n) and k; < P(n);

— every element of @; is of a size bounded by P(n);

— one can non-deterministically guess in time bounded by P(n) an element of
I; and, for a state ¢ € @, a transition from A; with first component g.

The algorithms guessing an initial state (a transition starting with ¢) are
assumed to yield the answer “no” if there is no initial state (no such transition).

The following theorem is an easy consequence of the correctness of the top-
down emptiness test described in Figure 2 and Savitch’s theorem [15].

Theorem 12. If the automata A; are obtained from the inputs i € J by a
PSPACE on-the-fly construction, then the emptiness problem for A; can be de-
cided by a deterministic algorithm in space polynomial in the size of i.

4 Satisfiability in SZ w.r.t. acyclic TBoxes

It is easy to see that the construction of the automaton Ac s from a given
SZ concept C' and a general TBox 7 satisfies all but one of the conditions
of a PSPACE on-the-fly construction. The condition that is violated is the one
requiring that blocking must occur after a polynomial number of steps. In the
case of general TBoxes, this is not surprising since we know that the satisfiability
problem is ExPTIME-hard. Unfortunately, this condition is also violated if 7 is
an acyclic TBox. The reason is that successor states may contain new concepts
that are not really required by the definition of C,7-compatible tuples, but are
also not prevented by this definition, like 3r. A and Vr.3s.B in the label of node 12
in Example 3. In the case of acyclic TBoxes, we can construct a subautomaton
that avoids such unnecessary concepts. It has fewer runs than Ac 7, but it
does have a successful run whenever Ac 7 has one. The construction of this
subautomaton follows the following general pattern.

5 This is similar to the so-called trace technique for tableau-based algorithms [17].
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Definition 13 (Faithful). Let A = (Q, A,I) be a looping tree automaton on
k-ary trees. The family of functions f, : Q@ — Q° for ¢ € Q5 is faithful w.r.t. A
if I C Q° C @Q, and the following two conditions are satisfied for every q € @5:

1. if ((qua' .. vqk) € Av then (qa fq(q1)7 . 7fq((Jk)) € A;
2. if (QOaQIa v 7Qk) S A7 then (fq(QO)qu(QI)a .. 'afq(Qk)) S A-6

The subautomaton AS = (Q°, A%, I) of A induced by this family has the transi-
tion relation AS := {(q, fol@r), .-, folar)) | (¢,q1,...,qx) € Aand q € Q51

Instead of testing A for emptiness, we can equivalently test AS.

Lemma 14. Let A be a looping tree automaton and A its subautomaton in-
duced by the faithful family of functions f, : Q — QS for g € Q5. Then A has a
successful run iff A® has a successful run.

Intuitively, the range of f, contains the states that are allowed after state ¢
has been reached. Before we can define an appropriate family of functions for
Ac, 1, we must introduce some notation. For an ST concept C' and an acyclic
TBox T, the role depth rd7(C) of C w.r.t. T is the maximal nesting of (universal
and existential) role restrictions in the concept obtained by expanding C' w.r.t.
T . Obviously, rd7(C) is polynomially bounded by the size of C, T . For a set of ST
concepts S, its role depth rd7(S) w.r.t. 7 is the maximal role depth w.r.t. 7 of
the elements of S. We define sub¢,,(C,7T) :={D | D € sub(C,T) and rd7 (D) <
n}, and S/r:= {D € S| there is an F such that D = Vr.E}.

The main idea underlying the next definition is the following. If 7 is acyclic,
then, since we use lazy unfolding of concept definitions, the definition of C,7-
compatibility requires, for a transition (g, q,. .., qx) of Ac 7, only the existence
of concepts in ¢; = (I, I1;, £2;, 0;) that are of a smaller depth than the maximal
depth n of concepts in q if o; is not transitive. If p; is transitive, then II; may
also contain universal restrictions of depth n.

We can therefore remove from the states ¢; all concepts with a higher depth
and still maintain C, 7-compatibility.

Definition 15 (Functions f;). For two states ¢ = (I, II,£2,0) and ¢’ =
(I, 11', 82, ¢') of Ac,7 with rd7(£2) = n, we define the function f,(¢") as follows:

— if rd7(I") > rd7(£2), then fy(q’) := (0,0,0,\);

— otherwise, f,(¢") :== (I'",II", 02", ¢'), where
o P =subg,(C,T)/0, if trans(¢'); otherwise P = {);
o II" =1II'N (subgy,—1(C, T) U P);
o (=Y N(subg,—1(C,T)UII").

The definition of IT” implies that we remove from II’ all concepts which have
a higher depth than the maximum depth in {2, and we allow for a concept of
the same depth as in {2 only if it has the shape V¢o'.FE and ¢’ is transitive. If 7

6 Note that this condition does neither imply nor follow from condition 1, since go

need not be equal to ¢, and it is not required that fq(q) equals g.
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is acyclic, then the set 2" defined above is still a 7-expanded Hintikka set after
removing these concepts. Looking back at Example 3, this means that node 12
could not contain any existential or value restrictions because node 1 has role
depth 1 and s is not transitive. Consequently, all sons of node 12 have to be
dummy nodes.

Lemma 16. The family of mappings f, (for states ¢ of A¢ 7) introduced in
Definition 15 is faithful w.r.t. Ac 7.

Consequently, Ac7 has a successful run iff the induced subautomaton A,
has a successful run.

Lemma 17. The construction of Ascj from an input consisting of an SZ con-
cept C and an acyclic TBox 7 is a PSPACE on-the-fly construction.

The main thing to show 7 in the proof is that blocking always occurs after a
polynomial number of steps. To show this, we use the following blocking relation:
(I, Iy, 820, 01) «=s7 (T2, 12, 825, 00) if It = I, I} = I3, £21 /0, = §25/0,, and
01 = 02. If m := #sub(C,7T), then A%J— is m*-blocking w.r.t. «<s7. The main
reasons for this to hold are the following: (i) if a successor node is reached w.r.t.
a non-transitive role, then the role depth of the f2-component decreases, and
the same is true if within two steps two different transitive roles are used; (ii) if
a successor node is reached w.r.t. a transitive role, then there is an inclusion
relationship between the IT-components of the successor node and its father; the
same is true (though in the other direction) for the {2/g-components.

Since we know that C is satisfiable w.r.t. 7 iff A 7 has a successful run iff
A%’T has a successful run, Theorem 12 yields the desired PSPACE upper-bound.
PSpacE-hardness for this problem follows directly from the known PSPACE-
hardness of satisfiability w.r.t. the empty TBox in ALC [17].

Theorem 18. Satisfiability in SZ w.r.t. acyclic TBoxes is PSPACE-complete.

5 Conclusion

We have developed a framework for automata that adapts the notion of blocking
from tableau algorithms and makes it possible to show tight complexity bounds
for PSPACE logics using the automata approach. In order to achieve this result,
we replace the deterministic bottom-up emptiness test with a nondeterministic
top-down test that can be interleaved with the construction of the automaton
and aborted after a “blocked” state is reached. If the number of transitions before
this happens is polynomial in the size of the input, emptiness of the automaton
can be tested using space polynomial in the size of the input rather than time
exponential in the size of the input. This illustrates the close relationship between
tableau and automata algorithms.

As an example for an application of this method, we have shown how blocking
automata can be used to decide satisfiability of SZ concepts w.r.t. acyclic TBoxes
in PSPACE.

" A detailed proof can be found in [3].
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Abstract. We aim at representing and reasoning about actions and (high level)
programs over ontologies expressed in Description Logics. This is a critical is-
sue that has resisted good solutions for a long time. In particular, while well-
developed theories of actions and high-level programs exist in Al, e.g., the ones
based on SitCalc, these theories do not apply smoothly to Description Logic on-
tologies, due to the profoundly non-definitorial nature of such ontologies (cf.
cyclic TBoxes). Here we propose a radical solution: we assume a functional view
of ontologies and see them as systems that allow for two kinds of operations: ASK,
which returns the (certain) answer to a query, and TELL, which produces a new
ontology as a result of the application of an atomic action. We base atomic ac-
tions on instance level update and instance level erasure on the ontology. Building
on this functional view, we introduce Golog/ConGolog-like high-level programs
on ontologies. This paper demonstrates the effectiveness of the approach in gen-
eral, and presents the following specific results: we characterize the notion of
single-step executability of such programs, devise methods for reasoning about
sequences of actions, and present (nice) complexity results in the case where the
ontology is expressed in DL-Lite.

1 Introduction

Description Logics (DLs) [1] are generally advocated as the right tool to express ontolo-
gies, and this belief is one of the cornerstones of the Semantic Web [31, 15]. Notably,
semantic web services [22] constitute another cornerstone of the Semantic Web. These
are essentially high-level descriptions of computations that abstract from the technolog-
ical issues of the actual programs that realize them. An obvious concern is to combine
in some way the static descriptions of the information provided by ontologies with the
dynamic descriptions of the computations provided by semantic web services. Interest-
ingly, such a critical issue has resisted good solutions for a long time. Indeed even big
efforts such as OWL-S [22] have not really succeeded.

In Al the importance of combining static and dynamic knowledge has been recog-
nized early [23, 24]. By now, well developed theories of actions and high level programs
exist in Al, e.g., the ones based on Reiter’s variant of SitCalc [28]. Note that high-level
programs [19, 10] share with semantic web services the emphasis on abstracting from
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the technological issues of actual programs, and are indeed abstract descriptions of
computations over a domain of interest.

Unfortunately, these theories do not apply smoothly to DL ontologies, due to the
profoundly non-definitorial nature of such ontologies. Indeed, concepts and roles ex-
pressions in a DL do not provide definitions of concepts and roles in general, but usu-
ally only describe interrelations between them (cf. cyclic TBox interpreted according
to the usual descriptive semantics [1]). Such non-definitorial nature of DL ontologies
makes them one of the most difficult kinds of domain descriptions for reasoning about
actions [2, 20].

Here we propose a radical solution: we assume a functional view [17] of ontologies
and see them as systems that allow for two kinds of operations: ASK, which returns the
(certain) answer to a query, and TELL, which produces a new ontology as a result of
the application of an atomic action. Observe that this approach, whose origins come
from [7, 13,25, 32], has some subtle limitations, due to the fact that we lose the possi-
bility of distinguishing between “knowledge” and “truth” as pointed out in [30]. On the
other hand, it has a major advantage: it decouples reasoning on the static knowledge
from the one on the dynamics of the computations over such knowledge. As a result,
we gain the ability of lifting to DLs many of the results developed in reasoning about
actions in the years.

We demonstrate such an approach in this paper. Specifically, we base atomic actions
used by the TELL operation on instance level update and instance level erasure on the
ontology [8,9]. Building on this functional view, we introduce Golog/ConGolog-like
high level programs over ontologies. We characterize the notion of single-step exe-
cutability of such programs, devise methods for reasoning about sequences of actions,
and present (nice) complexity results in the case where the ontology is expressed in
DL-Lite. We stress that this paper is really an illustration of what a functional view
on ontologies can bring about in combining static and dynamic aspects in the context
of DL ontologies, and that many extensions of this work can be investigated (we will
mention some of them in the conclusions).

2 Preliminaries

DL ontologies. Description Logics (DLs) [1] are knowledge representation formalisms
that are tailored for representing the domain of interest in terms of concepts (or classes),
which denote sets of objects, and roles (or relations), which denote denote binary rela-
tions between objects. DLs ontologies (aka knowledge bases) are formed by two distinct
parts: the so-called TBox, which represents the intensional level of the ontology, and
contains an intensional description of the domain of interest; and the so-called ABox,
which represents the instance level of the ontology, and contains extensional informa-
tion.

We give the semantics of a DL ontology in terms of interpretations over a fixed in-
finite domain A of objects. We assume to have a constant for each object in A denoting
exactly that object. In this way we blur the distinction between constants and objects, so
that we can use them interchangeably (with a little abuse of notation) without causing
confusion (cf. standard names [18]).
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An interpretation Z = (A, -T) consists of a first order structure over A, where - is
the interpretation function, i.e., a function mapping each concept to a subset of A and
each role to a subset of A x A. We say that 7 is a model of a (TBox or ABox) assertion
«, or also that 7 satisfies o, if « is true in Z. We say that 7 is a model of the ontology
s = (T, A), or also that T satisfies the ontology s, if Z is a model of all the assertions in
7 and A. Given a set S of (TBox or ABox) assertions, we denote as Mod(S) the set of
interpretations that are models of all assertions in S. In particular, the set of models of
an ontology s, denoted as Mod(s), is the set of models of all assertions in 7 and A4, i.e.,
Mod(s) = Mod({T, A)) = Mod(T U.A). An ontology s is consistent if Mod(s) # 0,
i.e., it has at least one model. We say that an ontology s logically implies an expression
« (e.g., an assertion, an instantiated union of conjunctive queries, etc.), written s = «,
if for every interpretation Z € Mod(s), we have Z € Mod(«), i.e., all the models of s
are also models of . When dealing with queries, we are interested in query answering
(for CQs and UCQs): given an ontology s and a query ¢(x) over s, return the certain
answers to g(x) over s, i.e., all tuples ¢ of elements of AZ such that, when substituted
to « in ¢(x), we have that s |= ¢(¢).

DL-Liter. In this paper, we focus on a particular DL, namely DL-Liter, belonging to
the DL-Lite family [4, 5] of DLs, which are tailored towards capturing conceptual mod-
eling constructs (such as those typical of UML Class Diagrams or Entity-Relationship
Diagrams), while keeping reasoning, including conjunctive query answering, tractable
and first-order reducible (i.e., LOGSPACE in data complexity). In DL-Liter, which is
the logic originating the whole DL-Lite family, concepts are defined as follows:

B == A|3R C == B|-B R := P| P~

where A denotes an atomic concept, P an atomic role, B a basic concept, and C' a
general concept. A basic concept can be either an atomic concept, a concept of the form
3P, i.e. the standard DL construct of unqualified existential quantification on roles, or
a concept of the form 3P~ , which involves inverse roles. A DL-Liter TBox is a finite
set of universal assertions of the form

BCC inclusion assertion

(funct R)  functionality assertion

Inclusion assertions are interpreted as usual in DLs, while functionality assertions ex-
press the (global) functionality of atomic roles or of inverses of atomic roles.

A DL-Liter ABox is a finite set of membership assertions of the form, B(a) or
R(a,b), which state, respectively, that the object a is an instance of the basic concept
B, and that the pair of objects (a, b) is an instance of the role R.

Query answering of EQL-Lite(UCQ) queries over DL-Lite - ontologies. As query
language, here we consider EQL-Lite(UCQ) [6]. This is essentially formed by full
(domain-independent) FOL query expressions built on top of atoms that have the form
Ko, where « is a union of conjunctive queries'. The operator K is a minimal knowl-

! For queries consisting of only one atom K, the K operator is omitted.
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edge operator [17,27, 18], which is used to formalize the epistemic state of the ontol-
ogy. Informally, the formula Ko is read as “« is known to hold” or “« is logically
implied by the ontology”. Answering EQL-Lite(UCQ) queries over DL-Liter ontolo-
gies is LOGSPACE, and, notably, can be reduced to evaluating (pure) FOL queries over
the ABox, when considered as a database. We refer to [6] for more details.

DL instance-level updates and erasure. Following the work in [8,9], we adopt
Winslett’s notion of update [33,34] and its counterpart, defined in [16], as the notion
of erasure. However, we refine such notions to take into account that we are interested
in studying changes at the instance level, while we insist that the intensional level of
the ontology is considered stable and hence remains invariant. Intuitively, the result of
updating (resp., erasing) an ontology s with a finite set 7 of membership assertions is a
new ontology that logically implies (resp., does not logically imply) all assertions in F,
and whose set of models minimally differs from the set of models of s. Unfortunately,
as shown in [21, 8, 9], in general the result of update and erasure cannot be expressed in
the same language as the original ontology.> Hence, we focus on maximally approxi-
mated update and erasure. The maximally approximated update (erasure) is an ontology
in the same language as the original one and whose models are the models of the update
(erasure) which minimally differ from the models of the original ontology.

Below, when we talk about update and erasure, we always consider their approx-
imated versions. More precisely, let s = (7, .A) be an ontology and F a finite set of
membership assertions such that Mod(7 U F) # 0: we denote by s o F the (max-
imally approximated) update of s with F. Similarly, assuming Mod (7 U —F) # 0,
where —F denotes the set of membership assertions {—F; | F; € F}°: we denote by
se7F the (maximally approximated) erasure of s with . Computing both (maximally
approximated) update and erasure of a DL-Lite  ontology s with a set F of membership
assertions is polynomial in the sizes of s and F [9].

3 Atomic actions

Under a functional view [17], ontologies are seen as systems that are able to perform
two basic kinds of operations, namely ASK and TELL operations (cf. [17, 18]):

— ASK: given an ontology and a query (in the query language recognized by the ontol-
ogy), returns a finite set of tuples of objects (constituting the answers to the query
over the ontology).

— TELL: given an ontology and an atomic action, returns a new ontology resulting
from executing the action, if the action is executable wrt the given ontology.

% The form of the DL-Liter ABox considered above is that of the original proposal in [4], and
is a restriction w.r.t. the one studied in [8], where instance-level updates in DLs of the DL-Lite
family were first introduced. Specifically, here we do not allow for negation and “variables”
in the membership assertions, cf. [8]. With this restriction DL-Liter becomes akin to the vast
majority of DLs, see [21], in that the result of updates and erasure is not expressible as a new
DL-Liter ABox, thus requiring approximation [9].

3 Observe that —F; might not be in the language of ABoxes, see [9].
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In this paper, we focus on DL-Liter [4,5] as ontology language, and EQL-
Lite(UCQ) [6] as query language. Hence, we base ASK on certain answers to such
queries. Specifically, we denote by ¢(x) an (EQL-Lite(UCQ)) query with distinguished
variables x. We define ASK(q(x),s) = {t | s = ¢(t)}, where s is an ontology and ¢
is a tuple of constants of the same arity as . We denote by ¢ queries with no distin-
guished variables. Such queries are called boolean queries and return either true (i.e.,
the empty tuple) or false (i.e., no tuples at all).

As for TELL, we base atomic actions on instance level update and erasure [8, 9].
Specifically, we allow for atomic actions of the following form:

update L(x) where g(x)
erase L(x) where g(x)

where ¢(x) stands for a query with @ as distinguished variables and L(x) stands for a
set of membership assertions on constants and variables in . We define

TELL([update L(x) where ¢()], s) = s o7 Usesk(q(a),s) L(t)
if Mod(T U Uyeask(q(a).s) L(E) # 0

TELL([erase L(x) where q(x)], s) = so7Uycrsk(g().5) L(T)
if Mod(T U= Uyeask(g(),s) L)) # 0

If the conditions in the equivalences above are not satisfied, we say that the
atomic action a is not executable in s. We extend ASK to expressions of the form
ASK([ezecutable(a)], s), so as to be able to check executability of actions. Observe that
the executability of actions as defined above can indeed be checked on the ontology.

Notice that both ASK and TELL for DL-Liter defined above can be computed in
polynomial time, considering the size of the query fixed [6, 9].

4 Programs

We now consider how atomic actions can be organized within a program. In particular,
we focus on a variant of Golog [19, 10, 29] tailored to work on ontologies. Instead of
situations, we consider ontologies, or, to be more precise, ontology states. We recall
that when considering ontologies we assume the TBox to be invariant, so the only part
of the ontology that can change as a result of an action (or a program) is the ABox.
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While all constructs of the original Golog/ConGolog have a counterpart in our vari-
ant, here for brevity we concentrate on a core fragment only, namely:

a atomic actions
€ the empty sequence of actions
01; 09 sequential composition

if ¢ then 07 else o if-then-else
while ¢ do § while
pick ¢(x).0[x] pick

where a is an atomic instruction which corresponds to the execution of the atomic
action a; € is an empty sequence of instructions (needed for technical reasons)
if ¢ then ¢, else d5 and while ¢ do § are the standard constructs for conditional choice
and iteration, where the test condition is a boolean query (or an executability check) to
be asked to the current ontology; finally pick ¢(x).5[x] picks a tuple ¢ in the answer
to g(x), instantiates the rest of the program ¢ by substituting « with ¢ and executes
0. The latter construct is a variant of the pick construct in Golog: the main difference
being that £ is bounded by a query to the ontology. Also, while in Golog such a choice
is nondeterministic, here we think of it as possibly made inferactively, see below.

The general approach we follow is the structural operational semantics approach
based on defining a single step of program execution [26, 10]. This single-step seman-
tics is often called transition semantics or computation semantics. Namely, to formally
define the semantics of our programs we make use of a transition relation, named
Trans, and denoted by “——"":

(6,5) ——(0",")

where ¢ is a program, s is an ontology in which the program is executed, a is the
executed atomic action, s’ is the ontology obtained by executing a in ¢ and ¢’ is what
remains to be executed of § after having executed a.

We also make use of a final predicate, named Final, and denoted by “ v

(8,5)Y

where 0 is a program that can be considered (successfully) terminated with the ontology
s.

Such a relation and predicate can be defined inductively in a standard way, using
the so called transition (structural) rules. The structural rules for defining the transition
relation and the final predicate are given in Figure 1 and Figure 2 respectively. All
structural rules have the following schema:

CONSEQUENT
——— if SIDE-CONDITION

ANTECEDENT
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(a,s) —2—(¢, TELL(a, 5))

act : if a is executable in s
true
(61;627 S) L>(51;25278/) (61;627 S) L>(6575/)
: if v
seq - . - - if (61, s)
(51’8) _—_)( 1’8) (5253) _‘_’(62“9)

if ¢ then 6y else 82, s) —— (57, s
if (o o - ) : (;/ ) SHEY if ASK(¢, s) = true
1,8) —(01,S

(if ¢ then &y else 52, s) —— (85, s”)

if ASK(¢, s) = false
(527 5) L’((Sév 5/)

while ¢ do 5, s) ——(&’; while ¢ do J, s’
while : ( ¢ G )) - ((5/ ; ¢ ) if ASK(¢, s) = true
yS) — y S

pick : (pick ¢(=). 9la], 5) ——(t], ') (for t = CHOICE[ASK(q(), 5)])
(0[t]. s) ——(&"[t], ")

Fig. 1. Transition rules

(e,5)Y (6102, )Y
€: seq :
true (61,5)Y A (62;5)Y
if ¢ then &1 else d2, )V
if : if ¢ ! 28) if ASK(¢, s) = true
(61’3)\/
if ¢ then &y else &2, s)V
iro relse 02, 5) if ASK(¢b, s) = false
(52,5)\/
(while ¢ do 6, s)V
while : ——— if ASK(¢, s) = false
true

(while ¢ do &, s)V
(6,8)Y
(pick g(x). d[z], s)\/

pick : (for t = CHOICE[ASK(g(x), 5)])
(61t 5)Y

if ASK(¢, s) = true

Fig. 2. Final rules

which is to be interpreted logically as:

V(ANTECEDENT A SIDE-CONDITION — CONSEQUENT)

35
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where V(@ stands for the universal closure of all free variables occurring in ), and, typ-
ically, ANTECEDENT, SIDE-CONDITION and CONSEQUENT share free variables. The
structural rules define inductively a relation, namely: the smallest relation satisfying the
rules.

Observe the use of the parameter CHOICE, which denotes a choice function, to
determine the tuple to be picked in executing the pick constructs of programs. More
precisely, CHOICE stands for any function, depending on an arbitrary number of pa-
rameters, returning a tuple from the set ASK(g(), s). In the original Golog/ConGolog
proposal [19, 10] such a choice function (there also extended to other nondeterministic
constructs) is implicit, the idea there being that Golog executions use a choice function
that would lead to the termination of the program (angelic nondeterminism). In [29], a
choice function is also implicit, but based on the idea that choices are done randomly
(devilish nondeterminism). Here, we make use of choice functions explicitly, so as to
have control on nondeterministic choices. Indeed, one interesting use of CHOICE is to
model the delegation of choices to the client of the program, with the idea that the pick
construct is interactive: it presents the result of the query to the client, who chooses
the tuple s/he is interested in. For example, if the query is about hotels that are avail-
able in Rome, the client sees the list of available hotels resulting from the query and
chooses the one s/he likes most. We say that a program is deterministic when no pick
instructions are present or a fixed choice function for CHOICE is considered.

Examples Let us look at a couple of simple examples of programs. Consider the fol-
lowing ontology on companies and grants.

Jowns C Company

Jowns™ C Company

PublicCompany T Company

PrivateCompany C Company
JgrantAsked T ex ResearchGroup

JgrantAsked” T Company

IllegalOwner T Company

The first program we write aims at populating the concept Illegal Owner with those
companies that own themselves, either directly or indirectly. We assume temp to be an
additional role in the alphabet of the TBox. Then, the following deterministic program
ComputeIllegalOwners can be used to populate IllegalOwner:

ComputeIllegalOwners =
erase temp (x1l,x2) where g(xl,x2) <- temp(xl,x2);

erase IllegalOwner (x) where g(x) <- IllegalOwner (x);
update temp (x1l,x2) where g(xl,x2) <- owns(xl,x2);

while (g() <- K(temp(yl,z), owns(z,y2)), not K(temp(yl,y2))) do (
update temp (x1l,x2) where
q(xl,x2) <- K(temp(xl,z), owns(z,x2)), not K(temp(xl,x2))

)i
update IllegalOwner (x) where g(x) <- temp (x,x)

The second program we look at is a program that, given a research group r and
a company c, interactively —through a suitable choice function for CHOICE- selects a
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public company owned by c to ask a grant to; if ¢ does not own public companies, then
it selects the company c itself:

askNewGrant (r,c) =
if (g() <- owns(c,y), PublicCompany(y)) then (
pick (g(x) <- owns(c,x), PublicCompany (x)). (
update grantAsked(r,x) where true
)
)

else update grantAsked(r,c) where true

5 Results

In this section, we assume that ontologies are expressed in DL-Liter and that the ASK
and TELL operations are those defined for DL-Liter in Section 3.
Given an ontology s and a program ¢, we define the set next step, denoted by Next,
as:
Next(0,5) = {{a,d',s) | (§,5) ——(&',5)}

The following two theorems tell us that programs are indeed computable.

Theorem 1. Ler s be an ontology and & a program. Then, the set Next(0, s) has a finite
cardinality, and can be computed in polynomial time in s and § (considering the size of
the queries in 0 fixed). Moreover, if § is deterministic then, for each action a, the number
of tuples {(a,d',s") € Next (6, s) is at most one (one if a is executable, zero otherwise).

Theorem 2. Let s be an ontology and 6 a program. Then, checking (9, s)\/ can be done
in polynomial time in s and § (considering the size of the queries in  fixed).

Given an ontology sy and a sequence p = a; - - - a,, of actions, we say that p is a
run of a program d, over the ontology s if there are (d;, s;), fori = 1,..., n, such that

(60, 80) === (81, 81) —=> -+ —"=(Jy,, 51

We call §,, and s,, above respectively the program and the ontology resulting from
the run p. If (8,,, 5,,) is final (i.e., (8,,,5,)V), then we say that p is a terminating run.
Note that, if the program dy is deterministic, then (0, s,,) is functionally determined
by (do, So) and p.

Theorem 3. Let sq be an ontology, dg a deterministic program, and p = ay ---a, a
sequence of actions. Then checking whether p is a run of &g starting from sqg can be
done in polynomial time in the size of sg, p, and Oy (considering the size of the queries
in &g fixed)

Theorem 4. Let sq be an ontology, g a deterministic program, and p a run of oy start-
ing from sq. Then, computing the resulting program 6, and the resulting ontology s,
as well as checking (8, s,)V and computing a query q(x) over s,, can be done in
polynomial time in the size of so, p, and Oy (considering the size of the queries in g
fixed).
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For nondeterministic programs, i.e., when we do not fix a choice function for
CHOICE, Theorems 3 and 4 do not hold anymore. Indeed, it can be shown the prob-
lems in the theorems become NP-complete.

We conclude this section by turning to the two classical problem in reasoning about
actions, namely the executability problem and the projection problem [28]. In our set-
ting such problems are phrased as follows:

— executability problem: check whether a sequence of actions is executable in an
ontology;

— projection problem: compute the result of a query in the ontology obtained by exe-
cuting a sequence of actions in an initial ontology.

Now, considering that a sequence of actions can be seen as a simple deterministic pro-
gram, from the theorems above we get the following result:

Theorem 5. Let sg be an ontology and p a sequence of actions. Then, checking the
executability of p in sy, and computing the result of a query q(x) over the ontology
obtained by executing p in sg, can both be done in polynomial time in the size of sg and

p-

In fact, all the above results can be immediately extended (with different complexity
bounds) to virtually every DL and associated ASK and TELL operations, as long as ASK
and TELL are both decidable.

6 Conclusion

In this paper we have laid the foundations for an effective approach to reasoning about
actions and programs over ontologies, based on a functional view of the ontology.
Namely, the ontology is seen as a system that can perform two kinds of operations:
ASK and TELL. We have focused on DL-Lite, but the approach applies to more expres-
sive DLs. It suffices to have a decidable ASK, i.e., decidable query answering on the
chosen query and ontology languages, and a decidable TELL, i.e., define atomic actions
so that, through their effects, they produce one successor ontology (or, in fact, a finite
number of successor ontologies) and such that their executability can be decided. Works
such as those reported in [2, 20, 14] are certainly relevant.

Our approach (and the results for DL-Liter) can be extended to all other program-
ming constructs studied within Golog (i.e., non determinism, procedures) [19], Con-
Golog (i.e., concurrency, prioritized interrupts) [10] and, with some care —see the dis-
cussion on analysis and synthesis below— even to those in IndiGolog (search) [29].

Also, the  works on forms of execution developed  within
Golog/ConGolog/IndiGolog can be lifted to DL ontologies by applying the pro-
posed approach. Specifically, notions like online execution [29], offline execution [19,
10], monitored execution [11], can all be lifted to the setting studied here.

Golog/ConGolog-like programs do not have a store to keep memory of previous
results of queries to the ontology. An interesting extension would be to introduce such a
store, i.e., variables for storing results of queries or partial computations. Notice that this
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would make also the program infinite state in general (the ontology is already infinite
state). Also, this would make such programs much more alike programs in standard
procedural languages such as C or Java, which manipulate global data structures —in
our case the ontology— and local data structures —in our case the information stored in
the variables of the program.

Finally, we can adopt the functional view of ontologies also to specify interactive
and nonterminating processes acting on them, similarly to what is currently done when
specifying web services on relational databases [3, 12].

We close the paper by noticing that, since the ontology is not finite state, tasks
related to automated analysis and automated synthesis of programs (e.g., verifying ex-
ecutability on every ontology, verifying termination, synthesizing a plan that achieves
a goal, or synthesizing a service that fulfills a certain specification) are difficult in gen-
eral. This difficulty is shared with SitCalc-based and Golog/ConGolog-like high-level
programs. One of the most promising techniques to effectively tackle such tasks is to
rely on a suitable finite state abstraction (cf. [35]) of the ontology, and use such an
abstraction in the analysis and in the synthesis.
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1 Motivation

The design, maintenance, reuse, and integration of ontologies are complex tasks. Like
software engineers, ontology engineers need to be supported by tools and methodolo-
gies that help them to minimize the introduction of errors, i.e., to ensure that ontologies
are consistent and do not have unexpected consequences. In order to develop this sup-
port, important notions from software engineering, sucmadule black-box behavigr
andcontrolled interactionmust be adapted.

Recently, there has been growing interest in the topic of modularity in ontology
engineering [10, 9, 8, 5, 3], motivated by the above mentioned application needs. This
paper extends our previous results[3]. We focus on the problem of “safe” reuse of on-
tologies and consider the scenario in which we are developing an ontBlaayl want
to reuse a s&d of symbols—that is, concept names, role names and individuals— from
a “foreign” ontology@ without changing their meaning.

Suppose that an ontology engineer is building an ontology about research projects,
which specifies different types of projects according to the research topics they focus on.
For example, the conceptGenetic_Disorder_Project and Cystic_Fibrosis_ EUProject
describe projects about genetic disorders and European projects about cystic fibrosis
respectively, as given by the axioms P1 and P2 in Figure 1. The ontology engineer is an
expert on research projects; he knows, for example, that every instaite Pfoject
must be an instance &froject (axiom P3) and that the roleas_Focus can be applied
only to instances oProject (axiom P4). He may be unfamiliar, however, with most
of the topics the projects cover and, in particular, with the te@ysic_Fibrosis and
Genetic_Disorder mentioned in P1 and P2. In order to complete the projects ontology
with suitable definitions of these medical terms, he decides to reuse the knowledge
about these subjects from a well-established medical ontology.

Suppose tha€ystic_Fibrosis and Genetic_Disorder are described in an ontology
containing axioms M1-M4 in Figure 1. The most straightforward way to reuse these
concepts is to import irP the ontologyQ—that is, to add the axioms fro@ to the
axioms ofP and work with the extended ontolo@yu Q. Importing additional axioms
into an ontology may result into new logical consequences. For example, axioms M1—
M4 in Q imply that every instance dfystic_Fibrosis is an instance o&enetic_Disorder:

Q E a := (Cystic_Fibrosis C Genetic_Disorder) (1)

Indeed,«r; = (Cystic_Fibrosis C Genetic_Disorder) follows from axioms M1 and M2
as well as from M1 and M3y follows from «; and M4. Using inclusior from
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Ontology of medical research projectsp:

P1 Genetic_Disorder_Project = Project M Jdhas_Focus.Genetic_Disorder
P2 Cystic_Fibrosis EUProject = EUProject M dhas_Focus.Cystic_Fibrosis
P3 EUProject C Project

P4 Jhas_Focus. T C Project

E1 Project M (Genetic_Disorder 1 Cystic_Fibrosis) C L

E2 V has_Focus.Cystic_Fibrosis T Jhas_Focus.Genetic_Disorder

Ontology of medical termsQ:

M1 Cystic_Fibrosis = Fibrosis M Jlocated_In.Pancreas M Jhas_Origin.Genetic_Origin
M2 Genetic_Fibrosis = Fibrosis M Jhas_Origin.Genetic_Origin

M3 Fibrosis N Jlocated_In.Pancreas T Genetic_Fibrosis

M4 Genetic_Fibrosis = Genetic_Disorder

Fig. 1: Reusing medical terminology in an ontology on research projects

(1) and axioms P1-P3 from ontology we can now prove that every instance of
Cystic_Fibrosis_EUProject must also be an instance Génetic_Disorder_Project:

P U Q = §:= (Cystic_Fibrosis_.EUProject C Genetic_Disorder_Project) (2)

Note that, on the one han®, |~ 3 and, on the other hand, the ontology engineer might
be not aware of (2), even though it concerns the terms of primary scdpe in

Itis to be expected that axioms likein (1) from an imported ontolog® cause new
entailments like3 in (2) over the terms defined in the main ontold@yOne would not
expect, however, that the meaning of the terms defingd @manges as a consequence
of the import since these terms are supposed to be completely specified @itBirch
a side effect is highly undesirable for the modeling of ontol@ygince the ontology
engineer ofP might not be an expert on the subject@fand is not supposed to alter
the meaning of the terms defineddh not even implicitly. The meaning of the reused
terms might change after the import due, for example, to modeling errors. In particular,
suppose the ontology engineer has learned about the corfeepitic_Disorder and
Cystic_Fibrosis from the ontology@ (including the dependency (1)) and has decided to
introduce additional axioms formalizing the following statements:

“Every instance oProject is different from every instance Génetic,Disord%
.and every instance dystic_Fibrosis. )

“ Everyproject thathas_Focus on Cystic_Fibrosis, alsohas_Focus on Genetic_Disorder{4)

Note that the statements (3) and (4) add new information about projects and, intuitively,
they should not change or constrain the meaning of the medical terms.

Suppose the ontology engineer has formalized statements (3) and{4jsing ax-
ioms E1 and E2 respectively. At this point, he has introduced modeling errors by trans-
lating the wordsand andeveryas conjunctiom and value restrictiol respectively. As
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a consequence, axioms E1 and E2 do not correspond to (3) and (4): E1 actually formal-
izes the following statemeritEvery instance oProject is different from every common
instance ofzenetic_Disorder and Cystic_Fibrosis” , and E2 expresses tH&very object

that has_Focus only on Cystic_Fibrosis if at all, alsohas_Focus on Genetic_Disorder” .

This kind of modeling errors are difficult to detect, especially when they do not lead to
inconsistencies in the original ontology.

Note that, although axiom E1 does not correspond to fact (3), it is still a consequence
of (3) and hence it should not constrain the meaning of the medical terms. In contrast, E2
is not a consequence of (4) and, in fact, it does constrain the meaning of these medical
terms. Indeed, axioms E1 and E2 together with axioms P1-P47ronply new axioms
about the concep®Bystic_Fibrosis andGenetic_Disorder, namely their disjointness:

P |= v := (Genetic_Disorder M Cystic_Fibrosis C L) (5)
The entailment (5) can be proved using axiom E2 which is equivalent to:
T C Jhas_Focus.(Genetic_Disorder LI =Cystic_Fibrosis) (6)

The inclusion (6) and P4 imply that every element in the domain must be a project—
thatis,? &= (T L Project). Now, together with axiom E1, this implies (5). The
axioms E1 and E2 not only imply new statements about the medical terms, but also
cause inconsistencies when used together with the imported axiomsJdrdndeed,

from (1) and (5) we obtai® U Q = § := (Cystic_Fibrosis C 1) which expresses the
inconsistency of the concefiystic_Fibrosis.

To summarize, we have seen that importing an external ontology can lead to unde-
sirable side effects in our knowledge reuse scenario, like the entailment of new axioms
or even inconsistencies over the reused vocabulary.

The contributions of this paper are as follows. First, we formalize some reasoning
services that are relevant for ontology reuse. In particular, we propose the notion of safe
reuse of a signature in an ontology. Second, we show that the problem of checking safety
is undecidable inALCO. This result leaves us with two alternatives: we can either
focus on simple DLs for which this problem is decidable, or we may look for sufficient
conditions for safety—that is, an incomplete solution. We define in general terms the
notion of a sufficient condition for safety—safety class- and define a family of safety
classes—called locality— with some compelling properties. We have implemented a
safety checking algorithm and obtained empirical evidence of its usefulness in practice.

This paper comes with an extended version available online [4]; we refer the reader
to the extended version for further technical details.

2 Conservative Extensions and Safety

As argued in the previous section, an important requirement for the reuse of an ontol-
ogy @Q within an ontologyP should be tha® U Q produces exactly the same logical
consequences over the vocabularyas Q alone does. This requirement can be nat-
urally formulated using the well-known notion of a conservative extension, which has
recently been investigated in the context of ontologies [7, 8].
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Definition 1 (Conservative Extension).Let £ be a description logic and le®; C
O be two ontologies, an8 a signature overZ. We say thatD is an S-conservative
extensiorof O; w.r.t. £, if for every axiomu over £ with Sig(a) C S, we haveD = o
iff 01 = «. We say thatD is a conservative extensioof O; w.r.t. £ if O is an S-
conservative extension 6 w.rt. £ for S = Sig(O;).

Definition 1 implies that, in order to show thRtU Q is not aS-conservative extension
of Q it suffices to find an axiomx overS that is implied byP U Q but not byQ alone.
In our example, the ontolog® U Q is not a conservative extension @ w.r.t. S =
{Cystic_Fibrosis, Genetic_Disorder} sinceP? U Q impliesa; = (Cystic_Fibrosis C L)
andas = (Genetic_Disorder C 1) overS, but Q does not.

Definition 1 applies to fixe@®, Q. In realistic scenarios, however, the reused ontol-
ogy @ may evolvebeyond the control of the designers7f which may not be autho-
rized to modifyQ, or may decide at a later time to reuse the symligistic_Fibrosis
andGenetic_Disorder from a medical ontology other tha®. Therefore, for application
scenarios in which the external ontologymay change, it is reasonable to “abstract”
from the particular® under consideration. In other words, the fact that the axioms in
P do not change the meaning of the external symbo% sihhould bendependentrom
the particular meaning of these symbols. This idea can be made precise as follows:

Definition 2 (Safety for a Signature).Let £ be an ontology language, and |ét be
an ontology and a signature ovell. We say that) is safe forS w.r.t. £, if for every
ontology®’ over L with Sig(O) N Sig(O’) C S, we have tha) U O’ is a conservative
extension o’ w.rt. L.

Definition 2 captures the intuition in our example: the axioni®ishould not yield new
consequences over the signatSrand the signaturBig(Q) of the reused ontolog@,
independently of the particula® under consideration. In our example, the ontology
O = {E2} is not safe w.r.tS = {Cystic_Fibrosis, Genetic_Disorder} andL = ALC.
Indeed, takeQ; = { T C Cystic_Fibrosis; Genetic_Disorder C L}. Then,Q; U O is
inconsistent wherea@; is consistent. Consequentl§; U O is not aS-conservative
extension of9; w.r.t. £ = ALC, and therefor® = {E2} is not safe foiS and L.

Proving that an ontology is safe is more involved than proving that it is not. One way
to prove thatO is S-safe is the following: if we can take an arbitrary interpretation for
the symbols irS and extend it to a model @ by interpreting the additional symbols
in Sig(O), thenO must beS-safe. This property can be formalized as follows:

Definition 3. Two interpretations; = (A, .71) andZ, = (A?z,.22) coincide on a
signatureS (notation:Z, |s = Z,|s) if A7t = A2 and X7+ = X 72 for everyX € S.

Lemma 1. Let O be aSHOZQ ontology andS a signature such that for every inter-
pretationZ there exists a modey of O such that7|s = Z|s. ThenO is safe forS
w.rt. L = SHOIQ.

We can now prove that the ontolo@® consisting of axioms P1-P4 is safe for=
{Cystic_Fibrosis, Genetic_Disorder}. Take an arbitrary interpretatidh of S and con-
struct an interpretatiof to be identical t& except for the interpretations of the atomic
conceptssenetic_Disorder_Project, Cystic_Fibrosis_EUProject, Project, EUProject and
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the atomic rolehas_Focus, all of which we interpret in7 as the empty set. All the ax-
ioms P1-P4, E2 are satisfied jfand hence7 |= P;.
Using Lemma 1, we are now ready to show the main result in this section:

Theorem 1 (Undecidability for Safety of Ontologies). Given an.AL£C-ontology O
and a signatures it is undecidable whethap is S-safe w.rt.L = ALCO.

Proof. The proof is based on a reduction to a domino tiling problem. A domino system
isatripleD = (T, H,V)whereT = {1,...,k}isafinite setofilesandH,V C T'xT
arehorizontalandvertical matching relationsA solutionfor a domino systenD is a
mappingt; ; that assigns to every pair of integerg > 1 an element ofl", such that
(tij,tij+1) € Vand(t; j,ti+1,;) € H. A periodic solutionfor a domino systenD

is a solutiont; ; for which there exist integers, > 1, n > 1 calledperiodssuch that
ti+m,j = ti,j andti,j_;,_n = ti,j for everys,j > 1.

Let D be the set of all domino systenB, be the subset db that admit a solution
andD,, be the subset dP, that admit a periodic solution. It is well-known [1, Theorem
3.1.7] that the set® \ D, and D, arerecursively inseparablethat is, there is no
recursive (i.e. decidable) subset C D of domino systems such th@,, C D’ C
D,. For every domino syster, we construct a signatur® = S(D), an ontology
O = O(D) which consists of a singlelLC-axiom such that(a) if D does not have a
solution then® = O(D) is safe forS = S(D) w.r.t. £L = ALCO, and(b) if D has a
periodic solution theil® = O(D) is not safe foiS = S(D) w.r.t. £ = ALCO.

In other words, for the se®’ consisting of the domino systenis such that® =
O(D) is not safe forS = S(D) w.r.t. L = ALCO, we haveD,, C D' C D,. Since
D\D, andD,, are recursively inseparable, this implies undecidabilityZfoand hence
for the problem of checking i is anS-safe w.r.t.L = ALCQO, because otherwise one
can use this problem for deciding membershi@®in

GivenD = (T, H,V), let S consist of fresh atomic concepts for everyi € T
and atomic rolesy andry,. Consider an ontolog¥ye in Figure 2 constructed fab.
Note thatSig(Oyie) = S. The axioms ofye express the tiling conditions for a domino

() TC A U--- U Ag whereT = {1,...,k}
(g2) AimA; C L 1<i<ji<k

(g3) Ai C 3TH-(|_|<7;,j)eHAj) 1<i<k

(qa) Ai E 3TV'(I_I(i,j)eV Aj)1<i<k

Fig. 2: An ontologyQiie = Orile (D) expressing tiling conditions for a domino systéin

systemD, namely(q1) and(g2) express that every domain element is assigned with a
unique tilet € T'; (¢3) and(q4) express that every domain element has horizontal and
vertical matching successors. Now ddie an atomic role an®® an atomic concept with
s,B ¢ 8S.LetO := {5} where:

8= TC3s |Uic,coeon (€ N=D:) U GruIry BN Iy 3ry.~B)]
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We say that; andry, commute in an interpretatiof = (AZ,.7) if for every
domain elements, b, ¢, d; andd, from AZ with (a,b) € r5Z, (b,d1) € rvZ, (a,c) €
rvt, and(c, dy) € rgt, we haved; = d,. The following claims can be easily proved:

Claim 1. If Oye(D) has a model in whichr g andry commute, thetD has a solution.

Claim 2. If 7 is a model ofO = {3}, then eitherZ (£ Oye or ry andry do not
commute inZ.

To prove Property (a), we use Lemma 1 and demonstrate thetis no solution then
for every interpretatioff there exists a model of of O such that7|s = Z|s, which
implies thatO is safe forS w.r.t. £. LetZ be an arbitrary interpretation. Siné has
no solution, then by the contra-position of Claim 1 eitherZi$ not a model ofDye,
or (2) rg andry do not commute irf. We demonstrate for both of these cases how to
construct the required modgl of O such that7|s = Z|s.

Case (1). Iff = (AZ,-T) is not a model o0y then there exists an axiofd; =
D;) € Oyie such thatZ [~ (C; C D;). That s, there exists a domain element A
such thate € C# buta ¢ D?. Let us define7 to be identical taZ except for the
interpretation of the atomic role which we define in7 ass’ = {(z,a) | z € A}.
Since the interpretations of the symbolsSihas remained unchanged, we have CZ.J,

a € -DJ, and saJ |= (T C 3s.[C; M —Dy]). This implies that7 = 3, and so, we
have constructed a modgl of O such that7|s = Z|s.

Case (2). Suppose tha andry- do not commute if = (AZ, 7). This means that
there exist domain elemenis b, ¢, d; andds from AZ with (a,b) € rgZ, (b,d;) €
rvt, (a,c) € ryZ, and{c,dy) € ryZ, such thatd; # dy. Let us define7 to be
identical toZ except for the interpretation of the atomic raland the atomic concept
B. We interprets in 7 ass? = {(z,a) | z € A}. We interpretB in 7 asB7 = {d;}.
Note thata € (3rg.Fry.B)7 anda € (Iry.Irg.—B)7 sinced; # do. So, we have
J E (T C 3s.[3rg.Iry.B N Iry.3ry.—B]) which implies that7 |= 3, and thus, we
have constructed a mod#l of O such that7|s = Z|s.

To prove Property (b), assume thathas a periodic solutioty ; with the periods
m,n > 1. We show thatD is notS-safe w.r.t.L. We build anALCO-ontology®’ with
Sig(O) N Sig(®’) C SsuchthatO U O’ = (T C 1), but®’ £ (T C 1). This
will imply that O is not safe for®’ w.rt. £ = ALCO, and hence, is not safe f&
w.r.t. £ = ALCO. We define®’ such that every model @’ is a finite encoding of the
periodic solutiort; ;. For every pai(i, j) with 1 < ¢ <m andl < j < n, introduce a
fresh individuala, ; and take®’ the extension oDye with the following axioms:

(p1) {aiy;} EFrvd{ai;} (p2) {ai ;) EVrv{as, b, d2=di1+1 modm

(p3){aij} E3Irgdaij,}t  (pa){aij,} CVredaij,},  j2=ji+1 modn
(ps) TC |—|1§i§m, 1<j<n {aij}

Axioms (p1)—(ps) ensure that; andry commute in every model @’. Indeed?’ has

a model corresponding to every periodic solution fowith periodsm andn. Hence

O’ | (T C 1). Also, since every model @’ is a model 0fOye in whichr g andry

commute, by Claim 20’ U O is unsatisfiable, s& U O |= (T C 1).
O
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3 Safety Classes

Theorem 1 leaves us with two alternatives: first, we can focus simple DLs for which
this problem is decidable; second, we may look for sufficient conditions for the notion
of safety—that is, if an ontology satisfies our conditions then we can guarantee that it
is safe, but not necessarily vice versa. In this paper, we will explore the latter approach.

In general, any sufficient condition for safety can be represented by defining, for
every signatureS, the set of ontologies over a language that satisfy the condition for
that signature. These ontologies should be guaranteed to be safe.

Definition 4 (Class of Ontologies, Safety ClassA class of ontologies for a DIC
and a signatur8 is a functionO(-) that assigns to every subs#&tof S a setO(S’) of
ontologies inZ; it is anti-monotoniaf for everyS; C S,, we haveO(S;) C O(Sy);
it is subset-closed for everyS and ©; C O we have thatD € O(S) impliesO; €
O(S); itis union-closedf O; € O(S) andO; € O(S) implies(O; UO3) € O(S) for
everyS. A safety classor £ is a class of ontologie®(-) for £ such that, for everg,
every ontology irO(S) is safe forS.

Safety classes may admit many natural properties, as given in Definitidnti.
monotonicityintuitively means that if an ontolog§) can be proved to be safe w.1S.
using the sufficient condition, thefl can be proved to be safe w.r.t. every subsei.of
Similarly, subset-closureneans that under the same assumption, every subéktah
also be proved to be safe using the same sufficient condition. If a safety clageris
closedand two ontologie®); andO, can be proved safe using that sufficient test, then
their union®; U O, can also be proved safe using the same test.

3.1 Locality

In this section we introduce a particular family of safety classe&fer SHOZQ, that

we call locality classes. In Section 2, we have seen that, according to Lemma 1, one
way to prove that) is S-safe is to show that evel§-interpretation can be extended to

a model ofO. Local ontologies are those for which safety can be used using Lemma 1.

Definition 5 (Locality). Given aSHOZ Q signatureS, we say that a set of interpreta-
tionsI is local w.r.t.S if for everySHOZ Q-interpretationZ there exists an interpreta-
tion 7 € Isuch thatZ|s = J|s. Aclass of interpretationis a functionI(-) that given
a SHOTIQ signatureS returns a set of interpretationES); it is local if I(S) is local
w.r.t. S for everyS; it is monotonicif S; C S, impliesI(S;) C I(Ss).

An axioma (an ontology®) is valid in I if every interpretatior¥ € I is a model of
a (respectivelyO). Given a class of interpretatiorig-), O(-) is the class of ontologies
O(-) based ori(-) if for everyS, O(S) is the set of ontologies that are valid IfS);
if I(-) is local then we say thaD(-) is aclass of local ontologiesand for everyS and
O € O(S) and eveny € O, we say that), respectivelyy is local (based ori(-)).
Example 1.Let IX:g(-) be aclass o§ HOZ Q interpretations defined as follows. Given
a signatures, the seﬁg:%(S) consist of interpretationg” such that” = () for every
atomic roler ¢ S andA” = () for every atomic concept ¢ S. It is easy to show that
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Ig:g(S) is local for everyS, since for every interpretatidh = (A%, -Z) and the inter-
pretation7 = (A7, -7) defined byA” := AT, r7 = (forr ¢ S, A7 =()for A ¢S,
andX 7 := X7 for the remaining symbolX’, we have7 € I;~(S) andZ|s = J|s.
SinceI; —§(S1) C I;=3(S,) for everyS; C S, we have thal;—}(-) is monotonic;
IX:S() is also compact, since for eve$y andS- the sets of interpretatiorié:g(sl)
andIg:g,’(SQ) are defined differently only for elements$h A Ss.

Given a signaturé, the setijj:g(S) of axioms that are local w.r.8 based on

I;—%(S) consists of all axioms such for every7 € I;~/(S), we have that7 k «.

Then the class of local ontologies based/@]’_fg(-) could be defined by 02:8(8)
iff O C Ax;—0(S).

Proposition 1 (Locality Implies Safety). LetO(+) be a class of ontologies based on a
local class of interpretationk(-). ThenO(-) is a subset-closed and union-closed safety
class forL = SHOZQ. If additionallyI(-) is monotonic, the®(-) is anti-monotonic.

Proposition 1 and Example 1 suggest a particular way for proving safety of ontolo-
gies. Given arlSHOZ Q ontology© and a signatur8 it is sufficient to check if every
axioma in O is satisfied by every interpretation fronl:g(S); that is, givenoe andS,
it suffices to interpret every atomic concept and atomic role n&t & the empty set
and then check if is satisfied in all interpretations of the remaining symbols. Note that
for definingof’{:g(S), we do not fix the interpretation of the individuals outsglebut
in principle, we could do that. The reason is that there is no elegant way how to describe
such interpretations. Namely, every individual needs to be interpreted as an element of
the domain, and there is no “canonical” element of every domain to choose, as opposed
to the “canonical” subsets of (pairs of) the domain elements, which can be taken, say
as the empty set or the set of all (pairs of) the domain elements. These observations
suggest the following test for locality:

Proposition 2 (Testing Locality). Given aSHOZ Q-signatureS, concept”, axioma
and ontologyQ let 7(C, S), 7(«, S) and7(O, S) be defined recursively as follows:

7(C,S) := 7(A4,S) = 1 if A ¢ S and otherwise= A4; (a)
|T(01HCQ,S) :T(Cl,S)ﬂT(CQ,S); (b)
| 7(=C1,S) = -7(C1,8); (c)
|7(3R.C1,S) = Lif Sig(R) ¢ S and otherwise= 3R.7(C4, S); (d)
|7(>nR.Cy,S) = Lif Sig(R) ¢ S and otherwise= (>n R.7(C1,S)). (e)
T(OL, S) - T(Cl C Cy, S) = (T(Clv S) C 7—(6127 S))7 (g)
|7(R1 C Ry,S) = (LLC 1)if Sig(R1) € S, otherwise
=3R,.T C Lif Sig(R2) ¢ S, otherwise= (R; C Ry); (h)
|7(a:C,S) =a:7(C,8S); (1)
| 7(r(a,b),S) =TELC Lifr¢S and otherwise= r(a,b); ()
| 7(Trans(r),S) = L C Lifr ¢ S and otherwise= Trans(r); (k)
| 7(Funct(R),S) = L C Lif Sig(R) ¢ S and otherwise= Funct(R). )
7(0,8) == UaEO 7(a, S) (m)

Then,0 € Oj{:g(S) iff every axiom inr (O, S) is a tautology.
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Example 2.Let O = {a} consists of axionw = M2 from Figure 1. We demonstrate
using Proposition 2 tha® is local w.r.t.S = {Fibrosis, Genetic_Origin}. According
to Proposition 2, in order to check @ is local w.r.t.S; it is sufficient to perform the
following replacements in (the symbols fron8 are underlined):

L [by ()] L [by (d)]
—N—
M2  Genetic_Fibrosis = Fibrosis M Jhas_Origin.Genetic_Origin @)

We obtainr (M2, S) = (L = Fibrosis M L) which is aSHOZ Q-tautology. Henc& is
local w.r.t.S and hence by Lemma 1 &safe w.r.tSHOZQ.

By Proposition 2, one can use available DL-reasoners for testing locality. If this is
too costly, one can still formulate a tractable approximation of locality:

Definition 6 (Syntactic Locality for SHOZ Q). Let S be a signature. The following
grammar recursively defines two sets of conc€ps’(S) and Con?(S) for S:

Con’(S) == A% |-c4|cnc? |3RY.C |3R.CY | (=nR".C)| (=nR.CY).
Con?(S) ==-C? | CcPnCs .

whereA? ¢ S is an atomic conceptR is a role, andC' is a conceptC? € Con’(S),
Cg) € Con?(8),i = 1,2, and R’ is (possibly inverse of) an atomic rolé ¢ S. An
axioma is syntactically local w.r.tS if it is of one of the following forms(1) R? C R,
or (2) Trans(R?), or (3) Funct(R?), or (4) C* C C, or (5) C C C?, 0r (6) a:C4. A
SHOZQ-ontologyO is syntactically local w.r.tS if everya € O is syntactically local.

Itis easy to see from the inductive definitiong@én’(S) andCon“(S) in Definition 6

that for every interpretatiof = (AZ,.7) from I;=}(S) we have tha(R?)? = 0,

(C"HT = pand(C?)T = AT, C? € Con’(S) andC? € Con?(S). Hence, every
syntactically local axiom is satisfied in every interpretatidfrom IX:Q(S), and so

is also semantically local. Furthermore, it can even be shown that the safety class for
SHOZQ based on syntactic locality enjoys all of the properties from Definition 4—that

is, it is anti-monotone, subset-closed and union-closed.

Example 3(Example 2 continuedfixiom M2 from Figure 1 is syntactically local w.r.t.
S; = {Fibrosis, Genetic_Origin}:

€ Con’(S;)[matches4’] € Con’(S;)[matchesIR?.C]
—
M2  Genetic_Fibrosis = Fibrosis M Jhas_Origin.Genetic_Origin (8)

€ Con’(S;)[matchesC 1 €]

Itis easy to show that syntactic locality can be checked in polynomial time with respect
to the size of the input ontology and input signature.

Note that semantic locality does not imply syntactic locality. For example, the axiom
a = (A C AU B)islocal w.r.t. evens since it is a tautology, but it is not syntactically
local w.r.t.S = {A, B} since it involves symbols i only.
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I;=%(S) |r,A€S: r7 AT I;=*(S) |r,A€S: r7 AT

L5(S) 0 0 LAS) 0 a7
L= (S) AT x AT L24(S) A7 x AT AT
Lo (S) |{(z2) [z e A7} 0 LTR(ES) |{za) |z e AT} AT
o Axiom 7€ Ax [fo8i foB it a4y
P43has_Focus. T C Project O d o|0d g a

BioMedical_Project = Project 1
1 Jhas_Focus.Bio_Medicine

P6Project M Bio_Medicine C |
P7Funct(has_Focus)
P8HumanGenome Project

PS5

O o o0Oo0o O
O ooQg Od
O o oo Od
O 0oo0oogo O
O 0O oo O
O 0Oo0ooOo O

P9has_Focus(HumanGenomeGeng

Vhas_focus.Cystic_Fibrosis C
. 0 a O 0 0 0

C Jhas_Focus.Cystic_Fibrosis

Table 1: Examples for and Comparison Between Different Local Classes of Interpretations

The locality condition in Example 1 is just a particular example of a locality class.
Other classes of local interpretations can be constructed in a similar way, by fixing the
interpretations of the symbols not$to different values. In Table 1 we provide several
such classes of local interpretations by fixing the interpretation of atomic roles outside
S to either the empty sdt, the universal relatioml x A, or the identity relatiorid on
A, and the interpretation of atomic concepts outSde either the empty sét or the
set A of all domain elements. Each class of local interpretations in Table 1 defines a
corresponding class of local ontologies. In Table 1 we have listed all of these classes
together with examples of typical types of axioms used in ontologies. Table 1 shows
that different types of locality conditions are appropriate for different types of axioms.
Note that B is not local for any of our locality conditions, since s not safe foiS.

One could design algorithms for testing locality for the classes of interpretations
in Table 1 similar to the one presented in Proposition 2. E.g., locality for the class
1;=% (S) can be tested as in Proposition 2, where the ¢agef the definition for
7(C,S) isreplaced with: #(A,S) = T if A ¢ S and otherwise= A”. For the remain-
ing classes of interpretations, that is IQthA (S) andI}—id(S), checking locality is
not straightforward, since it is not clear how to eliminate the universal roles and identity
roles from the axioms and preserve validity in the respective classes of interpretations.
Still, it is easy to design tractable syntactic approximations for all these locality condi-
tions by modifying Definition 6 accordingly. In Figure 3 we give recursive definitions
for syntactically local axioms\x}—z(S) that correspond to the classes of interpreta-
tionsI;—i(S) from Table 1, where some cases in the recursive definitions are present
only for the indicated classes of interpretations.

In order to check safety in practice, one may try to apply different sufficient tests
and check if any of them succeeds. For such a purpose, one could combine two dif-
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Con’(8) := (~C?)| (Ccnc?) Con?(S) == (-C% | (CAnCs)
| GRC") | (>nRC%)  LIZa(): | A?

L) A LX) | BRYA.CY) | (znR¥4.0%)
Ll J@ERN.O)|(znR.C)  LIZH(): | (BRY.C?) | (>1RY.C?).
190 | (2mRY.C),m>2.
AX[=H(S) 1= C°CC|CCC?|a:C? Where: .
1;=°C): | R C R|Trans(r®) | Funct(R") AL A%, 10,y ¢ 8

e AXA AXA AXA AXA R ’ R ’ R g RO]S’
LL-22():|RCR | Trans(r=2) [ 172 (a,0)  f ¢ Con’(S), C(Ai) € Con?(S);

;i) 0 | Trans(ri9) | Funct(R'9) C'is any conceptR is any role

A — %

Fig. 3: Syntactic Approximations to the Locality Classes

ferent safety classes and obtain a more powerful one by checking whether an ontology
satisfies either the first or the second condition. The combination can be achieved by
forming a union of safety classes: given two safety cla€sgs) andO5(-), their union

(01 UO2)(-) defined by(O1 UO2)(S) = O1(S)U0O2(S), also gives a safety class. It

is easy to demonstrate that if both safety cla€3e§) andO2(-) are anti-monotonic or
subset-closed then their union is also anti-monotonic or subset-closed. Unfortunately
the union-closure property for safety classes is not preserved under union of safety
classes. For example, the uni¢®} =% U O;=3"?)(:) of the classe©;—f(-) and
Og:ﬁXA(~) is not union-closed since it captures, for example, the ontol@gygon-
sisting of axioms B—P7 from Table 1, which satisfies the fist locality condition, the
ontology O, consisting of axioms &P9 satisfies the second locality condition, but
their union®; U O, is not even safe fos.

It can be shown that the cIass@;:%(-) and 05" (-) of local ontologies are
maximal union-closed safety classes &7 Q—that is, there is no union-closed class
that strictly extends them.

We have verified empirically that syntactic locality provides a powerful sufficient
test for safety which works for many real-world ontologies. We have implemented a
(syntactic) locality checker and run it over ontologies from a library of 300 ontologies
of various sizes and complexity some of which import each otheif6t.all ontologies
P thatimport an ontology, we check syntactic locality @ for S = Sig(P)NSig(Q).

It turned out that from 96 ontologies that import other ontologies, all but 11 are
syntactically local w.r.t. the given interface signature. From the 11 non local ontologies,
7 are written in the OWL-Full species of OWL to which our framework does not yet
apply. The remaining 4 non-localities are due to the presence of so-calieging
axiomsof the form A = B’, whereA ¢ S andB’ € S. Note that these axioms simply
indicate that the concept names B’ in the two ontologies under consideration are
synonyms. Indeed, we were able to easily fix these non-localities as follows: we replace
every occurrence oft in P with B’ and then remove this axiom from the ontology.
After this transformation, all 4 non-local ontologies turned out to be local.

1 The library is available atttp://www.cs.man.ac.uk/ ~horrocks/testing/
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Outlook

This paper extends the framework for modular reuse of ontologies presented in [3]. We
have formalized the notion of safe reuse of ontologies. We have shown that checking
safety of an ontology w.r.t. a signature is undecidableAd&}CO. We have provided

a general notion of a sufficient condition for checking safety—a safety class—and ex-
amples of safety classes based on semantic and syntactic restrictions. The former can
be checked using a reasoner and the latter can be checked syntactically in polynomial
time. It turns out that these sulfficient conditions for safety work surprisingly well for
many real-world ontologies. In a recent paper [2], we have also demonstrated how to
use safety classes for extracting modules from ontologies.
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1 Introduction

It is well known that a correspondence theory for description logics (DLs), propo-
sitional modal logics (MLs) and propositional dynamic logics (PDLs) was given
in [Sch91] and that an axiomatic system for a description logic with inverse roles
was presented in the same paper. Schild’s paper covers what is to be discussed
in this paper although his paper did not mention nominals' as well as expressive
roles explicitly. On the other hand, reductions to eliminate converse programs
(inverse roles in DLs) are known even for full PDL (ALCZ,.4); the original re-
duction from converse PDL to PDL was in [Gia96]. Moreover, a direct tableaux
method for converse PDL and further discussions on the elimination of converse
programs were given in [GMO0]. Besides graded modalities, it was pointed out in
[Gia96] that the previous reduction technique is also applicable to nominals.

This paper shares some viewpoints well made in [Gia96]. The proposed
mapping process here is based on the simple idea to capture possible back-
propagation caused by the use of inverse roles?. This process consists of three
steps, tagging, recording, polarisation, which are introduced below. Concept ex-
pressions/formulae are assumed to be in negation norm form (NNF). For sim-
plicity, existential restrictions and universal restrictions are called modal con-
straints somewhere. We refer to [BCM103] for usual background knowledge on
description logics (DLs).

2 Concept Satisfiability with General Concept Inclusions

Concept expressions/formulae are in NNF. For simplicity, we consider a GCI
(general concept inclusion) of the form T C C, where C is in NNF. The following
shows how to use three simple steps (tagging, recording and polarisation) to
convert a concept formula (in NNF) of a source logic with inverse roles to a
target logic without inverse roles. Terminological knowledge bases with general
concept inclusions (GClIs) are also considered.

1 Such viewpoint can be found in the early literature on hybrid logics, which are logics
extending the propositional modal logic with nominals (a.k.a. named states).

2 The proposed mapping technique also relies on the model properties of the descrip-
tion logics concerned in the paper.
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Definition 1. (Tagging-1) The tagging technique introduces new concept names
for modal constraints of concept expressions and axioms. The function tag(.) on
a concept formula = is defined as:

(1) if x is C M D, then tag(x) = tag(C) Mtag(D);

(2) if x is CU D, then tag(x) = tag(C) Utag(D);

(8) if  is AR.C, then tag(x) = IR.(tag(C ))

(4) if © is VR.C, then tag(z) = Q(z) ® VR.(tag(C));

(5) if x is T C C, then tag(x) = T C tag(C);

(6) otherwise tag(z) = x.

where Q(x) is a fresh name unique for each x; C, D are subformulae; the symbol
@ represents the conjunction operator in exactly the same way as M.

U(R) denotes tagged universal constraints of the form Q(z) ¢ VR.(tag(C)),
where R is a role and U are sets indexed by roles. Ey/FE; denotes the formulae
before and after tagging; KCy/K1 denotes the GCI before and after tagging. Let
VR.C be a subformula before tagging, we have after tagging:

(%) for z =VR.C, there is Q(x) ® VR.tag(C) € U(R);

Definition 2. (Recording-1) Initialize KC,, = 0. For each set U(R) indezxed by
each role R, and for each element (Q(x) ® VR.(tag(C))) € U(R), perform the
operation: K, =K, U{T C tag(C)UVR™.=Q(z)}.

Definition 3. (Polarisation-1) Pol(z) is performed on the tagged input for-
mula E1 to get a polarized E5, and on K1 UK, to get the polarized Ks:

(1) if x is C M D, then Pol(x) = Pol(C) M Pol(D);

(2) if x is C'U D, then Pol(x) = Pol(C) U Pol(D);

(3) if x is IR.C, then Pol(x) = IR*.Pol(C);

(4) if x is VR.C, then Pol(x) = VR*.Pol(C);

(5) if x is AR~.C, then Pol(x) = AR’.Pol(C);

(6) if x is VR™.C, then Pol(x) = VR’.Pol(C);
(7) if x is T C C, then Pol(z) =T C Pol(C);
(8) otherwise, Pol(x) = x

where R* (RY) is a fresh role name unique for R (R™).

3 Concept Satisfiability/Abox Consistency with Tbox

The Thox (a.k.a. terminological box) is a set of unfoldable axioms. The notion
of Thox is related some fundamental notions such as name unfolding and GCI
absorption [BCM03]. By descriptive semantics, equality azioms like A = C are
expressed in two inclusion axioms A C C and A C —C. The right-hand-sides
of the axioms are in NNF. An acyclic Tbox of only such inclusion axioms is called
simplified [Lut99]. In the following, we show how to use the three simple steps
(i.e., tagging, recording, polarisation) for Thoxes.

Definition 4. (Acyclic Ordering) The ordering relation® is as following:

3 Due to acyclicity, ord(A) = ord(A) is not induced.
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(1) for each axiom A C C, there is ord(A) » ord(C);
(2) ord(C 1 D) > ord(C) and ord(C M D) > ord(D);
(3) ord(C U D) > ord(C) and ord(C U D) > ord(D);
(4) ord(3R.C) = ord(C);
(5) ord(WVR.C) > ord(C);

An Abox consists of concept assertions and role assertions. If an Abox has
several unconnected components, each of them can be treated alike separately.
We assume one individual has at most one label because d : C and d : D can
be replaced by d : C'T1.D. W.l.o.g. we consider a single-component Abox Ay and
each individual has at most one label. We denote the label for d; as £(d;).

Definition 5. (Tagging-2) The function tag(x) is:

(1) if x is AC C, then tag(z) = A C tag(C);

(2) if x is AR.C, then tag(x) = P(xz) @ IR.(tag(C));

(8) if x is individual d; with L£(d;), then tag(xz) = d; : P(x) @ tag(L(d;));
(4) if x is an individual d; of no label, then tag(x) = d; : P(x);

(5) otherwise, call Tagging-1 for x.

where P(x) is a unique name for each x, and the sign ® stands for M.

The original Abox/Tbox are denoted as Ag/7p, their tagged counterparts
are denoted as A;/7;. Notice we do not tag any role assertions. We also write
P(d;) instead of P(xz) if the tag is for an individual d;. The set of tags for all
individuals of the Abox is D = {P(d;)|d; € Ap}. Let C denote any (sub)formula:
(%) for = AR.C, there is P(z) ® 3R.tag(C) € E(R);

(%) for y = VR.C, there is P(y) ® VR.tag(C) € U(R);
(%) for z = d;, there is P(d;) € D;

We additionally stipulates ord(P(d;)) = ord(tag(L(d;))) for any individual
d; and d;. This forces P(d;) to get a higher order than tag(£(d;)) (and higher
than subformulae of tag(L£(d;)) but does not introduce cycles?.

Definition 6. (Recording-2) For two tuples 3 € U(x) and o € (E(x) JU(x) D)
where * denotes any role name, if the following conditions are met:
(1) ord(a) > ord(B); and
(2) a = P(x) ®VR;.tag(C) or
a = P(z) @ 3R;.tag(C) or
a = P(z) and x is some Aboz individual d;; and
(3) 8 = P(y) & YRy tag(D);
then perform the operation: T, = T, U {P(z) CVR; .~ P(y) Utag(D)}.

Definition 7. (Polarisation-2) Pol(x) is performed on the tagged Abox A; to
get As, and on the augmented Thox Ty U7, to get Ty:
(1) if x is AC C, then Pol(x) = A C Pol(C);

4 Please notice > is transitive. The extra requirement forces ord(P(d;) ®tag(L(d;))) =
ord(P(d;)) > ord(tag(L(d;))). For i # j, we have: (1) ord(tag(L(d;))) and
ord(tag(L(d;))) are incomparable; (2) ord(P(d;)) and ord(P(d;)) are incompara-
ble; (3) ord(P(d;)) = ord(tag(L(d;))).
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(2) if v is (¢,d) : R € Ay, then Ay = Ay U{(c,d) : R, (d,c) : R®};

(3) if x is (c,d) : R~ € Ay, then Ay = Ay U{(d,c) : R?, (c,d) : R*};

(4) if x is d; : P(dz) D ﬁ(dz) € Ay, then Ay = As U {dz : P(dl) D POZ(;C(dz))},
(5) otherwise, call Polarisation-1.

where R* (RY ) is a fresh role name unique for R (R™).

Though in the above only acyclic Thoxes are emphasized, the exact mapping
method also applies to cyclic Tbhoxes by simply dropping the acyclic ordering
condition prescribed at the recording step.

4 Experiments

We have implemented the mapping as presented in Section 1 to evaluate its
practicality. All satisfiability tests were performed with RacerPro 1.9.0 on a
Pentium PC with 3.5 GB memory. The tested ontologies were also converted on
the same machine. Note that the expressivity of the original ontologies is ALCZ.

KB Name Coherence Check Conversion Coherence Check
(original Tbox) (converted Thox)
galen-irl-alci-newl 9.141 50.657 84.625
galen-ir2-alci-new1l 9.549 52.547 76.156
uml-no-max-min-new4 |timeout after 1 hour |1.156 0.110
revised-9-alci (partial) |timeout after 20 mins |17.016 3.297

Table 1. Experimental results (all times are given in seconds)

KB Name Num. of Axioms Classes/Properties |Classes/Properties
(original /converted) |(original Thox) (converted Thox)
galen-irl-alci-new1 4645/5495 3107/234 3597/228
galen-ir2-alci-newl 4666,/5508 3107/234 3597/228
uml-no-max-min-new4 |524/739 233/213 448/213
revised-9-alci (partial) |3077/3099 2427/56 2449/37

Table 2. KBs before and after conversion (number of axioms, classes and properties)

Table 1 shows some empirical results (coherence check only), where the time
indicated is the average of 5 independent runs of the conversion system. It can
been seen that although more time is spent for testing Thox coherence for the
converted versions of the first two KBs, the performance is still acceptable since
the KB sizes after conversion are nearly five times of the original ones. Evidently,
for the UML ontology the runtime after conversion is quite impressive. Besides,
we have also divided the UML ontology into two sub-ontologies, both of which,
if converted, require less time to compute the satisfiability of all the concepts.
Dramatic increase of performance is shown in the last case, where the ontology
contains one major class extracted from ontology “revised-9-alci”.
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5 Discussions

The question about whether a decision procedure that has to work both “for-
ward” and “backward” could be implemented to run efficiently was raised long
ago in the literature, among them we mention [Gia96]. Nonetheless, the highly
optimized tableau-based reasoning systems (the 3rd generation [BCM™'03]) are
convincingly found “to behave quite well” in practice for many realistic prob-
lems. As description logics are widely used in diverse application domains, dif-
ferent “application patterns” produce a lot of realistic problems that might not
be quite “tractable” as previous ones in terms of “problem size” and “problem
structure”. Several application domains are known to easily give “practically
intractable problems”, e.g., the model checking field, probably due to their in-
distinct narrative styles, i.e., extensive use of tightly constrained constraints.
Recently, it was even found that some small-size ontologies are “hard” enough
to kill some best tableau-based DL systems currently available. The existence
of latest “intractable realistic problems” is more baffling than any indistinct
narrative style that people have seen before.

Schild has provided an axiomatic system [Sch91] for ALCZ, the DL extending
the basic description logic ALC with inverse roles. A correspondence theory for
description logics, propositional modal logics and propositional dynamic logics
was also given in [Sch91]. In [Gia95] and [CGR98]|, the “converse elimination
technique” was presented for the CPDL and ALCZ,..4. Their technique is more
general than what is presented in this paper and was extended in various aspects.
Important literature on “converse elimination” and a direct tableaux approach
include [Gia96] and [GMOO]. Their transformation leads to target problems in
the ExpTime class. Their technique could possibly lead to good implementations
in practice. However, it is not very clear if there was any empirical result about
their elimination of converse for the so-called “realistic problems”.

A worst-case optimal tableau procedure for testing concept satisfiability w.r.t.
general Thox was given in [DMOQ] for ALC in details. Their technique of caching
intermediate results and nogoods has deep influence on tableau-based DL sys-
tems. The belief that description logics without inverse roles lend themselves
better to optimisations (e.g. the caching technique) originates from [DMO00] and
is well supported from practice. Lutz discussed the complexity cliff phenomenon
for the problem of concept satisfiability test w.r.t. an acyclic Thox in several
logics in [Lut99]. One of the results showed is a tableaux procedure that takes
a polynomial space for concept satisfiability test w.r.t. an acyclic Thox in ALC.
The pre-completion technique was proposed in [DLNS94] [Hol94] for reducing
the Abox consistency problem to a number® of concept satisfiability tests to be
carried out independently. For a pre-completion technique for SH Abox (which
strictly contains the logic ALC) w.r.t. Thox, see [TG99].

The proposed mapping in this paper allows tableau-based decision procedures
to safely use the global sub-tableauzr caching technique. This gives a hope that the
run-time performance should not be much worse than using the dynamic block-

5 It is the exact number of Abox individuals.
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ing and the pseudo-model merging techniques, two best optimisations currently
available [BCM™03] to tableau-based decision procedures for DLs with inverse
roles. This conjecture is supported by our first-hand experiments. Further, the
pseudo-model merging technique coexists with the global sub-tableaux caching
technique. Also, the new axioms introduced in the recording step can be “selec-
tively” used to simulate the well-known tableau erpansion rules in such a way
that if the well-known tableau algorithm (that allows bi-directional propagation
of constraints) constructs a pre-model for the source problem, then this construc-
tion process can be repeated to construct a pre-model for the target problem at
an equal cost. The only possible disadvantage of the proposed mapping is that
it introduces extra concept names and extra axioms (with one disjunction per
axiom). However it should be noted that these extra names and axioms are for
“simulating” the well-known tableau expansion rules that rely on the dynamic
blocking technique. Moreover, the newly recorded axioms are not necessarily GCIs
but can always be unfoldable axioms (as shown in Section 3).

We require each role has a unique inverse role. For a role R, for example,
we consider R~ as the only inverse role. This takes a linear cost. The presented
transformation is equisatisfiability preserving, and is fine-grained in the sense that
the target problems stay in the same complexity class as the source problems.
The recording operation descends from the C-rule (the Ramsey-Rule) which
states an equivalence of 3R.C C D and C C VR~ .D [Ram31]. This equivalence
was rediscovered in DLs and was lately used for new absorption techniques, for
example [HWO06] and [SGPO06).

This paper largely follows and extends our previous work in [DHO05]. In
[DHO5], we proposed three different ways to deal with ALCZ. The first was a dy-
namic caching technique that extends the dynamic blocking technique to work on
different traces and thus allows anywhere blocking. The second was a reachability
analysis to guarantee the soundness of the global sub-tableaur caching technique
through a pre-compilation of a Tbox. The third was about the equivalence men-
tioned above. In this paper, rather than to enrich the absorption technique as
previously perceived, we used the equivalence in a different and novel way. Here
we have presented two versions of a mapping technique to deal with GCIs and
(acyclic) ThoxesS. It also works for nominals and expressive roles. Moreover, the
mapping without polarisation is quite interesting in itself for it brings a back-
propagation don’t-care property for the target problems (now in DLs with inverse
roles). Here is a summary conclusion of the proposed mapping technique:

— every knowledge base in fragments of SHOZ that contain SHZ (or ALCOT)
can be converted to a unfoldable Thox in the corresponding fragments con-
taining SH (or ALCO);

— every (acyclic) unfoldable Thox in ALCHZ (or its fragments) can be con-
verted to an (acyclic) unfoldable Thox in ALCH (or corres. fragments);

— the mapping is fine-grained in the sense that the target problems stay in the
same complexity class as the source problems.

8 The transformation is presented for the Abox consistency check problem w.r.t.
(acyclic) Thoxes.
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It is observed in our current experiments that some (not all) very hard on-
tologies the coherence of which could not even be tested are able to be classified
in reasonable time. For optimisations of the classification, they are beyond the
satisfiability test based (tableau-based) decision procedures. It is well known
that classification could even be done without resorting to any satisfiability test
at all, for example [BHN192] [TH05]. Right now, we are preparing an opti-
mized and extended implementation. An in-depth empirical analysis is under
way. For a parallel work on a worst-case ExpTime (binary coding of numbers)
tableau-based decision procedure for ALCQZ, a description logic containing both
qualified number restrictions and inverse roles, see [DHO7].
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A One Working Example

Give a concept Fy = ds7.C5, and a Thox K of the following nine general axioms
in logic ALCZ:

(al)T C -Ch U3q.Cy (ag)T C —-CyUVs.Cy

(a3)T CE =Cy U TIp.Cs (ag) T E-C3U3s™.Cy

(CL5)—|— C =CyUVs.Cs (CL@)T C -CsUVp~.Cq

(0,7)T C (g |_|Vp7.07 (as)T C -C;UVs™.Cg

(ag)T C _|Cg I_IVq’.Cg
Source Problem: the satisfiability of Fy w.r.t. Ky in ALCT.
Step-1: perform tagging. For each a;, there is a} = tag(a;).

(@})T C =C1 U3q.Cy (no change from a;)

(ah)T E =Co U (41 @ Vs.Cy)
(a5)T £ =Cy U3p.Cs (no change from a3)
(a))TE-C3U3s™.Cy (no change from ay4)
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(a )T C-Cyl (A2 D VSC5)
(a )T E _\05 (] (A3 D Vp_.CG)
(a5)T £ ~Cs U (A4 & ¥p=.Cr)
((L )T C-C;U (A5 &3] VSi.Cg)

(aé)T C -CsgU (A6 D Vq_.CQ)

The tagging operation changes nothing for axioms a1, az and a4. A; are newly
introduced tags for occurrences of universal constraints. Now, Iy = {a}}; the

tagged concept is Fy = tag(Ey) = 3s~.Cs.

/
5
/

6
ay
/

8

Step-2: perform recording. Each A; has an axiom r;.

(Tl)T C Vs .—A; UCy (T’Q)T C Vs .—As L Cs

(rg)T CVp.mAs UCs (ra) T CVp.mALUCy

(T5)T C Vs.—As LU Cy (T@)T C Vg.—Ag U Cy

Now, Ky = {r;}.
Step-3: perform polarisation. Notice Ko = Poly (K1 UK, ). Accordingly, we have
¢; = Poly(a}) and d; = Poly(r;) as following.

(Cl)T C ~C1 U3q*.Cy
(CQ)T C-CyU (A1 D VSa.C4)
(c3) T E=Cq U 3Ip*.Cs
(C4)T C-Cs3U Hsb.Cg
(C5)T C-CyU (A2 ©® VSa.Cg))
(CG)T C-CsU (Ag D Vpb.C(j)
(C7)T C -Cs Ll (A4 SY Elpb.C7)
(CS)T C-Cru (A5 ) Vsb.C’g)
(Cg)T C -CsU (A(; D Vq“.Cg)
( 1)T E VSb._'Al (] 04 (dg)T E Vsb.—'A2 (] 05
( 3)T C Vpa.—!Ag UCs (d4)T C Vpa.—!A4 U Cy
( 5)T C Vs%.—A5 U Cg (dG)T C Vq*.—Ag LU Cy

We get Ey = Poly(E1) = Poly(3s~.C) = 3s*.C; and Ko = {¢;} U {d,} as
listed above. The newly introduced roles {s%, p?, q%, s’ p’, ¢°} replace the old
roles {s, p, ¢, s, p~,q" }. Replace @ with M and we get the problem in ALC.

Target problem: the satisfiability of Fy w.r.t. Ko in ALC.

B Proofs

Definition 8. (Fischer-Ladner Closure) The Fischer-Ladner closure[FL79]
FL(H) of a set of formulae H is the least set of formulae which is inductively
generated as follows:

(1) H is a subset of FL(H); (2) if C € FL(H), then so is =C;
(3)if CN D € FL(H), then so are C and D;

(4) if CUD € FL(H), then so are C and D;

(5) if AR.C € FL(H), then so is C; (6) if VR.C € FL(H), then so is C.

To denote a modal constraint, we use 3R.tag(C). The tag(.) operation (re-
cursively) converts one modal constraint to a conjunction having two conjuncts.
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In each tagged constraint we stipulate that the tag is on the left and the modal
constraint is on the right. This excludes cases like g R.tag(C) M Q(x).

Definition 9. Let Q(z)M %R.tag(C’) be a tagged constraint in the Tbox KT and
the formula E. Consider the Fischer-Ladner closure FL(KTU{E}), a generating
formula for 3R.tag(C) is a formulae  such that FL({a}) D FL({2R.tag(C)}),
and o ¢ {2R.tag(C), ~(2R.tag(C))}.

Definition 10. The generating formula o for %R.tag(C) is least if there exists
no other generating formula 8 s.t. FL({3}) C FL({a}).

A few comments are necessary: (1) Each tag Q(x) is unique and occurs only
as a conjunct; its negation ~Q(z) occurs only as a disjunct; (2) Q(z)M32 R.tag(C)
and =(Q(z) M 2 R.tag(C)) are two least generating formulae for 3 R.tag(C). We
call the former positive and the latter negative; (3) The formulae have already
been converted into NNF before performing the mapping; (4) The tagging op-
eration assigns a set of unique tags for one modal constraint and that a least
generating formula for the tag Q;(x) will also be a least generating formula
for the tagged modal constraint; (5) Only positive generating formulae need to
be considered[BCM*03] when building a model”. These lead to the notion® of
p-model.

Definition 11. Given E and KT that are tagged formula and Thox. Let Q1 (x)M
%R.tag(C), ey Q(z) M %R.tag(C’) be tagged constraints. A p-model for E and
KT is a model (AT, 1) such that for any n € AT there are

(1) if n € (Qi(z))* then n € (ZR.tag(C))*; and

(2) if n € (2R.tag(C))%, then there is Q;(z) for IR.tag(C) s.t. n € (Qi(z))*.

Lemma 1. Given E and KT as the tagged formula and the tagged Thox. Let
Qi(z) M %R.tag(C) be tagged constraints in FE and KT, where i = 1,....m. E
and KT is satisfiable only if it is satisfiable in a p-model.

Proof. Only proof outline. Let M; = (A, .71) be any model for E and K7 .

We use the well-known sub-model generating technique® to get a p-model
from M;. To guide the extraction process, it is only necessary to consider the
positive generating formulae. To be precise, for any n € A1, the extraction
process ignores assertions like n € (—(Q; M 3 R.tag(C)))*, where 3 R.tag(C) is
a tagged constraints with a unique set of tags {Q1, @2, ..., Qm }

Starting from a (root) node with £(n) D {E} U KT, a guided extraction
process (focusing on positive least generating formulae) generates a sub-model

" This is true for ALCT and expressive logics without the qualified number restrictions.

® Consider a multi-valued function from modal constraints to tags f(2R.tag(C)) =
{Q1,..,Qm} s.t. f(z)N f(y) = 0 for z # y. The model of interest is such a model
(A7,.7) that Vn € A7: (i) for all 1 < i < m, (Q:)7 C (R.tag(C))7; and (ii) if
n € (2R.tag(C))7, then n € Q7 for some 1 < i < m.

9 It has also been extensively used in the literature in the completeness proof of certain
tableau-calculus for DLs with inverse roles.
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from M. Tt is verifiably a model by routinely showing/checking it is saturated
and clash-free, and it meets p-model definition. So, there is a p-model (A2, .22)
provided that (AZt,.71) be a model (which is saturated and has no clash). O

Lemma 2. Given a concept formula E' and a Thox KT'. Let the tagged formula
and Thox be E and KT . E' is satisfiable w.r.t. KT' iff E is satisfiable w.r.t. KT .

Proof. The proof uses the same sub-model generating technique as above and a
mapping from the 2 R.tag(C) to Q; M 3R.tag(C) and vice versa.

From the p-model (out of the above sub-model generating) for F and K7,
taking away (negated) tags leads to a model for E’ and K7’ (having no tags).

In the other direction, for any model of E’ and K7’, a mapping reflecting
the tag operation (from the %R.tag(C) to Q; M %R.tag(C) for some @;) will lead
to a model (interpreting tags) for E and K7 . Since a p-model is a model, this
concludes that the tagging operation preserves satisfiability. O

B.1 Concept Satisfiability Test with General Concept Inclusions
Lemma 3. if Fy and K1 has a p-model, then IC, is satisfiable in that model.
Proof. This follows from the definition of p-model Q(x)¥ C (VR.tag(C))%. O

Lemma 4. E; is satisfiable w.r.t. K1 UK, iff E1 is satisfiable w.r.t. Ky.
Proof. (Ouly If Direction) It is trivial.

(If Direction) Let My a p-model for E; and K;. According to the lemma
above, IC, is always satisfied in the p-model for both Fy and ;. It follows that
My is a model for F; and K1 UK,. O

Lemma 5. FE; is satisfiable w.r.t. K1 UK, iff Eo is satisfiable w.r.t. K.

Proof. Note Ey = Pol(E;) and Ky = Pol(K1 UK,).

(If Direction) Let Mgy = (A%2, . 22) be a p-model (possibly non-tree) for Es
and K. For m’,n’ € A%2, consider a mapping to m,n € A%t such that

(1) if (m/,n’) € (R*)*2, then (m,n) € RT1;

(2) if (m/,n’) € (S*)2, then (m,n) € (S7)%1;

(3) if m’,n’ € Poly(C)*2, then m,n € CT1.

(Only If Direction) Let M; = (A%, .71) be a p-model (possibly non-tree) for
E; and K. For m,n € A7t consider a mapping that maps them to m/,n’ € A%

(1) if (m,n) € RT, then (m/,n’) € (R*)*2 and (n/,m’) € (R")%2;

(2) if (m,n) € (S7)T1, then (m’,n’) € (S*)2 and (n/,m’) € (5%)%2;

(3) if m,n € CT+ then m/,n’ € Poly(C)*.

R, S~ are roles in ALCZ; R®, R, S¢, S are roles in ALC.

Note the definition of p-models and the special axioms acquired by the record-
ing operation. In both directions, at each element of the target interpretation, all
constraints are satisfied both locally and w.r.t. its neighbor elements provided
the given (AZk, . Zr) be a p-model. This concludes that the polarisation operation
preserves equisatisfiability (for a tagged and recorded problem). O

Lemma 6. ||Es| + ||z is of O(n?) where n = || Eol| + || Kol|-
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Theorem 1. (1) Ey is satisfiable w.r.t. Ko iff Eq is satisfiable w.r.t. Ko. (2)The
satisfiability of Eg w.r.t. Ko in ALCT can be decided by a test of By w.r.t. Ko
in ALC. (3) The concept satisfiability w.r.t. GCIs in ALCT can be decided in
exponential time by the tableauz procedure in ALC [DMO0].

B.2 Concept Satisfiability/Abox Consistency with (Acyclic) Thox

Regarding to acyclic Thoxes in DLs without inverse roles, we refer to [Lut99] and
[Tes01] for their results. We list supporting theorems and lemmas. The proofs
are similar to the ones previously done for general axioms.

Theorem 2. (Acyclic ALC Tbox[Lut99]) The concept satisfiability w.r.t.
an acyclic Thox in ALC is decidable in PSPACE by a tableau-based procedure.

Lemma 7. For an input concept Fo and an acyclic Tbox Ty in ALCZL, by
tagging-recording-polarisation the concept Eo and the acyclic Tbox 15 in ALC
is of size O(n?), where n = ||Ep|| + ||To]|.

Proof. (outline only) By a similar step-by-step proof!® (as in the case of gen-
eral axioms), it is able to show Es and 75 is equisatisfiable to Ey and 7j. The
acyclicity of 75 is easy to verify. The number of combinations (formulae a, 3 s.t.
ord(a) = ord(3)) is at most n? and each new axiom is of size at most n. O

Lemma 8. The concept satisfiability problem w.r.t. an acyclic Tbox in ALCT
can be decided in PSPACE by tableau procedures as given in [Lut99].

Lemma 9. For Abox Consistency, Ta is acyclic. The conversion (a streamlined
tagging, recording and polarisation operations) takes a polynomial space.

Lemma 10. The consistency of an Aboxr w.r.t. an acyclic Tbox in ALCIL can
be decided by the consistency check of an Abox w.r.t. an acyclic Thox in ALC.

Theorem 3. (Precompletion[Tes01]) A precompletion of an Abox w.r.t. a
Thox can be nondeterministically computed in a polynomial space; the size of
each precompletion is polynomial bounded.

Theorem 4. The consistency of an Abox w.r.t. an acyclic Thox in ALCZL can
be decided in PSPACE by tableau-based decision procedures.

Proof. (1) Perform the conversion to get the target problem, which is of a poly-
nomial size to the source problem. The conversion itself takes a polynomial
space; (2) Nondeterministically compute one precompletion. Then individuals
of the target Abox are subject to satisfiability tests by the PSPACE procedure
in [Lut99] w.r.t. the target Thox independently. If each individual of the target
Abox is satisfiable, the source problem is consistent. The Abox consistency prob-
lem w.r.t. an acyclic Tbhox is decidable in a nondeterministic polynomial space.
Consider Savitch’s theorem[Sav70]. This ends the proof!!. O

10 Proofs of equisatisfiability do not use acyclicity or properties of Aboxes in our case.
These properties are however needed in proofs of particular decision procedures that
are PSPACE and they are taken into account by previous work [Lut99] [Tes01]. We
cite those results as theorems.

11 Similar arguments were extensively used for PSPACE tableaux in the literature.
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Conjunctive Query Entailment for SHOQ

Birte Glimm*, Tan Horrocks, and Ulrike Sattler
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The University of Manchester, UK

Abstract. An important reasoning task, in addition to the standard
DL reasoning services, is conjunctive query answering. In this paper,
we present a decision procedure for conjunctive query entailment in the
expressive Description Logic SHOQ. This is, to the best of our knowl-
edge, the first decision procedure for conjunctive query entailment in a
logic that allows for nominals. We achieve this by combining the tech-
niques used in the conjunctive query entailment procedure for SHZQ
with the techniques proposed for a restricted class of conjunctive queries

in SHOQ.

1 Introduction

Existing Description Logic (DL) reasoners® provide automated reasoning sup-
port for checking concepts for satisfiability and subsumption, and also for an-
swering queries that retrieve known instances of concepts and roles. There are,
however, still many open questions regarding the development of algorithms
that decide conjunctive query (CQ) entailment in expressive Description Log-
ics. For example, proposed techniques for deciding CQ entailment in expressive
DLs mostly require that all roles that occur in the query are simple, i.e., nei-
ther transitive nor have transitive subroles. Furthermore, none of the existing
conjunctive query answering techniques [10, 8,2, 7, 9] is able to handle nominals.
In this paper, we address both these issues and present a decision procedure for
entailment of arbitrary CQs in the very expressive DL SHOQ, i.e., we allow
for both non-simple roles in the query and nominals. We also do not impose
any restrictions on the structure of the queries as it is the case for a previously
proposed query entailment technique for SHOQ [5].

Our algorithm combines ideas from the CQ entailment decision procedure
for SHZQ [3,4] with the technique for deciding entailment of a restricted class
of CQs in SHOQ [5] (i.e., the algorithm does not accept arbitrary CQs as input,
but only queries of a particular shape). We first rewrite a query into a set of
queries that have a kind of forest shape. By applying the rolling-up or tuple-graph
technique [2,10], we build concepts that capture the rewritten queries. We then
show that we can use the obtained concepts to reduce the task of deciding query
entailment to the task of testing the consistency of extended knowledge bases.

* This work was supported by an EPSRC studentship.

! For example, FaCT++ http://owl.man.ac.uk/factplusplus, KAON2 http://
kaon2.semanticweb.org, Pellet http://pellet.owldl.com, or Racer Pro http:
//www.racer-systems.com
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2 Preliminaries

We assume readers to be familiar with the syntax and semantics of the DL
SHOQ (for details see [1]). Since, in the presence of nominals, the ABox can be
internalised, we assume that a SHOQ knowledge base K is a pair (7, R) over a
signature S = (N¢, Ng), where 7 is a TBox, R is a role hierarchy, and N¢ and
Npg are countable, infinite, and pairwise disjoint sets of concept names and role
names respectively. We assume that the set No contains a subset N; of nominal
names and the set Np contains a subset N:z of transitive role names. We say
that a role name r is simple if there is no s € N;g such that s Err, where Eg
is the reflexive transitive closure of C over R.

Definition 1. Let S = (N¢, Ng) be a signature and Ny a countably infinite
set of variable names disjoint from No and Ng. Let C' be a SHOQ-concept over
S, r € Ng a role name, and x,y € Ny. An atom is an expression C(x) or
r(z,y), and we refer to these types of atoms as concept atoms and role atoms
respectively. A Boolean conjunctive query ¢ is a non-empty set of atoms. We
use Vars(q) to denote the set of all variables occurring in q and t(q) for the
cardinality of q. A sub-query of q is simply a subset of q (including q itself).

Let T = (A% ,T) be an interpretation. For a total function m:Vars(q) — A7,
we write

— TE" O() if n(z) € CF;
= I E"r(z,y) if (v(z),7(y)) € rt.

If T E™ at for all atoms at € q, we write T =" q. We say that T satisfies ¢ and
write T = q if there exists a mapping 7 such that T E™ q. We call such a © a
match for g in Z. For a SHOQ knowledge base IC, we say that K entails ¢ and
write K = q if T = K implies T = q.

The query entailment problem is defined as follows: given a knowledge base
K and a query ¢, decide whether K | ¢. Please note that we do not allow
for constants (individual names) in the query. In the presence of nominals this
is clearly without loss of generality. Query entailment is the decision problem
corresponding to query answering, which is a computation problem. For query
answering, let the variables of a conjunctive query be typed: each variable can
either be existentially quantified (also called non-distinguished) or free (also
called distinguished or answer variables). Let ¢ be a query in n variables (i.e.,
#(Vars(q)) = n), of which v1,...,v, (m < n) are answer variables, K a SHOQ
knowledge base, and nom(K) the set of nominals that occur in K. The answers
of K to g are those m-tuples (o1, ...,0,) € nom(K) such that, for all models 7
of K, T ™ q for some 7 that satisfies 7(v;) € {07} for all i with 1 < i < m.
It is not hard to see that the answers of I to ¢ can be computed by testing, for
each (01,...,0mm) € nom(K)™, whether the query ¢’ obtained from ¢ by adding,
for each v; with 1 <4 < m, an atom ({o0;})(v;), is entailed by K.? The answer

2 Please note that, in the presence of constants, it is more common to replace the
distinguished variables v, ..., v, with the constants o1,..., 0., instead of adding
constant atoms.
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to g is then the set of all m-tuples (o1, ...,0p,) for which K = g, ... v, /o1,....0m]-
Let k = #(nom(K)) be the number of nominals used in the K. Since K is finite,
clearly k is finite. Hence, deciding which tuples belong to the set of answers can
be checked with at most £”" entailment tests. This is clearly not very efficient, but
optimisations can be used, e.g., to identify a (hopefully small) set of candidate
tuples.

In the remainder of this paper, we concentrate on query entailment. In the
following, we use K for a SHOQ knowledge base and ¢ for a Boolean CQ over
a common signature S. We use nom(K) for the set of nominals that occur in
and we assume that nom(KXC) is non-empty without further notice. This is w.l.o.g.
since otherwise we can always add an axiom {0} C T to the TBox for a new
nominal o € Nj.

As for the CQ entailment algorithm for SHZQ, we first show that we can
restrict our attention to the canonical models of . Canonical models have a
kind of forest shape, i.e., the elements in the model can be seen as a collection
of trees such that each nominal builds the root of a tree. Additionally, there can
be arbitrary relational structures between the nominals and relations between
an element from within a tree back to some nominal. In order to emphasise
the forest shape of the canonical models, we also define forest bases, where we
omit the shortcuts induced by transitive roles. The role of canonical models
in our decision procedure is roughly speaking the following: for deciding query
entailment, we first rewrite a given query into a set of forest-shaped queries
such that the rewritten queries can be expressed as concepts. We use the forest
structure of the canonical models in order to show that the disjunction of the
obtained concepts is indeed enough for deciding query entailment.

Definition 2. A tree T is a prefiz-closed subset of IN*. For w,w’ € T, we call w’
a successor of w if w' = w - ¢ for some ¢ € N, where “” denotes concatenation.
The empty word € is the root of the tree. Given a set of roots R ={ry,...,r}, a
forest F w.r.t. R is a subset of R x N* such that, for each r; € R, f(r;) = (rs,€)
and the set {w | (r;,w) € F} is a tree.

A forest base for K is an interpretation J = (A7 ,-7) that interprets transi-
tive roles in an unrestricted (i.e., not necessarily transitive) way and, addition-
ally, satisfies the following conditions:

T1 A7 is a forest w.r.t. nom(K), and
T2 if ((0,w), (o/,w'")) € r7, then either w' = ¢ or o = o' and w' is a successor
of w.

An interpretation T is canonical for K, if there exists a forest base J for IC such
that T is identical to J except that, for all non-simple roles r, we have

rf=r7 U U (s7)*+
s Grr, sENir

In this case, we say that J is a forest base for T and, if T = K, we say that T
is a canonical model for K.
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Lemma 1. K [£ q iff there is some canonical model T of K such that T = q.

Proof Sketch: The if direction is trivial. For the only if direction, the proof is
similar to the one for SHZQ. Let 7 be such that Z = K and 7 [~ ¢. Intuitively,
we first unravel Z into a model Z’ of K and then construct a forest base from
the unravelled model. Finally, we obtain a canonical model from the forest base
by transitively closing all roles » € N;z. Since in the unravelling process we
only “break” cycles, the query is still not satisfied in the constructed canonical
model.

3 Reducing Query Entailment to Concept Unsatisfiability

In this section, we introduce the basic ideas that have been used in the develop-
ment of algorithms for CQ entailment. In the following section, we show more
formally how the techniques presented here can be combined in order to obtain
a decision procedure for SHOQ.

The initial ideas used in this paper were first introduced by Calvanese et
al. [2] for deciding CQ containment and hence CQ entailment for DLR,¢4. The
authors show how a query ¢ can be expressed as a concept Cy, such that ¢ is
entailed by a knowledge base iff adding T T —C, makes the KB inconsistent.
In order to obtain the concept C, the query ¢ is represented as a directed,
labelled graph. This graph, called a tuple graph or a query graph, is traversed
in a depth-first manner and, during the traversal, nodes and edges are replaced
with appropriate concept expressions, leading to the concept C after completing
the traversal.

The nodes in a query graph correspond to the variables in the query and are
labelled with the concepts that occur in the corresponding concept atoms. The
edges correspond to the role atoms in ¢ and are labelled accordingly. E.g., let ¢1 =
{C(),s(z,y), D(y)} and gz = {C(), 7(z,y), 7(x,¥’), 5(y, =), s(y', 2), D(2)}. The
query graphs for ¢; and ¢o are depicted in Figure 1 and Figure 2 respectively.
We call g2 a cyclic query since its underlying undirected query graph is cyclic.
For acyclic queries such as ¢, we can build the concept that represents ¢; as
follows: start at x and traverse the graph to y. Since y is a leaf node, remove y
and its incoming edge and conjoin 3s.D to the label C of x, resulting in CMds.D
for Cy, . A given KB K entails ¢; iff CU{T C —Cy, } is inconsistent. Please note
that in the absence of inverse roles in the logic, this process requires that the
query graph has the form of a directed tree.

This reduction is not directly extendable to cyclic queries since, due to the
tree model property of most DLs, a concept cannot capture cyclic relationships.
For simpler logics, only ABox assertions can enforce cyclic relational structures
in every model. One could argue, therefore, that we can replace variables in a
cycle with individual names from the ABox. By identifying variables with each
other, however, some cyclic queries become acyclic. For example, identifying y
and ¢ in ¢o leads to an acyclic query that can be expressed as C M 3r.(3s.D).
Hence, K = ¢ if CU{T C =(CM3r.(3s.D))} is inconsistent.



“dl07-proceedings” — 2007/5/21 — 15:39 — page 69 — #79

Proceeding of DL2007 - Long Papers 69

N
x:C
S T
*—0
x:C D
Fig.1: The (acyclic) query Fig.2: A query graph for the
graph for qi. cyclic query ga.

Last year, we presented a decision procedure for entailment of a restricted
class of CQs in SHOQ [5]. Due to the absence of inverse roles in SHOQ, the
algorithm handles only queries where the tree parts of the query form a di-
rected tree and all cyclic subgraphs build a directed cycle. For example, the
query {r(z,y),7(z,y)} is not accepted as an input for the algorithm. The tech-
nique introduces, however, ideas for dealing with cycles that can arise when
nominals and non-simple roles are present in the knowledge base. For exam-
ple, Figure 3 represents a model for the knowledge base K containing the ax-
iom {o} C =C' N ~=D M 3s.(CM3Ir(DMN3s{o})) with s € Nig. The query
g5 = {C(z), D(y),r(x,y), s(y,x)} (see Figure 4) would clearly be satisfied in each
model of K, although in the relevant matches neither x nor y can be mapped
to the nominal o and without using the nominal o in the query concept, we
cannot enforce the coreference for closing the cycle.

S
- — —S— -
ré_ »> e b
{0,—C,-D} {C} {D} x:C T y:D
Fig. 3: The dashed line indicates the rela- Fig.4: The query graph

tionship added due to s being transitive. for gs.
Therefore, there is a cycle not directly con-
taining the nominal o.

In canonical models for a SHOQ knowledge base, such a directed cycle among
non-nominals can only occur due to a transitive role that provides a shortcut for
“skipping” the nominal. Hence, a nominal is always at least indirectly involved,
e.g., o in the current example. The proposed algorithm allows, therefore, the
replacement of the role atom s(y,z) with two role atoms s(y,v), s(v,z) for a
new variable v. We can then guess that v corresponds to the nominal o and
express the query as a concept in which we use {0} to close the cycle.

In the decision procedure for CQ entailment in SHZQ [3,4], the rewriting
steps also allow for eliminating shortcuts induced by transitive roles that do not
involve nominals (ABox individuals in the case of SHZQ). Let K4y = (7, R, .A)
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be a SHZQ knowledge base with 7 =0, R = {r C ¢}, A = {(Is.3r.3r.3r.T)(a)},
and t € Nig (see Figure 5). The cyclic query g4 = {r(z1, z2), r(x2, x3), (23, 24),
t(z1,24)} (see Figure 6) is clearly entailed by Ky.

[

{a}
Fig.5: A representation of a canonical model 7 for K4. Transitive “shortcuts”
are again indicated by dashed lines.

~ <

& »® )

Fig. 6: The query graph for the query ga.

In order to obtain a tree-shaped query that matches in such a canonical
model, the rewriting steps for SHZQ allow, for each role atom s(z,2’) in a
query such that there is a role s’ € Ny with s’ Exs, to replace s(z,z’) with up
to #(g) role atoms §'(x1,x2), ..., s (x¢—1,x¢) such that 21 = x and z, = 2. In the
above example, we can replace t(x1, x4) with t(x1,22), t(z2, 23), t(xs3, x4) and ob-
tain the query ¢j = {r(z1,22),7(x2, x3),r(xs,x4), t(x1, x2), t(x2, x3), t(x3,24)}.
Using role conjunctions, we can now build the query concept Cy = 3(rMt).(3(rr1
t).(3(rMt).T)). We can now use the concept Cy; as described above and reduce
the query entailment problem for a SHZQ knowledge base to a knowledge base
consistency problem for SHZQ", i.e., SHZQ with role conjunctions.

Usually, there is not just one query concept for a given query. In the rewrit-
ing process, we build query concepts for all tree-shaped queries obtained by
identifying variables and by replacing role atoms as described above. We then
check whether KC entails the disjunction of the obtained concepts, which can be
reduced to checking the consistency of K extended with all axioms T E —~C,
such that Cy is one of the obtained query concepts.

We now define the different rewriting steps more formally and show how the
different rewriting steps can be combined into a decision procedure for general

CQs in SHOQ.

4 Conjunctive Query Entailment for SHOQ

For deciding whether a given Boolean CQ is entailed by a SHOQ knowledge
base, we transform the query in a four stage process into a set of SHOQ"
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concepts, i.e., SHOQ with role conjunctions. We can then reduce the task of
deciding CQ entailment to the task of deciding SHOQ"" knowledge base consis-
tency.

In the first step, called collapsing, we can identify variables. In the second
step, we can replace role atoms of the form r(x, 2’) for which r is non-simple with
up to #(q) role atoms. This allows for explicating all shortcuts due to transitive
roles in the query. In the third step, we “guess” which variables correspond to
nominals and filter out those queries that can still not be expressed as a SHOQ"
concept. Those queries are trivially false since the structure specified by the query
cannot be enforced by a SHOQ concept and hence cannot be mapped to the
canonical models of the knowledge base. Finally, we express the resulting queries
as concepts and use these concepts for deciding entailment of the original query.

Definition 3. A collapsing of q is obtained as follows:

1. Build a partition P of Vars(q),
2. choose, for each P € P, one variable name x € P, and
3. replace each occurrence of ' € P with x.

We use co(q) to denote the set of all queries that are a collapsing of q.

A transitivity rewriting of q is obtained by fizing a set V. C Ny of variables
not occurring in q such that §(V)) < §(Vars(q)) and by choosing, for each role
atom r(x,2') € q such that there is an s € Nyg with s Brr, to replace r(z, ")
with 1 < £ < #(q) role atoms s(x1,x2),...,8(xe—1,x¢), where x1 = x, v = ',
and xa, ...,z € Vars(q) UV. We use tric(q) to denote the set of all queries that
are a transitivity rewriting of a query q., € co(q).

We assume that tric(g) contains no isomorphic queries, i.e., differences in
(newly introduced) variable names only are neglected.

We now show how we can filter out those queries that are trivially false
since they have a structure that cannot occur in canonical models. For this, we
use forest structures that are similar to canonical models. We first guess which
variables of the query correspond to nominals. Between those variables, the role
atoms of the query can induce arbitrary relational structures. All other variables
are mapped to trees such that for a role atom r(x,y) either the image of y is a
successor of the image of x in the tree or y corresponds to a nominal and r(z,y)
corresponds to an edge back to some nominal.

Definition 4. A tree mapping w.r.t. ¢ is a total and bijective function f from
Vars(q) to a tree T such that r(z,a") € g implies that f(z') is a successor of
f(x). A query q is tree-shaped if there exists a tree mapping w.r.t. q.

A root choice is a subset of Vars(q). A forest mapping w.r.t. ¢ and a root
choice R is a total function f from Vars(q) to a forest F w.r.t. R such that if
r(z,2") € q, then either ' € R or there is some x, € R such that f(z) = (x,, w)
and f(z') = (., w - ¢). We say that q is forest-shaped w.r.t. R if either R = ()
and q is tree-shaped or R # () and there exists a forest mapping w.r.t. ¢ and R.

We use fric(q) to denote the set of all pairs (qi-, R) such that qi € tric(q), R
is a root choice w.r.t. qi., and q, is forest-shaped w.r.t. R.



72

“dl07-proceedings” — 2007/5/21 — 15:39 — page 72 — #82

Proceeding of DL2007 - Long Papers

Similarly to forest-shaped queries, we define tree- and forest-shaped matches
on canonical models.

Definition 5. Let T = (AZ,Z) be a canonical model for K such that T ™ q.
A match 7 induces a root choice R = {x | w(x) = (0,€) for some o € nom(K)}.
We call m a tree match if R = 0 and there exists a bijective function f from
ran(m) to a tree T such that r(z,z") € q implies that f(n(z')) is a successor
of f(m(x)). We call m a forest match if either m is a tree match or there is a
total mapping [ from ran(w) to a forest F w.r.t. R such that r(x,z’) € q implies
that either f(m(a')) = (2',¢) or there is some x, € R such that f(mw(z)) =

(@, w), f(m(2")) = (zr,w - €).

The following lemma shows that we can indeed omit queries that are not
forest-shaped w.r.t. some subset of variables R.

Lemma 2. Let T = (AZ,-%) be a model for K.

(1) If T is canonical and T = q, then there is a pair (g, R) € fric(q) and a
forest match 7 such that T E™ g and R is the root choice induced by 7 .

(2) If (gtr, R) € fric(q) and T = qir, then I = q.

The proof is very similar to the proofs for SHZQ [3,4]. Intuitively, we use
the canonical model Z to guide the rewriting process in the proof of part (1) of
Lemma 2. Part (2) of Lemma 2 mainly follows from the fact that we only use
non-simple roles in the transitivity rewritings.

We now build a query that consists of only concept atoms for each (gs-, R) €
fric(q) by replacing the variables from R with nominals from nom(K) and apply-
ing the rolling-up technique.

Definition 6. Let (qi, R) € fri(q). A grounding for ¢ w.r.t. R is a total
function 7: R — nom(KC). Let f be a forest mapping w.r.t. ¢ and R. We build
con(gsr, R, T) as follows:

1. For each r(z,x,) € g with x, € R, replace r(z,x,) with 3r{r(z,)})(x).
2. For each x, € R add a concept atom ({7(x,)})(xr) to qir.
3. We now inductively assign to each x € Vars(qy) a concept con(z) as follows:
— if there is no role atom r(z, ') € qr, then con(z) := [1c(4)eq, €
— if there are role atoms r(x,x1),...,r(z,x) € qir, then

con(@) = [Now)eq., €1
ngigk 3( Hr(x,xi)eqtr ’I") 'Con<$i)'

4. Finally, con(qir, R,7) = {(con(x))(x) | « € Vars(qy) and there is no role
atom r(x',x) € qu-}.

We use cong(q) for the set {con(g, R, 7) | (¢r, R) € fric(q) and T is a grounding
w.r.t. R}.
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Please note that after the first step, the resulting query consists of a set
of unconnected components such that each component is a tree-shaped query
with a distinguished root variable that has no incoming edges. In step 4, we
collect all query concepts for these root variables in the set con(gy, R, 7). Hence
con(qsr, R, 7) is a conjunctive query of the form {C}(z1),...,Cp(z,)} with z; #
x; for 1 <i<j<nandeachC;isa SHOQ -concept.

Lemma 3. Let T be a model of K.

(1) If T is canonical and I |= q, then there is some con(qs,, R, 7) € conx(q) such
that T |= con(qer, R, 7).
(2) If T = con(qir, R, 7) for some con(qy, R, 7) € conk(q), then T |= q.

Informally, the use of nominals in the constructed concepts still enforces the
same structures that are required by the query.

We now show that the union of the queries in cong(¢) can be used to decide
entailment of ¢. Since we now use unions of conjunctive queries, we introduce
their semantics more formally:

Definition 7. A union of Boolean conjunctive queries is a formula g1V ...V qn,
where each disjunct q; is a Boolean conjunctive query. A knowledge base IC entails
a union of Boolean conjunctive queries g1V ...V qp, written as K = q1 V...V qn,
if, for each interpretation I such that T |= IC, there is some i with 1 < i < n
such that T = ¢;.

W.l.o.g. we assume that the variable names in each disjunct are different
from the variable names in the other disjuncts. This can always be achieved by
naming variables apart.

Putting everything together, we get the following theorem, which shows that
the queries in cong (q) are indeed enough to decide whether K | g.

Theorem 1. Let {q1,...,q} =cong(q). Then K= qiff KEq@ V... Vq.

Please note that each disjunct ¢; is a set of concept atoms of the form
{Ci(x}),...,CL (x,)}, i.e., each ¢; contains n; unconnected components. In the
following, we assume for convenience that conjunctive queries are written as a
conjunction of atoms instead of in the set notation, e.g., we now write each of the
disjuncts {C}(z}),...,C}, (af,)} as Ci(z}) A...ACL (x,,). By transforming the
disjunction of queries in coni(¢) into conjunctive normal form (cf. [10, 7.3.2]), we
can reduce the problem of deciding whether K = ¢1 V...V g, to deciding whether
K entails each union of connected conjunctive queries {at1} V ...V {at¢} such
that at; a concept atom from ¢;. Let coni(q) = {q1, ..., q¢}. We use cnf(conk(q))
for the conjunctive normal form of ¢; V...V ¢;. We now show how we can de-
cide entailment of unions of conjunctive queries, where each conjunct consists of

one concept atom only. This suffices to decide conjunctive query entailment for

SHOQ.
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Definition 8. Let K = (7, R) be a SHOQ knowledge base, q a Boolean con-
gunctive query, and {Cy(x1) V ...V Ce(z¢)} a conjunct from cnf(conk(q)). An
extended knowledge base w.r.t. K and ¢ is a pair (7 U7, R)) such that 7,
contains an axiom T E =C; for each i with 1 <1 < /£,

We can now use the extended knowledge bases in order to decide conjunctive
query entailment as follows:

Theorem 2. K |= ¢ iff each extended knowledge base K, w.r.t. K and q is
inconsistent.

Please note that the extended knowledge bases are in SHOQ"'. It is, however,
not hard to see how the Tableaux algorithm for SHOQ [6] can be extended to
handle such extended KBs, which then provides a decision procedure for CQ
entailment in SHOOQ.

5 Conclusions

In the previous section, we have presented a decision procedure for CQ entail-
ment in SHOQ. This is, to the best of our knowledge, the first CQ entailment
decision procedure that can handle nominals. In addition, we allow for non-
simple roles in the query as well, which is a feature that is known to be tricky.
Since the set of rewritten queries can potentially be large, the algorithm is more
suitable for showing decidability of the problem rather than building the foun-
dation of implementable algorithms. By analysing the role hierarchy one can,
however, avoid several rewritings. Going back to the example knowledge base
K4 and query g4 (see Figure 5 and 6) in Section 3, it is not hard to see that
with the given role hierarchy the atom ¢(z1,x4) is redundant. Every match for
the remaining role atoms implies the existence of a suitable ¢-edge. Since after
removing this redundant role atom the query is acyclic, no rewriting is necessary
in order to decide entailment. It will be part of our future work to investigate
whether such an analysis of query and role hierarchy can be used instead of
the transitivity rewriting step. Furthermore, we will try to find tight complexity
bounds for the conjunctive query entailment problem in SHOQ and we will try
to show decidability of conjunctive query entailment in SHOZQ.
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Abstract. We develop a formal framework for modular ontologies by
analysing four notions of conservative extensions and their applications in
refining, re-using, merging, and segmenting ontologies. For two members
of the DL-Lite family of description logics, we prove important meta-
properties of these notions such as robustness under joins, vocabulary
extensions, and iterated import of ontologies. The computational com-
plexity of the corresponding reasoning tasks is investigated.

1 Introduction

In computer science and related areas, ontologies are used to define the meaning
of vocabularies designed to speak about some domains of interest. In ontology
languages based on description logics (DLs), such an ontology typically consists
of a TBox stating which inclusions hold between complex concepts built over the
vocabulary. An increasingly important application of ontologies is management
of large amounts of data, where the ontology is used to provide flexible and
efficient access to repositories consisting of data sets of instances of concepts
and relations of the vocabulary. In DLs, such repositories are typically modelled
as ABoxes.

Developing ontologies for this and other purposes is a difficult task. When
dealing with DLs, the ontology designer is supported by efficient reasoning tools
for classification, instance checking and some other reasoning problems. However,
it is generally recognised that this support is not sufficient when ontologies are
not developed as ‘monolithic entities’ but rather result from importing, merging,
combining, re-using, refining and extending existing ontologies. In all those cases,
reasoning support for analysing the impact of the respective operation on the
ontology would be highly desirable. Typical reasoning tasks in this case may
include the following:

— If we add some new concepts, relations and axioms to our ontology, can
new assertions over the vocabulary of the original TBox be derived from the
extended TBox?

— When importing an ontology, do we change the meaning of its vocabulary?

— When looking for a definition of some concepts, what part of the existing
ontology defining them should be used?
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Recently, the notion of conservative extension has been identified as fundamental
for dealing with problems of this kind [1-5]. Parameterising this notion by a lan-
guage L, we say that a TBox 7 is a conservative extension of a TBox 7’ w.r.t. L
if 7 = « implies 7’ |= «, for every « from £ which only uses the vocabulary of
7. In these papers, the main emphasis has been on languages £ consisting of
TBox axioms over some description logic (such as ALC) and the much stronger
notion of model conservativity which corresponds to the assumption that o can
be taken from any language with standard Tarski semantics (e.g., second-order
logic). Considering TBox axioms is motivated by the fact that ontologies are
developed and represented via such axioms. They are the syntactic objects an
ontology designer is working with, and a possibility to derive some new axioms
appears therefore to be a good indicator as to whether the meaning of symbols
has changed in any relevant sense. The notion of model conservativity is moti-
vated by its flexibility: whatever language £ is chosen, no new consequences in
L will be derivable [5,4]. A third option (which lies between the two above as
far as expressivity is concerned) is as follows: if the main application of the on-
tologies 7 and 7" is to provide a vocabulary and its meaning for posing queries
to ABoxes, then it appears to be of interest to regard 7 as a conservative ex-
tension of 7' if, for every ABox A and every (say, positive existential) query ¢
in the vocabulary of 7’7, any answer to ¢ given by (7,.A4) is given by (7', .A)
as well. It can thus be seen that there is a variety of notions of conservativity
which can be used to formally define modularity in ontologies. The choice of the
appropriate one depends on what the ontologies are supposed to be used for, the
computational complexity of the corresponding reasoning tasks, and the relevant
meta-properties and ‘robustness’ of the notion of conservativity.

Here we investigate these and related notions of conservative extensions for
the DL-Lite family of description logics [6-8]. DL-Lite and its variants are weak
descriptions logics that have been designed in order to facilitate efficient query-
answering over large data sets. We introduce four different notions of conservativ-
ity for two languages within this family, motivate their relevance for modularity
and re-use of ontologies, study their meta-properties, and determine the compu-
tational complexity of the corresponding reasoning tasks. All the proofs can be
found in the Appendix available at http://www.csc.liv.ac.uk/ frank.

2 The DL-Lite Family

The DL-Lite family of DLs has been introduced and investigated in [6-8] with
the aim of establishing maximal subsets of DL constructors for which the data
complexity of query answering stays within LOGSPACE. The ‘covering’ DL of
the DL-Lite family is known as DL-Litepoo; [8]. As DL-Liteyyo; itself contains
classical propositional logic, query answering in it is CONP-hard, but by taking
the Horn-fragment DL-Litey, ., of DL-Litey,o;, one obtains a language for which
query answering is within LOGSPACE [8] (precise formulations of these results
are given below).
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The language of DL-Litey,, has object mames ay,as,..., concept names
Ay, Ao, ..., and role names Py, Ps,.... Complex roles R and DL-Litep,,; con-

cepts C are defined as follows:

R == P | P,
B == L1 | T | A | >¢R,
O = B | —\C I 01 M 02,

where ¢ > 1. The concepts of the form B above are called basic. A DL-Litepoo;
concept inclusion is of the form Cy C Cy, where Cy and Cy are DL-Liteyoo;
concepts. A DL-Litey,,; TBoz is a finite set of DL-Litey,,; concept inclusions.
(Other concept constructs like IR, < ¢ R and C; U Cs will be used as standard
abbreviations.)

As mentioned above, we also consider the Horn fragment DL-Litey., of
DL-Litepoo;: a DL-Liteyor, concept inclusion is of the form

|—|Bk C B,
k

where B and the By, are basic concepts. In this context, basic concepts will also
be called DL-Litepor, concepts. Note that the axioms [, By C L and T C B are
legal in DL-Liteyr,. A DL-Litepor, TBox is a finite set of DL-Litey,,,, concept
inclusions. For other fragments of DL-Litey,,; we refer the reader to [6-8]. It is
worth noting that in DL-Litep,., we can express both global functionality of a
role and local functionality (i.e., functionality restricted to a (basic) concept B)
by means of the axioms > 2R C | and B> 2R C L, respectively.

Let £ be either DL-Litey,,; or DL-Liteyorn. An L-ABox is a set of assertions
of the form C(a;), R(a;,a;), where each C is an L-concept, R a role, and a;, a;
are object names. An £ knowledge base (L-KB) is a pair (7,.A) consisting of an
L-TBox 7 and an £-ABox A.

An interpretation T is a structure of the form (AT, AT ... PL ...af ..),
where AZ is non-empty, A7 C AT, PF C AT x AT and af € AT such that
al # ajI-7 for a; # a; (i.e., we adopt the unique name assumption). The extension
CT C AT of a concept C is defined as usual. A concept inclusion C; T C is
satisfied in T if CT C CF; in this case we write Z |= C C Cs. T is a model for a
TBox 7 if all concept inclusions from 7 are satisfied in Z. A concept inclusions
Cy C Cs follows from T, T = C1 C Oy in symbols, if every model for 7T satisfies
C1 C Cs. A concept C is T-satisfiable if there exists a model Z for 7 with
CT # (). We say that 7 is a model for an L-KB (7, A) if Z is a model for 7 and
every assertion of A is satisfied in 7.

An (essentially positive existential) L-query q(x1,...,2z,) is a formula

3yl o Hym@(ﬁla sy Ty Yty e 7ym)a

where ¢ is constructed, using only A and V, from atoms of the form C(¢) and
P(t1,t2), with C being an L-concept, P a role, and ¢; being either a variable from
the list «1,...,%n,Y1,- .., Ym OF an object name. Given an L-KB (7,.A) and an
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L-query ¢(x), with @ = z1,...,2,, we say that an n-tuple a of object names
is an answer to q(x) w.r.t. (7,.A) and write (7,.A4) = ¢(a) if, for every model
T for (7, A), we have T = ¢g(a). The data complexity of the query answering
problem for DL-Litey ., knowledge bases is in LOGSPACE, while for DL-Litepoo;
it is CONP-complete [8].

3 Types of Conservativity and Modularity

In this section, we introduce four different notions of conservative extension for
DL-Litepoo; and DL-Litepory, discuss their applications, investigate their meta-
properties, and determine the computational complexity of the corresponding
reasoning tasks. By a signature we understand here a finite set Y of concept
names and role names? Given a concept, role, TBox, ABox, or query E, we
denote by sig(F) the signature of E, that is, the set of concept and role names
that occur in E. It is worth noting that the symbols | and T are regarded as
logical symbols. Thus, sig(L) = sig(T) = (. A concept (role, TBox, ABox, query)
E is called a X-concept (role, TBox, ABoz, query, respectively) if sig(F) C X.
Thus, P~ is a Y-role iff P € Y. As before, we will use £ as a generic name for
DL-Litep,,; and DL-Litey,opy,-

Definition 1 (deductive conservative extension). Let 7; and 73 be £-TBoxes and
X a signature. We call 7; U T3 a (deductive) conservative extension of Ty in L
w.r.t. X if, for every L-concept inclusion C; C Co with sig(Cy E Cy) C X, we
have 77 = C1 C Cy whenever 77 U7, = Cp C Cs.

This notion of deductive conservative extension is appropriate in the following
situations; see also [2]. (i) Suppose that 77 is a TBox which does not cover
part of its domain in sufficient detail. An ontology engineer, say Eve, decides
to expand it by axioms 75, but wants to be sure that by doing this she does
not interfere with the derivable inclusions between X'-concepts. Then she should
check whether 7; U 73 is a conservative extension of 77 in £ w.r.t. to X. (ii) If
the designer of an ontology 75 imports an ontology 7; and wants to ensure that
no extra inclusions between sig(77)-concepts are derivable after importing the
ontology, then again she should check whether 77 U75 is a conservative extension
of 71 in £ w.r.t. sig(77). Observe that in DL-Litepoo;, 73 U T3 is a deductive
conservative extension of 77 iff every 7;-satisfiable DL-Litep,,; concept C' with
sig(C) C X' is also 77 U Ta-satisfiable.

Theorem 1. For any DL-Litep,r, TBoxes 11, 7o and any signature X, the
following two conditions are equivalent:

— 71 U7 is a conservative extension of Ty in DL-Litepyo w.r.t X;
— 71 U7 is a conservative extension of 7y in DL-Litepom, w.r.t. X.

3 In the languages we consider, object names do not occur in TBoxes. Therefore, in this
paper, we assume that signatures do not contain object names. When considering
languages with nominals one would have to allow for object names in signatures.
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For DL-Liteyorn, TBoxes, the problem of deciding whether Ty U5 is a conserva-
tive extension of 7y in DL-Liteor, w.r.t X is CONP-complete. For DL-Litepy
TBozxes, this problem is II5-complete.

Observe that the complexity lower bounds follow immediately from the same
lower bounds for the corresponding reasoning problems in classical proposi-
tional (Horn) logic. The upper bounds are proved in the Appendix. We remind
the reader that conservativity is much harder for most DLs: it is EXPTIME-
complete for £L [9], 2ExPTIME-complete for ALC and ALCQZ, and undecidable
for ALCOTZO [2,4]. To explain, at a very high level, the reason for these results
we consider the notion of a conservative extension in DL-Litep,,;: let 77 and 73
be TBoxes and X' a signature with X C sig(77). 71 U753 is not a conservative ex-
tension of 77 in DL-Litey,,; w.r.t. X if, and only if, there exists a concept C' with
sig(C) C X such that C is satisfiable relative to 7; but not relative to 773 U Ts.
We call such a concept C a witness-concept. Thus, a decision procedure for con-
servativity can be regarded as a systematic search for such a witness-concept. In
standard description logics such as DL-Litep,o;, EL, ALC, etc. the space of all
possible witnesses is infinite. (This observation implies that from the decidability
of the problem whether a concept is satisfiable w.r.t. a TBox it does not neces-
sarily follow that conservativity is decidable.) Now, we prove in the Appendix
that for DL-Litey,,; the existence of some witness concept implies the existence
of a witness concept of size polynomial in the size of 77 and 75 and which uses
only the numeral parameters which occur in number restrictions from 77 U 75.
In contrast, in ££ one can construct examples in which minimal witnesses for
non-conservativity are of double exponential size in the size of 7; and 73 [9)].
In ALC, one can even enforce minimal witness concepts of triple exponential
size [2]. The reason for this difference is the availability of qualified quantifica-
tion in those language, and its absence in DL-Litep,,;. The result on the size of
witness concepts for DL-Litey,,; is easily converted into a decision procedure for
non-conservativity which is in I75: just (non-deterministically) guess a concept
C of polynomial size in the size of 7; and 75 and with sig(C) C X' and check, by
calling an NP-oracle, whether (i) C' is satisfiable w.r.t. 73 and (ii) not satisfiable
w.r.t. 731 U75. Because of the larger size of minimal witnesses, no such procedure
exists for £L or ALC.

Consider now the situation when the ontology designer is not only interested
in preserving derivable concept inclusions, but also in preserving answers to
queries, for both DL-Litep,,; and DL-Litey, TBoxes.

Definition 2 (query conservative extension). Let 77, 72 be £-TBoxes and X a
signature. We call 71 U 75 a query conservative extension of Ty in L w.r.t. X
if, for every £-ABox A with sig(A) C X, every L-query ¢ with sig(q) C X,
and every tuple a of object names from A, we have (71,.4) = ¢(a) whenever

(LU T2, A) = q(a).

It is easy to see that query conservativity implies deductive conservativity
for both logics DL-Litey,o; and DL-Litepor,. Indeed, let £ be one of DL-Liteyoo;
and DL-Litepor,. Suppose that we have 7; = Cy C Cy but 73 U T | Cy C Co,
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for some L-concept inclusion C; C Cy with sig(C; C Cp) C X. Consider the
ABox A = {C1(a)} and the query ¢ = C2(a). Then clearly (73 U 73, A) | ¢,
while (73,.A) £ g. Note that in DL-Litepor, C1 = By M-+ M By and Cy = B,
where B, By, ..., By are basic concepts.

The following example shows, in particular, that the converse implication
does not hold.

Ezample 1. (1) To see that there are deductive conservative extensions which are
not query conservative, take 7; = 0, 7o = {A C 3P,3P~ C B} and X = {A, B}.
Then 7 is a deductive conservative extension of 77 (in both DL-Litey,, and
DL-Litepor,) w.r.t. X. However, it is not a query conservative extension: let
A= {A(a)} and ¢ = 3y B(y); then (71,A) = q but (72, A) = q.

(2) Note also that query conservativity in DL-Litepq., does not imply query
conservativity in DL-Litepoe. Indeed, let 73 =0, T, = {AC3IP,AN3IP~ C 1}
and X = {A}. Then 75 is not a query conservative extension of 77 in DL-Litepo;
w.r.t. X: just take A as before and ¢ = Jy —~A(y). But it is a query conservative
extension in DL-Litepopy,.

In the definition of essentially positive existential queries for DL-Litepoo;
above, we have allowed negated concepts in queries and ABoxes. An alternative
approach would be to allow only positive concepts. These two types of queries
give rise to different notions of query conservativity: under the second definition,
the TBox 73 from Example 1 (2) is a query conservative extension of 7; = ()
w.r.t. {A}, even in DL-Litey,,. We argue, however, that it is the essentially pos-
itive queries that should be considered in the context of this investigation. The
reason is that, with positive queries, the addition of the definition B = —A to 75
and B to X would result in a TBox which is not a query conservative extension
in DL-Litey,,; of 77 any longer. This kind of non-robust behaviour of the notion
of conservativity is clearly undesirable. Obviously, the definitions we gave are
robust under the addition of such definitions. Moreover, two extra robustness
conditions hold true.

Definition 3 (robustness). Let X be a signature and consy a ‘conservativity’
relation between TBoxes w.r.t. Y. (For example, consx (77, 7;U73) can be defined
as ‘T3 U 75 is a deductive conservative extension of 7 in DL-Litepyo; w.r.t. X7).

— We say that consy is robust under joins if (7g, To UT1), (7o, ToUT2) € consy
and sig(7;) N sig(T2) C X imply (7o, UT; UTy) € consy;

— consy is robust under vocabulary extensions if (71,71 U 7Tz) € consy implies
(71,71 UT3) € consyy, for all signatures X’ with sig(7; U o) N Y C X

Roughly speaking, robustness under joins means that an ontology can be safely
imported into joins of independent ontologies if each of them safely imports the
ontology: if the shared symbols of 7; and 73 are from Y, and both 73 U 7y and
75 U 7, are conservative extensions of 7y w.r.t. X, then the join 77 U 75 U 7
is a conservative extension of 7y w.r.t. X. In practice, this property supports
collaborative ontology development in the following sense: it implies that if two
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(or more) ontology developers extend a given ontology 7y independently and do
not use common symbols with the exception of those in a certain signature X
then they can safely form the union of 7y and all their additional axioms provided
that their individual extensions are safe for X' (in the sense of deductive or,
respectively, query conservativity). This property is closely related to the well-
known Robinson consistency lemma and interpolation (see e.g., [10]) and has
been investigated in the context of modular software specification [11] as well.
We refer the reader to the Appendix for a more detailed discussion.

Robustness under vocabulary extensions is even closer to interpolation: it
states that once we know conservativity w.r.t. X', we also know conservativity
with respect to any signature with extra fresh symbols. The practical relevance of
this property is as follows: when specifying the signature X' for which an ontology
developer wants to check conservativity, the developer only has to decide which
symbols from 7; and 75 she wants to include into X. The answer to the query
does not depend on whether X contains fresh symbols or not.

Theorem 2. Both deductive and query conservativity in both DL-Litey,,; and
DL-Litepor, are robust under joins and vocabulary extensions.

Actually, in DL-Litepo, and DL-Litep,,; we even have a much stronger form
of interpolation which is known as the uniform interpolation property [12,13].
Let 7 be a TBox and X a signature. A TBox 7" is called a uniform interpolant
for 7 wr.t. X in £ if 7' is an £-TBox, sig(7’) C X, T = 7/, and for all L-
concept inclusions Cy E Cy with 7 |= Cy C Cs and sig(Cy, Co) Nsig(T) C X, we
have 7' = C; C Cs.

Intuitively, a uniform interpolant for 7 w.r.t. X contains exactly the same
information about X in terms of concept inclusions as 7 without using additional
symbols. For most DLs, such as ALC, uniform interpolants do not necessarily
exist [2].

Theorem 3. Let L be DL-Liteyr, or DL-Litep,o. Then for every L-TBox T
and every signature X there exists a uniform interpolant for T w.r.t. X in L.

We note that one has to be very careful when interpreting the meaning of
uniform interpolants. Consider, for instance, 7 = {AC 3P, AN3P~ C L} and
Y = {A}. The TBox 7’ = () is a uniform interpolant of 7 w.r.t. X in DL-Litepye;-
However, as we saw in Example 1, the TBoxes 7 and 7’ behave differently with
respect to queries in X: (7,{A(a)}) E Jz-A(z) but (77, {A(a)}) £ Jz -A(z).

As sketched above, one application of deductive and query conservativity is to
ensure that, when importing an ontology 7, one does not change the meaning
of its vocabulary (in terms of concept inclusions or answers to queries). We
now consider the situation where the ontology 7 to be imported is not known
because, for example, it is still under development or because different ontologies
can be chosen. In this case, 7 should be regarded as a ‘black box’ which supplies
information about a signature Y. To ensure that the meaning of the symbols in
X as defined by this black box is not changed by importing it into 77, one has
to check the following condition:
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Definition 4 (safety). Let X be a signature and 7; an £-TBox. We say that 7y
is safe for X w.r.t. deductive (or query) conservativity in L if, for all L-TBoxes T
with sig(7)Nsig(7;) C X', 77 UT is a deductive (respectively, query) conservative
extension of 7 in £ w.r.t. X.

This notion has been introduced in [3] where the reader can find further dis-
cussion. A natural generalisation of safety, considered in [5], is the following

property:

Definition 5 (strong deductive/query conservative extension). Let 7; and 73 be
L-TBoxes and X a signature. We call 73 U7 a strong deductive (query) conser-
vative extension of 7y in £ w.r.t. X if 7; UTo UT is a deductive (respectively,
query) conservative extension of 77 U7 in £ w.r.t. X, for every £-TBox 7 with
sig(T) Nsig(T1 UTz) C 2.

Observe that safety is indeed a special case of strong conservativity: it covers
exactly the case where the TBox 77 in the definition of strong conservativity is
empty. A typical application of strong conservativity for ontology re-use is as
follows (see [5]). Suppose that there is a large ontology O and a subset X of
its signature. Assume also that the ontology designer wants to use what O says
about X' in her own ontology 7 she is developing at the moment. Then instead
of importing O as a whole, it would be preferable to find a small subset 7; of O,
which says precisely the same about X' as O does, and import only this small 73
rather than the large O. But then what are the conditions we should impose on
71?7 An obvious minimal requirement is that by importing 77 into 7 we obtain
the same consequences for subsumptions/queries over X' as by importing O into
7. Depending on whether concept inclusions or answers to queries are of interest,
one therefore wants O = 7; U 75 to be a strong deductive or query conservative
extension of 7; w.r.t X. We refer the reader to [5] for further discussion and
algorithms for extracting such TBoxes from a given TBox.

Ezample 2. (1) Let us see first that strong deductive conservativity is indeed a
stronger notion than deductive conservativity, for DL-Litey,,; and DL-Litepopp.
Consider again the TBoxes 7; = ), 7o = {A T 3R, AMN3JR™ C 1}, and
Y = {A}. Then 7; U 75 is a deductive conservative extension of 77 w.r.t. X.
However, 7; U7 is not a strong deductive conservative extension of 77 w.r.t. 3.
Let 7 ={T C A}. Then we have 7 UL UT ETC Lbut Z UT £ TLC L.

(2) We show now that an analogue of Theorem 1 does not hold for strong
deductive conservativity. Let 7; and 75 be the following DL-Litey,, TBoxes

7. = {AnNBC 1, TC3p, TC3r, 3P CA, 3P, C B},

T, = {TC3R, AN3R C 1, BMN3R L1},
and let ¥ = {A,B, P, P>}. 75 says that T [Z AU B. Now, in DL-Liteyol,
7T, U5 is not a strong deductive conservative extension of 7; w.r.t. X: just take

7 ={T C AUB}. However, 7; UT; is a strong deductive conservative extension
of 77 in DL-Litepopmp.
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Obviously, the robustness conditions introduced above are of importance for the
strong versions of conservativity as well.

Theorem 4. Both strong deductive and strong query conservativity are robust
under joins and vocabulary extensions for DL-Litep,o; and DL-Litepgpy,.

In addition to these types of robustness, the following condition, which is
dual to robustness under joins, is of crucial importance for iterated applications
of the notion of safety for a signature. Suppose that 7 is safe for Xy U Xy
under some notion of conservativity and Xy N Xy = (. Then, for any 7; with
sig(71) N (sig(T)U Xy) C Xy, the TBox 7 UT; should be safe for X5 for the same
notion of conservativity. Without this property, one might have the situation
that a TBox is safe for a signature Xy U X5, but after importing a TBox for Xy
the resulting TBox is not safe for X5 any longer, which is clearly undesirable.

Theorem 5 (robustness under joins of signatures). Let £ be either DL-Litepoo
or DL-Litepor. If an L-TBox T is safe for a signature X1 U Xy w.r.t. deduc-
tive/query conservativity in L, Xy N Xy =0 and Ty is a satisfiable L-TBox with
sig(71) N (sig(7) U Xo) C Xy, then T U Ty is safe for Xy w.r.t. deductive/query-
conservativity in L.

This result follows immediately from the fact that any two satisfiable £-
TBoxes in disjoint signatures are strong query conservative extensions of each
other. This property fails for a number of stronger notions of conservativity, for
example, model conservativity.

The next theorem shows that in all those cases where we have not provided
counterexamples the introduced notions of conservativity are equivalent:

DL-Litep o deductive < query < strong deductive = strong query

DL-Litepoo; deductive < query = strong deductive = strong query

It also establishes the complexity of the corresponding decision problems.

Theorem 6. Let L be either DL-Litey,o; or DL-Liteporn,, 71 and T3 L-TBozes,
and X a signature.
For L = DL-Litepy, the following conditions are equivalent:

(1) Ty UTs is a query conservative extension of Ty in L w.r.t. X;
(2) 71 UTs is a strong deductive conservative extension of Ty in L w.r.t. X;
(3) 71 U7Ts is a strong query conservative extension of Ty in L w.r.t. X.

For £ = DL-Litep o, conditions (2) and (3) are equivalent, while (1) is strictly
weaker than each of them.

For DL-Liteporm, the decision problems corresponding to conditions (1)—(3)
are all CONP-complete. For DL-Litey,,;, these problems are Hg—complete.

We believe that the equivalences stated in Theorem 6 are somewhat surpris-
ing. For example, it can be easily seen that for ALC none of those equivalences
holds true.
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4 Model-Theoretic Characterisations of Conservativity

All the results discussed above are proved with the help of the model-theoretic
characterisations of our notions of conservativity formulated below.

Let X' be a signature and @ a set of positive natural numbers containing 1. By
a Y Q-concept we mean any concept of the form L, T, A;, > ¢ R, or its negation
for some A; € X, Y-role R and ¢ € Q. A YQ-type is a set t of X Q-concepts
containing T such that the following conditions hold:

— for every Y'Q-concept C, either C' € t or =C € t,
— if ¢ < ¢’ are bothin Q and > ¢’ R € t then > qR € t,
— if ¢ < ¢’ are both in Q and (> ¢ R) € t then —(> ¢’ R) € ¢.

It should be clear that, for each X'Q-type t with L ¢ ¢, there is an interpretation
T and a point z in it such that, for every C € ¢, we have x € CZ. In this case
we say that t is realised at x in Z, or that t is the X'Q-type of x in T.

Definition 6. A set = of XY Q-types is said to be T -realisable if there is a model
for 7 realising all types from =. We also say that = is precisely T -realisable if
there is a model Z for 7 such that Z realises all types in = and every Y Q-type
realised in 7 is in =.

Given a signature Y/, we say that interpretations Z and J are X-isomorphic
and write Z ~x J if there is a bijection f: AT — A7 such that f(a?) = a7,
for every object name a, » € AT iff f(x) € A7, for every concept name A € X,
and (z,y) € PT iff (f(z), f(y)) € P7, for every role name P € X. Clearly,
J-isomorphic interpretations cannot be distinguished by TBoxes, ABoxes, or
queries over X.

Given a set Z;, i € I, of interpretations with 1 € I, define the interpretation
(the disjoint union of the Z;) J = @,.; Z;, where AT = {(i,w) | i € I,w € A;},
a? = (1,a®), for every object name a, A7 = {(i,w) | w € AL:}, for every
concept name A, and P7 = {((i,w1), (i,ws)) | (w1, ws) € P%i}, for every role
name P. Given an interpretation Z, we set 7% = @, ., Z;, where Z; = T for i € w.
Again, it should be clear that TBoxes, ABoxes or queries (over any signature)
cannot distinguish between Z and Z*.

The following lemma provides an important model-theoretic property of
DL-Litep,,; which is used to establish model-theoretic characterisations of vari-
ous notions of conservativity.

Lemma 1. Let J be an (at most countable) model for Ty and X a signature
with X C sig(71). Suppose that there is a model for Ty U7y realising precisely the
same XQ1,uT,-types as J, where Qr,ut, s the set of all numerical parameters
occurring in Ty U T together with 1. Then there is a model T* for T U 75 such
that T* ~5 J“.

In particular, T = A iff T = A, for all ABozes A over X, T* = T iff
J E T, for all TBoxes T over X, and T* = q(a) iff J E q(a), for all queries
q(a) over X.
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In the case of DL-Litey,,, we need some extra definitions. By a XQ"-concept
we mean any concept of the form L, A; or > ¢ R, for some A; € ¥, Y-role R
and q € Q. Given a ¥Q-type t, let t* = {B € t | B a YQ"-concept}. Say that a
YQ-type t; is h-contained in a Y Q-type to if t] C t1. The following two notions
characterise conservativity for DL-Litepopn:

Definition 7. A set = of YQ-types is said to be sub-precisely T -realisable if
there is a model Z for 7 such that Z realises all types from =, and every Y Q-type
realised in Z is h-contained in some type from =. We also say that = is join-
precisely T -realisable if there is a model Z for 7 such that, for every Y Q-type t
realised in Z, 5y = {t; € 5 [ tT C ¢} # 0 and tT =, .5, t. (It follows that

tt C tj7 for all t; € =}, and thus, = is sub-precisely 7 -realisable.)

The table below gives characterisations of our four notions of conservativ-
ity in the following form: let X' be a signature and £ be either DL-Litey,,; or
DL-Litepo; then 77 U 75 is an o conservative extension of 77 w.r.t. X in L iff

every precisely 77-realisable set = of XQr,u7, types is ‘... 77 U Ta-realisable’
(QTuT, is the set of numerical parameters occurring in 7; U7 together with 1).

language £

conservativity o DL-Litepyo; DL-Litep oy,
deductive 71 U 73-realisable 71 U T3-realisable

sub-precisely
duety . 71 U 7-realisable
trong deductive precisely
° & 71 U Ta-realisable join-precisely
Strong query 7—1 U Tg-realisable

These characterisations are proved in the Appendix, where it is also shown that
in each case it suffices to consider only those sets = the size of which is bounded
by a polynomial function in the size of the TBoxes. Then, for DL-Litey,,; TBoxes
7, and 73, one can decide whether 77 U 75 is a not a strong deductive con-
servative extension by (non-deterministically) guessing a polynomial set = of
2 QruT,-types and checking that it is precisely 7;-realisable and not precisely
71 U T -realisable. The Appendix provides a polynomial non-deterministic algo-
rithm deciding whether a given set of XQ-types is precisely 7 -realisable, which
yields a IT} upper bound for strong deductive conservativity in DL-Litepgo;.
Similarly, for DL-Litep,., TBoxes 7; and 753, one can decide whether 73 U 75 is
a query (or strong deductive) conservative extension of 77 by guessing = and
checking that it is precisely 7;-realisable and not sub-precisely (respectively, join-
precisely) 77 U Ta-realisable. The Appendix provides polynomial deterministic
algorithms deciding whether a given set of X @Q-types is precisely, sub-precisely
and join-precisely 7 -realisable, for a DL-Litey,, TBox 7, which give CONP
upper bounds for query and strong deductive conservativity. The lower bounds
follow immediately from the corresponding lower bounds for propositional logic.
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5

Conclusion

We have analysed the relation between different notions of conservative exten-
sion in description logics DL-Litep,,; and DL-Litep o, and proved that the corre-
sponding reasoning problems are not harder than the same problems in propo-
sitional logic. Moreover, we have also shown that important meta-properties
for modular ontology engineering, such as robustness under joins, vocabulary
extensions, and iterated import of ontologies, hold true for these notions of con-

servativity.
Acknowledgements. This work was partially supported by U.K. EPSRC grant
GR/S63175.
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1 Introduction

In recent years, lightweight description logics (DLs) have experienced increased in-
terest because they admit highly efficient reasoning on large-scale ontologies. Most
prominently, this is witnessed by the ongoing research on the DL-Lite and ££ families
of DLs, but see also [11, 14] for other examples. The main application of ££ and its
relatives is as an ontology language [5, 1,3]. In particular, the DL ££% proposed in
[1] admits tractable reasoning while still providing sufficient expressive power to rep-
resent, for example, life-science ontologies. In contrast, the DL-Lite family of DLs is
specifically tailored towards data intensive applications [8, 6, 7]. In such applications,
instance checking and conjunctive query answering are the most relevant reasoning
tasks and should thus be computationally cheap, preferably tractable. When determin-
ing the computational complexity of these task for a given DL, it is often realistic to
consider data complexity, where the size of the input is measured only in terms of the
ABox (which represents the data and tends to be large), but not in terms of the TBox
and the query concept (which tend to be comparatively small). This is in contrast to
combined complexity, where also the size of the TBox and query concept are taken into
account.

The aim of this paper is to analyse the suitability of the £ £ family of DLs for data in-
tensive applications. In particular, we analyse the data complexity of instance checking
and conjunctive query answering in extensions of £L. For the DL-Lite family, such an
investigation has been carried out in [7], with complexities ranging from LOGSPACE-
complete to coNP-complete. It follows from the results in [7] that, at least w.r.t. general
TBoxes, we cannot expect the data complexity to be below PTIME for members of the
EL family. The reason is that, in a crucial aspect, DL-Lite is even more lightweight
than £ L: in contrast to the latter, the former does not allow for qualified existential (nor
universal) restrictions and thus the interaction between different domain elements is
very limited. When analyzing the data complexity of instance checking and conjunctive
query answering in £L and its extensions, we therefore concentrate on mapping out the
boundary of tractability.

We consider a wide range of extensions of ££, and analyze the data complexity
of the mentioned tasks with acyclic TBoxes and with general TBoxes. When select-
ing extensions of £L, we focus on DLs for which instance checking has been proved
intractable regarding combined complexity in [1]. We show that, in most of these ex-
tensions, instance checking is also intractable regarding data complexity. The notable
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exceptions are £ L extended with globally functional roles and £ L extended with inverse
roles. It is shown in [2] that instance checking in these DLs is EXPTIME-complete re-
garding combined complexity. On the other hand, it follows from results in [11] that
instance checking is tractable regarding data complexity in E£Z f, the extension of ££
with both globally functional and inverse roles. In this paper, we extend this result to
conjunctive query answering in £LZ T is still tractable regarding data complexity.

We recommend to the reader the papers [15, 16], which also analyze the complexity
of conjunctive query answering in extensions of £L. The results in these papers have
been obtained independently of and in parallel to the results in the current paper.

2 Preliminaries

We use standard notation for the syntax and semantics of £L and its extensions, see [4].
The additional constructors we consider are atomic negation —A, disjunction C' U D,
sink restrictions Vr.L, value restrictions Vr.C, at-most restrictions (< nr), at-least
restrictions (> nr), inverse roles 3r~.C, role negation 3—r.C, role union 3r U s.C,
and transitive closure of roles 3r.C. We denote extensions of ££ in a canonical way,
writing e.g. EL""* for £L extended with sink restrictions and £L£Y"P for €L extended
with disjunction. Since we perform a very fine grained analysis, L") means the
extension of £L with (< nr) for some fixed n (but not for some fixed 7). We will also
consider £L extended with global at-most restrictions: L%/ denotes the version of ££
obtained by reserving a set of k-functional roles that satisfy |{e | (d,e) € rZ}| < k
for all interpretations Z and all d € AT Instead of 1-functional roles, we will speak of
functional roles as usual.

We will consider acyclic TBoxes which are defined in the usual way, and general
TBoxes which are finite sets of concept inclusions C' = D. As usual when analyzing
data complexity, we do not admit complex concepts in the ABox. Thus, ABoxes are
sets of assertions A(a) and r(a, b), where A is a concept name. Most of our results do
not depend on the unique name assumption (UNA), which states that aZ # b” for all
distinct individual names a, b. Whenever they do, we will state explicitly whether the
UNA is adopted or not. We write A, 7 = C(a) to denote that a is an instance of C'
w.rt. A and 7 (defined in the usual way). Also, we use Ind(.A) to denote the set of
individual names occurring in A.

Since conjunctive query answering is not a decision problem, we will study con-
Junctive query entailment instead. For us, a conjunctive query is a set ¢ of atoms A(v)
and r(u,v), where A is a concept name, r a role name or an inverse role, and u, v are
variables. We use Var(gq) to denote the variables used in ¢. If Z is an interpretation and
7 is a mapping from Var(q) to A%, we write Z =™ A(v) if n(v) € AL, T E™ r(u,v)
if (7(u),7(v)) € rf,and T =" qif Z =" « for all a € q. If 7 is not important, we
simply write Z |= g. Finally, A, 7 |= ¢ means that for all models Z of the ABox .4 and
the TBox 7, we have Z |= q. Now, conjunctive query entailment is to decide given A,
7, and g, whether A, 7 = q. It is not hard to see that instance checking is a special
case of conjunctive query entailment. Note that we do not allow individual names in
conjunctive queries in place of variables. It is well-known that conjunctive query entail-
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ment in which individual names are allowed in the query can be polynomially reduced
to conjunctive query entailment as introduced here, see for example [9].

3 Lower Bounds

In [17], Schaerf proves that instance checking in £ L4 wrt. empty TBoxes is co-NP-
hard regarding data complexity. He uses a reduction from a variant of SAT that he
calls 2+2-SAT. Our lower bounds for extensions of £L are obtained by variations of
Schaerf’s reduction. They all apply to the case of acyclic TBoxes.

Before we start, a note on TBoxes is in order. We will usually not consider the case
where there is no TBox at all because, then, ABoxes that are restricted to concept names
are extremely inexpressive. Actually, it is not hard to show that, without TBoxes, con-
junctive query containment is tractable regarding data complexity for all extensions of
EL considered in this paper with the exception of £L£*/, for which it is coNP-complete
(which is proved below).

3.1 Basic Cases

A 242 clause is of the form (p; V ps V —ny V —ng), where each of p1,p2,ny, ng is
a propositional letter or a truth constant 1, 0. A 2+2 formula is a finite conjunction of
2+2 clauses. Now, 2+2-SAT is the problem of deciding whether a given 2+2 formula
is satisfiable. It is shown in [17] that 2+2-SAT is NP-complete. To get started with our
lower bound proofs, we repeat Schaerf’s proof showing that instance checking in ££
extended with primitive negation is co-NP-hard regarding data complexity.

Let p =co A--- Acp—1 be a2+2-formula in m propositional letters qq, . . . , ¢m—1.
Letc, = p;,1 Vpi2 V- n;1 V —n o forall i < n. We use f, the propositional letters
qo, - - - y gm—1, the truth constants 1, 0, and the clauses cg, . . . , ¢, —1 as individual names.
Define the TBox 7 as {A = —A} and the ABox A, as follows, where ¢, p1, p2, n1,
and n» are role names:

Ay ={AQ1), A(0),c(f,c0), - e(fren1)}
U U;cn{pi(ci, pi1), p2(ci, pi2), na(ci, nin), na(ci i)}

Models of A, and 7 represent truth assignments for ¢ by way of setting g; to true iff
¢ € AL. Set C := 3c.(Ip1. AN 3ps. AT Ing . AT Iny. A). Intuitively, C expresses
that ¢ is not satisfied, i.e., there is a clause in which the two positive literals and the
two negative literals are all false. It is not hard to show that A,,7 K C(f) iff ¢
is satisfiable. Thus, instance checking in EL™M wirt. acyclic TBoxes is co-NP-hard
regarding data complexity.

This reduction can easily be adapted to ££"™. In all interpretations Z, 3. T and
Vr. L partition the domain AZ and can thus be used to simulate the concept name A and
its negation — A in the original reduction. We can thus simply replace the TBox 7" with
T :={A=3T,A=Vr.1}.

In some extensions of £L, we only find concepts that cover the domain, but not
necessarily partition it. An example is ELEF) k> 1, in which 3. T and (< kr)
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provide a covering (for k = 0, observe that (< k) is equivalent to Vr. L). Interestingly,
this does not pose a problem for the reduction. In the case of £ LF) | we use the TBox
T :={A = 3rT,A = (< kr)}, and the ABox A, as well as the query concept C
remain unchanged. Let us show that A, 7 (= C(f) iff ¢ is satisfiable. For the “if”
direction, it is straightfoward to convert a truth assignment satisfying ¢ into a model 7
of A, and 7 such that f ¢ CZ. For the “only if” direction, let Z be a model of A, and
T such that f ¢ CZ. Define a truth assignment ¢ by choosing for each propositional
letter ¢;, a truth value #(g;) such that ¢(¢;) = 1 implies ¢} € A and t(g;) = 0 implies
q:iZ € A. Such a truth assignment exists since A and ‘A cover the domain. However, it
is not necessarily unique since A and A need not be disjoint. To show that ¢ satisfies
¢, assume that it does not. Then there is a clause ¢; = (p;1 V pi2 V —ni1 V 1, 2)
that is not satisfied by ¢. By definition of ¢ and A, it is not hard to show that cl e
(Ip1. AN Ipy. AN 3ng. AT Ing. A)? and thus f € CZ, which is a contradiction.

The cases EL£7™ and ££77¢ can be treated similarly because a covering of the
domain can be achieved by choosing the concepts 3r. T and Vr.X in the case of E£7™C,
and Ir.T and 3-r.T in the case of E£777C. In the case, EEC"'D, we use a TBox
7' .= {V = X UY}. In all models of 7’, the extension of V is covered by the
concepts X and Y. Thus, we can use the above ABox A, add V' (g;) for all § < m, and
use the TBox 7 := 7' U {A = X, A = Y} and the same query concept C as above.

The case E£7 € is quite similar. In all models of the TBox 7’ := {V = 3r*.C}, the
extension of V is covered by the concepts Ir.C and Ir.3r+.C. Thus, we can use the
same ABox and query concept as for EL°P | together with the TBox 7 := 7' U {A=
Ir.C, A = FIr.Irt.C}.

Theorem 1. For the following, instance checking w.r.t. acyclic TBoxes is co-NP-hard
regarding data complexity: EL74, EL™L, ££7C, ££737C, ££°1YP, £3C ) and
ELEM forall k > 0.

3.2 Cases that depend on the UNA

The results in the previous subsection are independent of whether or not the UNA is
adopted. In the following, we consider some cases that depend on the (non-)UNA, start-
ing with ££ZF"),

In ELZET) |k > 2, it does not seem possible to find two concepts that a priori cover
the domain and can be used to represent truth values in truth assignments. However, if
we add slightly more structure to the ABox, such concepts can be found. We treat only
the case k& = 3 explicitly, but it easily generalizes to other values of k. Consider the
ABox

A= {T(aa b1)7 r(a, b2)7 T(aa bS)a T’(bl, b2)a T(bQ; bS)a T(bla b3)}

Without the UNA, there are two cases for models of A: either two of by, bs, b3 identify
the same domain element or they do not. In the first case, a satisfies Ir*.T, where Ir*
denotes the four-fold nesting of Jr. In the second case, a satisfies (> 3r). It follows
that we can reduce satisfiability of 242 formulas using a reduction very similar to the
one for ££) . The main differences are that (i) a copy of A is plugged in for each g¢;,
with a replaced by ¢; and (ii) we use the TBox 7 := {A = Ir*. T, A= (> 3r)}.
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Unlike the previous results, this lower bound clearly depends on the fact that the
UNA is not adopted. We leave it as an open problem whether instance checking in
ELERET) writ. acyclic TBoxes is tractable if the UNA is adopted. In the following, we
show that instance checking becomes coNP-hard under the UNA if we admit general
TBoxes. Again, we only treat the case k¥ = 3 explicitly. Define a TBox

T:={ VECIrXNIrYNIrz
(>3r)C A
I (XNY)CA FIr(XNMZ)CA 3n(YnzZ)C AL

In models of 7, the extension of V' is covered by A and A. Therefore, we can adapt the
reduction by using the reduction ABox defined for ££P.

Theorem 2. For ELZF) with k > 2, instance checking is co-NP-hard in the follow-
ing cases: (i) w.r.t. acyclic TBoxes and without UNA and (ii) w.r.t. general TBoxes and
with (or without) UNA.

Another case that depends on the (non-)UNA is £ £* with k > 2. We can prove coNP-
hardness provided that the UNA is not adopted. For the case £ LY, we will prove in
Section 4 that instance checking (and even conjunctive query entailment) is tractable
regarding data complexity, with or without the UNA. For simplicity, we only treat the
case L% explicitly. It is easy to generalize our argument to larger values of k. Like in
£33 in ££2F it does not seem possible to find two concepts that cover the domain
without providing additional structure via an ABox. Set

.A/ = {r(a, bl), r(a,bg),r(a, bg),’f‘(bl, bg), A(bl), A(bg),B(bg)}}

where r is 2-functional and thus at least two of by, bo, b3 have to identify the same
domain element. We can distinguish two cases: either b3 is identified with by or bo, then
a satisfies 3r.(A M B). Or by and b, are identified, then a satisfies 3r3. T, where 33
denotes the three-fold nesting of Jr. It follows that we can reduce satisfiability of 2+2
formulas using a reduction very similar to that for £ £33 above. Interestingly, we
do not need a TBox at all to make this work. We take the original ABox A, defined
for ££7, add a copy of A’ for each ¢; with a replaced by ¢;, and replace A(1) with
{r(1,e), A(e), B(e)} and A(0) with {r(L,ep),7(eg,e1),7(e1,e2)}. Thus, 1 satisfies
Jr.(A M B) (representing true) and 0 satisfies 373. T (representing false). It remains to
modify the query concept to C’ := Je.(Ip1.3r3.T M Ipe.3r3. T M Ing. Ir. (AN B) N
Ine.3r. (AN B)).

With the UNA and without TBoxes, instance checking in £ Lkf , k > 2 is tractable
regarding data complexity. The same holds for conjunctive query answering. In a nut-
shell, a polytime algorithm is obtained by considering the input ABox as a (complete)
description of an interpretation and then checking all possible matches of the conjunc-
tive query. A special case that has to be taken into account are inconsistent ABoxes such
as those containing {r(a, b1),r(a,bs),r(a,bs)} for a 2-functional role r and with the
b; mutually distinct. Such inconsistencies are easily detected. If found, the algorithm
returns “yes” because an inconsistent ABox entails every consequence.
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If we add TBoxes, instance checking in gckt , k > 2 becomes co-NP-hard also
with the UNA. We only treat the case £ = 3, but our arguments generalize. As in the
case of ££2/ without UNA, we have to give additional structure to the ABox. Consider
the TBox 7' = {V = 3r.B} and the ABox

A={V(a),r(a,b1),7(a,bs),r(a,bs),s(a,b),s (a,b2),s (a,b3)}.

with r a 3-functional role. Then a satisfies 3r.B in all models Z of A and 7. Because
of the UNA, we can distinguish two cases: either by satisfies B or one of by, b3 does.
In the first case, a satisfies 3s.A and in the second case, it satisfies 3s’.A. We can
now continue the reduction as in the previous cases. Start with the ABox A, from the
reduction for ££7 and add V(g;) for all i < m. Then use the TBox 7 = 7' U {A =

Jds.A, A = 3s’. A} and the original query concept C.
Theorem 3. For ELFT with k > 2, instance checking is

— tractable w.r.t. the empty TBox and with UNA;
— co-NP-hard in the following cases: (i) w.r.t. the empty TBox and without UNA, and
(ii) w.r.t. acyclic TBoxes and with UNA.

4 Upper Bound

We consider the extension ££Z7 of €L with inverse roles and globally functional roles.
If any of these two is added to £L, instance checking w.r.t. general TBoxes becomes
EXPTIME-complete regarding combined complexity [1]. However, it follows from the
results on Horn-SHZ Q in [11] that instance checking in ££Z7 w.r.t. general TBoxes is
tractable regarding data complexity. A direct proof can be found in [12]. Here, we show
that even conjunctive query answering in ELZ 7 is tractable regarding data complexity.

In ££Z7, roles and also their inverses can be declared functional using statements
T C (< 1r) in the TBox. For conveniently dealing with inverse roles, we use the
following convention: if 7 = s~ (with s a role name), then ~ denotes s.

As a preliminary, we assume that TBoxes and ABoxes are in a certain normal form,
which we introduce next. For TBoxes, we assume that all concept inclusions are of one
of the following forms, where A, A1, A, and B are concept names or T and r is a role
name or an inverse role:

AC B, ALC 3Ir.B, TC(L1r)
A1|_|A2 EB, E'TAEB

The normal form for ABoxes simply requires that r(a, b) € Aiff r—(b,a) € A, for all
role names r and individual names a, b.

Let A be an ABox and 7 a TBox. 7 can be converted into normal form 77 in
polytime, by introducing additional concept names. See [1] for more details. Converting
A into normal form .4’ can obviously also be done in polytime. Moreover, it is not too
difficult to see that for every conjunctive query g not using any of the concept names
that occur in 77 but not in 7, we have A, 7 = qiff A", T’ = q.
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Another (standard) assumption that we make w.l.0.g. is that conjunctive queries are
connected, i.e., for all u,v € Var(q), there are atoms r(ug, u1), ..., 7(Un—1,Un) € ¢,
n > 0, such that v = ug and v = u,,. Entailment of non-connected queries is easily
(and polynomially) reduced to entailment of connected queries, see e.g. [9].

Our algorithm for conjunctive query answering in ££Z is based on canonical mod-
els. To introduce canonical models, we need some preliminaries. Let 7 be a TBox and
I' a finite set of concept names. We use

= T 'C
subr(I') := {A € N¢ | AQFA Cr A}

to denote the closure of I" under subsuming concept names w.r.t. 7. For the next def-
inition, the reader should intuitively assume that we want to make all elements of I"
(jointly) true at a domain element in a model of 7. If A € ["and A C 3r.B € 7, then
we say that I" has Jr.B-obligation O, where

O=subr({B}U{B' eNZ |34 el: I~ A CB eT}u0O),

and O’ =0if TC (< 1r)¢ 7 andO' ={B' eNZ |3A € ': A/ CI.B' €T}
otherwise.

Let 7 be a TBox and A an ABox, both in normal form, for which we want to decide
conjunctive query entailment (for a yet unspecified query q). To define a canonical
model for A and 7', we have to require that A is admissible w.r.t. 7. What admissibility
means depends on whether or not we make the UNA: A is admissible w.r.t. 7 if (i) the
UNA is made and A is consistent w.r.t. 7 or (ii) the UNA is not made and (T C (<
17)) € T implies that there are no a, b, ¢ € Ind(A) with 7(a,b),r(a,c) € Aand b # c.

We define a sequence of interpretations Zy, Z1, . . ., and the canonical model for A
and 7 will then be the limit of this sequence. To facilitate the construction, it is helpful
to use domain elements that have an internal structure. An existential for T is a concept
Jr. A that occurs on the right-hand side of some inclusion in 7. A path p for T is a
finite (possibly empty) sequence of existentials for 7. We use ex(7') to denote the set
of all existentials for 7, ex(7)* to denote the set of all paths for 7, and ¢ to denote the
empty path. All interpretations Z; in the above sequence will satisfy

AT = {(a,p) | a € Ind(A) and p € ex*(T)}

For convenience, we use a slightly non-standard representation of interpretations when
defining the sequence Zy,Z,... and canonical interpretations: the function -Z maps
every element d € A7 to a set of concept names d” instead of every concept name A to
a set of elements AZ. It is obvious how to translate back and force between the standard

representation and this one, and we will switch freely in what follows.

To start to construction of the sequence Zy,Z1, . . ., define Z as follows:

ATo .= {{a,e) | a € Ind(A)}
ro .= {({a, ), (b,e)) | 7(a,b) € A}
(a,e)T0 :={A € Nc | AT = A(a)}

Zo

a*® = (a,e)
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Now assume that Z; has already been defined. We want to construct Z; ;. An element
(a,p) € ATiisaleaf in Z; if there isno @ € ex(7) such that (a, pa) € AZi. If existant,
select a leaf (a, p) and an o = Jr. A € ex(7T) such that (a,p)? has a-obligation O and
(i) (T C (< 17r)) ¢ T or (ii) there is no (b, ¢) € AT with ((a, pt), (b,q)) € rZi. Then
do the following:

add (a, pa) to AT,

if r is a role name, add ({(a, p), (a, pa)) to r%:;
if r = 57, add ((a, pa), (a, p)) to sTi;

set {a, pa)i := O.

The resulting interpretation is Z;; (and Z; 1 = Z; if there are no (a,p) and « to be
selected). We assume that the selected leaf (a, p) is such that the length of p is minimal,
and thus all obligations are eventually satisfied.

Finally, the canonical model Z for A and 7 is defined by setting AZ := [ J, A%,
AT = U, ALi pT .= Us; rZi, and a? := a”°. A proof of the following result can be
found in the full version [13].

Lemma 1. The canonical model T for T and A is a model of T and of A.

Our aim is to prove that we can verify whether A and 7 entail a conjunctive query ¢ by
checking whether the canonical model Z for .A and 7 matches g. Key to this result is the
observation that the canonical model of A and 7 can be homomorphically embedded
into any model of A and 7. We first define homomorphisms and then state the relevant
lemma.

Let Z and J be interpretations. A function h : AT — A7 is a homomorphism from
T to J if the following holds:

1. for all individual names a, h(a?) = a7;
2. for all concept names A and all d € A%, d € AT implies h(d) € A7,
3. foralld,e € AT with (d, e) € 7%, r a (possibly inverse) role, (h(d), h(e)) € r7.

Lemma 2. Let 7 be the canonical model for A and T, and J a model of A and T.
Then there is a homomorphism h from T to J.

Proof. Let 7 and J be as in the lemma. For each interpretation Z; in the sequence
Zo,Z1, ... used to construct Z, we define a homomorphism h; from Z; to 7. The limit
of the sequence hg, h1,... is then the desired homomorphism A from Z to 7. To start,
define hq by setting ho((a, <)) := a7 for all individual names a. Clearly, hg is a homo-
morphism:

— Condition 1 is satisfied by construction.

— For Condition 2, let (a,e) € A%0. Then A, 7 = A(a). Since J is a model of A and
T, ho({a,e)) = a7 € A7.

— For Condition 3, let ({(a, ), (b,e)) € rZo. Then r(a,b) € A and since J is a model
of A and by definition of hg, we have (ho((a,¢)), ho({b,€))) € r7.
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Now assume that h; has already been defined. If Z; 1 = Z;, then h;; = h;. Otherwise,
there is a unique (a,p) € ATi+1 \ A%i Let p = ga. Then {(a,q) € AZi, and there
is an a = Jr.B-obligation O of (a, )% such that (a, p)Ti+1 = subzr(O). Let A €
{a,q)%i such that A C 3r.B € 7. By Condition 2 of homomorphisms, we have d =
hi({a,q)) € A7.Since A C 3r.B € 7, there is an e € B with (d,e) € r7. Define
h;y1 as the extension of h; with h;1({a,p)) := e. We prove that the three conditions
of homomorphisms are preserved:

— Condition 1 is untouched by the extension.

— For Condition 2, let (a,p) € A7**'. By definition of obligations, we have that
3r’.|_|B/€<a7q>ng’ Cr subr(O). Since h;({a,q)) = d and by Condition 2 of
homomorphisms, d € (I'1p/c(, 70 B')7. Since (d,e) € r7, we thus have e €
(M presubr(0)B’)7 and it remains to remind that A’ € (a, p)Ti+ = subz (O).

— Condition 3 was satisfied by Z; and is preserved by the extension to Z; 1. Q

Lemma 3. Let T be the canonical model for A and T, and q a conjunctive query. Then
AT EqiffTEq

Proof. Let 7 and ¢ be as in the lemma. If Z [~ g, then A, 7 £ g since, by Lemma 1,
7 is a model of A and 7. Now assume Z =" ¢, and let 7 be a model of A and 7.
By Lemma 2, there is a homomorphism & from Z to 7. Define 7’ : Var(q) — A7 by
setting pi’(v) := h(m(v)). It is easily seen that J =" q. a

Thus, we can decide query entailment by looking only at the canonical model. At this
point, we are faced with the problem that we cannot simply construct the canonical
model Z and check whether 7 |= ¢ since 7 is infinite. However, we can show that if
7 | g, then T " g for some match 7 that maps all variables to elements that can be
reached by travelling only a bounded number of role edges from some ABox individual.
Thus, it suffices to construct a sufficiently large “initial part” of Z and check whether it
matches q.

To make this formal, let n be the size of A, m the size of 7, and & the size of ¢. In
the following, we use |p| to denote the length of a path p. The initial canonical model
7' for A and 7 is obtained from the canonical model Z for A and 7 by setting

AT = {{a,p) | ol <27 + K}

AT = AT AT
=T N (AT x AT
ar = ad”

Lemma 4. Let T be the canonical model for A and T, T’ the initial canonical model,
and q a conjunctive query. Then T |= q iff T’ = q.

Proof. Let Z, 7°, and ¢ be as in the lemma. It is obvious that Z' |= ¢ implies Z |= q.
For the converse direction, let Z =" ¢. If w(v) = (a,p) with |p| < 2™ + k for all
v € Var(q), thenZ’ =" q. Otherwise, since queries are connected, there isa v € Var(q)
with 7(¢) = (a,po), [po| > 2™, and such that for all v € Var(q) with 7(u) = (b, q),
we have a = b and py is a prefix of q.
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Since |pg| > 2™, we can split pg into p;p2ps such that {a,p;)? = (a, p1p2)*, and
p2 # €. Now, let 7/ : Var(q) — A7 be obtained by setting 7' (v) := (a, p1psq) if
m(v) = {a, p1p2p3q). We show the following: for all v € Var(q),

L w(v)? =7'(v)*;
2. TE™ q.
For Point 1, let 7(v) = (a,p1p2psq). Then 7(v') = (a,p1psq). We prove by in-
duction on the length of p that for all prefixes p of pzq, (a,p1p)t = (a,p1pap)t.
For p = ¢, this is true by choice of p; and ps. Now assume that the claim has al-
ready been shown for p, and let & € ex(7) such that p« is a prefix of pzq. Since
{ap1p)T = {a,p1p2p)?, (ap1pa)? is the a-obligation of (apip)Z, and (ap;papa)? is
the a-obligation of (ap;pop)Z, it is readily checked that (api1pa)? = (a, p1papa)t.
This finishes the proof of Point 1

For Point 2, let A(v) € ¢. By Point 1, Z =™ A(v) implies Z =" A(v). Now let
r(u,v) € q. Then (7(u),n(v)) € r. By construction of Z, this implies that one of the
following holds:

1. w(u) = {a,p1p2psq) and w(v) = (a, p1p2p3qc) for some o = Ir.B € ex(T);
2. w(u) = (@, p1p2p3qc) and w(v) = {(a, p1p2psq) for some o = Ir~.B € ex(7T).

In Case 1, we have 7’ (u) = (a, p1p3q) and w(v) = {a, p1p3qc). Again by construction
of Z, this means (7' (u), 7’(v)) € rZ. Case 2 is analogous.

When applying this construction exhaustively, we eventually obtain a 7* such that
7*(v) = {a, p) with |p| < 2™ + k for all v € Var(q) Q

The initial canonical model Z’ for A and 7 can be constructed in time polynomial
in the size of A. In particular, (i) Zy can be constructed in polytime since, due to the
results of [11,12], instance checking in E£Z7 is tractable regarding data complexity;
(ii) obligations can be computed in polytime since subsumption in EL£Z Fwrt. general
TBoxes is decidable and the required checks are independent of the size of A; (iii) the
number of elements in the initial canonical model is bounded by ¢ := n - m2" ** and is
thus independent of the size of A.

Our algorithm for deciding entailment of a conjunctive query ¢ by a TBox 7 and
ABox A in normal form is as follows. If the UNA is made, we first check consistency of
A w.r.t. 7 using one of the polytime algorithms from [11, 12]. If A is inconsistent w.r.t.
7T, we answer “yes”. If the UNA is not made, then we convert A into an ABox A’ that
is admissible w.r.t. 7, and continue working with .A’. Obviously, the conversion can be
done in time polynomial in the size of .A simply by identifying ABox individuals. Both
with and without UNA, at this point we have an ABox that is admissible w.r.t. 7. The
next step is to construct the initial canonical structure Z’ for 7 and .A, and then check
matches of ¢ against this structure. The latter can be done in time polynomial in the size
of A: there are at most ¢* (and thus polynomially many) mappings 7 : Var(q) — AT
and each of them can be checked for being a match in polynomial time.

Theorem 4. In ELT7, conjunctive query w.r.t. general TBoxes is in P regarding data
complexity.

A matching lower bound can be taken from [7] (which relies on the presence of general
TBoxes and already applies to the instance problem), and thus we obtain P-completeness.
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Extensions of £L

w.r.t. acyclic TBoxes

w.r.t. general TBoxes

Ec4 coNP-complete [17] | coNP-complete [17]
gLep coNP-complete coNP-complete
gLyt eLvr© coNP-complete coNP-complete
ELEF >0 coNP-complete coNP-complete

gLkt , k> 2 w/o UNA coNP-complete

(even w/o TBox)

coNP-complete

ELF | > 2 with UNA coNP-complete

(in P w/o TBox)

coNP-complete

ELEF) k> 2 wio UNA coNP-complete coNP-complete

ELE* |k > 2 with UNA in coNP coNP-complete
gL e coNP-hard coNP-hard
gL coNP-hard coNP-hard
gcirte coNP-hard coNP-hard
et inP P-complete

Table 1. Complexity of instance checking and conjunctive query entailment

S Summary

The results of our investigation are summarized in Table 1, and in all cases they apply
both to instance checking and conjunctive query entailment. The coNP upper bounds
are a consequence of the results in [9]. When the UNA is not explicitly mentioned,
the results hold both with and without UNA. We point out two interesting issues. First,
for all of the considered extensions we were able to show tractability regarding data
complexity if and only if the logic is convex regarding instances, i.e., A, T = C(a)
with C = Do U --- U Dp,_q implies A,7 [ D;(a) for some i < n. It would be
interesting to capture this phenomenon in a general result. And second, it is interesting
to point out that subtle differences such as the UNA or local versus global functionality
(for the latter, see LS vs. ££Z7) can have an impact on tractability.

As future work, it would be interesting extend our upper bound by including more
operators from the tractable description logic ££ as proposed in [1]. For a start, it
is not hard to show that conjunctive query entailment in full ££ is undecidable due
to the presence of role inclusions 71 o 79 C s. In the following, we briefly sketch the
proof, which is by reduction of the problem of deciding whether the intersection of two
languages defined by given context-free grammars G; = (N;, T, P;, S;), i € {1,2}, is
empty. We assume w.l.o.g. that the set of non-terminals N7 and Ny are disjoint. Then
define a TBox

T:={TC3Ir.T|lacT}U{ra,0---ora, Cra|A— A ---A, € PLUP}.

It is not too difficult to see that L(G1) N L(G2) # 0 iff the conjunctive query Sy (u, v) A
Sa(u, v) is matched by the ABox {T(a)} and TBox 7.
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Abstract. Conjunctive query answering is an important DL reasoning task. Al-
though this task is by now quite well-understood, tight complexity bounds for
conjunctive query answering in expressive DLs have never been obtained: all
known algorithms run in deterministic double exponential time, but the existing
lower bound is only an EXPTIME one. In this paper, we prove that conjunctive
query answering in ALCZ is 2-EXPTIME-hard (and thus complete), and that it
becomes NEXPTIME-complete under some reasonable assumptions.

1 Introduction

When description logic (DL) knowledge bases are used in applications with a large
amount of instance data, ABox querying is the most important reasoning problem. The
most basic query mechanism for ABoxes is instance retrieval, i.e., returning all the indi-
viduals from an ABox that are known to be instances of a given query concept. Instance
retrieval can be viewed as a well-behaved generalization of subsumption and satisfia-
bility, which are the standard reasoning problems on TBoxes. In particular, algorithms
for the latter can typically be adapted to instance retrieval in a straightforward way, and
the computational complexity coincides in almost all cases (see [13] for an exception).
In 1998, Calvanese et al. introduced conjunctive query answering as a more powerful
query mechanism for DL ABoxes. Since then, conjunctive queries have received con-
siderable interest in the DL community, see for example the papers [2,3,5-8,12]. In a
nutshell, conjunctive query answering generalizes instance retrieval by admitting also
queries whose relational structure is not tree-shaped. This generalization is both natural
and useful because the relational structure of ABoxes is usually not tree-shaped as well.

In contrast to the case of instance retrieval, developing algorithms for conjunctive
query answering is not merely a matter of extending algorithms for satisfiability, but
requires developing new techniques. In particular, all hitherto known algorithms for
DLs that include ALC as a fragment run in deterministic double exponential runtime,
in contrast to algorithms for deciding subsumption and satisfiability which require only
exponential time even for DLs much more expressive than ALC. Since the introduction
of conjunctive query answering as a reasoning problem for DLs, it has remained an open
question whether or not this increase in runtime can be avoided. In other words, it has
not been clear whether generalizing instance retrieval to the more powerful conjunctive
query answering is penalized by higher computational complexity. In this paper, we
answer this question by showing that conjunctive query answering is computationally
more expensive than instance retrieval when inverse roles are present. More precisely,
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we prove the following two results about ALCZ, the extension of ALC with inverse
roles:

(1) Rooted conjunctive query answering in ALCZ is co-NEXPTIME-complete, where
rooted means that conjunctive queries are required to be connected and contain at least
one answer variable. The phrase “rooted” derives from the fact that every match of
such a query is rooted in at least one ABox individual. The lower bound even holds for
ABoxes of the form {C'(a)} and w.r.t. empty TBoxes.

(2) Conjunctive query answering in ALCZ is 2-EXPTIME-complete. The lower bound
even holds for ABoxes of the form {C(a)} and when queries do not contain any answer
variables (or when they contain answer variables, but are not connected).

In the conference version of this paper, we will complement these results by showing
that the high computational complexity of conjunctive query answering is indeed due
to inverse roles. We will show that conjunctive query answering in ALC and SHQ, the
fragment of SHZ Q without inverse roles, is only EXPTIME-complete. In this abstract,
we concentrate on the lower bounds due to space limitations.

2 Preliminaries

We assume standard notation for the syntax and semantics of ALCZ knowledge bases [1].
In particular, a TBox is a set of concept inclusions C' C D and a knowledge base (KB) is
apair (7,.A) consisting of a TBox 7 and an ABox .A. Let Ny be a countably infinite set
of variables. An atom is an expression C'(v) or r(v,v"), where C'is an ALCZ concept,
r is a (possibly inverse) role, and v,v’ € Ny. A conjunctive query q is a finite set of
atoms. We use Var(q) to denote the set of variables occurring in the query ¢. Let A be
an ABox, Z a model of A, g a conjunctive query, and 7 : Var(q) — A7 a total function.
We write Z =™ C(v) if (7(v)) € CT and Z " r(v,?') if (7(v),7(v")) € rL. If
Z =" at for all at € ¢, we write Z =" g and call 7 a match for Z and q. We say that 7
satisfies q and write 7 |= q if there is a match 7 for Z and q. If Z |= g for all models T
of a KB K, we write K |= ¢ and say that K entails q. The query entailment problem is,
given a knowledge base C and a query g, to decide whether K |= ¢. This is the decision
problem corresponding to query answering (which is a search problem), see e.g. [6] for
details.

3 Rooted Query Entailment in ALCZ is co-NEXPTIME-complete

Let ALC™ be the variation of ALC in which all roles are interpreted as reflexive and
symmetric relations. Our proof of the lower bound stated as (1) above proceeds by
first polynomially reducing rooted query entailment in ALC"™ w.r.t. the empty TBox to
rooted query entailment in ALCZ w.r.t. the empty TBox. Then, we prove co-NEXP-
TIME-hardness of rooted query entailment in ALC"™.

Regarding the first step, we only sketch the basic idea, which is simply to replace
each symmetric role r with the composition of 7~ and r. Although r is not interpreted
in a symmetric relation in ALCZ, the composition of 7~ and 7 is clearly symmetric.
To achieve reflexivity, we ensure that 3r~.T is satisfied by all relevant individuals and
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for all relevant roles 7. Thus, every individual can reach itself by first travelling »~ and
then 7, which corresponds to a reflexive loop. Since we are working without TBoxes
and thus cannot use statements such as T T 3r~.T, a careful manipulation of the ABox
and query is needed. Details are given in appendix A.

Before we prove co-NEXPTIME-hardness of rooted query entailment in ALC™, we
discuss a preliminary. An interpretation Z of ALC'™ is tree-shaped if there is a bijection
f from AZ into the set of nodes of a finite undirected tree (V, E) such that (d, e) € s,
for some role name s, implies that d = e or {f(d), f(e)} € E. The proof of the
following result is standard, using unravelling of non-tree-shaped models.

Lemma 1. If A is an ALC™-ABox and q a conjunctive query, then A £ q implies that
there is a tree-shaped model T of A such that T [~ q.

Because A = ¢ clearly implies that Z |= ¢ for all tree-shaped models Z of A, this
lemma means that we can concentrate on tree-shaped interpretations when deciding
conjunctive query entailment. We will exploit this fact to give an easier explanation of
the reduction that is to follow.

We now give a reduction from a NEXPTIME-complete variant of the tiling problem
to the complement of rooted query entailment in ALC™.

Definition 1 (Domino System). A domino system D is a triple (T, H,V'), where T =
{0,1,...,k — 1}, k > 0, is a finite set of tile types and H,V C T X T repre-
sent the horizontal and vertical matching conditions. Let © be a domino system and
c = co,-...,Cp—1 an initial condition, i.e. an n-tuple of tile types. A mapping T :
{0,...,27"1 — 1} x {0,...,2""! — 1} — T is a solution for ® and c iff for all
x,y < 2" the following holds (where @©; denotes addition modulo i):

- ifT(z,y) =tand 7(x Don+1 1,y) =/, then (t,t') € H

— ifr(x,y) =tand 7(x,y Bon+1 1) =/, then (t,t') € V

- 7(1,0) = ¢; fori < n.
For a proof of NEXPTIME-hardness of this version of the domino problem, see e.g.
Corollary 4.15 in [9].

We show how to translate a given domino system ® and initial condition ¢ =
o Cp—1 into an ABox Ap . and query gp . such that each (tree-shaped) model 7
of Agp . that satisfies 7 [~ g5 . encodes a solution to ® and ¢, and conversely each so-
lution to © and c gives rise to a (tree-shaped) model of Ag . with Z = go .. The ABox
Az . contains only the assertion C's .(a), with C'p . a conjunction C%,c m---n C%,c
whose conjuncts we define in the following. For convenience, let m = 2n + 2. The pur-
pose of the first conjunct C%’I is to enforce a binary tree of depth m whose leaves are
labelled with the numbers 0, . . . , 2™ —1 of a binary counter implemented by the concept
names Ao, ..., A,,—1. We use concept names Lo, . .., L,, to distinguish the different
levels of the tree. This is necessary because we work with reflexive and symmetric roles.
In the following Vs*.C denotes the i-fold nesting Vs. - - - Vs.C. In particular, ¥s°.C'is C.

CﬁlD,c = LO M |<_| VSz(Ll — (E'S.(Li+1 1 Az) M HS(LH-l 1 _\AL))) M

I<—| Vst |:| ((LZ I_IAj) — Vs.(Lip1 — Aj) M
i<m j<i
(Li N=A;) = Vs.(Lig1 — —4;))
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From now on, leafs in this tree are called L,,-nodes. Intuitively, each L,,-node cor-
responds to a position in the 2"+ x 2"*!.grid that we have to tile: the counter A,
realized by the concept names Ay, . . . , A,, binarily encodes the horizontal position, and
the counter A, realized by A,1,..., Ay, encodes the vertical position. We now ex-
tend the tree with some additional nodes. Every L,,-node gets three successor nodes
labelled with F', and each of these F-nodes has a successor node labelled G. To dis-
tinguish the three different G-nodes below each L,,,-node, we additionally label them
with the concept names G1, G2, G3.

2 m
C3 .=V (L — (19@3 3s.(F N 3s.(GNGy))))
We want that each GG1-node represents the grid position identified by its ancestor L.,,-
node, the sibling G2 node represents the horizontal neighbor position in the grid, and
the sibling G'3-node represents the vertical neighbor.

O%’C = VSm.(Lm — (l:l ((AZ — VSQ.(Gl (] Gg — A,)) [l
- ("Al — Vsz.(Gl (] G3 — ﬁAl))) 1
[T (4 = vs2@iuG, — 40

ni<m

(_\Ai — VS (Gl L GQ — ﬁAz))) M
E;ME3))

where Fs is an ALC-concept ensuring that the A, value at each G3-node is obtained
from the A,-value of its G-node ancestor by incrementing modulo 2"*!; similarly,
Es5 expresses that the A, value at each G'3-node is obtained from the A, -value of its
G-node ancestor by incrementing modulo 271, It is not hard to work out the details
of these concepts, see e.g. [11] for more details. The grid representation that we have
enforced is shown in Figure 1. To represent tiles, we introduce a concept name D; for
each ¢ € T and put

= Vs (G — |_|Dﬂ [ =(D; N Dy)))

4
Cs Ll
€T i,j€Ti#]

,C
The initial condition is easily guaranteed by

s e T —an 1 a0 [ oa) o)
’ i<n j<n,bit;(1)=0 j<n,bit;(i)=1 n<j<m
where bit;(¢) denotes the value of the j-th bit in the binary representation of i. To
enforce the matching conditions, we proceed in two steps. First we ensure that they are
satisfied locally, i.e., among the three G-nodes below each L,,-node:

g . ::vsm+2.(Lm—>(|:|(as (G1 N D;) — Vs*(Gy — Ll b Dj))

(i,J)€eH

(1@ (i) —vsic— L D))

€T (i,5)€V

Second, we enforce the following condition, which together with local satisfaction of
the matching conditions ensures their global satisfaction:



104

“d107-proceedings” — 2007/5/21 — 15:39 — page 104 — #114

Proceeding of DL2007 - Long Papers

Lo
Ly
Lo
N Lm
ROWGTO)] m
! Lm
! Fl/ﬁF
3 G1 G2 Gg
G G G

I
I

I

I

I

I

I

I

I

|

represents (4, j) |
represents (i + 1, j) |
represents (i, + 1) |

Fig. 1. The structure encoding the 2" x 2" !_grid.

(*) if the A, and A, -values of two G-nodes coincide, then their tile types coincide.

In (*), a G-node can by any of a G-, G-, or G3-node. To enforce (x), we use the query.
Before we give details, let us finish the definition of the concept Cp . The last conjunct
C%,C enforces two technical conditions that will be explained later: if d is an F'-node
and e its G-node successor, then

(T1) d and e are labelled dually regarding A;, = A; for all i < m, i.e., d satisfies A; iff
e satisfies —A;;

(T2) d and e are labelled dually regarding Dy, ..., Dx_1,1.e.,forall j < k, if d satisfies
Dj, then e satisfies Dy, ..., Dj,l, ﬁDj, Dj+1, v, D1,

We use the following concept:

Ch . :=Vs" T (F — (|<—| (A; = Vs.(G — —Ay)) M

(~A; — Vs.(G — A;)) T
[Nas@npy—@pin [T D)y

i€T j<k,jFi
We now construct the query g9 . that does not match the grid representation iff (x) is
satisfied. In other words, ¢p . matches the grid representation if there are two G-nodes
that agree on the value of the counters A, and A,, but are labelled with different tile
types. Because of Lemma 1, we can concentrate on the grid representation as shown in
Figure 1 while constructing ¢g ., and need not worry about models in which domain
elements that are different in Figure 1 are identified.

The construction of gg . is in several steps, starting with the query q%# on the left-
hand side of Figure 2, where ¢ € {0,...,m — 1}. In the queries qig,c, all the edges
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a G
v —Ai v = v
/ \ o ‘
Aivg vy A Ajvg = A;vo = vy
v1 v] —Ajvr = v vl = v
. o ; ’ : ’
/Um+1 Vm+1 Um+1 = Uy Vans = Um+1 = Vpyyo
Vans
Um+2 ?;n+2 Vans =-Um+2 = L Um+2 = Uyt
: S : ’ . ’
V2m+2 Voo V2m+2 = Vgpmy A; V2am+2 = Vgt 3
A —_ Ai ’ /
i V2m+3 Vg DA V2am 43 = Vgpmyo DAiVami3 =0
G
Ao = Vam+43
G G

Fig. 2. The query g4 .o (left) and two of its collapsings (middle and right).

represent the role s and v,,s is the only answer variable. The edges are undirected
because we are working with symmetric roles. Formally,

Go. = { (Ui 0, i, 1)+ 8(Vi2m+2, Vi 2mt3),

s(v; U;.05 U )v , 8(v; 2m+27vg72m+3)’

S(Uz 0,V ) (Uz 2m+3; U; 2m+3)7

s(v,v; ) s(v Uzo)

s(v/, 'Uz 2m+3), (U U 2m+3)s

S(Uan57 Uz,m+1)y (Uan57 Ui,m+2)a S(UanSa U;7m+1)7 S(Uan57 'Ug’erz)v
G(v),G(v'), Ai(vi0), ~Ai(vi o), 7Ai(Vi2m+3), Ai (V] 2m43) }

“ LL)

Observe that we dropped the index “¢” to variables in Figure 2. Also observe that all the
queries g4 ., ¢ < m, share the variables v, v’, and Vaps.

The purpose of the query qi@’a is to relate any two (G-nodes that agree on the value
of the concept name A;. To explain how this works, we need a few preliminaries. First,
a cycle in a query is a sequence of distinct nodes vy, . ..,v,—1 such that n > 2, and
s(vi,vi41) € qor s(vit1, vl) € ¢ for all i < n, where v, := vg. A query ¢’ is a
collapsing of a query ¢ if q' is obtained from ¢ by identifying variables. Each match
of g% . in our tree-structured grid representation glves rise to a collapsing of qg . that
does not comprise any cycles. To explain how q@,C works, it is helpful to analyze its
cycle-free collapsings. We start with the two cycles v, vg, v and v', vy, 43, Vh,, | 5. For
eliminating each of these, we have two options:

— to remove the upper cycle, we can identify v with vg or v{);
— to remove the lower cycle, we can identify v’ with va,,, 43 or vg,, 5.

Observe that if we identify v and v( (or va,,43 and v5,,, , 3) to collapse the cycle, there
will be no matches of the query in any model.
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Together, this gives four options for removing the two mentioned length-three cy-
cles. However, two of these options are ruled out because the resulting collapsings have
no match in the grid representation. The first such case is when we identify v with vy
and v’ with vo,, 1 3. Then vy and vy, 1 3 have to satisfy G. To continue our argument,
we make a case distinction on the two options that we have for eliminating the cycle

{Uan37 Um+1, Um+2}-

Case (1). If we identify v,ns and vy, 41, the path from the G-variable vg to v,ps is only of
length m + 1. In our grid representation, all paths from a G-node to an ABox individual
(i.e., the root) are of length m + 2, so there can be no match of this collapsing.

Case (2). If we identify v,,s and v,,, 12, the path from v,,s to the G-variable vg,, 13 is
only of length m + 1 and again there is no match.

We can argue analogously for the case where we identify v with v{, and and v’ with
Vb, 13- Therefore, the two remaining collapsings for eliminating the cycles {v, vo, v(}
and {v', V243, V9, 3} are the following:

(a) identify v with v and v’ with v5,,, , 5
(b) identify v with v{, and v’ with va;,43.

In the first case, we further have to identify v,ns With vy, 12 and v}, , , for otherwise we
can argue as above that there is no match. In the second case, we have to identify v,ns
with v, 41 and v}, . After this has been done, there is only one way to eliminate the
cycle v = wg, ..., V2m+3,v" = V9, 3,..., v such that the result is a chain of length
2m + 4 with the G-variables at both ends and the answer variable exactly in the middle
(any other way to collapse means that there are no matches). The reflexive loops at the
endpoints of the resulting chain and at v,,s can simply be dropped since we work with
reflexive roles. The resulting cycle-free queries are shown in the middle and right part
of Figure 2.

Note that the middle query has A; at both ends of the chain, and the right one has
—A; at the ends. According to our above argumentation, the original query q%yc has
a match in the grid representation iff one of these two collapsings has a match. Thus,
every match 7 of ¢k _ in the grid representation is such that 7(v) and 7(v’) are (not
necessarily distinct) instances of G that agree on the value of A;. Informally, we say
that g%, . connects G-nodes that have the same A;-value.

At this point, a technical remark is in order. Observe that the two relevant collaps-
ings of q%Lc are such that the nodes next to the outer nodes are labelled dually w.r.t.
A; compared to the outer nodes. This is an artifact of query construction and cannot be
avoided. It is the reason for introducing the F'-nodes into our grid representation, and
for ensuring that they satisfy Property (T1) from above.

Now set et := Ui <m q%ﬁc. It is easy to see that g.,; connects G-nodes that have
the same A;-value, for all i < m. The query gcn: is almost the desired query ¢o ..
Recall that we want to enforce Condition (x) from above, and thus need to talk about
tile types in the query. The query gie is given in the left-hand side of Figure 3 for the
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G
v
Do / ‘D\ Do @

wo,0 w10 w20 Do v = wo,0

‘ ‘ Dy, D3 wo,1 = wi,0 = W20
wo,1 w11 w21 :

/wo,m+1 Wi,m+41l W2, m41

Van:

Wo,m+1 = Wi,m = W2,m

(% =.w =w =w
WO, m+42 W1, mt2 W2, 2 ans : 0,m+42 1,m+1 2,m+1

. i . w =w =w
Wo,2m42 Wi 2mt2 W2,2m42 0,2m+2 1,2m41 2,2m+1

‘ ‘ Do
Do wo,2m+3 Wi,2m+3 W2,2m-+3 Do, D2 wo,2m+3 = W1,2m+2
‘Dl = W2,2m+2 = W2,2m+3

!
Dj w1 2m+3 = v

G

Fig. 3. The query g (left) and one of its collapsings (right).

case of three tiles, i.e., T' = {0, 1,2}. In general, for T' = {1,...,k — 1}, we define

tie = (J{s(wio,win), ., 5(wi2ms2, Wi 2m+s),
(wan57 wi,m+1)7 5(wans; wi,m+2)7
S(U,wi,o),s(vl,wi,zm%),
D;(wi ), Di(wi 2m+3)}
U U {s(wi 0, wj0)s $(Wi 2m+3, Wj2m+3)}
i<j<k

U {G(v),G(v")}

Observe that gen: and gy share the variables v, v/, and vans. Also observe that gy is
very similar to the queries g%, - the main difference being the number of vertical chains.
Whereas the queries q}b)c have two collapsings that are cycle-free and can have matches
in the grid representation, e has k- (k—1) such collapsings: for all ¢, j € T with i # j,
there is a collapsing into a linear chain of length 2m-+4 whose end nodes are labelled D,
and D;. An example of such a collapsing is presented on the right-hand side of Figure 3.
The arguments for how to obtain these collapsing and why other collapsings have no
matches in the grid representation are very similar to the line of argumentation used
for qélc. We only give a brief walkthrough. First, the cycle v, w0, ..., wk—1,0 can be
eliminated by identifying v with one of the w; . Note that we cannot eliminate the cycle
by identifying all of wg o, . . . , Wx—1,0, because then there would be no match in the grid
representation. Similarly, the cycle v, wo 2m+3, - - -, Wg—1,2m+3 can be eliminated by
identifying v" with one of the w; 2,,+3. We can show that ¢ # j by analyzing the two
cases of v,ns being identified with w; y, 41 OF W; ;2. In the first case, there is no match
in the grid representation because the path from v to w; 4,41 is too short, and in the
second case the same holds for the path from w ;42 to v'. Thus, i # j is shown. Also
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because of paths lengths, we have to identify vans With v; 1 and v 2. Next, we
consider the cycle v = w; g, ..., W; 2m+3, V" = Wj2m+3,--.,W; 0. As in the case of
q , there is only one way to eliminate this cycle such that the result is a chain of length
2m + 4 with the G-variables at both ends and the answer variable exactly in the middle,
and any other way to collapse means that there are no matches. It remains to eliminate
the cycles v = w; 0, . .., Wi 2m+3, V', We.2m+3, - - - , We,0 With £ # j. What is important
here is that we have to identify w; ; with wg o and w; 2,43 With wg 2p,+3. This is the
case since the alternative (identifying w; o with weo or v/ = 2; o420 With Wy 2,m+43)
leads to a variabe labelled with G, Dy, and D; (resp. D), and thus there is no match.
Once these two identifications have been done, there is more than one way to identify
the remaining nodes on the mentioned cycle, but the resulting query is always the same.

In summary, it is not hard to see that ¢ connects those G-nodes that are labelled
by different tile types. Observe that we need property (T2) for this query to match at
all.

Now, the desired query gp . is simply the union of gcn: and gijle. From what was
already said about gc,: and gje, it is easily derived that g5 . does not match the grid
representation iff Property (x) is satisfied. It is possible to show that there is a solution
for © and ciff (0, Ap ) F~ ¢o .. We have thus proved that rooted query entailment in
ALCT is co-NEXPTIME-hard. A matching upper bound can be obtained by adapting
the techniques in [6]. More details are given in the full version of this paper.

Theorem 1. Rooted query entailment in ALCT is co-NEXPTIME-complete. This holds
even w.r.t. knowledge bases in which the TBox is empty and the ABox is a singleton.

4 Boolean Query Entailment in ALCZ is 2-EXPTIME-complete

If we drop the requirement that queries are connected or that they have at least one
answer variable, query entailment in ALCZ becomes 2-EXPTIME-complete. An upper
bound can be taken e.g. from [6]. The lower bound can be proved by a reduction of the
word problem of exponentially space bounded alternating Turing machines (ATMs) [4].
Because of space limitations, we can only give a very rough sketch of this result here.
More details can be found in the extended version of this paper [10].

The main idea is to represent each configuration of an ATM by the leafs of a tree
of depth n, very similar to the grid representation in Section 3. The trees representing
configurations are then interconnected to a tree representing the computation. This is
illustrated in Figure 4, where each of the 7’ is a tree of depth n that is built using the
role name s. The leafs of each T; represent a configuration. The tree 7} represents an
existential configuration, and thus has only one successor configuration, which is rep-
resented by 75 and connected via the same role name s also used inside the 7T; trees. In
contrast, the tree 75 represents a universal configuration with two successor configura-
tions 75 and T3. The crucial point in the reduction is to relate the content of tape cells
in one configuration to the content of the corresponding cells in the successor config-
urations. In principle, this is achieved using queries that are very similar to the query
go,. employed in the previous section. A few additional technical tricks are needed to
achieve directedness (i.e., talking only about successor configurations, but not about
predecessor configurations) since we work with symmetric roles.
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Fig. 4. Representing ATM computations.

Theorem 2. Query entailment in ALCZL is 2-EXPTIME-complete. This holds even for
queries without answer variables and w.r.t. knowledge bases in which the ABox is a
singleton.

5 Conclusion

We have shown that in the presence of inverse roles, conjunctive query answering is
computationally more costly than instance checking. A Corresponding NEXPTIME up-
per bound for Theorem 1 and containment of conjunctive query entailment in EXPTIME
for ALC will be shown elsewhere. As (almost) remarked by a reviewer, the proof of
Theorem 2 can easily be adapted to rooted query entailment if transitive roles and role
hierarchies are present. Details on this will also be given elsewhere.

Acknowledgement We thanks the anonymous reviewers for valuable remarks on the
submitted version of this paper.
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A From ALC"™ to ALCZ without TBoxes

We show that rooted query entailment in ALC™ w.r.t. the empty TBox can be polyno-
mially reduced to rooted query entailment in ALCZ w.r.t. the empty TBox.

As already explained, the main idea behind the reduction is to replace each sym-
metric role r with the composition of »~ and r. Let A be an ALC™ ABox and g a
conjunctive query. We assume w.l.o.g. that all concepts in .4 are in negation normal
form (NNF), i.e., that negation is applied only to concept names. Let Ind(.A) denote
the set of all individual names occurring in A, rol(A) be the set of role names used in
A, and let rol(q) be defined analogously. Fix a fresh concept name R. Intuitively, the
purpose of R is to distinguish “real” domain elements from the auxiliary ones that serve
as intermediate points in the composition of r~ and r. Also, define X as an abbrevia-
tion for |_|T€ro|( A)Urol(q) 31~ - T. We will enforce that X is satisfied by all relevant real
individuals, thus achieving reflexivity.

We now present the details of the reduction. For each concept C' in NNF, let §(C')
denote the result of replacing

— every subconcept Jr.C with I+~ .Ir.(C T RM X), and
— every subconcept Vr.C' with Vr—.Vr.C

Now define an ALCZ ABox A’ and a query ¢’ by manipulating A and ¢ as follows:

1. replace every concept assertion C(a) € A with §(C)(a);
2. for all @ € Ind(.A), add a concept assertion R M X (a) to A;
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3. replace every role assertion r(a, b) € A with r(c,a) and 7(c, b), where c is a fresh
individual name;

4. for every variable v in ¢, add R(v) to ¢;

5. replace every role atom r(v,v’) € ¢ with r(v*,v) and r(v*, v), where v* is a fresh
variable.

The following lemma shows that our reduction is correct.
Lemma 2. A qiff A’ (= ¢
Proof. “=". If A [~ ¢, then there is a model Z of A such that Z [~ ¢. Define a model
7’ as follows:
- AT = AT U{zg,. |7 € rol(A) Urol(g) and (d,e) € rT};
-rt = {(zare,d), (Tare )| (de) € TI}
- AT = A7 for all concept names A except R;
- RT = A7,
- a¥ =d% foralla € Ind(A); )
if ¢ was introduced into A’ to split the assertion r(a, b) € A, set ¢ = z,z 7.

It is readily checked that Z’ is a model of A’. In particular, X ' — AT since roles are
interpreted reflexively in Z. Furthermore, since Z F~ ¢, we have Z’ F~ ¢': suppose to the
contrary that Z' =" ¢’ for some match . Since ¢’ contains the atom R(v) for every
variable v € Var(q), we have 7(v) € AZ for all v € Var(q). Let 7’ be the restriction of
7 to the variables in Var(q). It is readily checked that Z =" ¢, which is a contradiction.

“<=” If A’ £ ¢/, then there is a model Z’ of A’ such that 7’ [~ ¢'. Define a model 7 as

follows:
- AT = (RN X)T;
-rI= {(d,/e) | 3f.(f,d) € v A (f,e) €T
— AI:AI ﬂAI,

- af =a” forall a € Ind(A).

Observe that 7 is reflexive (due to the choice of AZ as a subset of X7) and symmetric.
Also observe that the interpretation of the individual names is well-defined: since A’
contains R M X (a) for all a € Ind(A), a € AZ. Since 7' i~ ¢ and it is easily seen
that 7 = ¢ would imply Z’ |= ¢/, we have Z [~ q. It remains to show that Z is a model
of A. This is a consequence of the following claim, which is easily proved by induction
on the structure of C'.

Claim. For all d € A% and all C € sub(A), d € §(C)* implies d € CZ.

We only do the two interesting cases.

- Let C = Vr.D. Then §(C) = Vr~.¥r.6(D). Let (d,e) € r%. We have to show that
e € DZ. Since (d, ) € %, by definition of Z we have (d,e) € (r~)% orZ . Since
ded (C’)I/, we have e € DT and it remains to apply the induction hypothesis.

- Let C = 3r.D. Then §(C) = Ir~.3r.(6(D) M RN X). Since d € §(C)T , there is
ane € AT such that (i) (d,¢) € (r~)% or? and (ii) e € (§(D)NRNX)Z . By (ii),
d € AZ. By (i) and definition of Z, (d,e) € rZ. By (ii) and induction hypothesis,
d € D* and we are done.

a
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Planning in Action Formalisms based on DLs:
First Results
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Abstract. In this paper, we continue the recently started work on inte-
grating action formalisms with description logics (DLs), by investigating
planning in the context of DLs. We prove that the plan existence prob-
lem is decidable for actions described in fragments of ALCQZO. More
precisely, we show that its computational complexity coincides with the
one of projection for DLs between ALC and ALCQOZO.

1 Introduction

The idea to investigate action formalisms based on description logics was inspired
by the expressivity gap between existing action formalisms: they were either
based on FO logic and undecidable, like the Situation Calculus [12] and the
Fluent Calculus [14], or decidable but only propositional.

First results on integrating DLs with action formalisms from [2] show that
reasoning remains decidable even if an action formalism is based on the expres-
sive DL ALCQZO. In [2], ABox assertions are used for describing the current
state of the world, and the pre- and post-conditions of actions. Domain con-
straints are captured by acyclic TBoxes, and post-conditions may contain only
atomic concept and role assertions. It is shown in [2] that the projection and
executability problem for actions can be reduced to standard DL reasoning prob-
lems. Further papers in this line [11, 10] treat the problem of computing ABox
updates and the ramification problem induced by GCls.

However, in the mentioned DL-action-framework, planning, an important
reasoning task, has not yet been considered. Intuitively, given an initial state
A, final state I" and a final set of actions Op, the plan existence problem is the
following: “is there a plan (a sequence of actions from Op) which transforms A
into I'?”. It is known that, already in the propositional case, planning is a hard
problem. For example, the plan existence problem for propositional STRIPS-
style actions is PSPACE-complete [5,7].

The planning problem in DL action formalisms is not only interesting from
the theoretical point of view. It is well known that web ontology languages for
the Semantic Web are based on description logics; thus actions described in DLs
can be viewed as simple semantic web services. In this context, planning is a
very important reasoning task as it supports, e.g., web service discovery which
is needed for an automatic service execution.
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This paper is, to our best knowledge, the first try to formally define the
planning problem in the context of description logics. It is based on the action
formalism from [2]. We investigate the computational complexity of the plan
existence problem for the description logics “between” ALC and ALCQZO. We
show that, in these logics, the plan existence problem is decidable, and of the
same computational complexity as projection. In the last section we discuss
possible ways of developing practical planning algorithms for DLs.

2 Preliminaries

In this paper we will use a slightly modified version of the action formalism
from [2]. We disallow occlusions, a source of a limited non-determinism in [2].
Moreover, we introduce parameterised actions (operators). The formalism is not
restricted to a particular DL, but for our complexity results we will consider the
DL ALCQTO and its fragments. We refrain from introducing the syntax and
semantics of ALCQZO in full detail, referring instead to [1].

We give only the definition of ABoxes, as it slightly differs from the one from
[1]. An ABoz assertion is of the form C(a), 7(a,b), or —r(a,b) where a,b are
individual names, C' is a concept, and r a role name. An ABoz is a finite set of
ABox assertions.

The main ingredients of our framework are operators and actions (as defined
below), ABoxes for describing the current knowledge about the state of affairs
in the application domain, and acyclic TBoxes for describing general knowledge
about the application domain similar to state constraints in the SitCalc and
Fluent Calculus.

Definition 1 (Action, operator). Let Nx and N, be disjoint and countably
infinite sets of variables and individual names. Moreover, let T be an acyclic
TBoz. A primitive literal for 7 is an ABox assertion

A(a),—A(a),r(a,b), or —r(a,b)

with A a primitive concept name in T, r a role name, and a,b € N|. An atomic
atomic « = (pre, post) for T consists of

— a finite set pre of ABox assertions, the pre-conditions;
— a finite set post of conditional post-conditions of the form /v, where ¢ is
an ABox assertion and 1 is a primitive literal for 7.

A composite action for T is a finite sequence a,...,ay of atomic actions
for T.

An operator for 7 is a parametrised atomic action for T, i.e., an action in
which definition variables from Nx may occur in place of individual names.

We call post-conditions of the form T(¢)/¢ unconditional and write just
instead.
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Applying an action changes the state of affairs, and thus transforms an inter-
pretation 7 into an interpretation Z’. Intuitively, the pre-conditions specify under
which conditions the action is applicable. The post-condition ¢/¥ says that, if
 is true in the original interpretation Z, then v is true in the interpretation Z’
obtained by applying the action.

Definition 2. Let T be an acyclic TBox, o = (pre, post) an atomic action for
T, and Z,T’ models of T respecting the unique name assumption (UNA) and
sharing the same domain and interpretation of all individual names. We say
that o may transform Z to I’ (I =% 1) iff, for each primitive concept A and
role name r, we have

AT .— (AI U {aI | ¢/A(a) € post and T = ¢})\
/ {a? | p/-A(a) € post and T |= ¢}
7= (TI U {(aI,bI) ‘ L,O/T(a7b) € post and T |= 90})\
{(a® V%) | ¢/=r(a,b) € post and T = o).

The composite action az, . .., a, may transform Z to ' (Z =2 T') iff there
are models Ty, ..., I, of T withT =Ty, T' = Iy, and Z;_1 :>;[i Z; for1 <i<k.

Note that this definition does not check whether the action is indeed executable,
i.e., whether the pre-conditions are satisfied. It just says what the result of
applying the action is, irrespective of whether it is executable or not. Since we
use acyclic TBoxes to describe background knowledge, there cannot exist more
than one Z’ such that Z =7 Z’. Thus, actions are deterministic.

Like in [2], we assume that actions « = (pre, post) are consistent with T in
the following sense: for every model Z of 7, there exists Z’, such that Z =7 7.
It is not difficult to see that this is the case iff {¢1/1,p2/—9} C post implies
that the ABox {¢1, 2} is inconsistent w.r.t. 7.

Two standard reasoning problems about actions, projection and executability,
are thoroughly investigated in [2] in the context of DLs. Executability is the
problem of whether an action can be applied in a given situation, i.e. if pre-
conditions are satisfied in the states of the world considered possible.

Formally, let 7 be an acyclic TBox, A an ABox, and let ay,...,a, be a

composite action with «; = (pre;, post;) atomic actions for 7 for i =1,...,n.
We say that g, .. ., a, is executable in A w.r.t. T iff the following conditions
are true for all models Z of A and 7:
~ I =pre

— for all 4 with 1 < i < n and all interpretations Z’ with Z :>§1
have 7' |= pre; ;.

Projection is the problem of whether applying an action achieves the de-
sired effect, i.e., whether an assertion that we want to make true really holds
after executing the action. Formally,the assertion ¢ is a consequence of applying
at,...,an in A wort. T iff for all models 7 of A and 7 and for all Z’ with
I=7 . T, wehaveI |=¢.

7an
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In [2] it was shown that projection and executability are decidable for the
logics between ALC and ALCQOTO. More precisely, projection in £ can be re-
duced to (in)consistency of an ABox relative to an acyclic TBox in £O. The
following theorem from [2] states that upper complexity bounds obtained in this
way are optimal:

Theorem 1. (/2]) Projection and executability of composite actions are:

(a) PSPACE-complete in ALC,ALCO,ALCQ, and ALCQO;
(b) EXPTIME-complete in ALCT and ALCIO;
(¢) co-NExXpPTIME-complete in ALCQT and ALCQTO.

Looking carefully at the reduction of projection in £ to ABox inconsistency
in LO from [2, 3], we conclude that the upper complexity bounds from Theorem
1 hold even for the “stronger” projection problem, namely the one where the
assertion ¢ is a disjunction of ABox assertions. We will need this strengthened
complexity result in the coming sections.

3 Planning problem

We continue by defining the plan existence problem in our framework. As in
the previous section, we do not fix the DL, but assume it to be a sublogic of
ALCQOTO.

First we introduce a bit of notation. If o is an operator (for a TBox 7), we
use var(o) to denote the set of variables in 0. A substitution v for o is a mapping
v :var(o) — Ni. An action « that is obtained by applying a substitution v to o is
denoted as « := o[v]. Intuitively, the plan existence problem is: given an acyclic
TBox 7 which describes the background knowledge, ABoxes A and I" describing
respectively the initial and the goal state, and a set of operators Op, is there a
plan (sequence of actions obtained by instantiating operators from Op) which
"transforms” A into I'?

In this paper, we assume that operators can be instantiated with individuals
from a finite set Ind C N;. Moreover, we assume that 7, A and I" contain only
individuals from Ind (we say that they are based on Ind). For an operator o, we
set o[Ind] := {o[v] | v : var(o) — Ind} and for Op a set of operators, we set
Op[Ind] := {o[Ind] | o € Op}. In the following definition, we formally introduce
the notion of a planing task:

Definition 3 (Planning task). A planning task is a tuple I = (Ind, 7, 0p, A, I'),
where

— Ind is a finite set of individual names;

— T is an acyclic TBox based on Ind;

— Op is a finite set of atomic operators for T ;
- A (initial state) is an ABoz based on Ind;

— I (goal) is an ABoz based on Ind.
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A plan in IT is a composite action o« = ayq,...,ax, such that o; € Op[Ind],
i=1.k. A plan a = a1, ...,ax in Il is a solution to the planning task IT iff:

1. « is executable in A w.r.t. T; and
2. for all interpretations T and I' such that T = A, T and T =1 T', it holds
that T =T .

Two common planning problems, PLANEX and PLANLEN; c.f. [7], are de-
fined below:

Definition 4 (Planning problems). Plan existence problem (PLANEX): Does
a giwen planning task I have a solution?

Bounded plan existence problem (PLANLEN): For a planning task II and a
natural number n, is there a plan of length at most 2™ which is a solution to II?

4 Complexity of planning

In this section, we will present a decision procedure for the plan existence prob-
lem. It turns out that PLANEX is not more difficult, at least in theory, than
projection in the DLs from Theorem 1.

In what follows, for the sake of simplicity we assume that 7 = (). It is not
difficult to show that the complexity results form this section hold in the case of
non-empty acyclic TBoxes.

Obviously, the plan existence problem is closely related to projection and
executability. First we introduce some notation. Let A be an ABox, « a (possibly
composite) action, and ¢ an ABox assertion or a disjunction of ABox assertions.
We will write A% = ¢ iff ¢ is a consequence of applying « in A. For an ABox
B, we write A = B iff A% |= ¢ for all p € B.

Let IT = (Ind,®,0p, A, I') be a planning task. for which we want to decide
if it has a solution. This means that we want to check if there is a sequence
of actions from Op[Ind] which transform the initial state (described by .A) into
the goal state (described by I'). In the propositional case, planning is based
on step-wise computation of the next state — which corresponds to computing
updated ABoxes. However, in [11], it is shown that an updated ABox may be
exponentially large in the size of the initial ABox and the update, which makes
this approach unsuitable. We base our approach in this paper on the following
observation: possible worlds obtained by applying (composite) actions in the
initial world A can be implicitly described by A together with the list of applied
atomic changes (intuitively, this is an accumulated list of the triggered post-
conditions).

We define the set of possible (negated) atomic changes as:

L:={, )| ¢/v € a,a € Op[ind]}

An wupdate for IT is a consistent subset of L. Let U be a set of all updates
for IT. Then il is our search space, the size of which |4| is exponential in the
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size of |£| (and II). For a U € U, we set U = {-l | | € U}. Intuitively,
Uy := {l € L | A =1} represents the initial state, and all updates U € i such
that AY |= I' represent goals states!.

In the next step, we define the transition relation “— 4” between updates.
Let U and V be two updates. For a = (pre, post), we say that U —4 V iff:

(i) A [= pre
(i) V = (U \ —post¥) U post¥, where post! = {v) | AY = \/ ¢}
©/yEpost

Obviously, the relation “— 47 is a partial function for every a. In the following
lemma, we show that “—54” simulates “=,”2 on the level of updates.

Lemma 1. Let A be an ABoz, and o = a,...,a a composite action, with
a; = (pre;, post;) € Op[Ind]. Let Uy := {l € L | A= 1}. Then the following holds:

(a) There exist unique Uy, ..., Uy such that Uy -S4 Uy --- S5 Uy iff aq, ..., o
18 executable in A;

(b) Let Uy, be defined as in (a). Then for all interpretations T, such that T =
A, we have that T =, . o Z' iff T =y, I'.

Proof. Proof by induction on k. For k = 0, trivially true. Assume that the claim
holds for k¥ = m, and let us prove that it implies the same for k = m + 1.
(a) follows directly from the point (i) of the definition of 54" . As for (b), let
I} Aandlet T =4, . a,., I'. The latter holds iff there exists Z" such that
T =ay,.am 2" and 7”7 =, I'. By LH., we have that for Z |= A it holds
that Z =4, ,...a,, 2" it T =, I”. Finally, the point (ii) of the definition of
%0 implies that there exists Z” such that Z =, Z” and Z” oy L iff
T =y, I and 7" =___u, I'. 1t is not difficult to see that the latter holds iff

Posta,, 4y
A U1 7.
We now present a procedure which decides if a state ¥V € 4l is reachable
from U € U by executing a sequence of actions from Op[Ind] (an adaption of the

reachability algorithm from [13]). Since the search space i is of size 33 (< 2121,
there is no need to check for the existence of longer paths.

reachable(II,U,V)
if path(II,U,V,|L])
then return TRUE
return FALSE

path(II,U,V,i) checks if V is reachable from U by a path of length at most 2¢:

! Starting from here, we will sometimes write I as short for the action (0,). Please
note that AY |= ¢ is only an abbreviation for “p is a consequence of applying (0, )
in A7, and does not imply computing the update of the ABox A with U as in [11].

2 =, is short for =>?x
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path(IT,U,V, )
if (=0 and (U =V or one_step(I1,U,V)))
then return TRUE
for all (W € i)
it (path(II,U,W,i— 1) and path(II,W,V,i — 1))
then return TRUE
return FALSE

The predicate one_step(II,U, V) checks if V can be reached from U in exactly
one step by applying an action « € OplInd].
one_step(IT,U,V)
for all a € OplInd]
if (U =S4V)
then return TRUE;
return FALSE;

Lemma 2. Let IT = (Ind, 7,0p, A, I") be a planning task and let Uy := {l € L |
A = 1}. Then II has a solution iff there exists an Ur € 8k such that AY" =T
and reachable (T1,Uy, Ur ) returns TRUE.

Proof. “=" Let the plan ai,...,a; be a solution to IT such that k < 2£l.
This means that (i)aq,...,ax is executable w.r.t. A and (ii) A%t~ = I'. By
Lemma 1 (a), there exist unique U;, 1 < i < k, such that Uy =4 Uy - =% Uy
Thus, reachable(II, Uy, Uy,) returns TRUE. Let Ur = Uy,. By Lemma 1 (b), we
have that A% |= " implies (AYr =)AY =T

“<” Let Ur € U be such that AY" |= I' and reachable(I1,Uy,Ur) returns
TRUE. Then there exists a sequence of actions o, ..., ay such that Uy —'4

Uy - 35 U (= Ur). By Lemma 1, we have that o, ...,y is executable w.r.t.
A and A%t |= I Thus, a1, ...,q is a solution to I7.

The previous lemma tells us that the plan existence problem can be decided
by checking if reachable(Uy,Ur, IT) returns TRUE for some final state Up €
. If one_step could be decided in a constant time, reachable would require
PSpACE. However, one_step relies on polynomially many projection calls, which
means that both one_step and reachable belong to the same complexity class
as projection in DLs from Theorem 1, i.e. they are in PSPACE (ExpPTIME, co-
NExPTIME) if projection is in PSPACE (EXPTIME, co-NEXPTIME).

(i) If projection is in PSPACE, then we can decide the plan existence problem
in PSPACE: obviously, guessing a state (update) Up from 4, and checking
whether AYF |= I" and reachable(Uy,Ur, IT) returns TRUE, can be done
in NPSpPACE. Finally, we use the result by Savitch [13] that PSPACE =
NPSPACE.

(ii) If projection is in EXPTIME (co-NEXPTIME), then we can check for all Up
from 4, if AYF = I" and reachable(Uy,Ur, IT) returns TRUE. Since 4l is
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exponentially big in the size of IT, plan existence problem can thus be decided
in EXPTIME (co-NEXPTIME).

We obtained the following lemma:

Lemma 3. Let £ € {ALC, ALCO, ALCT, ALCQ, ALCTO, ALCQO, ALCOT,
ALCQIO}. The plan existence problem in L has the same upper complexity
bound as projection in L.

We show that the upper complexity bounds established in Lemma 1 are
tight by the following easy reduction of projection to PLANEX. Let A be an
ABox, a an action without pre-conditions and only with unconditional post-
conditions, and ¢ an assertion.We define the planning task I'4 o, as I'4,a,p :=
0,0,{a}, A, {¢}). It is not difficult to see that A |= ¢ iff I'4 o, has a solution.

Since the lower bounds for projection from Theorem 1 hold already in the
case of the empty TBox and an atomic action with no pre-conditions and no
occlusions and only with unconditional post-conditions [2], we conclude that
the complexity bounds from Lemma 1 are optimal, i.e., plan existence problem
is of exactly the same computational complexity as projection. Moreover, the
afore presented reduction implies that the same hardness results hold for the the
bounded plan existence problem.

Theorem 2. The planning problems PLANEX and PLANLEN are:

(a) PSPACE-complete in ALC, ALCO, ALCQ, and ALCQO;
(b) EXPTIME-complete in ALCT and ALCTZO;
(¢) co-NExXpPTIME-complete in ALCQT and ALCQTO.

5 Extended Planning

The previous decidability and complexity results are obtained under assumption
that the set of individuals Ind used to instantiate operators is finite and a part
of the input. This assumption is rather natural and in the line with the standard
definitions of planning tasks for STRIPS operators from [5, 7]. Intuitively, Ind is
a set of individuals the planning agent has control over.

Alternatively, one can omit individuals from the input and define a planning
task IT as I = (7,0p, A, I'). The extended plan existence problem is the one
of whether there is a solution for I, defining a plan for IT to be a sequence of
actions a, ..., ay, where each «; is obtained by instantiating an operator from
Op with individuals from an infinitely countable set N;.

The extended planning raises new interesting questions:

Q1 In order to solve IT, do we have to use infinitely many individuals?
Q2 If the number of needed individuals can be shown to be bounded by f(|I1]),
is f a polynomial (exponential, double-exponential,...) function?
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In the case of the datalog STRIPS, it is shown that the extended plan exis-
tence problem is undecidable [7,6]. However, this undecidabilty result does not
automatically carry over to the action formalism used in this paper. Indeed, the
undecidability result from [7, 6] relies on the closed world assumption and nega-
tive pre-conditions. By using these two, one can define operators which are appli-
cable only if instantiated with “unused” individuals. Such operators would have
—Used(z) among its pre-conditions, and Used(z) in the list of post-conditions.
Like this, one can enforce a usage of infinitely many individuals.

In the case of DLs considered in the previous sections, due to the open world
assumption, it is not possible to state that all individuals not appearing in the
initial ABox are instances of the concept —Used.

However, in the presence of the universal role U, we can make assertions
over the whole domain. For example, the assertion YU.—Used(a) can ensure that
all element domains are unused in the initial state. We will show that extended
planning in ALCy (extension of ALC with the universal role) is undecidable.
Undecidability us shown by reducing the halting problem of a deterministic
Turing machine to the extended plan existence problem, similar to [6].

Let M = (Q, X, 4,q0,qs) be a deterministic Turing machine, where

- Q@ =1{qo,---,qn} a finite set of states;

— Y ={blank,ay,...,a,} a finite alphabet;

- 0:Qx XY —QxXx{L,R} is a transition function;
— qop is the initial state;

— qf € Q is the final state.

Let a = a;y,...a;, € X* be an input word. We will define a planning task
Iye = ((Z),OpM’a,AM’a,FM@) such that a planner for IT simulates moves of
the Turing Machine M.

In the reduction, we use concept names Qo, ..., Qn,, Blank, A1, ..., A,,, Used,
Last, M, Done, and a role name right. We define the initial state Ay q, the goal
I'yr,0, and the set of operators Opy, , as:

At = {(M NVU.—Used)(to)} U {A; (to), - - ., Ai, ()}
U{right(to,t1), ... right(tg—1,tx)}
I'ngo = {Done(to)}
Opyy,q = {start, create succ(z.y), done(x), done to left(x,y)} U
U lightggu@yiv U {leftgaqsley)}
6(g;a)=(a",0,R) 4(g;a)=(q",b,L)

where the single operators are defined as follows:

start := ({M (to)}, {Used(to), ..., Used(ty), Last(tx ), =M (to), Qo(to)})
create_succ(z.y) := ({Last(x), "Used(y)},
{right(z, y), —Last(z), Last(y), Used(y), Blank(y)}
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righty,q,q5(2, ) := ({Qa), A(x), right(z, )}, {=Q(z), ~A(x), B(z), Q' (y)}
leftg.a.q 0(2,y) = ({Q(a), A(x), right(y, 2)}, {=Q(x), ~A(x), B(x), Q"(y)}
done(z) := ({Qf(x)}, {Done(z)})
)=

done_to_left(z,y Done(x), right(y, z) }, {Done(y) })

It is not difficult to show that the following lemma holds:

Lemma 4. The Turing machine M halts for the input a iff there is a solution
to the planning task IInra = (0,0ppr 40 Abrias Iisya)-

Thus, we obtained the following theorem:
Theorem 3. The extended plan existence problem is undecidable in ALCy .

To conclude this section, we are leaving questions Q1 and Q2 open for the
description logics between ALC and ALCQZO. We conjecture that, without the
universal role, it is not possible to enforce introduction of an unbounded number
of individuals. It seems to be difficult even to enforce an exponential number of
new individuals.

6 Conclusion and Future Work

In this paper, we have shown that the planning problems PLANEX and PLANLEN
are decidable in action formalisms based on fragments of ALCQZO. More pre-
cisely, both PLANEX and PLANLEN are of the same computational complexity
as projection in the logics between ALC and ALCQZO. 1t is a not difficult to
show that the same complexity results apply to the unrestricted version of the
action formalism from [2], the one with occlusions. We conjecture that the ex-
tended plan existence problem for DLs without universal role is also decidable,
but a proof is yet to be done.

A future work will include a development and implementation of efficient
planners for description logics. Unfortunately, the complexity results we ob-
tained are quite discouraging. Even in the propositional case, planning is a
very hard combinatorial problem. An advantage in the propositional case is
that, although PLANEX is PSPACE-complete [5, 7], if we are only interested in
polynomial-length plans (which is the case in practice), then planning becomes
NP-complete. On the contrary, for DLs between ALC and ALCQTO, looking for
polynomial-length plans is not easier than PLANEX, since the hardness results
from Theorem 2 hold already for the plans of constant length. Thus it looks
reasonable to start with “small” DLs, like ££ or ££(7) and try to adapt one
of the well-known strategies from propositional planning: reduction to SAT [9];
planning based on planning graphs [4]; or a combination of the previous two [8].

There seem to be two possible methods for reducing projection and planning
in £L to SAT. One would require ”pre-computing” relevant consequences C'(a)
of the initial ABox, where C(a) is relevant if C is a sub-concept of the goal or
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of the concepts appearing in the pre-conditions, while the other one would use
propositional formulae to describe models of the initial ABox.

Acknowledgements: The author wants to thank Carsten Lutz for inspiring
discussions.
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Abstract. We introduce a description language for specifying partial
ordering relations over concept descriptions in description logics, and
show how the language can be used in combination with binary trees to
efficiently search a database that corresponds to a finite set of concept
descriptions. The language consists of a pair of ordering constructors
that support a form of exogenous indexing in which search criteria is
independent of data, and a form of endogenous indexing in which the
data itself provides search criteria. Our language can be refined in the
same way as a description logic in that greater expressiveness and conse-
quent richer search capability is achieved by adding additional ordering
constructors.

1 Introduction

In earlier work, Stanchev and Weddell have shown how description logics can
play a role in searching among objects in an object-oriented database [1]. In
this paper, we introduce a description language deriving from their notion of an
ertended index that can be used to specify what we call ordering descriptions.
Such descriptions correspond to strict partial orders over concept descriptions in
a given description logic, in this paper ALCQ(D). We also show how an ordering
description can be used in combination with binary trees to efficiently query a
database of ALCQ(D) concept descriptions.

To illustrate, consider the case of an online supplier of photography equip-
ment. As part of a web presence, the supplier maintains a binary tree of (descrip-
tions of) items available for purchase, and maintains the tree in such a way that
a traversal of the tree will visit items in a sequence compatible with a partial
order defined by the following ordering description:

ProductCode : Saleltem(DisPrice : Un, RegPrice : Un).

Intuitively, the ordering description specifies a non-descending major sort on
the concrete feature ProductCode. Items having the same value for this feature
then appear in two consecutive groups. The first group consists of items on sale
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that in turn occur in non-descending order of their discount price. The second
group consists of items not on sale that in turn occur in non-descending order
of their regular price. The supplier also maintains a terminology that includes
the following constraints:

Saleltem C (> 3 Suppliers T),
Saleltem C (Price = DisPrice),
—Saleltem C (Price = RegPrice), and
T LC (DisPrice < RegPrice).

Now consider a request by an online user for all descriptions of single-sourced
digital cameras, retrieved in non-descending order of their price. This query can
be captured in our formalism by a concept description/ordering description pair
as follows:

(ProductCode = “digicam” M —(> 2 Suppliers T), Price : Un).

Our results enable a procedure to reason that the tree maintained by the supplier
refines the sort order for the query. To paraphrase, the query can be evaluated
by an in-order search of the tree only, during which items will be returned in
the order requested by the user. However, to avoid sorting, items will need to
satisfy a property called descriptive sufficiency that relates to the above ordering
description for the search tree, e.g., that each item description “supplies” a value
for ProductCode. Note that this property will also make it possible to perform
arbitrary rotations to ensure that the tree is balanced following the insertion of
a new item.

Suppose the supplier decides that being single-sourced is a necessary condi-
tion for an item to not be on sale. Suppose in particular that the supplier adds
the following constraint to the terminology:

—Saleltem T —(> 2 Suppliers T).

Our results enable a further procedure to reason that the tree maintained by the
supplier will now support the above query. This means not only that the same
in-order search of the tree will suffice, but also that the number of subsumption
checks in ALCQO(D) will be bounded both by the size of the result and by the
logarithm (base two) of the number of items occurring in the tree.

The example illustrates the use of the two kinds of ordering constructors
that make up our initial version of this ordering language. The separation of
sale and non-sale items is an example of exogenous indexing in which search
criteria is independent of data, while the major sort on ProductCode and minor
independent sorts on DisPrice and RegPrice are examples of endogenous index-
ing in which the data itself provides search criteria. However, the language can
be refined in the same way as a description logic in that greater expressiveness
and consequent richer search capability becomes possible by adding additional
ordering constructors. We suggest examples in our summary comments. Also,
the exogenous constructor imposes no conditions on the selection of a particular
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dialect of description logic, while the endogenous constructor requires only that
the dialect has a linearly ordered concrete domain.

The remainder of the paper is organized as follows. A formal definition of our
ordering language, a refinement relationship among ordering descriptions, and a
study of some of their properties follows in Section 2. We also include a REF pro-
cedure for reasoning about refinement relationships. Although not known to be
a complete reasoner at this time, REF is easily able to recognize the above exam-
ple case regarding sort order. In Section 3, we show how ordering descriptions
define pruning criteria during search in a binary tree of concept descriptions.
To ensure efficiency, such criteria will depend on the above-mentioned notion of
descriptive sufficiency for concept descriptions occurring in the tree. Our main
results complete the section in which we characterize supported queries for a
given ordering condition and terminology. A summary and discussion follow in
Section 4.

2 Ordering Descriptions

Our language for specifying partial orders over concept descriptions depends on
the choice of underlying description logic. In this paper, we use ALCQ(D), a
dialect that satisfies our illustrative requirements. However, our results apply to
any choice of description logic that includes a linearly-ordered concrete domain.

Definition 1 (Description Logic ALCQ(D)) Let {C,Ch,...}, {R,S,...},
{f,9,...} and {k,k1,...} denote sets of primitive concept names, roles, concrete
features, and constants respectively. A concept description is then defined by the
grammar:

D.E u= f<g|f<k|C|DNE|-D|(> nRD).

An inclusion dependency is an expression of the form D C E. A terminology 7
s a finite set of inclusion dependencies.

An interpretation I is a S-tuple (Ar, Ac, L) where A; is an arbitrary ab-
stract domain, Ac a linearly ordered concrete domain, and X an interpretation
function that maps each concrete feature f to a total function ff : A; — Ac,
each role R to a relation RT C A; x Ay, each primitive concept C to a set
CT C Ay, the < symbol to the binary relation for the linear order on Ac, and
k to a constant in Ac. The interpretation function is extended to arbitrary con-
cepts in the standard way.

An interpretation T satisfies an inclusion dependency D C E if (D)% C (E)L.
T = D C E if (D)Y C (E)? for all interpretations T that satisfy all inclusion
dependencies in T .

For the remainder of the paper, we also use standard abbreviations, e.g., D U FE
for =(=D M —E), as well as the derived comparisons <,>,>, and = on the
concrete domain.
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Notation 2 We write D* to denote a description obtained from D by replacing
all features f by f*, roles R by R*, and concepts C' by C*, and extend this no-
tation in the obvious way to apply to inclusion dependencies and terminologies.

A formal definition of our description language for specifying partial orders over
concept descriptions in ALCQ(D) now follows. As our introductory comments
illustrate, we use the language in the next section for two purposes:

1. to define the relative positions of descriptions occurring in a search tree, and
2. as part of a query specifying the order in which such descriptions are to be
presented to a user.

Definition 3 (Ordering Description) Let D be an ALCQ(D) concept de-
seription, and f a concrete feature. An ordering description is defined by the
grammar:

Od == Un | f:0d | D(Od,Od).

An instance of the first (resp. second and third) production is called the null
ordering (resp. feature value ordering and description ordering).

For a given terminology T and concept descriptions D and E, D is ordered
before E by ordering description Od with respect to 7, denoted (Od), (D, E),
ifTEDC 1L, TFEEC L, and at least one of the following conditions holds:

— Od="“f:0dy,” and (TUT") = (DNE*)C (f < f*),

— Od=“f:0dy”, (Ody);(D,E) and (TUT*) = (DNE*)C (f = f*),
— Od = “D'(0dy,0dy)”, T=DC D and T = EC ~D’,

— Od = “D'(Ody,0dy)”, (Ody);(D,E) and T = (DUE)C D', or

— Od = “D'(Ody,0dy)”, (Ody) (D, E) and T = (DUE) C =D’

Two descriptions D and E are said to be incomparable with respect to an or-
dering Od and terminology 7 if —(Od),(D, E) and ~(0Od)-(E, D), or simply
incomparable when Od and T are clear from context.

Note that the null ordering denotes an unspecified or unknown ordering, and is
used to capture circumstances when no (possibly residual) ordering relationship
between descriptions is either sensible or needed.

Important properties of ordering descriptions are given by the following
lemma.

Lemma 4 For any terminology T, ordering description Od, and concept de-
scriptions D1, Ds, and Ds:

1. If (Od)T(Dl, DQ), then _‘(Od)T(DQ, Dl),'

2. If (Od)1 (D1, D2) and (Od)5(D2, D3), then (Od)+(D1,Ds);

3. [f (Od)T(Dl,DQ), then T ': (D1 M DQ) E J_,'

4. [f (O )T(Dl,Dg) T ': Dg E D1 and T ¥ D3 E J_, then (Od)T(D37D2);
and

N

If (Od)T(Dl,DQ), T ': Dg E D2 and T ¥ D3 E J_, then (Od)T(Dl,Dg)
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Properties 1 and 2 establish the basic requirement that any ordering description
will define a strict (or irreflexive) partial order over descriptions in ALCQ(D).
It turns out that these properties are sufficient conditions for pruning subtrees
during search.

We now introduce the notion of order refinement that can be used, for ex-
ample, to characterize order optimization—to formally define when sorting can
be avoided when evaluating a query. Some properties of order refinement and an
outline of procedures for reasoning about order refinement then follow.

Definition 5 (Order Refinement) Assume a given terminology T, concept
description D and pair of ordering descriptions Ody; and Ods. Then, Od; re-
fines Ody with respect to 7 and D, written Ody <7,p Oda, if, for all concept
descriptions Ey and Ey such that T = (Ey U Es) E D:

(Odg)T(El,Eg) ’melZES (Odl)T(El,EQ).

Od, is equivalent to Ody with respect to 7 and D, written Ody ~7 p Ods,
when Ody <7,p Ody and Ody <7,p Ody. In all cases, D is called a parameter
description.

Consider again an application in order optimization. One can, for example, avoid
sorting a query result if the order in which the descriptions are retrieved is the
same as the sort order specified by the query. Our notion of order refinement,
however, is much more general, and the procedures that are outlined below
for reasoning about order refinement can easily handle the case given in our
introductory comments.

To further illustrate some basic capabilities of these procedures, assume that
the order in which descriptions occur in a binary tree are defined by the or-
dering description “f : g : Un”, in particular, that an in-order traversal of the
tree satisfies a major sort on concrete feature f and a minor sort on concrete
feature g. Also assume that a user submits a query with the sort order “f : Un”.
The procedures will deduce an order refinement between these ordering descrip-
tions. Should the query also stipulate that any retrieved description should be
subsumed by the concept description “f = 277, then the procedures will also
deduce an order refinement between “f : g : Un” and “g : Un”. Further de-
tails on query evaluation will be given in Section 3. Also note that an ability to
reason about order refinement will have may related applications, e.g., in query
optimization [2] and in index selection [1].

The following lemma establishes a number of equivalence properties of or-
dering descriptions that are independent of parameter descriptions.

Lemma 6 For any terminology T, ordering descriptions Ody, Ods, and Ods
and concept descriptions Dy and Ds:

1. If T |= Dy C Du, then (D2(Ody, D1(0dz, Ods))) ~7,1 (D1(D2(Od1, Odz), Ods));
2. If T = D1 C Da, then (D1(D2(Ody, Ods),0d3)) ~7 1 (D1(Od1,0ds));
3. [fT ': D1 E —\Dg, then (D1 (Dg(Odl, Odg), Odg)) %7'71' (Dl(OdQ, Od3)),
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REF (Od,Un, T, D) = true.
REF (Un,g:0d,7,D) = (T =D C (g = k) for some k, and REF (Un,Od, T, D)).

REF (Un, D'(Od1,0d2), T,D) = (T = D C D’ and REF (Un,Ods, 7T, D)) or
(7 = DE -D" and REF (Un,Od2, T, D)).

REF (f : Od',g:0d,7,D) = (T = DLC (f =g) and REF (Od’,0d,T,D)) or
(T E DC (f =k) for some k, and REF (Od',g: Od, T, D)) or
(T = DEC (g=k) for some k, and REF (f:0d',0d, T, D)).

REF (f : Od, D'(Ody,0dz),T, D) =
(T = DC (f =k) for some k, and REF (Od, D'(Od1,0dz),T, D)) or
(T EDE~-D"and REF (f:0d,Od>,T,D)) or

(T = DL D and ReF (f: Od,Ody, T, D)).

REF (D'(Od1, Ody), g : Od, T, D) =
(T = D C (g = k) for some k, and REF (D'(Od1,0dz),0d, T, D)) or
(T = DE =D and REF (Oda,g:0d,T,D)) or
(T EDE D" and REF (Odi,g:0d,T,D)).

REF (Dl (Odl, Odz), D2(0d3, Od4)7 T, D) =

(T ': D C D> and REF (Dl (Odl, Odg), Odg, 7-7 D)) or
(T |= D C —Ds and ReF (D1 (Ody,Ods), Oda, T, D)) or
(T '= D C D; and REF (Odl, D2(0d3, Od4), T, D)) or
(T ': D C —D; and REF (Odz7 Dz(Odg,7 Od4)7T, D)) or
(T = (DN Dy) = (DN Dy) and

REF (Ody,Ods, 7, DM Dy M Dsy) and

REF (Odz7 Ody, T, DnMN—=-Di N _\DQ)).

Fig. 1. AN APPROXIMATE STRUCTURAL REFINEMENT PROCEDURE.

4. [fT ': Dg C Dl, then (Dl(Odl,Dg(Odg,Odg))) NT,T (Dl(Odl,Odg));

. IfT ': _‘Dl E DQ, then (Dl(Odl,DQ(OdQ,Odg))) NT,T (Dl(Odl,OdQ)),'

6. IfTEDLC(f <k)and T = -D C ~(f < k), for some k € Ac, then
f : D(Odl, Odg) NTT D(f : Odl, f : Odg),’ and

7. If T = (f =g) and Ods = “g : Ody”, then f : Ody =1 1 f: Odi[Ods/Ods)
for any occurrence of Ods in Od; .

Observe that the first is an associativity condition for nested instances of the
description ordering constructor. This allows balancing a large number of oc-
currences of this constructor that might hypothetically comprise a (very large)
ordering description.

It is possible to define a canonical form for ordering descriptions based on
the above properties only, and to devise an effective procedure for computing
this form, say CAN(Od, 7T), by a careful search for constants k, by orienting the
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equations for the first five properties, and so on. To determine if Ody <7 p Oda,
we present the sound structural algorithm REF (Od;,Ods, T, D) in Figure 1.

Lemma 7 For any terminology T, ordering descriptions Ody and Ody, and
concept description D, it follows that Ody <7 p Odsy holds if

REF (CaN(Ody,T),CAN(Ody,T),T, D).

3 Indexing Descriptions

Our goal in this section is to show how ordering descriptions can be used to
efficiently search an index consisting of a finite collection of concept descriptions
in ALCQ(D). We begin with a formal definition of an underlying tree for an
index.

Definition 8 (Description Tree) Let D denote an arbitrary concept descrip-
tion in ALCQ(D). A description tree is an ordered rooted binary tree conforming
to the grammar:

Tr,L,R == () | (D,L,R).

An instance of the first production denotes an empty tree, while an instance of
the second production denotes a mode at the root of a tree with left subtree L,
right subtree R, and labelled by D. We write (D,L,R) € Tr if (D,L,R) is a
node occurring in Tr, and call any tree of the form (D, (), ()) a leaf node.

A description tree Tr is well formed for ordering description Od with respect
to terminology 7 if, for all (D,L,R) € Tr,

_TEDC .,
— =(0d) (D, D’) for all (D', L',R') € L, and
— ~(0d), (D', D) for all (D',L',R') € R.

When Od and T are clear from context, we say simply that Tr is well formed.

For a given ordering description Od, the conditions for Tr to be well formed
provide the invariants for insertions of new nodes. For example, when inserting
a new node for description D’ in description tree (D, L, R), a new leaf node
(D', (), ()) must be added in subtree L if (Od),(D’, D).

Definition 9 (Description Index) Let 7 be a terminology, Od an ordering
description, and Tr a well formed description tree with respect to Od and T. A
description index is a 3-tuple (Tr,Od, T).

We consider queries @ of the form (Dg, Odg), where Dg is a concept description
in ALCQ(D) and Odg is an ordering description. A user presumes that query
Q is evaluated with respect to an index (Tr,Od,T) by first finding all concept
descriptions E; labelling nodes in Tr for which 7 }= E; T Dg and then sorting
the descriptions E; according to Odg. In concrete terms, the first operation
is accomplished by standard in-order tree traversal algorithms, assuming the
following pruning conditions for a subtree (E;, L, R) in Tr:
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(
(f <5),0),

Fig.2. A WELL FORMED DESCRIPTION TREE WITH RESPECT TO “f : Un”.

((f>3)m 92 ((F=zDn(f<3),0.0)

1. prune L if (Od)+(E;, Dg), and
2. prune R if (Od),(Dq, E;).

If 7 |= E; C Dg then Ej; is included in the query result.

The correctness of this procedure is a simple consequence of the following
lemma showing that no query result can exist in a pruned subtree. Note that its
proof is a straightforward consequence of Lemma 4.

Lemma 10 For any description index (Tr,Od,T), node (D,L,R) € Tr, and
concept description E:

1. (Od);(E, D) implies T = D' C E for any node (D', L',R') € R, and
2. (Od); (D, E) implies T [= D' C E for any node (D',L',R') € L.

Unfortunately, the conditions for a description tree to be well formed are not
strong enough to prevent a concept description labelling a 7r node to be ordered
by Od prior to a concept description labelling a previous node in an in-order
traversal of Tr. Thus, there is no guarantee that the descriptions returned during
an in-order traversal will satisfy the ordering description for the index. Worse,
rotations to ensure balance in Tr will not in general be possible. The following
example illustrates these problems.

Example 11 Consider the description index (T, f : Un, §) in which Tr consists
of the three nodes illustrated in Figure 2. Note that Tr is well formed since each
description is satisfiable and since the root node is incomparable to both of
the child nodes. If one considers a query that retrieves all descriptions, then
descriptions will be retrieved out of order by an in-order traversal since the right
child compares left of the left child with respect to f : Un.

Now consider what happens when a user submits a query @ for which Dg is
the same as the description labelling the right child, and when Tr itself is rotated
right to make the left child the new root node. In this new circumstance, the
above procedure for evaluating a query, in particular the strategy for pruning, is
now incorrect in the sense that the description labelling the rightmost node will
not be returned. This problem is caused by the rotation producing a description
tree that is not well formed.
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One way to overcome these problems is to introduce limitations on the concept
descriptions that can label nodes in a description tree.

Definition 12 (Descriptive Sufficiency) A concept description D is suffi-
ciently descriptive for ordering description Od with respect to terminology 7,
written SD7(D,0d), if at least one of the following conditions hold:

— Od = “Un”,

— Od=“f:0d,”, SD7(D,0dy), and T =D C (f = k),
— Od = “D'(Ody,0dy)”, SD7(D,0dy), and T =D C D/,
— 0d = “D'(0dy,0ds)", SD7(D,0ds), and T = D T —

7

for some k € Ag. When Od and T are clear from context, we say simply that
D is sufficiently descriptive.

Again, it is possible to devise an effective procedure for deciding if SDr (D, Od)
holds, primarily by reusing the careful search for constants k presumed by the
CAN procedure mentioned at the end of the previous section.

Descriptive sufficiency now enables us to say when rotations can be used to
balance a description tree Tr.

Lemma 13 Let Od be an ordering description and T a terminology. If concept
descriptions D1 and Dy are sufficiently descriptive, then, for any description
trees Try, Tra, and Trs that are well formed, (D1, (D, Try, Tra), Trs) is well
formed if and only if (Do, Tr1, (D1, Tra, Trs)) is well formed.

Lemma 14 that follows defines the additional properties of ordering descriptions
that are needed to ensure the above procedure for searching a description index
will return descriptions in non-descending order of the ordering description for
the index. A proof of this is now a simple consequence of this lemma together
with Lemma 4. As we show in the remainder of this section, it also becomes
possible to ensure that query evaluation can be accomplished very efficiently in
terms of the number of calls to a DL reasoner.

Lemma 14 Let Od be an ordering description and T a terminology. For any
concept description D and pair of concept descriptions E1 and FEs that are in-
comparable and sufficiently descriptive:

1. If (Od)+(D, E1), then (Od),(D, E3); and
2. If (Od) (v, D), then (Od) ., (E», D).

Definition 15 (Order Preserving Description Index) An index (Tr,0Od,T)
is order preserving if any concept description labelling any node in Tr is suffi-
ciently descriptive.

To summarize, adding a new concept description D to an order preserving index
(Tr,0d,T) is only possible if D is sufficiently descriptive, and is accomplished
by adding (D, (), {)) as a new leaf node in Tr and then performing rotations
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to ensure balance. If (D', L, R) € Tr, then the new node must be inserted in
L when (Od)(D,D’) holds, in R if (Od),(D’, D) holds, and in either L or R
otherwise.

Our main result now follows in which we characterize a number of the stan-
dard cases of queries for which an initial search followed by an index scan (and
without a subsequent sort) will suffice to efficiently evaluate the query.

Definition 16 (Supported Query) A description D is sufficiently selective
for ordering description Od with respect to terminology 7, denoted SS7(D, Od),
if at least one of the following conditions hold:

- TETLCD,

— Od=*“f:0d,", SSr(E,Ody) and T =D = ((f =k)NE),
—O0d=%f:0dy” and T =D =(f <k),

—Od="%f:0dy” and T =D =~(f <k),

—Od=%f:0d,” andTED=(=(f <k)N(f <k)),

— 0d = “D'(0dy,0ds)", SS7(E,0d;) and T = D = (D' 1 E),

— Od = “D'(Ody,0dz)”, SST(E,0ds) and T =D = (-D'NE), or
- TED=(EUE'), SSr(E,0d) and SS7(E’,Od),

for some constants k and k' in Ac and descriptions E and E'.

A query (Dg,Odg) is supported by an order preserving description index
(Tr,0d',T) if and only if Dq is sufficiently selective for ordering description
Od' with respect to T, and Od’ <1 p, Odq.

A procedure for deciding if the concept description of a query is sufficiently selec-
tive is an open problem at this time. However, an approximate procedure easily
capable of recognizing our introductory example is straightforward, e.g., one that
uses the above-mentioned careful search for constants k and k' to recognize the
range query cases.

Theorem 17 Let (Tr,0d,T) be an order preserving description index and Q
a supported query. Then Q can be evaluated in O(log(n) + k) subsumption tests
of ALCQ(D), where n is the number of nodes in Tr and k is the number of
descriptions in the result.

4 Summary and Discussion

We have proposed a language for specifying partial orders over concept descrip-
tions that consists of an initial selection of two ordering constructors. The first
is called feature value ordering, and is the standard notion of ordering supported
by SQL and relational databases. The second is called description ordering, and
can be viewed as a way of capturing indexing based on grid file techniques in
which the focus is on organizing the data space in which data resides [3]. Mul-
tidimensional indices such as quad trees [4] are examples.
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There are also a number of other ordering constructors that one might con-
sider. Two possibilities for additional endogenous indexing are given by the fol-
lowing productions for our ordering language.

Od = fdesc:0d | C

The first is an obvious extension that would enable (sub)orders satisfying non-
ascending values for concrete features in descriptions, while the second appeals
directly to subsumption checking in a description logic. More formally, the nec-
essary revision to Definition 3 requires adding three conditions:

— 0d = “f desc: Od,” and (T UT*) = (DN E*) C (f* < f),
— 0d = “f desc : Ody”, (Ody) (D, E) and (T UT*) = (DNE*) C (f = f*),
or

—0d=“C”7and 7T EDCE.

For the first constructor, it is also straightforward to extend proofs for Lemmas 4
and 10, and to extend the definition of description sufficiency in a way that
will preserve Lemmas 13 and 14, which will then allow arbitrary rotations in
a description tree and the possibility of removing a sort operator from a query
plan, respectively. The same is not true, however, for the second constructor. In
this case, Property 5 of Lemma 4 and Property 2 of Lemma 10 will no longer
hold. Thus, pruning during search will only remain possible for right subtrees
in a description index. There is also no obvious way to repair the definition of
descriptive sufficiency in a way that will also preserve Lemmas 13 and 14.

We have demonstrated how our ordering language can support retrieving
descriptions in response to queries. In an algebraic sense, the query language we
have considered is very simple, consisting only of a selection operation for finding
descriptions subsumed by a given “selection” concept, and a sort operation for
ordering the set of descriptions produced by selection. DL systems such as Racer
[5] that implement ABox reasoning already support the first of these operations.
We believe our results provide some guidance on how DL systems can incorporate
better support for sorting, for order optimization in ABox querying, and for
ABox indexing.

There are several open problems and many possible avenues of further re-
search. Finding a complete REF procedure and either adding further operators
to our query language or a sort capability to existing query languages such as
EQL [6] are respective examples. Finally, an expanded version of this paper con-
taining complete proofs is available as a technical report [7].
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Deciding ALBO with Tableau
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Abstract. This paper presents a tableau approach for deciding descrip-
tion logics outside the scope of OWL DL and current state-of-the-art
tableau-based description logic systems. In particular, we define a sound
and complete tableau calculus for the description logic ALBO and show
that it provides a basis for decision procedures for this logic and nu-
merous other description logics. ALBO is the extension of ALC with
the Boolean role operators, inverse of roles, domain and range restric-
tion operators and it includes full support for objects (nominals). ALBO
is a very expressive description logic which is NExpTime complete and
subsumes Boolean modal logic and the two-variable fragment of first-
order logic. An important novelty is the use of a versatile, unrestricted
blocking rule as a replacement for standard loop checking mechanisms
implemented in description logic systems. Our decision procedure is im-
plemented in the METTEL system.

1 Introduction

The description logic ALBO is an extension of the description logic ALB in-
troduced in [7] with singleton concepts, called nominals in modal logic. ALB is
the extension of ALC, in which concepts and roles form a Boolean algebra, and
additional operators include inverse of roles and a domain restriction operator.
ALBO extends ALC by union of roles, negation of roles, inverse of roles, and
domain as well as range restriction. In addition, it provides full support for ABox
objects and singleton concepts.

None of the current state-of-the-art tableau-based description logic systems
are able to handle ALBO. Because ALBO allows full negation of roles, it is
out of the scope of OWL DL and most description logic systems including
FacTt++, KAON2, PELLET, and RACERPRO. A tableau decision procedure
for the description logic ALCQZb which allows for Boolean combinations of
‘safe’ occurrences of negated roles is described in [14]. Safeness essentially im-
plies a ‘guardedness’ property which is violated for unsafe occurrences of role
negation. Description logics with full, i.e. safe and unsafe, role negation can be
decided however by translation to first-order logic and first-order resolution the-
orem provers such as MSpass, SPASS and VAMPIRE. The paper [7] shows that
the logic ALB can be decided by translation to first-order logic and ordered
resolution. This result is extended in [3] to ALB with positive occurrences of
composition of roles. ALBO can be embedded into the two-variable fragment
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of first-order logic with equality which can be decided with first-order resolu-
tion methods [2]. This means that ALBO is decidable and can be decided using
first-order resolution methods.

ALBQO is a very expressive description logic. It subsumes the Boolean modal
logic [4, 5] and tense, hybrid versions of Boolean modal logic with the @ operator
and nominals. ALBO can also be shown to subsume the two-variable fragment of
first-order logic (without equality) [8]. The following constructs and statements
can be handled in ALBO.

— Role negation, the universal role, the sufficiency or window operator, Peirce
sum, domain restriction, cross product, and cylindrification.

— Role inclusion axioms and role equivalence axioms in the language of ALBO.

— Role assertions in the language of ALBO.

— Boolean combinations of both concept and role inclusion and equivalence
axioms.

— Boolean combinations of concept and role assertions, including negated role
assertions.

— Disjoint roles, symmetric roles and serial roles.!

Since ALBO subsumes Boolean modal logic it follows from [10] that the satis-
fiability problem in ALBO is NExpTime-hard. In [6] it is shown that the two vari-
able first-order fragment with equality is NExpTime-complete. It follows there-
fore that the computational complexity of ALBO-satisfiability is NExpTime-
complete. This follows also from a (slight extension of a) result in [14].

In this paper we present a tableau approach which decides the description
logic ALBO. The tableau calculi we define for ALBO are ground semantic
tableau calculi which work on ground labelled expressions. In contrast to the
tableau calculi for description logics with role operators presented in [3,11-13]
(including ALC(U,M, ~1), ALC(U,M, 71, 1), and Peirce logic, or the equivalent
modal versions, where | denotes the domain restriction operator), our tableau
calculi operate only on ground labelled concept expressions. As a consequence
the calculi can be implemented as extensions of existing tableau-based descrip-
tion logic systems which can handle singleton concepts.

In order to limit the number of objects in the tableau we need a mechanism
for detecting periodicity in the underlying interpretations (models). Standard
loop checking mechanisms are based on comparing sets of (labelled or unlabelled)
concept expressions such as subset blocking or equality blocking. Instead of using
the standard loop checking mechanisms our procedure uses a new inference rule,
the wunrestricted blocking rule, and equality reasoning. Our approach has the
following advantages over standard loop checking.

— It is conceptually simple and easy to implement.
— It is universal and does not depend on the notion of a type.

L It is not difficult to extend our method and results to include full equality handling
including reflexive roles, identity and diversity roles, and the test operator.
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— It is versatile and enables more controlled model construction in a tableau
procedure. For instance, it can be used to construct small models for a sat-
isfiable concept, e.g. domain minimal models.

— It generalises to other logics, including full first-order logic.

— It can be simulated in first-order logic provers.

The unrestricted blocking rule corresponds to an unrestricted version of the first-
order blocking rule invented by [1], simply called the blocking rule. The blocking
rule is constrained to objects [ and I’ such that the object I’ is a successor of the
object [. Le. in the common branch of [ and I’ the object I’ is obtained from [ as
a result of a sequence of applications of the existential restriction rule. In this
form the rule can be used to simulate standard blocking mechanisms.

The structure of the paper is as follows. The syntax and semantics of ALBO
is defined in Section 2. In Section 3 we prove that ALBO has the finite model
property. The constructions used in the proof are also used in Section 4, where
we define a tableau calculus for ALBO and prove that it is sound and complete
without the unrestricted blocking rule. Section 5 introduces the (unrestricted)
blocking mechanism and proves soundness, completeness and termination of the
extended tableau calculus. This allows us to define general decision procedures
for ALBO and its sublogics which is discussed in Section 6. We conclude with
Section 7. Due to lack of space some proofs are omitted or only sketched.

2 Syntax and semantics of ALBO

The syntax of ALBO is defined over the signature o = (O, C, R) of three disjoint
alphabets: O = {{y, {1, ...} the alphabet of object symbols, C = {pg,p1, ...} the
alphabet of concept symbols, and R = {rg,r1,...} the alphabet of role symbols.
The logical connectives are: -, LI, 3, ~! (role inverse), | (domain restriction), |
(range restriction). Concept expressions (or concepts) and role expressions (or
roles) are defined as follows:

Cc=p|{|~C|CubD]|3RC,
REZr | R'Y|-R|RUS| RIC | R|C.

p ranges over the set C, ¢ ranges over O, and r ranges over R. The M connective
on concepts and roles is defined as usual in terms of — and LI, and the top and
bottom concepts are defined by T £ plLi—p and L £ pr—p, respectively, for some
concept name p. The universal restriction operator V is a dual to the existential
restriction operator 3, specified by VR.C € 3JR.-C.

Next, we define the semantics of ALBO. A model (or an interpretation) T
of ACBO is a tuple T = (AT pL,... 65 ... vk, ...), where AT is a non-empty
set, p? is a subset of AT, (7 € AT and 7 is a binary relation over AZ. The
semantics of concepts and roles in the model Z, i.e. C and RZ, is specified in
Figure 1. A TBogz (respectively RBoz), is a (finite) set of inclusion statements
C C D (respectively R C S) which are interpreted in any model Z as subset
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{yF = ("3, (RH Z (R = {(=.y) | (y.2) € R},
(-0)F = AT\c*, (=R = (AT x A"\ R,
(cubp)yr € ¢fup*, (Rus)r € rRTus?,
(R1C)" = {(z,y)| = € CF and (z,y) € R},
(R C) = {(z,y) |y € CT and (z,y) € R"},
(BR.O)" £ {z|3y e CF (z,y) € R*}.

Fig. 1. Definition of -

relationships, namely CZ C D? (respectively RZ C S7). An ABoz is a (finite)
set of statements of the form ¢ : C or (¢,¢') : R, called concept assertions or role
assertions. A knowledge base is a tuple (T, R, A) of a TBox T', an RBox R, and
an ABox A.

The top role V and the empty role A are definable in ALBO as rL—r and r
—r, respectively, for some role symbol r. As a consequence any concept assertion
¢ : C can be expressed as a concept expression as follows: £ : C' = 3v.({£}NC). It
is clear that (¢ : )T = AT iff ¢ € C7 in every model Z. In ALBO arole assertion

(£,¢') : R can also be expressed as a concept assertion and concept expression,

namely (£,¢) : R = ¢ : 3R.{{'}. Moreover, concept and role inclusion axioms
def

and are definable as concept expressions, too. We let C' T D = Vv.(-C U D)
and R C S £ ¥v.3-(=R U S).L, respectively. Thus, Boolean combinations of
inclusion and assertion statements of concepts and roles are also expressible
in ALBO as the corresponding Boolean combinations of the concepts which
represent these statements. As usual, concept satisfiability in ALBO with respect
to any knowledge base can be reduced to concept satisfiability with respect to
a knowledge base where all TBox, RBox, and ABox are empty. Without loss of
generality we therefore focus on the problem of concept satisfiability in ALBO.

3 Finite model property

Let < be the smallest transitive ordering on the set of all ALBO expressions
(concepts and roles) satisfying:

(s1) C < =C, (s7) R <3R.C, (s13) -C < R C,
(s2) C < CUD, (s8) -C < —-3R.C, (s14) R<R1C,
(s3) D<CUD, (s89) R <-3R.C,

(s4) ~C' < ~(CUID), (s10) R< RUS, (s15) ~C < R C,
(s5) =D <—~(CUD), (sl1) S<RUS, (s16) R< R | C,
(s6) C <3R.C, (s12) R< R 1, (s17) R < —R.

It is easy to see that < is a well-founded ordering. Let < be the reflexive
closure of <.
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Let Z be any ALBO model and C be a concept. A C-type 7¢(z) of an
element z of the model 7 is defined by 7€(z) £ {D | D < C and z € DT}
Let ~ be an equivalence relation on AZ such that x ~ y implies 7€ (2) = 7€ (y).
Let ||lz] & {y € A7 | 2 ~ y}.

Given a model Z we define the filtrated model Z (through ~), as follows. Let
AT E {|jz]| | # € AT}, For every r € Rlet rZ £ {(||z]|,|ly]]) | (z,y) € rL}. For
every p € Clet p? £ {||z|| | # € pT} and for every £ € O let (T £ ||¢T| = {¢%}.

The following lemma can be proved by induction on the ordering <.

Lemma 1 (Filtration Lemma).

(1) = € DT iff |z| € DT for any D < C and x € A7,
(2) (z,y) € RT iff (||z|l, |lyl]) € RE for every R < C and x,y € AL,

A corollary of this lemma is the finite model property.

Theorem 1 (Finite Model Property). ALBO has the finite model property,
i.e. if a concept C is satisfiable then it has a finite model.

Proof. Let T be a model for a concept C and ~ is an equivalence relation on
AT defined by z ~ y <= 7¢(2) = 7°(y). Then, by the Filtration Lemma, the
model 7 filtrated through ~ is also a model for C. Moreover the domain of T is
finite because the number of C-types in every model is finite.

4 Tableau calculus

Let T denote a tableau calculus and C' a concept. We denote by T'(C') a finished
tableau built using the rules of the calculus T starting with the concept C as
input. I.e. we assume that all branches in the tableau are expanded and all
applicable rules of T have been applied in T'(C'). As usual we assume that all the
rules of the calculus are applied non-deterministically, to a tableau. A branch of
a tableau is closed if a contradiction has been derived in this branch, otherwise
the branch is called open. The tableau T'(C) is closed if all its branches are closed
and T'(C) is open otherwise. We say that T is terminating iff for every concept
C either T(C) is finite whenever T'(C) is closed or T(C') has a finite open branch
if T(C) is open. T is sound iff C is unsatisfiable whenever T(C) is closed for all
concepts C. T is complete iff for any concept C, C is satisfiable (has a model)
whenever T'(C') is open.

Let T 4rcpo be the tableau calculus consisting of the rules listed in Table 1.
Given an input concept C, preprocessing is performed which pushes the role
inverse operators toward atomic concepts by exhaustively applying the following
role equivalences from left to right.

(~R)"'=~(R7), (RUS)'=R1'uS,
(R1C)'=R7'|C, (RIO)'=RIC (R =R.
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4:C, £:=C L0

(L) ¢:=(CUD)
“4:-C, {:-D

(sym): 2:{% (sym-): ﬁi{{% (s = {éé}; CZ = (ia): zez'{i}

_ ¢:3R.C ¢:-3R.C, ¢:3R{}

L3R}, 0 C o =C

(L

(¢ is new) (-3):

€)

C:3RACY, O {07}
¢3R4}
 L:3(RUS){Y oy _LmARUS)C
"C:3RACY | €3S} "¢:-3R.C, ¢:-35.C
¢:3RTV{} ¢:-3R7'.C, ¢ :3R{4}
¢ 3R.{¢} o =C
o LAR1O)() (L oAR1O).D
“0:C, ¢:3RAU} "£:-C | £:-3R.D
s LR oy LARLO)D
"0 C, ¢:3RALY "¢:—-3R~(-CU-D)
(3-): ¢:3-R{0} (~3): ¢:-3-R.C, ¢':D
"¢ -3RA0} "¢:3RAUY | L:F-RAL}

(bridge):

(EN))

@ (=37

Table 1. Tableau calculus Tars0 for ALBO.

Next, the (preprocessed) input concept C' is tagged with a fresh object name
£ which does not occur in C. Then we build a complete tableau T 4,50 (C) as
usual by applying the rules of T 4250 to the concept assertion ¢ : C. It is however
important to note that ¢ : C' and all labelled expressions and assertions really
denote concept expressions.

Because every rule preserves the satisfiability of concept assertions, it is easy
to see that the calculus T 4-50 is sound for ALBO.

We turn to proving completeness of the calculus. Suppose that a tableau
Tacso(C) for the given concept C is open, i.e. it contains an open branch B.
We construct a model Z for the satisfiability of C as follows. By definition, let
(~ 0 <5 0 {0} € B. Tt is clear that the rules (sym), (mon), and (id) ensure
that ~ is an equivalence relation on objects. The equivalence class ||¢|| of a

representative £ is defined as usual by: ||€|| = {¢' | £ ~ ¢'}. We set

AT = (|l ¢ {ey € BY, T = L)) | € 3L} € B,
. at {||e||, if ¢: {0} € B,

ef Z
= {1 2:pe B}, - =
P (el e:p e B} |¢|l for some ||¢']] € A%, otherwise.

%
-8

It is easy to show that, using the rules (sym), (mon), and (id), the definition of
7 does not depend on representatives of the equivalence classes.
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Lemma 2. (1) If¢: D € B then ||¢|| € D* for any concept D.
(2) For every role R and every concept D
(2a) ¢: ARV} € B implies (||¢|,]|¢']]) € RZ,
(2b) if (||€],11¢']) € R and ¢ : ~3R.D € B then {' : =D € B.

Proof. We prove both properties simultaneously by induction on the ordering
<. The induction hypothesis is: for an arbitrary ALBO expression E for every
expression F' such that FF < E if F' is a concept then property (1) holds with
D = F. Otherwise (i.e. if F' is a role), property (2) holds with R = F. To prove
property (1) we consider the following cases.

D =p, D = {{'}. These cases follow from the definitions of p? and ¢Z.

D =-Dy. If£: =Dy € B then £ : Dy ¢ B because otherwise B would have been
closed by the (L) rule. We have the following subcases.

Dy =p. Wehave {: p € B < ||{|| € p? by the definition of p’.

Do = {¢'}. As the rules (sym-) and (id) have been applied in B it is clear
that ¢ : {¢'} is in B and ¢ = ||¢'||. Similarly, ¢Z = ||¢|. Furthermore,
because ¢ : {{'} ¢ B we have ¢ £ (', ie. ¢ ¢ ||¢'| = ¢F. That is,
el ¢ {1} = ().

Dy =-D1, Dy = Dy U Dy. The proofs of these cases are easy.

Do = 3R.D;. Let ||| be an arbitrary element of A% such that (||¢]|, ||¢'||) €
R (trivially, if there is no such element then there is nothing to prove).
By the induction hypothesis the property (2b) holds for R < Dgy. Thus,
¢ : =Dy € B. The induction hypothesis for the property (1) gives us
€|l ¢ Df. Finally, we obtain ||¢|| € (=3R.D1)* because ¢’ was chosen
arbitrarily.

D = Dy U D;. The proof of this case is easy.

D =3R.Dy. lf ¢ : AR.Dy € B then ¢' : Dy € B and ¢ : AR{¢'} € B for some
object ¢/ by the (3) rule. By the induction hypothesis the properties (1)
and (2a) hold for Dy < D and R < D respectively. Hence, ||¢'|| € Df and
(1€l 11¢1) € RE. That is, ||¢|| € (3R.Dy)~.

To prove property (2) we consider all cases corresponding to the possible forms
of a role R.

R = r. This case easily follows from the definition of 7Z.

R = S~!. For the property (2a) let £ : 3S71.{¢'} € B. Then ¢ : 3S.{¢} € B by
the rule (371). By the induction hypothesis for S < R we have (||¢'[], ||¢])) €
ST. Consequently, (||4||,[1¢'])) € (S~1)%. For (2b) suppose that (|||, ]|¢]) €
(S71)% and ¢ : =3S~1.D € B. As all the occurrences of the inverse operator
have been pushed through other role connectives and double occurrences of
~! have been removed? we can assume that S = r for some role name 7.
Hence, (||¢||,]|4]]) € r* and, consequently, ¢’ : Ir.{¢} € B by the definition
of 7Z. Finally, by the (=371) rule, ¢ : =D is in the branch B.

R=5US, R=S5|D, R=51D. The proofs of these cases are easy.

2 Removal of the double occurrences of the inverse operator in front of atoms is not
essential for the proof but it simplifies the proof a bit.
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R = —S. For (2a) suppose £ : I-S{¢'} € B. Then £ : -35.{¢'} € B is obtained

with the (3-) rule. If (||¢],[[¢']]) ¢ (=S)% then (||¢||,||¢'|l) € ST and by
property (2b) which holds by the induction hypothesis for S < R we have
that ¢ : ={¢'} is in B. This concept together with ¢’ : {¢'} implies the branch
is closed. We reach a contradiction, so (|||, ]|¢]]) € (=9)%.
For property (2b) suppose that (||€||, ||¢'||]) € (—S)F and £ : =3-S.D are in the
branch B. Then we have (||¢||,]|¢'|]) ¢ ST and, hence, by the contra-positive
of property (2a) for S < R, £: 35.{¢'} is not in B. Applying the (=3-) rule
to £: =3-5.D we get £ : 3-S.{l'} € B. Therefore, by the (—3) rule, ¢’ : =D
is in the branch too.

A consequence of this lemma, is completeness of the tableau calculus. Hence, we
can state:

Theorem 2. T 4,50 is a sound and complete tableau calculus for ALBO.

5 Blocking

The calculus T 450 is non-terminating for ALBO. There are satisfiable concepts
which result in an infinite T4 -po-tableau where all open branches are infinite.
All the rules respect the well-founded ordering < of expressions under labels, i.e.
in every rule the main symbol of the concept above the line is strictly greater
w.r.t. < than the main symbol(s) of the expression(s) below the line of the rule.
Furthermore, it is easy to see that only applications of the (3) rule generate
new symbols in the branch. Thus, the reason that a branch can be infinite is
the unlimited application of the (3) rule. As a consequence, the following lemma
holds, where #7(B) denotes the number of applications of the (3) rule in a
branch B.

Lemma 3. If #7(B) is finite then B is finite.

In order to avoid infinite derivations we restrict the application of the (3) rule
by the following blocking mechanism.

Let < be an ordering on objects in the branch which is a linear extension of
the order in which the objects are introduced during a derivation. Le. let £ < ¢/
whenever the first appearance of object ¢’ in the branch is strictly later than the
first appearance of the object £. We add the following rule, called the unrestricted
blocking rule, to the calculus.

£:C, ¢ :D
{0} | {0}

Moreover, we require the following conditions to hold.

(ub):

(c1) Any rule is applied at most once to the same set of premises.
(¢2) The (3) rule is applied only to expressions of the form ¢ : 3R.C' when C
is not a singleton, i.e. C' # {£"} for some object ¢".
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(c3) If £ : {¢'} appears in a branch and ¢ < ¢’ then all further applications of
the (3) rule to expressions of the form ¢ : 3R.C are not performed within
the branch.

(c4) In every open branch there is some node from which point onwards before
any application of the (3) rule all possible applications of the (ub) rule
must have been performed.

We use the notation T4rpeo + (ub) for the extension of T 4,50 with this rule
and this blocking mechanism.

Theorem 3. T4rpo+(ub) is a sound and complete tableau calculus for ALBO.

Proof. The blocking requirements (cl)—(c4) are sound in the sense that they
cannot cause an open branch to become closed. The (ub) rule is sound in the
usual sense. Thus, we can safely add the blocking requirements and the block-
ing rule to a sound and complete tableau without endangering soundness or
completeness. Hence, Tacpo + (ub) is sound and complete.

Let B be the lefimost open branch with respect to the rule (ub) in the
Taco + (ub) tableau for a given concept C. Assume that Z is a model con-
structed from B as in the completeness section above.

Lemma 4. If 7€(||¢)) = 7€ (||¢'||) in T then £ : {¢'} € B.

Proof. Suppose that 7¢(||€]|) = 7¢(||¢'||). Therefore, £ : {¢'} is consistent with C.
By (c4) the rule (ub) has been applied to the objects £ and ¢’ in B. As £ : {{'} is
consistent with C, the left branch (containing ¢ : {¢’}) of this application of (ub)
is open and, by the choice of the branch B, coincides with B.

Corollary 1. The model I obtained from T by filtration with respect to C' is
isomorphic to I. In particular, AT is finite.

For every |f|| € AT, let #7(||¢||) denote the number of applications of the
(3) rule to concepts of the form ¢ : IR.D with ¢’ € ||{]|.

Lemma 5. #7(||¢||) is finite for every (|| € AT.

Proof. Suppose not, i.e. #>(||¢||) is infinite. The number of concepts of the
shape 3R.D under labels in the branch is finitely bounded. By requirements (c1)
and (c2) there is a sequence of objects £, (1, ... such that every ¢; € ||¢| and
the (3) rule has been applied to concepts ¢y : IR.D, ¢, : 3R.D,... for some
JR.D < C. However, such a situation is impossible because of requirements (c4)
and (c3). Indeed, without loss of generality we can assume that £ < £y < £ < ---.
Then, by requirement (c4), starting from some node of B, as soon as ¢; appears
in B, it is detected that ¢; € ||¢| before any next application of the rule (3)
and, hence, ¢; is immediately blocked for any application of the rule (3), by
requirement (c3).

Lemma 6. #7(B) is finite.
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Proof. Clearly #3(B) < max{#3(||¢||) | ||£|| € AT} x Card(A7T). The rest follows
from Corollary 1 and Lemma 5.

Corollary 2. If the leftmost branch with respect to the rule (ub) in a Tarpo +
(ub) tableau is open then the branch is finite.

Theorem 4 (Termination). T 0 + (ub) is a terminating tableau calculus

for ALBO.

Proof. Termination of T4rpo + (ub) follows from Corollary 2. Indeed, every
closed branch of a T 4,50 + (ub)-tableau is trivially finite and by Corollary 2 the
length of the leftmost open branch with respect to the rule (ub) is finite, too.

Notice that condition (c4) is essential for ensuring termination of a T a0 +
(ub) derivation. Indeed, it easy to see that in absence of (c4) the Turpo + (ub)
tableau for the concept —(3(sU—s).~Ir.pUI(sU—s).=Ir.—p) does not terminate
because new objects are generated more often than their equality check via the
rule (ub) is performed in the tableau.

6 Decision procedures

When turning the presented calculus T4z50 + (ub) into a deterministic decision
procedure it is crucial that this is done in a fair way. A procedure is fair if, when
if an inference is possible forever then it is performed eventually. In other words
a deterministic tableau algorithm based on Tarpeo + (ub) may not defer the
use of an applicable rule indefinitely. Note that understand fairness in a ‘global’
sense. That is, a tableau algorithm has to be fair not only to expressions in a
particular branch but to expressions in all branches of a tableau. In another
words, the algorithm is fair if it is fairly chooses a branch and expression(s) in
it to apply a rule.

Theorem 5. Any fair tableau procedure based on Tarpo + (ub) is a decision
procedure for ALBO and all its sublogics.

Note that we do not assume that the branches are expanded in a depth-first
left-to-right order. However it also follows from our results that:

Theorem 6. Any fair tableau procedure based on Tarpo + (ub) which uses
a depth-first and left-to-right strategy, with respect to branch selection of the
(ub) rule, is a decision procedure for ALBO and all its sublogics.

To illustrate the importance of fairness we give an example. The concept
C £ —(3(sU=s).=Ir.pU-3t.=Ir.p)

is not satisfiable. Figure 2 gives a depth-first left-to-right derivation which is
unfair and does not terminate. Each line in the derivation is numbered on the
left. The rule applied and the number of the premise(s) to which it was applied to
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1. 6o :Coiiii given  20. Unsatisfiable. ...... (1),16,19
2. bo:—3A(sUns)~Trp........ (-u),1 21 »lo: F-s{la} ... .. (—3-),6,16
3. by :—=Ft—Trp. (=U),1 929, Oy ——3Frp........ (=3),6,21
4o bo:Ft—Trpo ()3 23 Unsatisfiable. . ... .. (1),16,22
5. lp:—ds—Trp...oooiiin (-3U),2 94 bl {0} (ub)
6. bo:=Fmsm3rp ..o (=3L).2 g5, yipoiiiiii (3,14
T
9. Lo:Trp.iiiii (=),8 ;; >§O : 38';&} """" (?333’2’722

100 01 P 3),9 : 237D e e

1. Co:3r{ba} 23;,9 29. oo 3rp..o (27),28
12. »lo:3s{li}eennnn.. (-3-),6,10 30 Non-terminating .........
13. Goim=Frp . (-3),12,5 e Repetition of 14-29
4., Go:3rpo (=-),13 3L »lo: Fms{lo} ... (=3-),6,25
15wl (b} (wb) 32 Similarly to 2730
16. by :—=Arp. oo 3,4 33. wlo:3ms{li}....n (=37),6,10
17. IR 1 2% P M4 34 Similarly to 12-32
18. » o : 35.{[2} ....... (ﬁEIﬁ),6,16 35. »ip: 3—\8.{50} ............. (—\3—\),6
19. by :—=—Trp........ (—3),5,18  36. ...l Similarly to 7-34

Fig. 2. An infinite, unfair derivation

produce the labelled concept expression (assertion) in each line is specified on the
right. The black triangles denote branching points in the derivation. A branch
expansion after a branching point is indicated by appropriate indentation. We
observe that the derivation is infinite because the application of the (3) rule to
Lo : It.—3r.p is deferred forever and, consequently, a contradiction is not found.
The example illustrates the importance of fairness to completeness.

Without giving further details we observe that the calculi are compatible with
standard optimisations such as backjumping, simplification, different strategies
for branch selection and rule selection, etc provided that the fairness condition
is not violated.

We have implemented the unrestricted blocking rule as a plug-in to the
METTEL tableau prover [9], and tested it on various description logics.

7 Conclusion

We have presented a new, general tableau approach for deciding description log-
ics with complex role operators, including especially ‘non-safe’ occurrences of
role negation. The tableau decision procedures found in the description logic
literature, and implemented in existing tableau-based description logic systems,
can handle a large class of description logics but cannot currently handle de-
scription logics with full role negation such as ALB or ALBO. An important
novelty of our approach is the use of a blocking mechanism based on the use of
inference rules rather than standard loop checking mechanisms which are based
on tests performed on sets of expressions or assertions which may need to be
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tailored toward specific logics. Our techniques are versatile and are not limited
to ALBO or its sublogics, but carry over to all description logics and also other
logics including first-order logic. We are optimistic that the ideas of this paper
can be taken a lot further.
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Description Logic vs. Order-Sorted Feature Logic
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Abstract. We compare and contrast Description Logi}) and Order-Sorted Featur®@§ F)
Logic from the perspective of using them for expressing &agoning with knowledge struc-
tures of the kind used for the Semantic Web.

Introduction

The advent of the Semantic Web has spurred a great deal ofshi@ various Knowldege Representation
formalisms for expressing, and reasoning with, so-calkethél ontologies Such ontologies are essentially
sets of expressions describing data and properties th&ata is generally organized into ordered hierarchies
of set-denoting concepts where the order denotes setiocluroperties are binary relations involving these
concepts. This set-theoretic semantics is amenable tg@forimal rendering based on first-order logic, and
therefore to proof-theoretic operational semantics.

Description Logic PL) and Order-Sorted Featur®§ F) logic are two mathematical formalisms that
possess such proof-theories. Both are direct descendaRsnoBrachman's original ideas [1]. This inher-
itance goes through my own early work formalizing Brachreadéas [2], which in turn inspired the work
of Gert Smolka, who pioneered the use of constraaih for the DL [3] and OSF [4] formalisms. While
the DL approach has become the mainstream of research on the &=Webf the lesser know@®SF for-
malisms have evolved out of Unification Theory [5], and besediin Constraint-Logic Programming and
Computational Linguistics [6—19].

In this short communication (extracted from [20]), we comgpand contrasDL and OSF logics with
the purpose of using them effectively for ontological resgretation and reasoning.

Relation betweenD L and OSF Formalisms

The two formalisms for describing attributed typed objegftinterest—viz., DL and OS F—have several
common, as well as distinguishing, aspects. Thanks to lothdlisms using the common languagerad £

for expressing semantics, they may thus be easily compased;—for example, [21, 22]. We here brush on
some essential points of comparison and contrast.

Common AspectsDL reasoning is generally carried out using (variations orguéve Tableau methods
[23].2 This is also the case of the constraint propagation rulesgfIF which simply mimick a Deductive
Tableau decision procedure [Z4DSF reasoning is performed by th@S F-constraint normalization rules
of Figs. 2 and 3, which implement a logic of sorted-featuneadity.

! Due to severe, and strictly enforced, space limitation @séhproceedings, most of the points we make here are futttmrated for the
interested reader in [20].

2 Although one can find some publications on Description Le¢iat do not (fully) use Tableaux reasoning for their openatl semantics
and mix it with resolution i(e., Prolog technology), the overwhelming majority follow th#ficial W3C recommendations based on
Tableaux methods for TBox reasoning.

3 The constraint-rule notation we use is Plotkin’s SOS st3@.[The constraint systetd LCNR is given here as an exemplar of a DL
Tableaux-based reasoning system. It is neither the moséssige nor the most efficient. However, it uses the same sfylormula-
expansion rules used by all Tableaux-based DL systems sughgarticular, the ever-growing family of esotericatigmed Description
Logics SHZ Q, SHOZIN, SHOZQ, SHOQ(D), SRZQ, and othetSROZ Q, which underlie all the official nocturnal bird
languages promoted by the W3C to enable the Semantic Webfersme@ample the “official” DL site lfttp://dl.kr.org/ )as well
as the output of one of its most prolific spokespersdutp(/www.cs.man.ac.uk/"horrocks/Publications/ ).
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(Cn) CONJUNCTIVE CONCEPT:
[ ifa::(Cll‘ICQ)ES} S
and{x:Cl,x:CQ}ZS SU{x:Cl’x:CQ}

(Cu) DISJUNCTIVE CONCEPT:

[ if 2:(C1UCs) € S } 5
andz:C; ¢ S (i=1,2) m

(Cy) UNIVERSAL ROLE:
{ if :(VR.C) € S} S

andy € Rglz] -
andy:C ¢ S SU{yC}

(C3) EXISTENTIAL ROLE:
{ if 2:(3R.C) € S st R = ( ?1Ri):| S

andz:C € S = z ¢ Rs[z]
and y is new SU{zRiy}2U{y:C}

(C>) MIN CARDINALITY :
{ ifz:(>n.R) € S st RE ( ;"1Ri):| S

and \Rs[;ﬂ #n
and y; isnew (0 < i < n) SuU {Z'Riyj};njzl 1
U{yi # yihi<ici<n

(C<) MAX CARDINALITY :

if z:(<n.R) € S 15
and |Rs[z]| > n ‘|
and y,z € Rslz] o ar
and;#z e% SUS[?J/Z}

Fig. 1. SomeDL-constraint propagation rulesl\CCNR)

$Object Descriptions—Both theD£ and OSF formalisms describe typed attributed objects. In each, ob-
jects are data structures described by combining set-tignancepts and relation-denoting roles.

$Logic-Based Semantics-Both DL andOS F logic are syntatic formalisms expressing meaning using con
ventional logic styles. In other words, both formalismstétkeir meaning in a common universal language—
viz., (elementary) Set Theory. This is good since it eases utatheling each formalism in relation to the
other thanks to their denotations in the common language.

$Proof-Theoretic Semantics—Both DL and OSF logics have their corresponding proof theory. Indeed,
since both formalisms are syntactic variants of fragmehtS8@L, proving theorems in each can always rely
on FOL mechanized theorem proving.

§Constraint-Based Formalisms—Even further, bottD£ andOS F logic are operationalized using a constraint-
based decision procedure. As we have expounded, this maltepdradigms amenable to being manipulated
by rule-based systems such as based 6®, rewrite rules, or production rules.

§Concept Definitions—Both DL and OSF provide a means for defining concepts in terms of other con-
cepts. This enables a rich framework for expressing reeigata structures.
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Distinguishing Aspects There are also aspects in each that distinguisitieand OSF formalisms
apart. However, several of these distinguishing featuresirafact cosmetic—+e., are simply equivalent
notation for the same meaning. Remaining non-cosmetierdifices are related to the nature of the deductive
processes enabled out by each formalism.

$Functional Featuresvs. Relational Roles—The OSF formalism usegunctionsto denote attributes while
the DL formalism useshinary relationsfor the same purpose. Many have argued that this differesice i
fundamental and restricts the expressivityd$ F vs. DL. This, however, is only a cosmetic difference as
we have already explained. First of all, a functibn A — B is a binary relation sinc¢ € A x B. Ita
functionalrelation because it obeys the axiom of functionality; naniel b) € f & {(a,b') € f = b=1'.

In other words, a function is a binary relation that assesiat most one range element to any domain element.
This axiom is fundamental as it is is used in ba8i§ F unification“Feature Functionality’shown in Fig. 2.
Indeed, the correctness of this rule relies on the semaottiesatures as functions, not as relations.

(O1) SORT INTERSECTION: P& X:5& X5
o& X :5N¢8
(O2) INCONSISTENT SORT: P& X : L
X: 1

(O3) FEATURE FUNCTIONALITY : ¢ & X.f = X' & X.f = X"
d)&Xf:X/&X/:X//

(O4) VARIABLE ELIMINATION :
P& X=X

[if X # X' and X € varR(¢) ]
SIX/X & X = X'

(Os) VARIABLE CLEANUP: p& X=X
¢

Fig. 2. BasicOS F-constraint normalization rules

However, a relatiorR € A x B is equivalent to either of a pair of set-denoting functionsz-, either
the functionR[_] : A — 2%, returning theR-object (or R-imagé setR[x] C B of an element: € A; or,
dually, the functionR~'[_] : B — 2%, returning theR-subject(or R-antecedentsetR~*[y] C A of an
elementy € B. Indeed, the following statements Js(s;) are equivalent:

V(z,y) € A x B, (z,y) € R (s1)
y € R[] (s2)
z € Ryl (s3)

Therefore, it is a simple matter for tifgS F formalism to express relational attributes (or roles) viédtures
taking values as sets. This is trivially done as a specia oashe “Value Aggregation”OSF unification
rule shown in Fig. 3, using a set data constructoes;-a commutative idempotent monoid.
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(Os) PARTIAL FEATURE:

P& X.f=X'

[if s € bom(f) and RAN,(f) =s']
P& Xf=X&X:s&X :5

(O7) WEAK EXTENSIONALITY :
[ifses andeEARITY(s)::| P& X:s&X s
(Xf=Y, X' f=Y}Co & X sk X=X

(Os) VALUE AGGREGATION:

J— . — /- !/
[ifsands’arebothsubsortsif P& X=c:s&X=¢e:s
commutative monoid*, 1

1) P& X =exe' :sNs

Fig. 3. Additional OS F-constraint normalization rules

§Setsvs. Individuals— Because th€SF formalism has only set-denoting sorts, it is often miscarest as
unable to deal with individual elements of these sets. Hewes explained in [20], this is again an innocuous
cosmetic difference since elements are simply assimitatethgleton-denoting sorts.

¥No Number Restrictionsvs. Number Restrictions—Strictly speaking, th€S.F formalism has no special
constructs for number restrictions as they exisDii. Now, this does not mean that it lacks the power to
enforce such constraints. Before we show how this may be, dmveever, it important to realize that it may
not always be a good idea to use i€ approach to do so.

Indeed, as can be seen in Fig. 1, thin Cardinality” rule (C<) will introduce n(n — 1)/2 new dis-
equality constraints for each such constraint of cardiali Clearly, this is a source of gross inefficiency
an increases. Similarly, thé&Existential Role”rule (C5) will systematically introduce a new variable for a
role, even when this role is never accesséidioes so because, it materializes the full extent of rolaea
sets. In other wordg; constraint-propagation rules flesh out complete skeldmmattributed data structures
whether or not the actual attribute values are needed.

By contrast, it is simple and efficient to accommodate calitinconstraints in th&SF calculus with
value aggregation using a set constructce.(an idempotent commutative monold = (x,1.)), and a
functioncARD : M — N that returns the number of elements in a set. Then, imposhaeecardinality
constraint for arole in a feature termt = X : s(r = S = {e1,...,en} : m), where sortn denotesM’s
domain, is achieved by the constrainit) & CARD(S) < n—or ¢(t) & CARD(S) > n. If the set contains
variables, these constraints will residuate as neededmetite complete evaluation of the functioarD.
However, as soon as enough non-variable elements haveialiaggt in the set that enable the decision,
the constraint will be duly enforced. Clearly, this “lazyj@roach saves the time and space waste® By
propagation rules, while fully enforcing the needed caatiiies.

Incidentally, note also that this principle allows not ontyn and max cardinality, but any constraints on
a set, whether cardinality or otherwise. Importantly, foiegoing method works not only for sets, but can
be used with arbitrary aggregations using other monoids.

$Greatest Fix-Point vs. Least Fix-Point—It is well known that unfolding recursive definitions of aihkls
(be itfunction, relation, or sort) is precisely formalizasicomputing a fix-point in some information-theoretic
DEF

lattice. Indeed, given a complete lattige = (D*<, C <, 1%, 0, T, L*) and a monotone functién
F : D® — D*, Tarski’s fix-point theorestates that the setp(F) = {z € D* | F(z) = z} of

4 Thatis, such thatvz,y € D, & C%y = F(z) T F(y).
5 Seee.g, [25].
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fix-points of 7 is itself a complete sublattice @f. Moreover, its bottom element is callgds least fix-point
(LFP), writtenF T, defined by Equation (1):

Fre | ) @

neN

and its top element is called’s greatest fix-pointGFP), writtenF*, defined by Equation (2):

FLE () (2)

neN
where:

n, N J if n =0,
Fi=) = {]—'(f"’l(a:)) otherwise

Informally, F' is the upward iterative limit of F starting from the least element iR, while F' is its
downwarditerative limit starting from the greatest elementlirt. One can easily show thai(F') = F'
[resp.,.F(F') = F!], and that no element dD* lesser tharF' [resp., greater thaf | is a fix-point of F.

One may wonder when one, or the other, kind of fix-point cagstine semantics intended for a set of re-
cursive definitions. Intuitively, LFP semantics is appia® when inference proceeds by derivimgcessary
consequencesom facts that hold true, and GFP semantics is appropriagninference proceeds by deriv-
ing sufficient conditiondor facts to hold trué€. Therefore, LFP computation can model only well-founded
(i.e, terminating) recursion, while GFP computation can alsaehaon well-foundedi(e., not necessarily
terminating) recursion. Hence, typically, LFP computatis naturally described as lzottom-upprocess,
while GFP computation is naturally described as@-downprocess.

An example of GFP semantics is given by the Herbrand-terification. Indeed, this process transforms
a set of equations into an equivalent one using sufficienditions by processing the terms top-down from
roots to leaves. The problem posed is to find sufficient canditfor a term equation to hold on the con-
stituents (e, the subterms) of both sides of the equation. For first-otelens, this process converges to
either failure or producing a most general sufficient caoditn the form of a variable substitution, or equa-
tion set in solved form (the MGU). Similarly, th@S F-constraint normalization rules of Figs. 2, 4, 5, and
3 also form an example of converging GFP computation for #mesreasons. Yet another example of GFP
computation where the process may diverge is the lazy rieewssrt definition unfolding described in [26].

On the other hand, constraint-propagation rules based dndlige Tableau methods such as used in [3]
or shown in Fig. 1 are LFP computations. Indeed, they probeg#dm-up by building larger and larger con-
straint sets by completing them with additional (and ofteslundant) constraints. In sho@S F-constraint
normalization follows a reductive semantics (it elimiratenstraints) whilé L-constraint propagation fol-
lows an inflationary semantics (it introduces constraims)a result,DL’s tableau-style reasoning method
is expansive—therefore expensiven time and space. One can easily see this simply by realihiageach
rule in Fig. 1 builds a larger sef as it keeps adding more constraints and more variables ©nly the
“Max Cardinality” rule (C<) may reduce the size ¢f to enforce upper limits on a concept’s extent’s size by
merging two variables. Finally, it requires that the coaisit-solving process be decidable.

By contrast, theDSF labelled-graph unification-style reasoning method is nedfieient both in time
and space. Moreover, it can accommodate semi-decidal#e-tndecidable, though recursively enumerable—
constraint-solving. Indeed, no rule in Figs. 2, 4, 5, and & éntroduces a new variable. Moreover, all the
rules in Fig. 2 as well as the rule 3, except for tRartial Feature'tule, all eliminate constraints. Even this
latter rule introduces no more constraints than the numbératures in the whole constraint. The rules in
Figs. 4 and 5 may replace some constraints with more contgréiut the introduced constraints are all more
restrictive than those eliminated.

§Coinduction vs. Induction—Remarkably, the interesting duality between least andtegseéix-point com-
putations is in fact equivalent to another fundamental aaeely,induction vs. coinductioin computation

6 One might also say that LFP geductivesince it moves from premiss to consequent, and that GEPdsictivesince it moves from
consequent to premiss.
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(O9) NON-UNIQUE GLB:
if {81};":0:max§{t65\t§s:| o & X:s & X:s
d ¢t <s'
and ¢ < s} ¢ & (Xist | ... | X:sn)

(O10) DISTRIBUTIVITY : o & (¢ || ¢)
(0&d¢) || (6&¢")

(O11) DISJIUNCTION: o | ¢

¢

Fig. 4. Disjunctive OS F-constraint normalization

(O12) DISEQUALITY : P& X #X

(O13) COMPLEMENT :
[y emcteesiize] SEXE
andt £ s} ¢&X:s’

Fig. 5. NegativeOS F-constraint normalization

and logic, as nicely explained in [27]. Indeed, while indastallows to derive a whole entity from its con-
stituents, coinduction allows to derive the constituentsnfthe whole. Thus, least fix-point computation is
induction, while greatest fix-point computation is cointio. Indeed, coinduction is invaluable for reason-
ing about non well-founded computations such as thoseathorit on potentially infinite data structures [28],
or (possibly infinite) process bisimulation [29].

This is a fundamental difference betweBif andOS F formalisms:DL reasoning proceeds by actually
building a model’s domain verifying a TBox, whil®SF reasoning proceeds by eliminating impossible
values from the domains. Interestingly, this was alreadgn@ed in [3] where the authors state:

“[...] approaches using feature terms as constraints fuse] a lazy classification and can thus
tolerate undecidable subproblems by postponing the @ecisitil further information is available.
[. .. these] approaches are restricted to feature termsvean extension to KL-ONE-like concept
terms appears possible.”

Indeed, the extende@S F formalism overviewed in [20] is a means to achieve preciteby

Conclusion

We have briefly reviewed two well-known data descriptionmratisms based on constraints, Description
Logic and Order-Sorted Feature Logic, explicating how theyk and how they are formally related. We
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have identified similarities and differences by studyingittset-theoretic semantics and first-order logic

proof-theory based on constraint-solving. In so doing, dentified that the two formalisms differ essentially

as they follow dual constraint-based reasoning strate@l€sconstraint-solving being inductive (or eager),
andOSF constraint-solving being coinductive (or lazy). This hascansequence théS F logic is more
effective at dealing with infinite data structures and septidable inference.

It seems therefore evident that, since i€ and OSF formalisms are one another’s formduals
both semantically and pragmatically, we should be wellisety to know preciselyvhen one or the other
technology is more appropriate fathat Semantic Web reasoning task.
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Abstract. Enabling the Semantic Web requires solving the semantic
heterogeneity problem, for which ontology matching methods have been
proposed. These methods rely on similarity measures that are mainly
focused on terminological, structural and extensional properties of the
ontologies. Semantics rarely play a direct role on the ontology matching
process, albeit some algorithms have been proposed. On the other hand,
many ontology engineers choose representation languages that have an
underlying formal logic, providing well-defined model-theoretic seman-
tics. Since semantics are a key advantage of ontologies, we believe that
semantics-based similarity measures are crucial. In this paper, we present
a novel approach to semantic similarity.

Key words: ontology matching, semantic similarity

1 Introduction

Given the semi-anarchic organisation of the current World Wide Web, it is unre-
alistic to expect that the Semantic Web, its envisioned evolution, will not suffer
from semantic heterogeneity, which can, if it is not properly tackled, hinder its
acceptance and consequently its growth and, in the worst case, preclude its devel-
opment. Ontology matching and alignment is an area that deals with this prob-
lem by establishing relations (usually equivalence and subsumption relations)
between elements in different ontologies. According to [1], ontology alignment
techniques can be categorised in two major groups: local, which focuses on simi-
larities of individual elements and/or their relations to other elements, and global,
dealing with the whole ontology or parts of it. The local alignment techniques
are further classified as terminological, structural, extensional or semantics. Ter-
minological methods are twofold: many rely in string-matching techniques, such
as sub-string matching, Jaccard Distance, Edit Distance, etc; others use external
linguistic resources, such as dictionaries or thesauri. Structural techniques rely
on the structure of the elements, and their relations to other elements, recurring,
for example, to graph matching techniques. Extensional techniques focus on the
extensions (instances) of concepts to assess their likelihood. Finally, semantics-
based alignment approaches are aware and make use of the semantics underlying
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the representation language, which enables them to resort to deduction services,
such as subsumption and consistency checking.

Similarity measures are used to assess the likelihood of elements of ontologies
or the ontologies themselves. In this paper we present our preliminary work on
defining an ontology similarity measure that is purely based in the semantics of
concepts. We should note at this point that we are committing to the notion
of semantics as defined by a formal logic system, and not as its pragmatical
meaning as approached in [2]. For the target representation language, we chose
a Description Logics formalism for mainly three reasons: it is the backbone of
the current most prominent ontology representation language for the Semantic
Web — the OWL language —, it is the most active family of languages in the
community and it provides well-defined model-theoretic semantics. Our target
representation language is ALC without roles. Although this is a rather inex-
pressive logic, we stress that this work is only preliminary and that we plan to
extend it towards more expressive languages. Note that this logic is equivalent
to propositional logic, which, inexpressive as it is, can still find application in the
real world, since it allows to describe taxonomies (web directories are examples
of this). In the following, we assume that a TBox is a set of subsumption and
equivalence axioms, that relate atomic and complex concepts. The concepts we
are considering are L, T, A, CN D, CU D, -C, where A is a concept name,
and C and D are concepts. Their semantics are defined as usually [3]. The term
ontology is often used to refer to a number of different artifacts that may in-
clude, for example, a glossary of terms, the conceptual and coded model and
the documentation. For simplicity, in this paper we will restrict the notion of
ontology to an ALC TBox without roles. In the following, it is assumed that the
set of concepts C contained in an ontology is finite.

The paper is organised as follows: section 2 presents the theoretical under-
pinning of the work presented here, followed by a toy example demonstrating
how it works in practice. The implementation of the algorithm is the subject of
section 3. We conducted an experiment with average-sized ontologies, using the
proposed similarity measure, described in section 4. Section 5 comprises an eval-
uation and discussion of the proposed measure. We summarise related work in
section 6 and finish the paper with conclusions and future directions in section 7.

2 Theory

Given the set of possible ontologies in the language we are considering, O, our
aim is to define a similarity measure o : O x O — [0, 1], which is purely based
on semantics. This similarity measure is required to take the highest value for
equivalent ontologies, i.e. given three ontologies 77, T and Tz, if T = T3:!

Loo(T,T3) = o(Th, Ty).
2. 0(T2,73) = 1.

! Assume that 77 = 75 is equivalent to 7; = 75 and T2 |= T3



“d107-proceedings” — 2007/5/21 — 15:39 — page 157 — #167

Proceeding of DL2007 - Regular Papers 157

Our approach starts by considering a simple version of the aimed similarity
function, defined as follows:

1 77 =7,
o (T, 1) =< 05else f T EThor K ET (1)
0 otherwise .

This similarity function is not sufficiently discriminative, which is due to the
fact that the definition of the entailment operator requires every model of 7y
to be a model of 73 so that 7; = 72. What we wish to achieve is a similarity
operator that is a function of the quantity of models of 7; and 75. However, the
amount of models of an ontology is usually infinite. Our approach is to consider
a kind of Herbrand interpretation to get around this problem, but instead of
redefining the whole logic system, as it is done with Herbrand logic to deal with
Herbrand models, we choose to define syntactic elements (concepts), rather than
semantic ones (interpretations). Consider the following definitions.

Definition 1 (Characteristic Concept). Let C be a set of DL concept names.
A characteristic concept wrt C is a concept conjunction of the form C1M...MCy,
where C; is either A or —A, with A € C, n = |C|, and for every i # j, C; # C;
and C; # —=C;. ((C) is the set of all possible characteristic concepts wrt C.

Definition 2 (Characteristic Disjunction and Axiom). Let C be a set of
DL concept names and S C ((C). The characteristic disjunction of S, U(S),
is the concept | |ocg C. The characteristic axiom of S, O(U(S)), is the axiom
TCU(S).

Definition 3 (Characteristic Acceptance Set). Let T be an ontology con-
taining the set of DL concept names C. The characteristic acceptance set of 7,
written Z(T), is such that Z(T) C ¢(C) and T = 0(Z(T)).

In other words, a characteristic concept wrt a set of concept names is one of
the most specific concepts that is possible to build from them. The characteristic
disjunction is the concept disjunction of all the characteristic concepts. Finally,
the characteristic acceptance set of an ontology is the set of all characteristic
concepts consistent in that ontology. We should note that the characteristic dis-
junction can also be interpreted as a formula in the disjunctive normal form
(DNF). Although normal forms are usually very large, we show how to circum-
vent this in section 3. Note that the elements of the characteristic acceptance set
can be thought of as Herbrand models (with an arbitrary constant). Since the
similarity measure we present is heavily based on the characteristic acceptance
set, the following lemmas must hold.

Lemma 1. Let T be a consistent ontology containing the DL concept names C.
Z(T) exists and is unique.

Lemma 2. Let 7Ty and T3 be consistent ontologies containing the concepts C.

i i E T iff Z(Th) € Z(T2);
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i. TL =Ty iff Z(Th) = Z(Ts).

The proofs of these lemmas can be found in [4]. The acceptance set depends
on the number of models of the ontology, since it is the set of most specific
consistent concepts in the ontology (i.e., for which there are at least one model).
Given these definitions, we are now able to expand the definition of our similarity
measure.

Definition 4 (Semantic Similarity). Let 7; and T2 be consistent ontologies
containing the concepts C. Let Zy = Z(T1) and Zy = Z(73). The semantic
similarity measure o : O x O — [0,1] is defined as follows:

o(T1, D) = 1= (|21 = Za| + |22 — Z1]) /21! (2)

Intuitively, equation 2 measures the accordance of characteristic concepts
between both ontologies.

Theorem 1. Let 71, 75 and 73 be consistent ontologies containing the DL con-
cept names C. If Ty = T3 then 0(T1,T2) = 0(T1,T3) (i.e., o is purely based on
semantics).

Proof. The result follows immediately from Lemma 2.

Ezxample 1. Consider the following ontologies:

T

T

—Male C Female
Man = Person ' Male
Woman = Person N Female
MaleCat = Cat M Male

Person C Male LU Female
Man = Person M Male
Female = —=Male
Woman = Person M —Man

MaleCat C Cat

Although similar, these two ontologies display subtle differences. In particu-
lar, Male or Female are necessary in 77 (each individual has to be either one or
the other, or both), but in 73 the definition is stricter: each individual is exclu-
sively one or the other. Furthermore, in 75 we define Woman as a Person and not
a Man. In both ontologies, the concept of Man is defined as the intersection of
Person and Male, but in 77, some members of Man can also be Female. However,
in 75 it is forbidden for a Male to be Female, so it restricts the concept of Man
to individuals who are Male and, consequently, not Female. Finally, MaleCat’s
definition in 75 is incomplete wrt 7.

Table 1 shows the Z(77) and Z(73) sets. Each row is a concept name and
each column is a characteristic concept, in such a way that if 4+(resp. —) is in
the intersection of a concept name C' and a characteristic concept D, then C
appears in D as a positive (resp. negative) literal.

As can be seen from the table, |Z; — Zs| = |Zy — Z1| = 4. Equation 2 yields:

o(T1, ) =1— (|Z) — Za| + | Zo — Z1])/2I°1 =1 — (4 +4)/128 = 93.75% .



“dl07-proceedings” — 2007/5/21 — 15:39 — page 159 — #169

Proceeding of DL2007 - Regular Papers 159

Table 1. The characteristic acceptance sets for 77 and 7s.

COI’lCGpt Zl—Z2 ZlﬂZQ ZQ—Zl
Man[+ — —+[++ - ——— — — -—+-
Male|+ + + +|+ + — — — =+ +|— — + +

Person|+ — — +|++++ — — — —|— + + —

Cat|[++——|+——+—4+ —+|++++
Female|+ + + +|— -+ + ++ — —|+ + — —
Woman|4+ — — +|— -+ 4+ — — — —|— + — —
MaleCat|+ + — —|+ — — — — — — +|+ + - -

3 Implementation

A naive implementation of this theory could potentially be very inefficient, since
Z(T) grows exponentially in proportion to |C|. However, we only need the size
of a sub-set of Z(7). Given that the characteristic disjunction of a sub-set of
Z(T) is equivalent to a DNF formula, we can use #SAT, which computes the
size of the set.

Given two ontologies 77 and 73, our implementation starts by computing the
concepts C7 and Cs such that 77 = T C C7 and 75 = T C Cs. The purpose
is to count the characteristic concepts that are subsumed by Cy M Cy (i.e., that
are both in Z(7;) and Z(7z)) and the ones that are subsumed by —Cy M =Cs
(i.e., that are neither in Z(77) nor Z(73)). To achieve this, we represent the
concept C MCyU~CyM—Cy as a CNF formula and feed it to a #SAT solver. To
transform the concept into CNF we use the Definitional CNF Transformation
algorithm (CNF with naming). Note that the following holds:

o(T1,T2) = me(enf(Cy M Cy U -Cy M =Cy))/2/€1 (3)

where mc is the model count and cnf is the CNF representation of the formula.
To perform model counting we use the RELSAT tool [5]. We should note that the
computation is not performed exactly as defined in equation 3. We observed that
RELSAT performed considerably faster using the following equivalent equation:

o(T, o) = ((2'0\ — me(enf(C1))) — me(enf(Cy)) + 2 x me(enf(Cy M 02))) J2lel

4 Experiment

In this experiment, we were aiming at evaluating our similarity measure against
an intuition of similarity. This measure is only applicable to ontologies sharing
the same concept names, but the lack of such ontologies thwarts the direct
employment of the measure. It is thus necessary to map a set of ontologies in
the same domain. Then, the set of concepts involved in the mapping are cropped,
so that the ontologies that are to be compared contain the same set of concept
names.
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As dataset we used three ontologies in the cooking domain. The first one is
called ONTOCHEFgs (Ogg) and can be seen as a gold standard, as its develop-
ment was carried out more zealously and by a bigger team than the others [6].
The other two, ONTOCHEF; and ONTOCHEF, (O; and Os), were developed by
students at an undergraduate course on Knowledge Representation. The selec-
tion of these ontologies was based on their correctness and thoroughness. Many
contained axioms such as Preparation C Recipe, using subsumption incorrectly
and were ruled out. The ontologies were required to define at least: recipes, mea-
surements, (kitchen) tools and ingredients/food, so we ruled out the ones that
were not sufficiently thorough on (or completely neglected) these topics. Figure 1
shows a section of each ontology. O; has 49 concept names, while Os has 167
and Ogg has 571.

o Nonohol
Drink
Li
“S’ng Fat Fish Abatorr <t Co»
Fat f—— - IS
\ngred\emw AnimalPart Anma\%—‘ Meat Canned o
it oy freast <— CowBreast
Food D‘"CU"Y T wan Ingredi emq—Vag&M nd— G
A/ A/ Re'a‘ ive SolidPartOfFood
4 Temperature Daived
% Meesuremem <+ Temperalureq— Celsivs P27 weasuremen <— Abso\u(eq_ { a4 Temperature
Time Measuremen o < sasc
ColdSource I~ Cutting <t— Knife v Time
Tool G HeatedRec Tool G > < Manial
Recipien @ Grinding <t~ Liquidizer ichenTool Cotng <= Kaife
Recipe Dessert | PresentationRec Recipe, Dessert y Electicapplance < Grinder
esse KindODish
e R Alcoholic Q\D EEEEE
MainDish 0" MainDish 2"k <= NonAlcoholic Recipe MainDish
ONTOCHEF ONTOCHEF2 ONTOCHEFgs

Fig. 1. A relevant part of the ontologies.

Despite obvious dissimilarities, there is an overlap of concepts in the ontolo-
gies. For example, both O; and O characterise dishes as Recipes, while in Ogg
these are subsumed by KindOfDish, which intuitively makes more sense. Also,
in Ogg, Salad is subsumed by Starters, but in O; and Os they are at the same
level as the other kinds of dishes, which shows that even the gold standard can
be (and usually is) less than perfect, since salads are not necessarily starters.

The results of applying the similarity measure are as follows:

o(01,03) = 98.1134%, (01, 0gs) = 94.8180%, o(02,0gs) = 94.0139%

5 Evaluation and Discussion

Although it is not clear from figure 1 that these ontologies are as similar as
assessed by the proposed measure, their cropped sections display many simi-
larities. Thus, we can say that the measure is on a par with our intuition of
similarity. We can also observe that when a set of values is available, comparing
the different values is a reasonable way to establish which ontologies are more
or less similar to an ontology. In the previous section we observed that the two
ontologies built by the undergraduate students were more similar, which is an
intuitive outcome. This is mostly due to the fact that each kind of dish is con-
sidered as a Recipe in O; and Os, and also that the kinds of Ingredient in these
ontologies are considered as Food in Ogg. Furthermore, the similarity between
01 and Ogg is slightly higher than the similarity between Oy and Ogg. This
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happens mainly because Cup, TeaSpoon and SoupSpoon are represented in O
as volume measurement units and in Oy they are tools.

A possible use-case we envision for our similarity measure is the automatic
assessment of a learnt ontology against a gold standard, assuming the learnt
ontology has the same concepts as the gold standard, or a sub-set of them. Also,
our measure could be used in an ontology merging system that would search an
ontology library for similar ontologies and propose extending the source ontology
with axioms and concepts from the most similar ontologies.

In [7], the authors present a set of reasonable criteria for assessing the quality
of a similarity measure. It can be shown that our measure respects the propor-
tional error effect and the usage of interval criteria. It is also worth mentioning
that the measure is, indeed, a similarity measure as it is usually defined (e.g. [8]).

Although our implementation is based on #SAT, which is NP-HARD, the
use of heuristics boost the efficiency of the #SAT solvers, and can deliver results
for ontologies containing more than 500 concepts, in less than 10 seconds. We
consider this to be acceptable.

6 Related Work

Some alignment algorithms and tools have been developed, many of which are
described in [1]. In this survey it is mentioned that only 4 out of the 21 systems
analysed rely directly on semantic properties of the ontologies: S-Match [9],
Buster [10], Chimarae [11] and KILT [12]. There are also approaches to simi-
larity in DL formalisms, such as [13]. In this work, Hu et al. present a method
for calculating distances between concepts based on their signatures. A concept
signature is the set of elements that a concept is dependent of, which is deter-
mined using tableaux-like reasoning rules. Their approach starts by computing
the signatures of concepts and counting the times each element (atomic concept
and role) appears in the signature and fine-tuning it using information retrieval
techniques. They define the distance between ontologies by aggregating the dis-
tances between their different components. Herein lies an advantage of their
work: they define similarity on many levels; our work focuses on ontologies as
wholes. An advantage of our work is that our measure is bounded between 0 and
1, as opposed to their work which can yield any (possibly negative) number, and
thus cannot be strictly considered as a similarity measure since it does not hold
the positive definiteness condition. Other work in DL similarity can be found
in [8,14, 15].

7 Conclusions and Future Work

In this paper we present a semantic similarity measure for a sub-set of the ALC
Description Logic. We show some properties of the measure, how it can be ap-
plied to average-sized ontologies and that the results yielded roughly correspond
to our intuitive notion of similarity.
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In the future, we would like to tackle the efficiency and expressiveness prob-

lems. A formal analysis of the algorithm should be done in order to provide
a deeper understanding of the limitations of the current implementation. We
would like to add the possibility of having a weighing factor in the form of a
probability distribution over concepts. Finally, we should apply it to a use-case,
namely in the automatic assessment of learnt ontologies against a gold standard.
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Abstract. We investigate the complexity of reasoning over various frag-
ments of the Extended Entity-Relationship (EER) language, which in-
clude different combinations of the constructors for ISA between concepts
and relationships, disjointness, covering, cardinality constraints and their
refinement. Specifically, we show that reasoning over EER diagrams with
ISA between relationships is ExpTIME-complete even when we drop both
covering and disjointness for relationships. Surprisingly, when we also
drop ISA between relations, reasoning becomes NP-complete. If we fur-
ther remove the possibility to express covering between entities, rea-
soning becomes polynomial. Our lower bound results are established by
direct reductions, while the upper bounds follow from correspondences
with expressive variants of the description logic DL-Lite. The established
correspondence shows also the usefulness of DL-Lite as a language for
reasoning over conceptual models and ontologies.

1 Introduction

Conceptual modelling formalisms, such as the Entity-Relationship model [1], are
used in the phase of conceptual database design where the aim is to capture at
best the semantics of the modelled application. This is achieved by expressing
constraints that hold on the concepts, attributes and relations representing the
domain of interest through suitable constructors provided by the conceptual
modelling language. Thus, on the one hand it would be desirable to make such
a language as expressive as possible in order to represent as many aspects of
the modelled reality as possible. On the other hand, when using an expressive
language, the designer faces the problem of understanding the complex interac-
tions between different parts of the conceptual model under construction and
the constraints therein. Such interactions may force, e.g., some class (or even all
classes) in the model to become inconsistent in the sense that there cannot be
any database state satisfying all constraints in which the class (respectively, all
classes) is populated by at least one object. Or a class may be implied to be
a subclass of another one, even if this is not explicitly asserted in the model.

* Authors partially supported by the U.K. EPSRC grant GR/S63175, Tones, Knowl-
edgeWeb and InterOp EU projects, and by the PRIN project funded by MIUR.
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To understand the consequences, both explicit and implicit, of the constraints
in the conceptual model being constructed, it is thus essential to provide for an
automated reasoning support.

In this paper, we address these issues and investigate the complexity of
reasoning in conceptual modelling languages equipped with various forms of
constraints. We carry out our analysis in the context of the Extended Entity-
Relationship (EER) language [2], where the domain of interest is represented
via entities (representing sets of objects), possibly equipped with attributes, and
relationships (representing relations over objects)!. Specifically, the kind of con-
straints that will be taken into account in this paper are the ones typically used
in conceptual modelling, namely:

— is-a relations between both entities and relationships;

— disjointness and covering (referred to as the Boolean constructors in what
follows) between both entities and relationships;

— cardinality constraints for participation of entities in relationships;

— refinement of cardinalities for sub-entities participating in relationships; and

— multiplicity constraints for attributes.

The hierarchy of EER languages we consider here is shown in the table below
together with the complexity results for reasoning in these languages (all our
languages include cardinality, refinement and multiplicity constraints).

entities relationships
lang. 1SA | disjoint | covering | ISA | disjoint | covering | complexity
CiCCs|CiNCyC L|C=CiuUCs|Ri C Re|RiMRy CL|R=R;, URs
ERsy + + + + + + EXPTIME [3]
ERisur| -+ + + + — — ExpTIME
ERpoo1 + + + - - - NP
ER,.f + + — — — — NLOGSPACE

According to [3] reasoning over UML class diagrams is EXPTIME-complete, and
it is easy to see that the same holds for ERy,; diagrams as well (cf. e.g., [4]).
Here we strengthen this result by showing (using reification) that reasoning is
still EXPTIME-complete for its sublanguage ER;s,z. The NP upper bound for
FERypo0; is proved by embedding F Ry,o; into DL-Litey,o;, the Boolean extension
of the tractable DL DL-Lite [5, 6]. Thus, quite surprisingly, ISA between relation-
ships alone is a major source of complexity of reasoning over conceptual schemas.
Finally, we show that ER,. is closely related to DL-Liteyom, the Krom frag-
ment of DL-Litep,,;, and that reasoning in it is polynomial. The correspondence
between modelling languages like ERjy,o; and DLs like DL-Litey,,; shows that
the DL-Lite family are useful languages for reasoning over conceptual models
and ontologies, even though they are not equipped with all the constructors that
are typical of rich ontology languages such as OWL and its variants [7].

Our analysis is in spirit similar to [8], where the consistency checking problem
for an EER model equipped with forms of inclusion and disjointness constraints
is studied and a polynomial-time algorithm for the problem is given (assuming
constant arities of relationships). Such a polynomial-time result is incomparable

! Our results can be adapted to other modelling formalisms, such as UML diagrams.



“dl07-proceedings” — 2007/5/21 — 15:39 — page 165 — #175

Proceeding of DL2007 - Regular Papers 165

with the one for ER,.y, since ER, s lacks both 1SA and disjointness for relation-
ships (both present in [8]); on the other hand, it is equipped with cardinality
and multiplicity constraints. We also mention [9], where reasoning over cardi-
nality constraints in the basic ER model is investigated and a polynomial-time
algorithm for strong schema consistency is given, and [10], where the study is
extended to the case where ISA between entities is also allowed and an expo-
nential algorithm for entity consistency is provided. Note, however, that in [9,
10] the reasoning problem is analysed under the assumption that databases are
finite, whereas we do not require finiteness in this paper.

2 The DL-Lite Language

We consider the extension DL-Litepyo; [6] of the description logic DL-Lite [11, 5].
The language of DL-Litey,,; contains concept names Ag, A1, ... and role names
Py, Py, .... Complex roles R and concepts C' of DL-Litey,,; are defined as follows:

R == P | P,
B === L | A | >4¢R,
C = B ‘ -C | (&3] |_|C’27

where ¢ > 1. Concepts of the form B are called basic concepts. A DL-Litepoo;
knowledge base is a finite set of axioms of the form C; T Cy. A DL-Litey,;
interpretation 7T is a structure (A%, -7), where AT # () and - is a function such
that AZ»I C AZ, for all A;, and PiI C AT x AT, for all P;. The role and concept
constructors are interpreted in Z as usual. We also make use of the standard
abbreviations: T := -1, 3R := (> 1R) and < ¢ R := =(> ¢+ 1 R). We say that
T satisfies an axiom Oy C Cy if CZ C C%. A knowledge base K is satisfiable if
there is an interpretation Z that satisfies all the axioms of K (such an 7 is called
a model of K). A concept C'is satisfiable w.r.t. K if there is a model Z of K such
that CF # .

We also consider a sub-language DL-Liteg,om of DL-Litepo,;, called the Krom
fragment, where only axioms of the following form are allowed (with B; basic
concepts):

By E Bs, B, E —Bs, -B; C By,

Theorem 1 ([6]). Concept and KB satisfiability are NP-complete for
DL-Litepoo; KBs and NLOGSPACE-complete for DL-Liteg,om KBs.

3 The Conceptual Modelling Language

In this section, we define the notion of a conceptual schema by providing its syn-
tax and semantics for the fully-fledged conceptual modelling language ERjy;.
First citizens of a conceptual schema are entities, relationships and attributes.
Arguments of relationships—specifying the role played by an entity when partic-
ipating in a particular relationship—are called roles. Given a conceptual schema,
we make the following assumptions: relationship and entity names are unique;
attribute names are local to entities (i.e., the same attribute may be used by
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different entities; its type, however, must be the same); role names are local to
relationships (this freedom will be limited when considering conceptual models
without sub-relationships).

Given a finite set X = {x1,...,z,} and a set Y, an X-labelled tuple over
Y is a (total) function T: X — Y. The element T[x] € Y is said to be labelled
by x; we also write (z,y) € T if y = T[x]. The set of all X-labelled tuples over
Y is denoted by Ty (X). For y1,...,yn € Y, the expression (z1: y1,...,Zn: Yn)
denotes T € Ty (X) such that T'[z;] = y;, for 1 <i < n.

Definition 1 (ERypy syntax). An ERyp,; conceptual schema X is a tuple of
the form (£, REL, ATT, CARD g, CARD 4, REF, ISA, DISJ, COV), where

L is the disjoint union of alphabets & of entity symbols, A of attribute sym-
bols, R of relationship symbols, U of role symbols and D of domain symbols;
the tuple (£, 4, R,U, D) is called the signature of the schema X.

— REL is a function assigning to every relationship symbol R € R a tuple
REL(R) = (Uy: En, ..., Uy Ey,) over the entity symbols £ labelled with a
non-empty set {Ut,...,Uy} of role symbols; m is called the arity of R.

— ATT is a function that assigns to every entity symbol E € £ a tuple ATT(E),
ATT(E) = (Ay: Dy, ..., Ap: Dy), over the domain symbols D labelled with
some (possibly empty) set {A1,..., Ap} of attribute symbols.

— CARDRp: RxU x E — Nx (NU{oo}) is a partial function (called cardinality
constraints); CARDgr(R, U, E) may be defined only if (U, E) € REL(R).

— CARD4: A x & = N x (NU{oo}) is a partial function (called multiplicity of
attributes); CARD o(A, E) may be defined only if (A4, D) € ATT(E), for some
DeD.

— REF: R XU x & — N x (NU{oo}) is a partial function (called refinement of
cardinality constraints); REF(R, U, E) may be defined only if E 1SA E’ and
(U, E’) € REL(R); note that REF subsumes cardinality constraints CARDg.

— ISA = ISAp UISAR, where ISAR C & X £ and 1ISAR C R X R.

— DISJ = DISJg UDISJ i and COV = COV g UCOV g, where DISIg, COvg C 28 x &
and DISJp, COVR C 2® x R.

ISAR, DISJg and COVR may only be defined for relationships of the same arity.
In what follows we also use infix notation for relations ISA, ISAg, etc.

Definition 2 (ERfu” semantics). Let X be an E Ry, conceptual schema and
Bp, for D € D, a collection of disjoint countable sets called basic domains. An
interpretation of ¥ is a pair B = (ABUAB, .B) where AB # () is the interpretation
domain; AP = Upen A%, with /1% C Bp for each D € D, is the active domain
such that AB N A8 = (; -B is a function such that EZ C AB, for each E € €&,
AB C AB x AB for each A € A, RP C Tps(U), for each R € R; and DB = AB |
for each D € D. An interpretation B of X is called a legal database state if the
following holds:

1. for each R € R with REL(R) = (Uy: Eq,..., Uy E,,) and each 1 <14 < m,
—forallr € RB,r=(Uy:e1,...,Upn: e,) and eiGEiB;
— if CARDR(R,U;, E;) = (, 3) then o < #{r € RB | (U;,e;) € r} < 3, for
all e; € EZB;
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— if REF(R, U;, E) = (a, B), for E € £ with E18A E;, then, for all e € EB,
a <t{re RP|(Uie)er} <p;

2. for each F € & with ATT(E) = (A1: Dy,...,Ap: Dy) and each 1 <i < h,
— for all (e,a) € AB x AB | if (e,a) € AP then a € D5;
— if CARD4(A;, E) = (o, B) then @ < #{(e,a) € AP} < B, foralle € EP;

3. for all By, By € &, if By 18Ap E; then EP C EF (similarly for relationships);

4. for all E,Es,...,E, €&, if {E1,...,E,} DiSig E then EF C EB| for every
1<i<n,and EBN EJB =, for 1 <i < j < n (similarly for relationships);

5. for all E,Ey,....E, € &, {E1,...,E,} covg E implies E¥ = (J_, EP
(similarly for relationships).

Reasoning tasks over conceptual schemas include verifying whether an entity,
a relationship, or a schema is consistent, or checking whether an entity (or a
relationship) subsumes another entity (relationship, respectively):

Definition 3 (Reasoning services). Let X~ be an E Ry, schema.

e X is consistent (strongly consistent) if there exists a legal database state B
for X such that EB # (), for some (every, respectively) entity F € £.

e An entity E € & (relationship R € R) is consistent w.r.t. X if there exists a
legal database state B for X such that E # () (RE # (), respectively).

e An entity Fy € £ (relationship Ry € R) subsumes an entity Fy € £ (relation-
ship Ry € R) wa.t. X if E¥ C EF (RS C RB, respectively), for every legal
database state B for X.

One can show that the reasoning tasks of schema/entity/relationship con-
sistency and entity subsumption are reducible to each other. (Note that in the
absence of the covering constructor schema consistency cannot be reduced to a
single instance of entity consistency, though it can be reduced to several entity
consistency checks.) Due to these equivalences, in the following we will consider
entity consistency as the main reasoning service.

4 Complexity of Reasoning in EER Languages

This section shows the complexity results obtained in this paper for
reasoning over different EER languages (All proofs can be found at
http://www.inf .unibz.it/*artale/papers/d107-full.pdf.)

Reasoning over ER;sqr schemas. The modelling language F R, is the sub-
set of E'Ry, without the Booleans between relationships (i.e., DISIg = () and
covg = () but with the possibility to express ISA between them. We establish
an EXPTIME lower bound for satisfiability of EF'R;s,r conceptual schemas by re-
duction of the satisfiability problem for ALC knowledge bases. It is easy to show
(see, e.g., [3, Lemma 5.1]) that one can convert, in a satisfiability preserving way,
an ALC KB K into a primitive KB K’ that contains only axioms of the form:
ACB,AC-B,AC BUB',ACVR.B,AC 3R.B, where A, B, B’ are concept
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Fig. 1. Encoding axioms: (a) A C VR.B; (b) AC 3R.B.

names and R is a role name, and the size of K’ is linear in the size of K. Thus,
satisfiability problem for primitive ALC KBs is EXPTIME-complete [3].

Let K be a primitive ALC KB. The reduction in [3] maps K into an UML class
diagram. We show how to define an ER;s,r schema X(K): the first three types
of axioms are dealt with in a way similar to [3]. Axioms of the form A C VR.B
are encoded in [3] using both the Booleans and 1A between relationships, which
are unavailable in FR;s,z. In order to to stay within ER,s,r, we propose to
use reification of ALC roles (which are binary relationships) to encode the last
two types of axioms. This approach is illustrated in Fig. 1: in (a), A C VR.B
is encoded by reifying the binary relationship R with the entity C'z so that the
functional relationships R; and Ry give the first and second component of the
reified R, respectively; a similar encoding is used to capture A C 3R.B in (b).

Lemma 1. A concept name A is satisfiable w.r.t a primitive ALC KB K iff the
entity A is consistent w.r.t the ER;sur schema X (KC).

Theorem 2. Reasoning over ER;sqr schemas is EXPTIME-complete.

The lower bound follows, by Lemma 1, from ExXPTIME-completeness of con-
cept satisfiability w.r.t. primitive ALC KBs [3] and the upper bound from the
respective upper bound for ERy,; [3].

Reasoning over E Ry, schemas. Denote by ERy.0 the sub-language of FRg,y,
without 1SA and the Booleans between relationships (i.e., ISAg = @), DISIg = 0
and covg = 0). In ERpse we impose an insignificant syntactic restriction on
REL: there is no U € U such that (U, E;) € REL(R;), i = 1,2, for some Fy,Ey € £
and some distinct Ry, Ry € R.

We define a polynomial translation 7 of E Rp,; schemas into DL-Litep,,; KBs.
Let X' be an EFRjp,0; schema. For every entity, domain or relationship symbol
N € EUDUR, we fix a DL-Litey,,; concept name N; for every attribute or role
symbol N € AUU, we fix a DL-Litep,o; role name N. The translation 7(X) of
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Y is defined as follows:

_ R
T(E) - Tdom U U [ relUTcardR Tref] U U [ attUTcardA} U
ReR Ecé&
E1,B> {E1,.. . En},E {Er,...E
U e v U g v Ui
E,,Ex€€ E4,...,E,,EEE Ei,....BE,,E€E
Eq1SAE> {E1,...,E, }DISIE {E1,...,E,}COVE
where

— Taom={DC-X|DeD, X €EURUD, D#X};
- {REHU >20C 1, UCR, U CE|(U,E)ereLR)};

'rel*
| (U,E) € REL(R), CARDR(R, U, E) = (o, 3),a # 0}
U{E C <BT | (U,E) € rReL(R), CARDR(R, U, E) = (a, 8), 3 # oo}
(

miy={F € >aU |(U,E) € ReL(R),REF(R,U, E) = (o, ), # 0}

U{E C <BU |(UE)€REL(R),REF(R,U,E) = (o, 8),3 # c0};
- 78, ={34 CD| (A D)earr(b)};
- TcardA {E C >aA|(A,D)€ATT(E),CARD4(A, E) = (a, 8),a # 0}

U{E C <57/ (A,D) € ATT(E),cARDA(A, E) = (a,8), 8 # oo}
- BB — (B C B

sa

_T;l{f;w7E"}’E:{EEE|1§i§n}U{Eg—\Fj\1§i<j§n};
— P ABCE1<i<n}U{ECE U UE,}.

Clearly, the size of 7(X') is polynomial in the size of X.

Lemma 2. An entity E is consistent w.r.t. an ERyo0 schema X iff the concept
E is satisfiable w.r.t. the DL-Litepoo; KB 7(X).

Theorem 3. Reasoning over ERypyo; conceptual schemas is NP-complete.

The upper bound is proved by Lemma 2 and Theorem 1; the lower one is by
reduction of the NP-complete 3SAT problem to entity consistency for E Rpo;
schemas.

Reasoning over ER,.; schemas. Denote by ER,.; the modelling language with-
out the Booleans and 1SA between relationships, but with the possibility to ex-
press 1SA and disjointness between entities (i.e., DISIg = ), COVg =0, 1SAr =0
and covg = ). Thus, ER,.; is essentially Ry, without covering.

Theorem 4. The entily consistency problem for ER, is NLOGSPACE-
complete.

The upper bound follows from the fact that for any E R, schema, X, 7(X) is a
DL-Litegrom KB (T¢on = 0). Thus, by Lemma 2, the entity consistency problem
for ER,cs can be reduced to concept satisfiability for DL-Litegom KBs, which
is NLOGSPACE-complete (see Theorem 1), while the reduction can be proved
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to be computed in logspace. The lower bound is obtained by reduction of the
non-reachability problem in oriented graphs (the non-reachability problem is
known to be CONLOGSPACE-complete and so, it is NLOGSPACE-complete as
these classes coincide by the Immerman-Szelepcsényi theorem; see, e.g., [12]).

5 Conclusions

This paper provides new complexity results for reasoning over Extended Entity-
Relationship (EER) models with different modelling constructors. Starting from
the EXPTIME result [3] for reasoning over the fully-fledged EER language, we
prove that the same complexity holds even if the Boolean constructors (dis-
jointness and covering) on relationships are dropped. This result shows that
ISA between relationships (with the Booleans on entities) is powerful enough to
capture EXPTIME-hard problems. To illustrate that the presence of relationship
hierarchies is a major source of complexity in reasoning we show that avoiding
them makes reasoning in ERp,, an NP-complete problem. Another source of
complexity is the covering constraint. Indeed, without relationship hierarchies
and covering constraints reasoning problem for ER,.s is NLOGSPACE-complete.

The paper also provides a tight correspondence between conceptual modelling
languages and the DL-Lite family of description logics and shows the usefulness
of DL-Lite in representing and reasoning over conceptual models and ontologies.
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1. Introduction

For a developer or user of a DL-based ontology, it is often quite hard to un-
derstand why a certain consequence holds, and even harder to decide how to
change the ontology in case the consequence is unwanted. For example, in the
current version of the medical ontology SNOMED [16], the concept Amputation-
of-Finger is classified as a subconcept of Amputation-of-Arm. Finding the axioms
that are responsible for this among the more than 350,000 terminological axioms
of SNOMED without support by an automated reasoning tool is not easy.

As a first step towards providing such support, Schlobach and Cornet [14]
describe an algorithm for computing all the minimal subsets of a given knowl-
edge base that have a given consequence. In the following, we call such a set
a minimal aziom set (MinA). It helps the user to comprehend why a certain
consequence holds. The knowledge bases considered in [14] are so-called unfold-
able ALC-terminologies, and the unwanted consequences are the unsatisfiability
of concepts. The algorithm is an extension of the known tableau-based satis-
fiability algorithm for ALC [15], where labels keep track of which axioms are
responsible for an assertion to be generated during the run of the algorithm.
The authors also coin the name “axiom pinpointing” for the task of computing
these minimal subsets.

The problem of computing MinAs of a DL knowledge base was actually con-
sidered earlier in the context of extending DLs by default rules. In [2], Baader and
Hollunder solve this problem by introducing a labeled extension of the tableau-
based consistency algorithm for ALC-ABoxes [9], which is very similar to the
one described later in [14]. The main difference is that the algorithm described
in [2] does not directly compute minimal subsets that have a consequence, but
rather a monotone Boolean formula whose variables correspond to the axioms
of the knowledge bases and whose minimal satisfying valuations correspond to
the MinAs.

The approach of Schlobach and Cornet [14] was extended by Parsia et al. [12]
to more expressive DLs, and the one of Baader and Hollunder [2] was extended
by Meyer et al. [11] to the case of ALC-terminologies with general concept in-
clusions (GCIs), which are no longer unfoldable. Axiom pinpointing has also
been considered in other research areas, though usually not under this name.

* Funded by the German Research Foundation (DFG) under grant GRK 446.
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For example, in the SAT community, people have considered the problem of
computing minimally unsatisfiable (and maximally satisfiable) subsets of a set
of propositional formulae. The approaches for computing these sets developed
there include special purpose algorithms that call a SAT solver as a black box
[10, 5], but also algorithms that extend a resolution-based SAT solver directly
[7, 18].

Whereas the previous work on pinpointing in DLs considered fairly expres-
sive DLs that contain at least ALC, this work is concerned with pinpointing in
the inexpressive DL ££, which has recently drawn considerable attention. On
the one hand, several bio-medical ontologies such as SNOMED [16], the Gene
Ontology [17], and large parts of Galen [13] can be expressed in ££. On the
other hand, reasoning in ££ and some of its extensions remains polynomial even
in the presence of GCIs [6, 1]. Although the polynomial-time subsumption al-
gorithm for ££ described in [6, 1] is not tableau-based, the ideas for extending
tableau-based algorithms to pinpointing algorithms employed in [2, 14] can also
be applied to this algorithm. However, we will see that the normalization phase
employed by this algorithm introduces an additional problem. We will also con-
sider the complexity of pinpointing in £L£. In contrast to the case of ALC, where
the subsumption problem is already highly complex, subsumption in ££ is poly-
nomial, which makes it easier to analyze the extent to which pinpointing is a
source of additional complexity. Not surprisingly, it turns out that there may be
exponentially many MinAs. In addition, even testing whether there is a MinA
of cardinality < n for a given natural number n is an NP-complete problem.
However, one MinA can always be computed in polynomial time. Finally, we
will provide some experimental results regarding the performance of a practi-
cal algorithm that computes one (not necessarily minimal) set that has a given
consequence.

2. A pinpointing algorithm for ££

Recall that £L allows for conjunction (M), existential restrictions (3r.C’), and the
top concept (T). We consider general £L£-TBoxes T cousisting of GCIs C' C D,
where C, D are arbitrary £L-concept descriptions, and are interested in the
subsumption relation between concept names occurring in 7, which is denoted
as C7. Given such a TBox 7 and concept names A, B occurring in it, a MinA
for T w.rit. AC B is a subset S of 7 such that A Cs B, but A Ls/ B for all
strict subsets 8’ C S. For example, consider the TBox 7 consisting of the GCIs

ax;: AC 3r.A, axg: ACY, axz: Jr.Y C B, axg: YC B, (1)

We have A C7 B, and it is easy to see that {axs,ax4} and {ax;,axo,ax3} are
the MinAs of 7 w.r.t. AC B.

In the following, we show how the polynomial-time subsumption algorithm
for £L with GClIs [6, 1] can be modified to a pinpointing algorithm. However,
instead of computing the MinAs directly, we follow the approach introduced
in [2] that computes a monotone Boolean formula from which the MinAs can
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be derived. To define this formula, which we will call a pinpointing formula
in the following, we assume that every GCI t € 7 is labeled with a unique
propositional variable, lab(t). Let lab(7) be the set of all propositional variables
labeling GCIs in 7. A monotone Boolean formula over lab(7) is a Boolean
formula using (some of) the variables in lab(7") and only the binary connectives
conjunction and disjunction and the nullary connective t (for truth). As usual,
we identify a propositional valuation with the set of propositional variables it
makes true. For a valuation V C lab(7T), let Ty :={t € T | lab(t) € V}.

Definition 1 (pinpointing formula). Given an EL-TBox T and concept names
A, B occurring in it, the monotone Boolean formula ¢ over lab(T) is a pin-
pointing formula for 7 w.r.t. A C B if the following holds for every valuation
V Clab(T): ACqy, B iff V satisfies ¢.

In our example, we can take lab(7) = {axy,...,axs4} as set of propositional
variables. It is easy to see that axa A (ax4 V (ax3 Aaxs)) is a pinpointing formula
for T wr.t. AC B.

Let ¢ be a pinpointing formula for 7 w.r.t. A C B. If we order valuations by
set inclusion, then we obviously have that

{Ty | V is a minimal valuation satisfying ¢}

is the set of all MinAs for 7 w.r.t. A © B. This shows that it is enough to
design an algorithm for computing a pinpointing formula to obtain all MinAs.
For example, one possibility is to bring ¢ into disjunctive normal form and
then remove disjuncts implying other disjuncts. Note that this may cause an
exponential blowup, which means that, in some cases, the pinpointing formula
provides us with a compact representation of the set of all MinAs. Also note
that this blowup is not really in the size of the pinpointing formula but rather in
the number of variables. Thus, if the size of the pinpointing formula is already
exponential in the size of the TBox 7 (which may well happen), computing all
MinAs from it is still “only” exponential in the size of 7.

In order to describe our algorithm for computing pinpointing formulae for
subsumption in £L£, we must briefly recall the subsumption algorithm for ££
[6, 1]. First, this algorithm transforms a given TBox into a normal form where
all GCIs have one of the following forms: A;M...MA, C B, AC 3r.B, Ir.AC B,
where n > 1 and A, Ay,..., A,, B are concept names (including T). This trans-
formation can be achieved in linear time using simple transformation rules, which
basically break down complex GCIs into simpler ones (see [6, 1] for details). For
the pinpointing extension it is relevant that the relationship between original ax-
ioms and normalized axioms is many to many: one axiom in the original TBox
can give rise to several axioms in the normalized one, and one axiom in the
normalized TBox can come from several axioms in the original TBox. For ex-
ample, consider the GCIs A C By M By, A C By M Bs, which are normalized
to A C By,AC By, A C Bs. Each original GCI gives rise to two normalized
ones, and the normalized GCI A C B, has two sources, i.e., it is present in the
normalized TBox if the first or the second original GCI is present in the input
TBox.



174

“d107-proceedings” — 2007/5/21 — 15:39 — page 174 — #184

Proceeding of DL2007 - Regular Papers

IfAN...NA, CEBeT and {(X,A41),...,(X,A,)} CA then add (X, B) to A.
IfAC3I BeT and (X,A) e A then add (X,r, B) to A.
If3rACBeT and {(X,n,Y),(Y,;A)} C A then add (X, B) to A.

Fig. 1. Completion rules for subsumption in £L.

Given a TBox 7 in normal form, the subsumption algorithm for £L employs
completion rules to extend an initial set of assertions until no more assertions can
be added. Assertions are of the form (A, B) or (A4, r, B) where A, B are concept
names occurring in 7 or T, and r is a role name occurring in 7. Intuitively,
the assertion (A, B) expresses that A Tz B holds and (A, r, B) expresses that
A C7 3r.B holds. The algorithm starts with a set of assertions A that contains
(A, T) and (A, A) for every concept name A, and then uses the rules shown in
Fig. 1 to extend A. Note that such a rule is only applied if it really extends A,
i.e., if the assertion added by the rule is not yet contained in A. As shown in
[6, 1], rule application terminates after a polynomial number of steps, and the
set of assertions A obtained after termination satisfies A Cr B iff (4,B) € A
for all concept names A, B occurring in 7.

In the pinpointing extension of this algorithm, assertions a are also labeled
with monotone Boolean formulae lab(a). The initial assertions (A4, T) and (A4, A)
receive label t. The definition of rule application is modified as follows. Assume
that the precondition of a rule from Fig. 1 are satisfied for the set of assertions
A w.r.t. the TBox 7. Let ¢ be the conjunction of the labels of the GClIs from 7°
and the assertions from A occurring in the precondition. If the assertion in the
consequence of the rule does not yet belong to A, then it is added with label ¢.
If the assertion is already there with label ¢, then its label is changed to ¥ V ¢
if this formula is not equivalent to v; otherwise (i.e., if ¢ implies 1)) the rule is
not applied.

It is easy to see that this modified algorithm always terminates, though not
necessarily in polynomial time. In fact, there are polynomially many assertions
that can be added to A. If the label of an assertion is changed, then the new
label is a more general monotone Boolean formula, i.e., it has more models than
the original label. Since there are only exponentially many models, the label of a
given assertion can be changed only exponentially often. In addition, the set of
assertions A obtained after termination is identical to the one obtained by the
unmodified algorithm, and for all assertions (A, B) € A we have that lab((A, B))
is a pinpointing formula for 7 w.r.t. A C B.

As an example, consider the TBox consisting of the GCIs given in (1). The
pinpointing algorithm proceeds as follows. Since axa : ACY € 7 and (A, A) €
A with label t, the assertion (A,Y) is added to A with label axs (actually
with label axs A t, which is equivalent to axs). Since ax; : A C Ir.A € T
and (A,A4) € A with label t, (A,r, A) is added to A with label ax;. Since
axy : Y C BeT and (A,Y) € A with label axs, (A, B) is added to A with label
axs A axy. Finally, since axz : IrY C B € 7, (A,Y) € A with label axy, and
(A,r, A) € A with label ax;, the label of (A4, B) € A is modified from axs A axy
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Algorithm 1 Compute one MinA for 7 = {t1,...,t,} wrt. AC B.
1: if AZ7 B then
2 return no MinA
3:§:=17.

4: for 1 <i<ndo

5

6

7

if A ES\{ti} B then
S:=38\ {t:}

: return S

to (axe A axq) V (ax; A axe A axs). This final label of (A4, B) is a pinpointing
formula for 7 w.r.t. AC B.

As described until now, our pinpointing algorithm for ££ can only deal with
normalized TBoxes, i.e., the pinpointing formula ¢ it yields contains proposi-
tional variables corresponding to the normalized GCIs. However, modifying ¢ to
a pinpointing formula for the original TBox is quite simple. Assume that the
original GCIs are also associated with propositional variables. Each normalized
GCI has a finite number of original GClIs as sources. We modify ¢ by replacing
the propositional variable for each normalized axiom by the disjunction of the
propositional variables of its sources.

3. The complexity of pinpointing in £L£

If we want to compute all MinAs, then in the worst case an exponential runtime
cannot be avoided since there may be exponentially many MinAs for a given
TBox. This is shown by the following example.

Ezample 1. For all n > 1, the size of the TBox
T, ={Bi-1 EPNQi, L CEB;,Q:C B |[1<i<n}

is linear in n, and we have By C7, B,,. There are 2" MinAs for 7, w.r.t. By C B,,
since, for each 7,1 < ¢ < n, it is enough to have P; C B; or ); C B; in the set.

On the other hand, a single MinA can be computed in polynomial time by
the simple Algorithm 1, which goes through all GCIs (in a given fixed order)
and throws away those that are not needed to obtain the desired subsumption
relationship. Since the algorithm performs n 4+ 1 subsumption tests (where n is
the cardinality of 7), and each such test takes only polynomial time, the overall
complexity of this algorithm is polynomial. It is easy to see that its output (in
case A C B) is indeed a MinA for 7 w.r.t. AC B.

However, as soon as we want to know more about the properties of the set
of all MinAs, this cannot be achieved in polynomial time (unless P=NP). For
example, the following minimum cardinality problem is NP-complete: given an
EL-TBox 7, concept names A, B occurring in 7, and a natural number n, is
there a MinA for 7 w.r.t. A € B of cardinality < n? The problem is in NP,
since one can simply guess a subset S of 7 cardinality n, and then check in
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polynomial time whether A Cg B. Clearly, such a set exists iff there is a MinA
of cardinality < n.

NP-hardness can be shown by a reduction of the NP-hard hitting set problem
[8]: given a collection Si,...Sk of sets and a natural number n, is there a set
S of cardinality < m such that SN S; # () for i = 1,...,k. Such a set S is
called a hitting set. In the reduction, we use a concept name P for every element
p € S1U...US, as well as the additional concept names A, B, Q1, . .., Qk. Given
S1={p11,--»p1ey }y -y Sk = {Pk1,- - -, Pre, }, we define the TBox

T:={P;CQi|1<i<k1<j<t}U
{ACP; |1<i<k1<j<4}u{@QiMn...NQC B}.

It is easy to see that Sy, ..., S; has a hitting set of cardinality < n iff there is a
MinA for 7 w.r.t. A C B of cardinality <n + k + 1.

4. A practical algorithm for computing one MinA

Although it requires only polynomial time, computing one MinA using Algo-
rithm 1 may still be impractical for very large TBoxes like SNOMED. In fact,
the algorithm has to make as many calls of the subsumption algorithm as there
are axioms in the TBox (in the case of SNOMED, more than 350,000). Here
we propose an improved algorithm that proceeds in two steps: (i) first compute
a (not necessarily minimal) subset of the TBox from which the subsumption
relationship follows; (ii) then minimize this set using Algorithm 1. Of course,
this approach makes sense only if the algorithm used in step (i) is efficient and
produces fairly small sets. It would not help to use the trivial algorithm that
always produces the whole TBox.

An algorithm that realizes step (i) and runs in polynomial time can easily be
obtained from the pinpointing algorithm sketched in Section 2. The only mod-
ification is the following: if an assertion in the consequence of a rule already
belongs to the current set of assertions, then this rule is not applied, i.e., once
an assertion is there with some label, the label remains unchanged. Thus, ev-
ery assertion (A, B) in the final set has a conjunction of propositional variables
as its label, which clearly corresponds to a subset of the TBox from which the
subsumption relationship A C B follows. In general, this subset is not minimal,
however. (Because of the space constraints, we cannot give an example demon-
strating this.)

As described until now, this modified algorithm works on normalized TBoxes.
To get an appropriate subset of the original axioms, one can use a greedy strategy
for producing a set of original axioms that covers a given set S of normalized
axioms in the following sense. For each original axiom ¢, let S; be the set of
normalized axioms t gives rise to. The set 7’ of original axioms covers S if
S C Ueqs St The use of a greedy strategy adds another possible source of
non-minimality. (We use a non-optimal greedy strategy to keep the algorithm
polynomial. In fact, even determining whether there is a cover set of size < n is
another NP-complete problem [8].)
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Our preliminary experimental results confirm that this algorithm is indeed
more practical than Algorithm 1. Based on the CEL reasoner [3], we have im-
plemented a slightly extended version of the practical algorithm for computing
one MinA in £, which is ££ extended with complex role inclusions, and thus
can express role hierarchies and transitive roles. The experiments were run on a
variant of the Galen Medical Knowledge Base [13],> which is a TBox consisting
of more than 4,000 axioms. On the normalized version of this TBox, CEL needs
about 14 sec to compute all subsumption relationships between concept names
occurring in this TBox. Overall, more than 27,000 subsumption relationships are
computed. The overhead for computing for all of these subsumption relationships
(possibly non-minimal) subsets from which they already follow was a bit more
than 50%: the modified pinpointing algorithm described above needed about 23
sec. Going from the subsets of the normalized TBox to the corresponding (still
possibly non-minimal) subsets of the original Galen TBox took 0.27 sec. Finally,
the overall time required for minimizing these sets using Algorithm 1 (with
CEL as the subsumption reasoner) was 9:45 min. For these last two numbers one
should take into account, however, that these involved treating more then 27,000
such sets. For a single such set, the average post-processing time was negligible
(on average 21 milliseconds). Also note that applying Algorithm 1 directly to
the whole TBox for just one subsumption relationship (between Renal-Artery
and Artery- Which-Has-Laterality) took more than 7 hours.

Thus, from the point of view of runtime, our practical algorithm behaves
quite well on Galen. The same can be said about the quality of its results. The
average size of an axiom set computed by the algorithm before using Algorithm 1
to minimize it was 5 (with maximum size 31), which is quite small and thus
means that this set can directly be given to the user as an explanation for
the subsumption relationship. Also, the computed sets were almost minimal: on
average, the possibly non-minimal sets computed by the algorithm were only
2.59% larger than the minimal ones. When considering the normalized TBox
(i.e., without translating back to the original TBox), this number was even better
(0.1%). This means that in most cases it is probably not necessary to further
minimize the sets using Algorithm 1. If demanded by the user for a specific
subsumption relationship it can still be done without taking much time.

5. Additional work on pinpointing

The pinpointing extension of the subsumption algorithm for ££ described in
Section 2 as well as the pinpointing algorithm for ALC described in [2] are in-
stances of a general approach for modifying “tableau-like” reasoning procedures
to pinpointing procedures [4].

Instead of computing minimal subsets that have a given consequence, one
sometimes also wants to compute maximal subsets that do not have a given
consequence. Given the pinpointing formula ¢, these sets correspond to maximal

3 Since Galen uses expressivity not available in ££7, we have simplified it by removing
inverse role axioms and treating functional roles as ordinary ones.
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valuations that do not satisfy ¢. The complexity results from Section 3 hold
accordingly for such maximal sets. However, we currently do not know how to
obtain a practical algorithm computing one such set (i.e., the results of Section 4
cannot be transferred to the case of maximal sets).
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1 Introduction

Model checking ([7, 13], c.f.[6]) is a technique for verifying finite-state concurrent sys-
tems that has proven effective in the verification of industrial hardware and software
programs. In model checking, a mod#l, given as a set of state variablésand their
next-state relations, is verified against a temporal logic formpula this work we con-
sider only safety formulas of the for!dG(b), with b being a Boolean expression over
the state variables of the model, meaning thiatan invariant ofd/.

The main challenge in model checking is known asdtagée space explosigirob-
lem, where the number of states in the model grows exponentially in the number of
program variables. To cope with this problem, model checking is dgmbolically by
representing the system under verification as sets of states and transitions, and by us-
ing Boolean functions to manipulate those sets. Two main symbolic methods are used
to perform model checking. The first, implementedSkIV [10], is based on Binary
Decision Diagrams (BDDs) [5]. The second is known as Bounded Model Checking
(BMC) [4]. Using this method, the model under verification and its specification are
unfolded to depthk (for a given boundk), and translated into a propositional CNF
formula. This results in an encoding of the model checking problem that is essentially
k times the size of the textual description &f. A SAT solver is then applied to the
formula to find a satisfying assignment. Such an assignment, if found, demonstrates an
error in the model.

We investigate the possibility of using a Description Logic reasoner for bounded
model checking. Recent work [3] showed how to embed BMC problems as concept
consistency problems in the DL dialediCCZ. The encoding as a terminology resulted
in a naturalsymbolicrepresentation of the sets of states and transitions that is signifi-
cantly smaller than the one obtained by translating a model into a CNF formula. This
translation works as follows.

Let M be a model defined by a sétof Boolean state variables and their next-state
transitionsR. We represent each variable € V' as a concepV;, and the transition
relation as a single rolB. We then introduce concept inclusions of the type

G CVRG

stating that if the current state satisfies the condition representé tiyen all the
next-states that can be reached in one steR loyist satisfy the conditio@, . Note that
interpretations for this set of concept inclusions correspond to sub-modgfs of

Let the conceps, represent the set of initial states df, and letS; be a new
concept. If the concept inclusidhy C 3R™.S; holds in the interpretation, then the set
S, is a subset of all the states that can be reached 8giny going one step forward
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using the relatiofR. Similarly, we denote b$; a subset of the states that can be reached
afteri steps, and introduce the inclusions

S, C IR .S,

for 0 < i < k. Letp = AG(b) be the specification to be verified, and Rbe the
concept representiny (composed of a Boolean combination of the concéfitsep-
resenting the state variables). Model checking is then carried out by asking the query:
“does there exist an interpretation for the above set of concept inclusions such that
—-BM'S; is not empty for som&,;?”. A positive answer from the DL reasoner indicates

an error inM.

Experimental results comparing this method to SAT-based model checking showed
that SAT solving outperformed DL reasoning, especially as the baundreased [3],
despite the significantly smaller DL encoding of the model checking problentimes
the size ofM in the SAT case vsk plus the size o/ in the DL case.

In this paper we report on an experiment aimed at determining whether it is the
modalreasoning (that involved taking backward steps through theRpthat caused
the problem, or the propositional reasoning that is more efficient in the SAT solvers.
For this we produced a series of translations of the model into a terminology. Instead
of one set of concepts corresponding to the variables of the given model, we introduce
[ copies to represent states of increasing distance from the initial state. The number of
modaltraversals througRis then reduced by a factor 6fvhile increasing the size of
the DL encoding by a factor @f We expected the reduced modality translations would
outperform the original. It was surprising to us that the results suggested the opposite.

The rest of the paper is organized as follows. In the next section we give definitions
and present bounded model checking using DL [3]. Section 3 is the main section of the
paper where the new translation is presented. An evaluation and discussion follow in
Section 4.

2 Background and Definitions

Definition 1 (Description Logic ALCZ) LetNC andNR be sets of atomic concepts
{41, Az, ...} and atomic role§ Ry, Ro, ...} respectively. The set ocbnceptsC of the
description logicALCZ is the smallest set includingC that satisfies the following.
— If C1,Cy € Cthen so are-Cy and(C; M Cy
—If C e CandR € Rthen so arelR.C and3R~.C

Additional concepts are defined as syntactic sugaring of those above:

— T =AU -AforsomeA

- VR.C =—-3R.-C

- CiuUuCy = ﬁ(ﬁCl [ ﬁCg)
A General Concept Inclusion Axiois an expression of the ford; C Cs. A TBox7T
consists of a finite set of inclusion dependencies.

The semanticof expressions is defined with respect to a strucfire (A%, -%),
where A7 is a non-empty set, and is a function mapping every concept to a subset
of A and every role to a subset df? x AZ such that the following conditions are
satisfied.



“d107-proceedings” — 2007/5/21 — 15:39 — page 181 — #191

Proceeding of DL2007 - Regular Papers 181

~ (20)T = AT\ CT

- (CinCy)t=ctnc?

- 3IRC ={xc AT |3yc AT st.(z,y) € RT Ny € CT}

- 3R~ .C={yec AT |Ir € ATst.(z,y) € RT Az € CT}
A structuresatisfies an inclusion dependenCy C C, if C¥ C CZ. Theconsistency
problem for ALCT asks if7 =, C holdst that is, if there existg such thatC? is
non-empty and such that? C C? holds for eachC; C Co in 7.

2.1 Symbolic Model Checking

Definition 2 (Kripke Structure) LetV be a set of Boolean variables.kxipke struc-
ture M overV is a four tupleM = (S, I, R, L) where

1. Sis afinite set of states.

2. I C Sis the set of initial states.

3. R C S x Sis atransition relation that must be total, that is, for every state S
there is a state’ € S such thatR(s, s).

4. L : S — 2" is afunction that labels each state with the set of variables true in that
state.

We view each state as a truth assignment to the variablésWe view a set of states as
a Boolean function ove¥’, characterizing the set. For example, The set of initial states
1 is considered as a Boolean function oVerThus, if a state belongs tol, we write
s = I. Similarly, if v; € L(s) we writes |= v;, and ifv; ¢ L(s) we writes = —wv;. We
say thatw = s, s1, ..., s; isa path inM if Vi, 0 < i < k, (s;,8,41) € Randsg E I.

In practice, the full Kripke structure of a system is not explicitly given. Rather, a
model is given as a set of Boolean variablés= {vy, ..., v, }, their initial values and
their next-state assignments. The definition we give below is an abstraction of the input
language oEMV[10].

Definition 3 (Model Description) LetV = {vy, ..., v, } be a set of Boolean variables.
A tuple MD = (Iyp,[{c1,¢}), s {cn,ch)]) IS @ Model Descriptionover V' where
Iy, ¢, ¢, are Boolean expressions ovEr

The semantics of a model description is a Kripke structufgp = (S, Iy, R, L),
whereS =2V, L(s) = s,Iyy = {s|s E Iyp},andR = {(s,8') : V1 <i<n, s = ¢
impliess’ = —w; ands = ¢ A —¢; impliess’ = v;}.

Intuitively, a pair{c;, ) defines the next-state assignment of variabia terms of
the current values ofvy, ..., v, }. Thatis,

0 if C;
next@;) =4 1 if ¢, A —¢;
{0,1} otherwise
where the assignmerD, 1} indicates that for every possible next-state value of vari-

ablesvy, ...v;—1,v;41, ..., v, there must exist a next-state with= 1, and a next-state

1 We write “I=4;” to distinguish the use of the double turnstyle symbol by both description logic
and model checking communities.
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Safety Formulas The formulas we consider asafetyformulas, given asAG(b) in
CTL[7],0or G(b) in LTL [12]. Such formulas state that the Boolean expressibalds

on all reachable states of the model under verification. We note that a large and useful
subset of CTL and LTL can be translated imt6:(b) type formulas [2].

Bounded Model Checking Given a Kripke structurd! = (5,1, R, L), a formulayp,
and a bound:;, Bounded Model Checking (BMC) tries to refuté¢ = ¢ by proving the
existence of a witness to the negation0bf lengthk or less. Forp = AG(b), we say
that M* £ ¢ if and only if there exists a patl = s, ..., s; in M such that < k and
Sj ': —b.
2.2 Bounded Model Checking Using Description Logic Reasoning
We briefly describe how bounded model checking can be achieved using description
logic reasoning. For a detailed explanation and proof of correctness, refer to [3].
LetMD = (I,[{c1,¢}), ..., {cn, c,)]) be a model description for the modely,p =
(S,I,R, L), overV = {vy,...,v, }. Letk be the bound and let = AG(b) be a safety
formula. We generate a terminology; ,, linear in the size of\/D, and a concept’,,

such thatZ, =4 C., if and only if M¥,, = .

For each variable, € V we introduce one primitive concelf, whereV; denotes
v; = 1 and—V; denotes; = 0. We introduce one primitive rolR corresponding to the
transition relation of the model. We define the conc&pto represent, by replacing
eachw; in I with the concepV;, and the connectives, v, — with M, LI, —. The concepts
C;, C, correspond to the Boolean conditiofisc; in the same way. We then introduce
three types of concept inclusions:

1. (inclusions describing the mogdfor each paifc;, ¢;) add the pair of inclusions

G C VRV,
(-G;NC) C VRV,

2. (inclusions describing sets of reachable states, of distarfoem the initial se}
For a boundk, addk primitive conceptsS, ..., Si, and forl < i < k, add thek
inclusions

S, C dR™.S;_;.

3. (inclusion to describe the specificatiobet o = AG(b) be the specification to be
verified. The Boolean formulais translated to a conceptin the usual way; in par-
ticular, each variable; is mapped to the concept, and the Boolean connectives
V, A, — into their corresponding concept constructarsi, —.

We define the concefl, = —Br(SyUS, L...LISy). If C, is consistent with respect
to the terminologyZ %, then—b must hold in some state with distance less than

from the initial state. Verification is therefore reduced to the quéfy;, =4 C,.
Theorem 4 (from [3]). M¥,, [~ ¢ ifand only if 7, =4 C,.

Let|7,k | represent the number of concept inclusiong fjy,, and letn be the number
of state variables in the mod&{,,p. The following proposition is discussed in [3].

Proposition 5. (size of translation)7% | =2 -n + k + 1.
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3 On Controlling Propositional vs. Modal Reasoning

The above translation of a BMC problem into a terminology, denGtgd, uses one
set of primitive concepts corresponding to the state variables; andceptsS,, ..., Sk,
wheresS; represents the set of states of distahfrem the initial state. Thus, reaching
a state that is steps from an initial state will require a DL reasoner to buildRaohain
consisting ofi nodes. On the suspicion that reducing the length of this chain might
improve performance, we generalize the above terminological embedding of model de-
scriptions with an ability to supply an additional paraméteo that the resulting ter-
minology, denotedﬁ% would entail a reduction of the length of the chain by a factor
of [. We present the details of this more elaborate embedding in the remainder of this
section. For simplicity, we assume that the original bokrisidevisable by.

The initial setS, does not change, and correspondd tas before. Ifk/l > 1,
we introduce a roldR. For each variable; € {vy,...,v,}, we introducel primitive
conceptd?, ..., Vi1, and for each paitc;, ¢;), we introduce2 * I concept inclusions
of the following form.

T
Q
J
Q
=
M in
<

|
M nn i
<
Py
i
<

If £/l = 1 there is no need for the roR and the last pair of concept inclusions would
therefore be omitted. We introduce the conceéptsSs.., ..., Sk, and the followingk /I
concept inclusions.
S C dR™.S
S E JRT.G

Sk JR™.S,_

For a specificationp = AG(b), let B/ be the correspondent Boolean expression over
the concept¥” for all 0 < j < I. We then define the concept

C?D.Al—l = (_‘BO L. U _|Bl_1) M (SO L Sl LJ SQ*l ...y Sk)

Proposition 6. (Size of encoding)TA% =2-n-l+k/l+1.

The following proposition relates the terminolo@y:; ,, to the reduced modality termi-
nology7, A%l

Proposition 7. 7,7, = C, if and only it7 co.

Proof (sketch)(=>) Suppose there exists an interpretation (AZ,-7) for 7, 4 C,.
SinceC, is not empty in this interpretation, there must exist such tha1SjI- is not
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empty. Lets; € S]Z. Since the concept inclusid®; C 3R™.S;_; holds in the interpre-
tation, andS? is not empty, we deduce th&f , is not empty, and thats; , € ST_,,
such that(c;_1,0;) € RE. By similar considerations, there must exist a sequence of
elementsr, ...,0; € AZ, such that fo < i < j, (04,0,41) € Rf, andog € SE. We
build an interpretatiotf; = (A7, .7t) for T1/L. A%t will consist of j/1 + 1 elements,

Yo, .- 7j/1, Where eachy; corresponds té consequent elements from’. The map-
ping -2 will be defined according te. Thus,v1 <i < n,V0 < j <[, € Vj if and
only if o; € V;. In a similar mannery; will be mapped according tey, ..., 02.,—1 and

Y&/ @ccording tooy g, ..., 0. It remains to show that the concept incIusionSTgﬁjf[i

hold under the interpretatidfy, and that the interpretation 6%-1 is not empty. These

follow easily from the definitions, given that all concept inclusiong §jf, hold under
7.
The opposite direction proceeds in a similar way. ad

Example Consider the model description
Exmp= (I, [{(v1 A v2,v3), (-2, v1 A —01), (-v1,01)])

overV = {vy, v, v3} with I = —w; Avg A—w3. Figure 1 draws the states and transitions
of the Kripke structureV/gxmp described byexmp, where the label of each state is
the value of the vectofv,, v2, vs). Let the formula to be verified bg = AG(—wvy V

_ _ (Vinv;) £ VR-W

Mg £ oo CMMENY £ RV
V)NV € vi VIRV
M C - Vi B VRSV

M C oM Vi C VRV

Vo oC S C 3JR.S

1 = 3 S4 E HR_.SQ

Fig. 1. Kripke Structure and Terminology for “Exmp”

—w3). Note thatMExmp [~ ¢, as can be seen in Figure 1, since the state, 1), that
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contradictsp, can be reached in two steps from the initial state. We choose the bound
to bek = 4, and the reduction factor 2.
We build the terminolog)ﬂ'é{fmpfor Exmp. We introduce one primitive rolR and

two sets of primitive conceptd®, V., V4 andVi, Vi, V3. The initial state, represented
by the concep8y, depends only on the sef: Sy C (=V? V4 1 —-\4). The rest of

Té>/(2mp is composed of the transition relation of the model, as given in Figure 1. For
the specificationp = AG(—v2 V —w3) we haveB? = -V3 LI -V andB! = -V} L -Vi.
The concepC); ' is then defined a€! = (-B’ U -B') M (Sy US, U'Sy).

Verification is carried out by asking the que@éf(zmp Fa C%'l.

4 Evaluation

We conducted an experiment on a model derived from the NuSMV example “dmel1-16”,
taken from [11], to test our hypothesis that reducing the number of nodes created dur-
ing model building would improve performance when using a DL system for bounded
model checking. The original model from [11] was composed of 16 symmetric “cells”,
each consisting of 17 propositional variables. We reduced the model to have only 2
cells, in order to get a reasonable run-time. The formula verified expresses a safely
condition that is satisfied in the model. We used the DL reasBa€i++ [9], and as
expected according to our translation, all runs returned an “unsatisfiable” result. Table 4
reports on the length of time required to determine this for reduction factors of 1 (no
reduction), 2 and 4. We believe the times are clear evidence that what really happens is
contrary to our hypothesis.

Table 1. Modal vs. Propositional Reasoning

VariablesBound )|Reduction Factaifime (m)
34 8 1 140
34 8 2 197
34 8 4 686

4.1 Discussion

Highly successful SAT solvers such as Minisat [8] use model building algorithms that
operate by progressively refining an understanding of a “possible world”. DL systems
such ag-aCT++ also use model building algorithms, but, to relate their behavior to typ-
ical SAT solvers, must deal with the added complication of modal reasoning in which a
potentially large number of possible worlds are involved. For applications such as fixed
depth model checking, DL systems therefore enable a tradeoff between the complexity
of particular worlds and the number of worlds.

We were quite surprised that moving towards fewer but more complicated worlds
would have the negative impact on performance that it did in our experiment, which
prompted a lot of reflection on why this happens. We conclude with some suggestions
on directions of future research on how DL technology might be adapted in order to
improve its performance on applications like model checking.

Part of this reflection was to conduct a small literature survey on how modern SAT
solvers and DL reasoners are implemented [1, 8]. It became quickly apparent that, e.g.,
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Minisat relies heavily on using arrays to encode knowledge about a particular world,
and that DL technology is more likely to encode similar knowledge in separate records,
and to navigate among the records via pointers. It is common folklore that, when fea-
sible, replacing pointer navigation with array indexing will improve the performance
of algorithms, which suggests one possible avenue for improving the performance of
propositional reasoning in DL systems.

A non-trivial problem for DL systems relatesttncking In particular, such systems
must frequently compare different possible worlds to ensure that model building will
terminate. This prompted a more carefully consideration of the structure of the terminol-
ogy encoding a model description. We noticed that it might be straightforward to recog-
nize that the “schema” underlying all occurrences of th& “.C” concept constructor
was acyclic, which suggests a possible extension to, e.g., preprocessm@im+ in
which such acyclic (sub)schema are recognized, and consequently that blocking activity
during model building is disabled for possible worlds “within” acyclic schema. Indeed,
any terminology generated by our reductions will always satisfy a global acyclicity
property that would allow disabling any processing relating to blocking.
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Abstract. We describe a general framework for covering concepts using
terminologies and briefly present the already investigated instances of
this framework. Then, we formalize the best covering problem in the
context of the ALN language, in which the difference operation is not
semantically unique, and sketches the technique to solve the underlying
computation problems.

1 Introduction

In [2] a general framework for rewriting using terminologies is defined as follows:

— given a terminology 7 expressed using a language L,
— given a (query) concept description @, expressed using a language
L and that does not contain concept names defined in 7,

— given a binary relation p : L5 X L, between L4 and L; descriptions.
Can @ be rewritten into a description F, expressed using a language Ly
and built using (some) of the names defined in 7, such that QpE ?
Additionally, some optimality criterion may be used in order to select
the relevant rewritings.

Existing instances of this general framework can be distinguished with respect
to the nature of the relation p, the optimality criterion as well as the languages
L:, Ls and Ly, respectively used to describe the terminology 7 the (query)
concept @ and the rewriting E. Examples of such instances are (i) the minimal
rewriting problem [2], where p is instantiated by equivalence modulo 7 while
the size of the rewriting is used as the optimality criterion and (7)) rewriting
queries using views [5], while p is instantiated by subsumption and the optimality
criterion is the inverse subsumption [2].

Subsumption relation plays a central role in the existing rewriting approaches.
Indeed, all the mentioned instances of the general framework aim at reformulat-
ing a given query @ into a description which is equivalent or subsumed by Q.
The intuition here is that a given rewriting must capture all the ‘information’
conveyed by a query ). However, in many application contexts (e.g., see [3,4])
it is not realistic to assume that such a rewriting always exists and it may be
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interesting to look for a rewriting that approrimates a given query. This ob-
servation motivates our work on a new instance of the general framework for
rewriting, namely covering concepts using terminologies [3]. The salient feature
of our approach is to use a measure of a semantic distance between concepts,
instead of subsumption, to define rewritings, thereby enabling a more flexible
rewriting process. More precisely, our aim is to reformulate a query @ into a
description that contain as much as possible of common information with Q.
We call such a reformulation a cover of Q.

A key step toward handling such a problem is a precise definition of the
measure used to compute the semantic proximity between concepts. We rely on
a non standard operation in description logics, namely the (semantic) difference
or subtraction operation, in order to define such a measure. The difference of
two descriptions is defined in [6] as being a description containing all information
which is a part of one argument but not a part of the other one. An interesting
feature of the difference operation comes from its ability to produce a (set of)
concept description(s) as output. In the sequel, we refer to descriptions obtained
by the difference operation as difference descriptions. Note that, if the difference
is not semantically unique, a difference description is in fact a set of descriptions.
Difference descriptions characterize the notion of ‘extra information’, i.e., the
information contained in one description and not contained in the other, thereby
providing a means to measure a semantic distance between concepts.

With the difference ope