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Abstract

Hedonic games are coalition formation games where players have prefer-
ences over the coalitions they may join. Considering not only the players’
own (friend-oriented) preferences but also their friends’ preferences in such
games, Nguyen et al. [NRR'16] introduced and studied three degrees of al-
truistic hedonic games based on selfish-first, equal-treatment, and altruistic-
treatment preferences, which depend on the order in which players look at
their own or their friends’ preferences. By replacing the average by the min-
imum in their definitions, we introduce the corresponding minimum-based
variants of the same three degrees of altruism. As innocent as this defini-
tional change appears, it is as fundamental as switching from utilitarian to
egalitarian social welfare. We study this novel concept of altruism in hedonic
games in terms of the common notions of stability in such games, and the
related decision problems in terms of their computational complexity.

1 Introduction

Hedonic games are coalition formation games with nontransferable utility in which the players have preferences over the
coalitions they may join (and their preferences can depend on only those coalitions). These games were first proposed in
1980 by Dréze and Greenberg [DGS80] and later independently modeled by Banerjee et al. [BKS01] and Bogomolnaia and
Jackson [BJ02].

Nguyen et al. [NRR*16] introduced and studied altruistic hedonic games based on friend-oriented preferences. The
encoding of the players’ preferences being friend-oriented Dimitrov et al. [DBHS06] means that every player subdivides
the other players into friends and enemies, prefers coalitions with more friends, and prefers coalitions with fewer enemies
only among those with the same number of friends. Taking into account not only the players’ own preferences but also
their friends’ preferences in such games, Nguyen et al. [NRR* 16] introduced three degrees of altruism, which are based
on selfish-first, equal-treatment, and altruistic-treatment preferences, depending on the order in which players look at their
own or their friends’ preferences.

We introduce and study the corresponding minimum-based variants of the same three degrees of altruism in friend-
oriented hedonic games by replacing the average by the minimum in their definitions. As innocent as this small change
appears to be, it is in fact as fundamental a change of view as considering egalitarian social welfare instead of utilitarian
social welfare in multiagent resource allocation. Minimum-based altruism may be more suitable than average-based
altruism when the well-being of the entire group of agents crucially suffers from their unhappiest member. We study this
novel concept of altruism in hedonic games in terms of the common notions of stability in such games, and the related
decision problems in terms of their computational complexity.
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Related Work. Much work has been done on hedonic games in the past years, ranging from representation issues [CRMO1,
DBHS06, EW09, LRR" 15, AHLW16, ABB™19, RSS18] over studying their properties such as various notions of stability
[CHO3, CHO4, ABH13] to investigating the related problems in terms of their computational complexity [Bal04, SDO07,
SD10, Woel3b, PE15, Pet16, RRSS16]. Needless to say that most of the papers just listed contribute to more than one
of these goals; for example, Dimitrov et al. [DBHS06] both introduce new ways of representing hedonic games and study
their stability. The recent book chapters by Aziz and Savani [AS16] and Elkind and Rothe [ER15] as well as the excellent
survey by Woeginger [Woel3a] provide more background and literature on the area of hedonic games.

Most closely related to our paper is the work of Nguyen et al. [NRR " 16] who introduced and studied altruistic hedonic
games. A more general approach is due to Schlueter and Goldsmith [SG18] who define super altruistic hedonic games by
considering the preferences of all players inside a coalition and allowing different treatment based on the distances in the
network of friends. Somewhat related to but different from our work are the social distance games due to Branzei and Lar-
son [BL11]. Also, Monaco et al. investigated modified fractional hedonic games with egalitarian social welfare [MMV19]
and, in another paper, they studied Nash equilibria, the price of anarchy, and the price of stability in hedonic games that
are based on a social graph where players care also about the happiness of their friends [MMV 18]. Further away, in non-
cooperative game theory, various notions of altruism have been studied by, e.g., Hoefer and Skopalik [HS09], Chen et
al. [CBKS11], Apt and Schéfer [AS12], and Rahn and Schifer [RS13].

2 Preliminaries

Hedonic games are formally defined as follows. Let N = {1,...,n} be a set of players and let 2Vi = {C C N | i € C} be
the set of all coalitions of N containing player i € N. A hedonic game is a pair (N, >) consisting of a set of players and
a profile = = (=1,...,>,) of weak preferences of each player in which >; is a reflexive, complete, and transitive binary
relation on 2V, A coalition structure is a partition I' of N into k coalitions, and T'(i) denotes the unique coalition in T
containing player i € N. In general, representing arbitrary hedonic games requires exponential space in n. To compactly
represent hedonic games, we will restrict ourselves to friend-oriented hedonic games, which were introduced by Dimitrov
et al. [DBHSO06]. In these games, each player partitions the other players into friends and enemies, and each player values
the presence of friends higher than the absence of enemies. As is common, we will only consider symmetric friendship
relations. Formally, for each i € N, let N\ {i} = F; UE; be a partition of the remaining players into a set of i’s friends,
F;, and a set of i’s enemies, E;, satisfying i € F; if and only if j € F; forall i,j € N, i # j. For A € 2Ni we define the
friend-oriented utility of player i by vi' (A) = n|ANF;| — |ANE;|, and the friend-oriented preferences = of player i are
given by A =f B <= vf(A) > v['(B). Since the friendship relations are symmetric, they can be represented using an
undirected graph in which two vertices are adjacent if and only if the corresponding players are friends. For a hedonic
game with friend-oriented preferences, we call the graph G = (N, {{i, j} C N | i € F;}) the network of friends, and we will
represent each friend-oriented hedonic game by its network of friends. Alternatively, instead of defining the friend-oriented
preferences using the utility function above, we could have defined them equivalently as follows: A = B <= (JANF;| >
|[BNE]) or (JANF;| =|BNF| and |JANE;| <|BNEj|).

Nguyen et al. [NRR ™ 16] introduced and studied three types of altruistic hedonic games. We modify their definitions by
replacing the average with the minimum. This can be more appropriate in situations where the weakest/unhappiest friend
drags down the whole group. We introduce these modified definitions for each player i € N and a constant M > n>:

1. Using the utility function v/""SF(A) = M(n|[ANF,| —|ANE;]) + min_ {n|ANF,| — |ANE,|}, define the minimum-

selfish-first preferences by A ="nSE B = yminSF (A) > yminSE(p),

MEQ(AY = min  {n|ANF,|—|ANE,|}, define the minimum-equal-treatment prefer-
ac(ANF;)U{i}
ences by A i;m"EQ B <= y""EC(4) > v;m"EQ(B).

i

2. Using the utility function v

3. Using the utility function v/""AL(A) = n|ANF| — |ANE;|+M min_ {n|ANF,| — |ANE,|}, define the minimum-
acANF;

i

altruistic-treatment preferences by A ="MnAL B <, yminAL(A) > yminAL(B)

The corresponding utility functions and preferences when taking the average instead of the minimum, as introduced by
Nguyen et al. [NRR16], are denoted by vF, va, VAL and =5F, ifg, AL,

While Nguyen et al. [NRR"16] showed properties analogous to those in Proposition 1 for their average-based altruistic
hedonic games whenever M > n°, we can prove Proposition 1 for any choice of M > n3. The proof, similar to that of
Nguyen et al. [NRR'16], is omitted due to space limitations.



‘ SF ‘ VrlninSF ‘ va ‘ vq’“”EQ V‘?L ‘ vrlninAL

22M 416 | 22M +13 | 17.5 13 22+16M | 22+ 13M

=

22M 419 | 22M+ 4 | 19.75 4 22+19M | 22+ 4AM

Figure 1: Network of friends and partition I" (left) and average-versus-minimum values (right) for Example 1

Proposition 1. For M 2_113, the following two implications hold for each i € N and for all two coalitions A,B € 2Ni
VIF(A) > V{:(B) éA >_lf_ﬂlnSF B and I%I#F{v5(A)} > n}?g]F{Vg(B)} éA >_:jnmAL B.
acANk; a€BNF;

The following example shows, that these preferences do not equal the preferences gained by taking the average:

Example 1. Let N = {1,...,8} be the set of players with the network of friends displayed in Figure 1 (left).
A direct calculation for the coalitions A = {1,2,3,4,5,8} and B = {1,2,3,4,6,7} as in Figure 1 (right) shows that, for
all three types of altruism, player 1 prefers A to B when taking the minimum, yet prefers B to A when taking the average.

3 Nash Stability, Individual Stability, and Contractual Individual Stability

We now study the common stability concepts in minimum-based altruistic hedonic games. Focusing first on single-player
deviations, we consider the following concepts.

Definition 1. Let (N, >) be a hedonic game. A coalition structure I is said to be:

1. Nash stable if for all players i € N and every coalition C € T'U {0}, player i weakly prefers her own coalition to
joining C: (Vi € N)(VC e T U{0}) [['(i) =; CU{i}];

2. individually stable if for all players i € N and every coalition C € T U {0}, player i weakly prefers her own
coalition to joining C, or there is a player in C who objects i joining his coalition: (Vi € N)(VC € T' U
{0})[C(0) =i cu{i}v(3jeC)[C-; CU{il]];

3. contractually individually stable if for all players i € N and every coalition C € I'U {0}, player i weakly prefers her
own coalition to joining C, or there is a player in C who objects i joining his coalition, or there is a player in I'(i) who
is against i leaving '(i):

(VieN)(VCeT'U{0})[I'(i) = CU{i}Vv(3j€C) [C>;CU{i}]V (IkeT'(i) [T = T@)\{i}]]

It immediately follows that Nash stability implies individual stability and that individual stability implies contractual
individual stability. The following example illustrates these concepts for =""E€_preferences.

Example 2. Let N ={1,...,8} be the set of players with the friendship relations as depicted in Figure 2 (left). We take a
look at the coalition structure T = {A, B,C}, which is illustrated in the same figure. Under =""EQ-preferences, the players
2,...,8 can only worsen their happiness by joining any other coalition in I'. So to check the three stability concepts we
defined above, there is only player 1 left to consider:

1. 1prefers CU{1} toI'(1) = A, so T is not Nash stable.

2. Now, 1 preferring to join C cannot be used to show that I is not individually stable because the happiness of 8 worsens
after 1 joins. However, 1 prefers BU{1} to A as well and no player in B objects. Thus the coalition structure T is not
individually stable.

3. If 1 joins any other coalition, the remaining players’ happiness in A worsens. Since there is no other player that can
improve her happiness by joining another coalition, the coalition I is contractually individually stable.

Under =""SE and =™"AL e obtain similar results. For =L, though, 1 is not the only player that can improve her
happiness by joining another coalition in T'.

Nguyen et al. [NRR'16] proved that, for all three degrees of altruism based on taking the average, there always exists
a Nash stable (and, thus, also an individually stable and a contractually individually stable) coalition structure. The same
proof (which is omitted here) can be applied to show:



Figure 2: Network of friends for Example 2 (left, with partition I') and Example 3 (right)

Proposition 2. For all three degrees of minimum-based altruistic hedonic games, there always exists a Nash stable (and,
therefore, also an individually stable and a contractually individually stable) coalition structure.

4 Core Stability and Strict Core Stability

Next, we turn to stability concepts preventing that a group of players may wish to deviate from their current coalition.

Definition 2. Let (N, ) be a hedonic game and I" a coalition structure. We say a coalition C C N blocks T if C ; I'(i) for
all players i € C; and C weakly blocks T if C >=; I'(i) for all players i € C and there exists a player j € C with C >; I'(j). T’
is core stable if no nonempty C C N blocks I'; and I is strictly core stable if no C C N weakly blocks I'.

It immediately follows that, for given preferences, every coalition structure that is strictly core stable is also core stable.
For >=5F -preferences, Nguyen et al. [NRR*16] proved that there always exists a strictly core stable coalition structure.
Their proof (omitted here) can be applied to show:

Proposition 3. For =""SF _preferences, there always exists a strictly core stable coalition structure.

The following example shows that there does not always exist a strictly core stable coalition structure for =""£€_ and
>=minAL_preferences.

Example 3. Ler N ={1,2,3,4,5} be the set of players with the network of friends in Figure 2 (right). We show that there
does not exist a strictly core stable coalition structure under =""EQ_preferences. A direct calculation gives the following:
(1) The unique, most preferred coalition of players 1 and 2 is A = {1,2,3}. (2) The unique, most preferred coalition of
players 4 and 5 is B={3,4,5}. (3) Player 3 has exactly two most preferred coalitions: A and B. With these observations,
we can directly conclude the following: If a given coalition structure I" does not contain A, the coalition A weakly blocks
I'. So any strictly core stable coalition structure has to contain A. However, the same holds for B, and since A and B are
not disjoint, they cannot both be contained in the same coalition structure. Thus there does not exist a strictly core stable
coalition structure under =""EQ_preferences. Similar arguments work for ="~

5 Strictly Popular Coalition Structures

We now turn to the concept of strict popularity, which—inspired by the Condorcet principle from voting theory—evaluates
the quality of a coalition structure by comparing it to other coalition structures.

Definition 3. Let (N, >) be a hedonic game. A coalition structure I" for N is called strictly popular if for all coalition
structures A # I it holds that [{i € N | T'({) =; A({)}| > |[{i e N | A(i) =; T({)}.

It is easy to construct examples with and without strictly popular coalition structures, which raises the question about the
complexity of the following problems. In »-VERIFICATION-STRICT-POPULARITY, we are given a hedonic game (N, )
by its network of friends and a coalition structure I" and we ask whether I is strictly popular under . In >-EXISTENCE-
STRICT-POPULARITY, we are given just a hedonic game (N, =) by its network of friends and we ask whether there exists
a strictly popular coalition structure under >.

Nguyen et al. [NRR T 16] proved that, under >=5F -preferences, the verification problem is coNP-complete and the exis-
tence problem is coNP-hard. We will show the same two results even for all three degrees of minimum-based altruism.

Theorem 4. Under =""SE | »=mnEQ qpg »=minAL the verification problem for strict popularity is coNP-complete.



Proof. To see that the problems above are in coNP, consider the complementary problem and note that falsification can
be done by nondeterministically guessing a coalition structure which is at least as popular. To prove coNP-hardness for
>=minEQ e reduce the complement of the well-known NP-complete problem EXACT-COVER-BY-THREE-SETS (X3C)
[GJ79] to our verification problem. The idea behind this reduction is inpired by, but different from, the idea used by
Nguyen et al. [NRR" 16] for the proof of coNP-completeness of the verification problem under =57 -preferences, which
itself is inspired by methods of Sung and Dimitrov [SD10].

Let (B,.”) with B = {1,...,3k} and . = {S|,...,Sp } be an instance of the problem X3C, so each member of .¥ is a
size-3 subset of B and the question is whether there exists an exact cover of B, i.e., a size-k subfamily .’ of . such that
each element of B occurs in exactly one member of .. Consider the set of players N given by N = {B, | b € B} U{{s |
Se./,1<1<3k}U{ns;|Se. 1< j<3} with the following network of friends:

(1) All players in {f, | b € B} are friends with each other.

(2) Each By, b € B, is friends with all CSJ, 1 <1< 3k withb € S.

(3) For all § € ., the players in Qs = {{s;,Ms,j | 1 <1 <3k,1< j <3} are friends with each other.

We consider the coalition structure I" defined by I' = {{Bi, ..., B3}, Qs , ..., Os,, } and have thus constructed an instance
(N, =minEQ) T) of our verification problem.

We claim that I is a strictly popular coalition structure if and only if there is no exact cover for B in ..

Only if: We will show that the existence of an exact cover for B in . implies that I is not strictly popular. Let . C .%/
be so that |.’| = k and Jgc o S = B. Consider the coalition structure A given by A= {{f, | b€ S} U{s,; | 1 <1 <3k} |
Se yI}U{{T]s,l,ﬂsﬁz,nsg} | Se y/}U {QS | Se y\y’} It holds that:

1. The players in Qs, S € 7\ ., are in the same coalition in I" and A, so they are indifferent between I and A.

2. For S € ./, 1 <1 < 3k, the players (s are indifferent as well, because their coalitions in I" and A are (3k + 3)-cliques
and thus VZ7EQ(F) =n(3k+2) = VZZ';EQ(A).

3. For S € .’, 1 < j <3, the players ns,; prefer I since v'#;iEQ(F) =n(3k+2)>2n= vﬁ;ﬁEQ(A),

4. The players f3,, b € B, prefer A since vgf"EQ(F) =n(3k—1) <n(3k+2)= in"EQ(A).
In total, it follows that |{i € N | T'(i) MG AN = {nsj | S e, je{1,2,3}} =3|{S|Se .S} =3k=|{By | be
BY| = |[{i € N | A(i) =" ['(i)}|, and thus the coalition structure I is not strictly popular.
If: We will show that I" not being strictly popular implies that there exists an exact cover of B in .. If I' is not strictly
popular then there exists a coalition structure A # T with |{i € N | A(i) =" T(i)}| > |{ie N|T() =" A(i)}|. We
state the following three claims (whose proofs are omitted here).

Claim 5. All ng ; prefer Qg to every other coalition.
Claim 6. The players {g; cannot improve by joining any other coalition.
Claim 7. Every player (g, has exactly two most preferred coalitions.

Now we distinguish the following two cases.

Case 1: For all i € N, A(i) ~"*2 ['(i). By Claim 5, A(ns;) = Qs and thus A({s;) = Qs for all S € ., 1 < [ < 3k, and
1 < j < 3. The remaining 3, can only form coalitions among themselves in A. Since all 8, b € B, are friends, deviating
from {B | b € B} by forming smaller coalitions will make them unhappier. It follows that A(B) = {f | b € B}. Thus
A =T, a contradiction.

Case 2: There is an i € N such that A(i) H"mEQ I'(i). Because of Claims 5 and 6 this i has to be of the form i = f§;, for some
b € B. To prefer its coalition in A, there has to be at least one additional friend of 8, in A(f3,) which is not in {B, | a € B},
because I'(i) forms a clique. So one can conclude that there is a {5; with b € S in A(B;).

We will show that A(B,) = {B. | a € S}U{{s,; | 1 <1< 3k}. By assuming otherwise, we can conclude by using Claim 7
that all {s;, 1 <1 <3k, prefer I'. In addition, Claim 5 yields that 7s 1, 752, and 15 3 are unhappier with A as well. Thus
we have |{i € N | T'(i) H"mEQ A(i)}| > 3k+ 3. However, because of the preceding claims, there are at most 3k players who
are able to prefer A, which is a contradiction. So it holds that A(By) = {B, | a € S}U{&s; | 1 <1< 3k}. By forming this
coalition, we can conclude that: (a) There are 3k players who are indifferent: { CS,I | 1 <1< 3k}; (b) there are three players
who prefer A: {3, | a € S}; and (c) there are three players who prefer I': {ng ;|1 < j <3}



If the remaining 3, would stay among themselves, they all would clearly prefer I' and thus there would be more players
preferring I than players who prefer A. So by inductively arguing as above, for each B, b € B, there exists a set S € .% so
that A(By) = {Bs | a € S}U{Lss | 1 <1< 3k}. We write " C . for the subset containing these S € .%. Because of the
uniqueness of the coalitions in A, we have SNS' =0 for all S,S’ € .9’ with S # §'. For every b € B, thereisa S € .’ so
that b € S. So by definition, .#” is an exact cover of B. This completes the proof for =""£€_preferences.

For the proof of the coNP-hardness for =minAL one can use the same reduction as in the previous case. However, for the
correctness one has to consider different arguments. The proof is omitted due to space limitations.

Finally, coNP-hardness for =" can be shown via the same reduction that Nguyen et al. [NRR* 16] used to prove
coNP-hardness for =5 (though, again, the proof of correctness is slightly different). d

By a slight modification of the reduction used in the proof of Theorem 4, we obtain:

Corollary 8. Under ="nSF | =minEQ and »minAL 'the existence problem for strict popularity is coNP-hard.

6 Most Preferred Coalitions

In the >=""SF case, it is trivial to see which coalition a player prefers the most: the coalition which contains himself, all
his friends and none of his enemies. However, in the remaining two cases this is not so easy: More friends do not always
result in an increase of the player’s happiness since unhappy friends will drag it down.

We will consider the following decision problem:

>=-VERIFICATION-MOST-PREFERRED

Given: A hedonic game (N, =) by its network of friends, a coalition A and a player i € A.
Question: Does A >=; B hold for all B € 2V (i.e. is A a most preferred coalition for player i) ?

It is easy to see, that the complementary problems for =""£Q and ="l are in NP since falsification can be done by
nondeterministically guessing a coalition which the player likes better. Thus the problem above is in coNP.

We assume that the two problems above are coNP-complete as well, but are not able to show this at the moment.
However, we can show that the difficulty solely depends on the number of enemies of the unhappiest friend, i.e. we show,
that computing the number of friends of the unhappiest friend in a most preferred coalition of a player can be done in
polynomial time. For =""EQ preferences it can be done by using the following algorithm:

Algorithm 1: Calculation of the number of friends of the unhappiest friend in a most preferred coalition

Data: Network of friends G = (N,A) anda € N
Result: ki,

1 Kin < beg:iur}ia}{degc(b)}

2 while &, < deg;(a) do
3 Nmin — {b € Fa | degG(b) S kmin}
4 G<—(N\Nmin,{e€A|eﬂNm,-n:(Z)})

5 Ktemp <= heg}b‘}a}{degc(b)}

6 if kiemp > kinin then
L kmin — ktemp

The algorithm works als follows: Starting with the coalition which contains every player, one calculates the number of
friends of the player a and all his friends. Then the minimum over these values is taken and saved in k,;, and the most
unhappiest friends are removed from the coalition. Then again, the number of friends of the player and his remaining
friends are calculated and the unhappiest friends are removed. If the new minimum is greater then the previous one, ky;y,
gets updated. This procedure repeats as long as the player a himself is not the one with the least amount of friends. Finally,
the output k,;, is the number of friends of the unhappiest friend of a (including himself) in a most preferred coalition of
player a. The proof of correctness is omitted due to space limitations.

Remark 9. 1. Since we take out at least one friend of a’s in every iteration of the while loop, the number of iterations is
at most linear in |N|. Every command inside (and outside) the loop can be done in polynomial time. Thus, in total,
Algorithm 1 runs in polynomial time.



2. To find a most preferred coalition, one has to minimize the number of enemies of the unhappiest friend (including
player a). This can be done by finding the smallest coalition which satisfies that the number of friends of the unhappiest
friend (including a) is Ky,

3. If C, is a most preferred coalition of player a, then it holds that n(ky, — 1) < vZ’mEQ(Ca) < nkpin.

4. One can construct a similar algorithm for the minimum-altruistic-treatment case. To achieve this, only F, should be
considered when computing the values ki, and kye,p. In addition, the condition for the while loop to terminate has
to be altered.

7 Conclusion and Future Work

We have introduced and studied the minimum-based variants of the three degrees of altruistic hedonic games due to
Nguyen et al. [NRR"16]. While this is only a small definitional change, it yields a fundamental change of view and is
more appropriate in situations where the entire group of agents crucially suffers from their unhappiest member.

We have shown that some of the results for average-based altruistic hedonic games carry over to their minimum-based
variants, but some do not. An interesting open question is whether the coNP-completeness results that we obtained for
the problem of verifying strict popularity under all three types of minimum-based preferences in Theorem 4 also hold for
=EQ_ and ~AL-preferences. Regarding future work, we also propose to extend the notion of minimum-based altruism to
coalition formation games in general (i.e., not restricted to hedonic games), just as Kerkmann and Rothe [KR20] do for
(average-based) altruism in coalition formation games.
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