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Abstract

The work is devoted to the development of mathematical modeling of digital cyclic signals
with double stochasticity, namely, the construction of their mathematical model in the form
of a conditional cyclic random process of discrete argument. This model allows to take into
account stochasticity of digital cyclic signals both in their morphological statistical analysis
and in statistical analysis of their rhythm. Approaches to morphological and rhythm analysis
of cyclic signals based on their model are proposed.
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1. Introduction

Cyclic processes and phenomena are widespread in various spheres of reality, in particular, they
take place in economics, biology, medicine, technology. The study of cyclical processes involving
modern information systems requires the preliminary development of adequate mathematical models
for them. Many different mathematical models of cyclic processes are known today, including
harmonic, periodic and almost periodic deterministic functions, periodically correlated and
periodically distributed random processes, linear periodic random process, almost periodically
correlated random process, cyclic random process [1-11].

All these models of cyclic signals do not allow for simultaneous consideration of double
stochasticity in their structure, namely, stochasticity in the morphological structure of the signal and
stochasticity in the rhythmic structure of the signal. Examples of cyclic processes and signals with
double stochasticity are cardiac signals of electrical, magnetic and mechanical nature, economic
cyclic processes, the processes of the appearance of spots in the Sun, the processes of cracking of the
nano coating on the surface of materials.

2. Related works

In [12, 13], the development of a mathematical model of a cyclic signal, which has the means of
considering double stochasticity in its structure, namely, stochasticity in the morphological structure
of the signal and stochasticity in the rhythmic structure of the signal, was begun. This model is called
a conditional cyclic random process. Conditional cyclic random process takes into account the
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cyclicality, stochasticity of the morphological and rhythmic structures of the investigated processes
(signals).

3. Overview of the research

Despite the results obtained in [12, 13], a number of problems remain to be solved, in particular, it
is necessary to clarify the definition of the class of conditional cyclic random processes and the
definition of the random function of the rhythm of the conditional cyclic random process, as well as
clarify the essence of the approach to statistical analysis and analysis the rhythm of cyclic signals
within their mathematical model in the form of a conditional cyclic random process. It should also be
noted that there is no definition of a conditional cyclic random process of discrete argument, which
makes it impossible to develop adequate statistical methods for analyzing digital signals.

4. Proposed model

In this paper, we develop (detail) the procedure for constructing a class of conditional cyclic
random processes, namely, construct a mathematical model of a cyclic signal in the form of a
conditional cyclic random process of a discrete argument, which would consistently reflect its double
(morphological and rhythmic) stochasticity and made it possible to perform statistical morphological
and rhythm analysis in modern digital data processing information systems.

5. Results & Discussion

We construct a conditional cyclic random process of a discrete argument (conditional cyclic
discrete random process). To do this, in accordance with [14], we briefly consider the concept of a

cyclic random process f(a),tmI ) weQ,t, eDcR of adiscrete argument and introduce the notion

of a class of isomorphic cyclic random processes of a discrete argument. The time area of definition
of a discrete cyclic random process is an ordered discrete set of real numbers

Dz{tmI eR,meZ =1L, LZZ} whose elements have the following type of linear ordering:

, <t if my,<m orif my=m, , and |, <l, in other cases t,, >t., (M, meZ,

tmll maly 7 mh ~ Tmyly

Il =L L, 0<ty,,; —ty, <oo). This process is defined on same probabilistic space (2,F,P).
Definition 1. A discrete random process f(a),tm, ) weQ t, eDcR,iscalled a cyclic discrete
random process, if there is such a discrete function T(t,,,n) that satisfies the conditions of the rhythm
function,that ~ finite-dimensional  vectors  (§(w, tm,1,),  §(W, tm,,)s--ns Sty ) ) and (
Sty +T(tm1|1,n)), S(ot,, +T(tm2|2,n)) o S0t +T(tmk|k,n))), ne Z, forall integersk e N

, are stochastically equivalent in the broad sense.
For a discrete cyclic random process, the family of its distribution functions satisfies the following
equations:

ka(xl, ey Xy tmlll' ey tmklk) = st (xl, ...,xk,tmlll + T(tmlll,n), ey tmklk + +T(tmklk,n)) =

ka (xl, ...,xk,y(tmlll,n), ...,y(tmklk,n)),xl, e X € Ryt g, e tmyl, € D,neZkeN.
(1)

We give the definition of isomorphism with respect to the order and values of cyclic random
processes of a discrete argument. Let us have cyclic random processes §l(a),t), weQ,t. €D with

rhythm function Tl(tm|,n) and &, (a),tr’n, ) weQ,t' €D with rhythm function To(tp, ,n). Areas of



definition Dz{tm,eR,meZ,lzl,_L,LZZ}and D’={tr'meR,meZ,Izl,_L,L22}these random

processes in the general case are different (D = D).
Definition 2. A cyclic random process & (@t ) @ € @, t,, €D with a thythm function T, (t,,n)

and a cyclic random process &, (a),tr'nI ) oeQ,t, €D with a rhythm function Tz(tr'm ,n), will be

called isomorphic in order and values, or we say that there is an isomorphism in order and values
between these cyclic random processes, if the following properties occur:

1. Isomorphism with respect to the order between domains for determining cyclic random
processes (isomorphism between ordered numerical sets D and D'), namely:

1.a) there is a bijection between D and D' (denoted by: D < D’), that is, to any t,, €D,
corresponds to only one t/, e D" (t,, —t,,), and to any t;, e D' is responsible only one t,, €D (
to =ty ), and for any different t., t,, D their images t;, t;, D’are different, and vice
versa (the corresponding elements t,, € D and t;, e D', and we shall call them bijective related and
denote it as follows: t,,, <>t/ );

1.b) the type of linear ordering of sets D and D’ is preserved, that isVt

Ht,’nﬂl, t,’,12|2 e D’ that tr'nlll ot t
and vice versa.

2. Isomorphism with respect to the order of cyclic random processes fl(a),tnﬂ ) weQ,t, eDand

myh tmz'z €D,

, . L, -
mly o+ tmpl, <ty @nd there is an order relation t,, >t if t >t,,

Eloth) weQ t,, D', namely:

2.a) there is a Dbijection between random processes cfl(a),tm| ) weQ,t, eDand
Eot,) oeQ,t), eD' (denoted by: & (ot )= &(w,t),)), that is, any pair (t,.& (ot ) from
a random  process oty ) @€ty €D, only one  pair (. &letn))(
(tm| ,51(a),tm| ))—) (t,’n, &5 (a),tr'nl ))) corresponds to a random process &, (a),tr’n, ) et €D’ andto
any pair (tr'm ,éz(a),tr’nl )) from a random process §Z(a),tr’n| ) e, t, €D, only one pair
('[ml,fl(a),tmI )) (('[,’nI ,g”z(a),'[r'nI ))—)(tm,,fl(a),tmI ))) corresponds to a random  process
&(oty) @eQ,t, €D, and for any of them different t,, ,t, . D their images t, ,t, €D’

myly * "myly
are different, and vice versa (corresponding pairs (tm|,§1(a),tm, )) and (tr’m,fz(a),t;1I )) we will call them
bijective related and denote it as: (t,,& (@t )< . &(@,t));

2.b) cyclic random processes & (@,t,, ), o€ Q,t., €D and éz(a),tr'm ) weQ,t, €D are ordered
by their domains of definition, and the ordinal types of random processes coincide with the ordinal
types of their domains of definition D and D’. That is, the set of pairs {(tm,,él(a),tm, )) t, € D} that

form (represent) a cyclic random process fl(a),tm ) weQ,t, €D is orderly by parameter t., and

has the same order type with a numerical set D, since there is always a bijective mapping of the
domain of definition D to the random process él(a),tnﬂ ) weQ,t., €D itself, namely the element

t,, €D is matched by only one pair(tml,il(a),tmI )) and vice versa , and for two different
tr, o tmy, € D matching them pairs (tml,l,fl(a),tml,1 )) and (tmzlz,gl(a),tmzlz )) also different. The same is
true for a random process §Z(a),tr’nl ) weQ,t €D’ that is, a linear order from the domain of
definition D’ is induced into the random process &,(,t), ), @ € @, 1/, € D' itself;

2. ¢) there is the same type of ordering of cyclic random processes §1(a),tm| ) weQt, €D and
Ewth) weQ,t,, D', namely: for any different pairs (tml,l,él(a),tml,1 )) and (tmzlz,gl(a),tmzlz ))
being in the bijective related with pairs (i, &t ) and (G, Slet,)  (
(tml,l,gl(a),tml,l))e(tr;,l,l,gz(a),tr’nl,l)),(tmzlz,fl(a),tmzlz))(—)(t%zlz,(fz(a),t;nzlz))), the relations of order



(tflﬂz|2 ! 62 (w’ t';ﬂz'z ))> (tflnlll ' 52 (w' t',“1|1 » and (tmz|z ! él(w’ tmz'z »> (tfmh’ 51(60' tmlll » oceur, if tmzlz > tm1|1 and

toot, > bty (o, < s o, © o, )i

3. Equality of wvalues of cyclic random processes fl(a),tml), weQt,eD and
é(wytrﬂﬂ ) weQ,t €D’ takes place, when their respective arguments t,, € D and t/, € D’ being in
the bijective related (t,, <>t/ ), namely, taking into account the property of cyclicity of these random
processes, the following equations hold:

P{gl(a)'tml-"-rl(ml’ )) fz(a’ tmI+T(mI' ))}:1’
ty + Tt n)et, +Tt,n)t, eDt, D, neZ (2)
For isomorphic with respect to the order and values of cyclic random processes
E(ot,) wet, eD and &(ot,) weQt, €D the equality of their (k -dimensional)

distribution functions F_ (Xpseens Xis bty sty ) andl Fe., (4 Xy By e Ty, ) oIS, and when the

corresponding sets of their arguments ti+Tl(ti,n) and t/+T,(t/,n),i=1k,nez being in the
bijective related, namely, the following relations exist:
Fiey 0 Xty + Taltmgs )t + Taltmr o 0)=

= Fkgz (xl, X, m1I1 +T. (mlll n),...,tmklk +T. (mklk ))

X €R by €Dt €Dty + Tty ) th, + Tl npi=TkkeN,nez (3)

Suppose we have a class @ of all possible cyclic random processes of a discrete argument given
on a probabilistic space (Q,F, P) and on one of the sets of a class SetOf D of all possible sets of

type Dz{tm, eR,meZzZ =1L, LZZ}. On the set (class) ® we define an equivalence relation

@ < ©%, namely, a binary relation ¢(&,(o,t,, )&, (o,t),)), where &(w,t,, ) & (w,t,,) are arbitrary

discrete cyclic random processes with ®. The equivalence relation ¢ — ® can be defined in

different ways, in particular, by postulating isomorphism with respect to the order and values between
cyclic random processes with @ .

Defining equivalence relation ¢ — ®% in a class © generates a breakdown Dg = {Qﬂ, pe B} a
class ® into isomorphic subclasses in order and values of cyclic random processes of the discrete
argument, that is, for the elements of partition Dg = {G,B' pe B}, the following ratios occur:

U0,=0,0,%20,0,N0, =3, ,# 5.5 <B. (4)

PeB
We select one arbitrary element from the partition D ={®ﬁ,ﬂeB} namely, some class of
equivalence (isomorphism) @, € Dg of cyclic random processes of a discrete argument. This class

includes isomorphic discrete cyclic random processes, which are different in order and values,
differing only in their rhythm functions, and the transition from one process to another can be ensured
by the action of the corresponding scale transformation operator. Namely, two arbitrary cyclic random

processes él(a) tml) weQ,t, €D and fz(a),t,’n, ) et €D with ®, connected through direct
[] and inverted G [] scale conversion operators, namely:
&loty)= Gy, G(oty)) 0@ty €Dty €D, (5)
&l@tw)=Gy,, [&(o.t)] et €Dty €D (6)
According to [3], the action of scale conversion operators G,_[] and G,_[-] on cyclic random

Y12

processes & (@t ) @eQ,t, €D and & (ot ) @ cQ 1y, €D is fully defined (given) by its scale
conversion functions Y, (ty )ty €D and y,,(t,).t,, €D’ which are increasing functions, as
follows:



§2(w'tr,nl): §2(w, y12(tml ))= fl(a)’tml ), weQ t, Dt eD". (7)

Glotn)=&(@,yulth)) = &(@t,) 0@ t, €Dt eD'. (8)

According to work [3], between the functions of rhythm Tl(tm,,n) and Tz(tr'm,n) cyclic random

processes fl(a),tmI ) et €D and fz(a),tr'm ) weQ, 1, €D’ of the equivalence classes ® that
are linked through scale conversion operators G, [] and Gy, [] have the following dependencies:

T (Yaa (tn ). 0) = Vi (s + ot n)) = Vi (b )t €D, N € Z (9)

Tu(Yar () 1) = Yau (b + To . 0)) = Vou i ) try €D ne Z (10)

Statistical analysis of any two cyclic random processes gi(a),tmI ) weQ,t D and

afz(a),tr'nI ) weQ, t, €D of the equivalence class 0®. €Dy by their two multi-cycle realizations

& (tw) and & (t,) should give approximate results, namely, similar statistical estimates of the

probabilistic characteristics of the cyclic signals.
For the formal identification of a concrete discrete cyclic random process, the class ©, submit as

a set labeled with a parameter A isomorphic in order and values of cyclic random processes
0, = {fl(a),til ) weQ,t’ €D, de A} given on the same probabilistic space (Q,F,P).

The parameter A gains values from some set A (A € A ), whose power is equal to the power of
the class ®.. Any, elements with @ differ only in the discrete area of their definition, and as a

consequence, their discrete  functions of rhythm. Actually the definition area

D, = {t:ﬂ eRmezZ I=1LL> 2} of any discrete cyclic random process

@(a),tf1I ) a)eQ,ti €D, with ©, uniquely identifies (distinguishes, marks) it among other random

processes from @ . Also, the area of definition D, = {tﬁl eR,meZl=1L,L> 2} of a particular

A -process §i(a),tfm ) weQ, tjﬂ €D, from ®, completely determines its rhythm function Tﬁ(tf1I ,n),
namely:

Tt n)=t' —t' ,mnez1=1L,L>2t/ eD, (11)

Thus, the set SetOf D of all possible domains for determining isomorphic in order and values of

cyclic random processes of a discrete argument from a class ®,. can also be represented as a

+n,l

parametric set, namely:
SetOf D={D,,1eA}= {{tﬁl eR,meZI=1LL> 2}, de A} (12)

In view of the above considerations, there is a bijection between the equivalence class
0, = {fz(w’tﬁ. ) weQ, til eD,, 1 eA}, the set of domains of definition SetOf D, and the set of

rhythm functions SetOf_T = {D (tfn, : n), teRneZ e A} isomorphic in order and values of discrete
cyclic random processes with @, namely, @, < SetOf_D < SetOf_T . With such ambiguous
mappings between classes of functions, the bijective related elements, there will be those elements of
sets © £ SetOf D and SetOf T which have the same parameter A1, namely:
£lott JoD, o T, n).

The above mathematical objects formally take into account the fact that the model of a cyclic
signal, for example, an electrocardiogram signal is a cyclic random process, and also reflect the

experimental fact that the estimates of the functions of a rhythm of an electrocardio signal on its
different realizations are significantly different, however, the statistical characteristics of the signal on



its various realizations are approximate. However, such a mathematical description is necessary to
supplement the new probabilistic space, which will make it possible to describe the rhythm of the
electrocardio signal as a random function of rhythm within the framework of the theory of random
processes. Such a description will eliminate the existing contradiction between the descriptions of
rhythm and morphological structure in existing models of cyclic signals and processes.

To do this, consider a stochastic experiment that is described by some probabilistic space

(Q',F',P") that is stochastically independent of (Q,F,P). We introduce a random object A(w") =

A w' € QA e Aasameasuring function with definition area Q" and value range A . In this case, w'-
implementation of a random object A(w") is a parameter A that determines the corresponding cyclic

random process @(a),til ),a)eQ, til € D, with the definition area D, and the rhythm function

Tl(tfm ,n).

That is, you can enter the following three random objects that are given in the probabilistic
space (Q',F',P'), namely: conditional cyclic random process of a discrete argument
o1, (@), 0 e, 0eQ,t,(0)eD(@); the random discrete domain of its definition

D(a)')z{tm, (0)eR,meZ 1=1L, LZZ} , given on a probabilistic space (Q,F’,P")and taking

values from the set SetOf D, and the random function of the rhythm T(t,,('),n), is a conditional
cyclic random process of a discrete argument &(w,t,,(e')) that takes its values (deterministic
functions of the rhythm) from the set SetOf T .

We give a definition to these three probabilistic objects. First, we define the conditional cyclic
random process of a discrete argument.

Definition 3. A random object {&(@,t, (@))€ ©,, @' € @, @ € @, 1, (o) D(w')} that is given on
stochastically independent probabilistic spaces (Q, F, P) and (Q',F',P") is called a conditional cyclic
random process of a discrete argument if, for each ', its corresponding «'-realization
{gw( ,tr‘;’,) we,t e Dm,} belongs to a class @ isomorphic in order and values of cyclic random

processes of the discrete argument.
Definition 4. A random function T(t,(«'),n), @ € Q' t,,(w')e R, ne Z given on a probabilistic

space (Q',F',P") is called a random rhythm function of a conditional cyclic random process of a
discrete argument, if for each @', corresponding to its ' -realization T, (tﬁl, ) t“ €D, belongs to

the class SetOf_T , each element of which satisfies the conditions of the rhythm function, namely: 1)
a group of conditions: 1.a) T, (ml, )>O if n>0 (Tm,(tml, )<oo) 1b) T, (ml, ) 0,if n=0; 1.c)
Tw,(tm,,n)< ,if n<0, t% eD, cR; 2) for any t% eD, and tmI eD, for which t{;’lll <t

ml maly

for function T, (ml, ) strict inequality is fulfilled T, (mll )th"’I <T, (tm Iy )+tmI ,VneZ; 3)
the function T, (m,,n) is the smallest modulo (’Ta,(tm“ 1 ‘Ty ol ]) of all such functions

{T (r’;,’l, ) y e F}, which satisfy the conditions 1 and 2 above.
Definition 5. A random object D(e')= {trm (@)eR,meZI=1L L> 2} given on a probabilistic

space (Q',F’,P’) is called a random domain for determining a conditional cyclic random process of a

discrete argument if, for each o' , its corresponding @' -realization

D, = {t,;", eR,meZl=1L,L> 2} is a discrete subset of real numbers whose elements satisfy the

- -y . a)’ a)' w
following conditions: t,,, <ty , if my<my, orif m,=m, and I, <l,, in other cases tmlll >t (

m,,meZ, LI, =1L, 0<t2),—ty <o),



Conditional cyclical random process {&(w,t,, ('), @' € @', 0 € Q,1,,(0')e D(')} of a discrete

argument allows simultaneous consideration of both stochasticity of the signals taken into account in
their statistical morphological analysis and stochasticity of the rhythmic structure of the investigated
signal taken into account in the rhythm analysis.

Morphological statistical analysis is reduced to the statistical analysis of any of its o' -realization

{gw,(a),tfg{ ) weQtl e Dw,} as a cyclic random process with a determined rhythm function
Tw,(t,fj,', n), t“ eD,, in accordance with known methods of statistic processing of cyclic random

processes [1-4]. In particular, such an analysis is reduced to a statistical evaluation of the stationary

and stationary-related random processes {(p, (a) el ) weQt%eD,, meZl :L_I_} embedded in a

cyclic random process L. Each such random stationary process is given on a discrete set
DI = {ﬁﬁ eRmeZl= const} that is embedded in D, and describes (models) the | -th phase of
the investigated electrocardio signal. The values of a stationary discrete stationary random process
? (a) te ) weQ,t? eD,, meZ|=const are defined as follows:

? (a) te )z & (a)tg‘jl ) weQ,t? e D'w,, me Z, | =const (13)

Heart rhythm analysis is reduced to a statistical analysis of elements of the random domain of

determining D(a)’):{tm, (@)eR,meZ =1L, L> Z}a conditional cyclic random process of a

discrete argument {£(w,t, (@), @' € Q', w e Q,1,,(0')eD(@')}, or to a statistical analysis of its
random rhythm function T(t,(«')n) o Q' t, (0)eR,neZ. The random rhythm function
T(t,(@'),n) is completely determined by the elements of the random area D(w') according to the
formula:

T(tml (a)'), n): l:m+n,l (a)')_ tm,l (w/)' mneZz, I :]"—L' tm,I (a),)e D(a),) (14)
In particular, when n =1, the rhythm function T (t,, (')1) is calculated as follows:

Tltyy(0)2)= ty.1,(0) ~ty (@) M Z, 1 =1L, 1, (o) € D(@). (15)
If in the heart rhythm analysis we take the random function of the rhythm T(t,,(«')1) of a

conditional cyclic random process &(m,t,, (")), keeping a clear relation to the heart cycle phase and

cardiac cycle number, then we present the mathematical model of the rhythmocardio signal as a
vector of random sequences:

V (@', m) = {AT| (o', m), 0" e, | = 1L,meZ } , (16)

where each | -th component of the vector is a random sequence AT, (@', m), whose value is equal to
the value of a random rhythm function T(t,(@')1) at times t, (') from a discrete set
D, (@)= {t,(®')e R, me Z,1 = const} that is embedded in D(e') and describes the time distances

between the same type | -th phases of the investigated electrocardio signal in its two adjacent cycles,
namely:

AT (', m)=T (tml (a)'),l) =ty (a)') —tn) (a)'),

_ (17)
meZ,1=1L,t,,(o')eD(e)

6. Conclusions

The procedure of mathematical model of cyclic digital signals in the form of conditional cyclic
random process of discrete argument is developed in the work. The class of isomorphic in order and



values of cyclic random processes of a discrete argument is given. This model allows to take into
account stochasticity of cyclic signals both in their morphological statistical analysis and in statistical
analysis of their rhythm. The definition of a random rhythm function of a conditional cyclic random
process of a discrete argument is given.

The developed model eliminates the logical contradiction between the known probabilistic
mathematical models of digital cyclic signals and their rhythm models and underpins the development
of new highly informative methods of statistical anaysis of cyclic signals. Based on the new
mathematical model in future research, it is necessary to clarify the probabilistic structure of cyclic
signals with double stochaticity, which will allow the use of new diagnostic features in computer
diagnostic systems.
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