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Abstract  
The theoretical foundations of the study of deformation-relaxation and heat exchange 

processes in biomaterials with a fractal structure based on the synthesis of the basic laws of 

thermodynamics of nonequilibrium processes and mechanics of a continuous medium were 

further developed. A new physical and mathematical model of interconnected deformable 

and heat exchange processes in biomaterial with taking into account its fractal structure 

depending on viscoelastic characteristics was synthesized. To take into account the fractal 

structure of the material the mathematical apparatus of integro-differentiation of fractional 

order was used. For the partial case, the numerical values of the simulated physical 

characteristics were obtained. The obtained results were analysed and conclusions were made 

about the distribution and influence of interconnected heat exchange and deformation 

relaxation processes in biomaterials with taking into account their fractal structure.  
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1. Introduction 

In general uneven fuel expansion cannot occur freely in a solid body and causes thermal (thermal, 

temperature) stresses. Knowledge of the magnitude and nature of the thermal stresses effect is 

necessary for a comprehensive analysis of the structural strength. The action of mechanical stresses 

from external forces and in combination with thermal loads can cause cracks and destruction of 

structures that have been made of materials with a complex structure [1-5]. 

With the rapid appearance of stresses due to the action of a sharp gradient of an unsteady 

temperature field some materials become brittle and cannot withstand thermal shock. Repeated 

application of thermal loads leads to an overload of structural elements [6]. 

In the general case, a change in body temperature occurs not only due to the supply of heat from 

external sources but also due to the deformation process itself. Thermomechanical effects of a 

different kind are important in deformations of a body that are flowing at a finite speed: the formation 

and movement of heat flow inside the body, the appearance of bound elastic and heatwaves in it, and 

thermoelastic energy dissipation [7, 8]. 

Most real physical processes cannot be described using the basic principles and concepts of the 

mechanics of a continuous medium. This requires the involvement of non-traditional approaches, in 
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particular, the fractality of the environment in which these processes take place. Superslow diffusion-

type processes, deformation-relaxation processes in the middle with obvious memory effects can be 

brought to such processes. To describe them in the proper way the accordingly modified laws are 

used, which require the implementation of the fractional integro-differential mathematical apparatus 

[9-11]. 

Fractional mathematical analysis has a long history, but despite this, it is a rapidly developing area 

of modern analysis and has extremely rich content. At present, there is not a single area of classical 

analysis that has not been touched by fractional analysis, which is closely related to various issues of 

the theory of functions, integral and differential equations, mechanics, equations of mathematical 

physics, etc. The mathematical language of operators of fractional integro-differentiation is 

indispensable for describing and researching physical fractal systems, stochastic transfer processes, 

the study of mechanics, biology, probability theory and other applied sciences [12-15]. 

It is necessary to take into account the internal structure and properties of materials during 

constructing mechanical and mathematical models. It is very important to build mathematical models 

that describe the stress-strain state and thermoelasticity in media that “do not fit into the traditional 

approach” of known and developed standard mathematical models of specific branches of mechanics 

of continuous media. So, for example, the use of classical models of elastic bodies deformation in 

bio/nanomechanics without taking into account the complicated structure of biomaterials does not 

allow to obtain reliable results and sharply narrows the scope of the problems being solved [16-21].  

At the same time to obtain the results of higher accuracy by improving and complicating the 

algorithms for the numerical implementation of the tasks is almost impossible.  

Thus, to obtain adequate results for modeling the behavior of real physical objects, it is necessary 

to change the approach when building a mathematical model. Construction of basic equations of 

mechanics using the apparatus of fractional calculus to describe the behaviour of real heterogeneous 

materials is one of the promising areas for further improvement and development of mechanical and 

mathematical models [22-24, 9, 12]. 

Thus, the study of the thermomechanical characteristics of porous biomaterials, which are 

characterized by the complex nature of the spatial structure, existing memory effect, self-organization 

and deterministic chaos properties, is an urgent scientific task. 

2.  Production of a problem 

Many definitions of derivatives and fractional integrals are known today, in particular: Caputo, 

Marshaud, Weil and others. All these operators of fractional integro-differentiation have a rather 

cumbersome construction and can take various forms is the actions on which do not always coincide. 

On the other side, it is impossible to firmly assert which of the approaches is advisable to study and 

which is not since there is no unambiguous definition of derivatives of non-integer order. The 

mathematical apparatus of integro-differentiation of fractional order was used in the construction of 

mathematical models of the studied physical processes occurring in biomaterials with a fractal 

structure. In particular, the integral and the derivative of the function ),,( zyxf  by the variable x  in 

the Caputo’s sense can be written as follows [10, 12-15, 22]: 
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2.1. Determination of internal and free energy of deformation and 
heat exchange processes 

The purpose of this section was to build theoretical foundations and develop methods for the 

synthesis of deformation-relaxation processes in biomaterials with a fractal structure during their heat 

treatment. Biomaterial, in particular bone, is considered to be an open thermodynamic system with a 

variable volume [1, 2, 6]. 

Let's select an infinitesimal element of material in the Cartesian coordinate system. Its state is 

characterized by a system of independent variables ijij US ,, , or equivalent system ijij UT ,, , where 

S  is the entropy of a unit of mass; T  - absolute temperature; ij  - components of the strain tensor; 

  - density of the material;   - time;  
ijkJJ   - tensor of the third rank which characterizes the 

corresponding thermodynamic flow and satisfies the balance equation: 

0divJ  (3) 

The relationship between deformations and displacements that take into account the fractal 

structure of the biomaterial is recorded using modified Cauchy relations: 

  ijjiij uu ,,
2

1
   (4) 

ixji uDu
j

,  (5) 

The thermodynamic potential of the described system in case of temperature change is free energy. 

The full differential of free energy can be written in the form [25]: 

,10 dFdFdF   (6) 

,0 SdTdF   (7) 

,1 ijijijij dddF    (8) 

where, ij  - components of the stress tensor; ij  - components of the damage tensor; ij  - 

corresponding potential. Thus, the full differential of free energy can be written as [25]: 

lmlmijij ddTdSdU    (9) 

For small deviations of the system from the equilibrium state, the free energy, expressed in terms 

of temperature, stress tensors, deformations and damages, is a complete differential and can be 

represented as: 
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At the initial moment, the equilibrium state is characterized by the initial conditions: 

.0,0,, 00  ijijTTSS   (11) 

For the free energy function, the Taylor series expansion according to the degrees of deformation 

invariants is valid. Restricted to members not higher than the second order, we obtain: 
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ijijii II   21 ;  (13) 

Given the generalization of Hooke's law for materials with a fractal structure in the presence of 

viscoelastic deformations: 
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where   - is determined based on measuring the pressure and the correspondence of the change in 

specific volume in the region of elastic deformations at a constant temperature. 

2.2. Synthesis of a model of deformation and heat exchange 
processes in a biomaterial with a fractal structure 

To obtain a system of equations that describe the interrelated deformation-relaxation and heat 

exchange processes in biomaterials with a fractal structure it is necessary to obtain the equation of 

energy and motion balance. According to the first law of thermodynamics the total energy 
*U  of a 

volume V  limited by a surface   is determined by the ratio [4, 5]: 

 
VV

dVVUdVU
2*

2

1
  (17) 

where V  - velocity, U  - the density of internal energy per unit volume of deformed biomaterial. 

The work of external forces over some time with taking into account the available memory effect 

can be described [25]: 
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 iin nxcos   (19) 

where n  is the vector of normal stresses to the surface; n  - normal to the surface  . 

The total flow of thermal energy over some time due to the action of an internal source q  and heat 

input is determined by the ratio [25]: 
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 iin nxSS cos  (21) 

In the case of internal heat sources, we obtain: 
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When considering an infinitesimal period, ie 0 , we can write the following relationship: 
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Applying Green's formula and taking into account the arbitrariness of the volume we get: 

 VFVJUD i

iiii  
  ,  (24) 

Given that the components of the strain tensor and strain rates are interrelated, the expression for 

the increase in internal energy per unit mass and unit time depending on the temperature and strain 

fields can be written: 

ijijii eDJUD 



   ,  (25) 

Using (9) the equation of entropy balance will be written in the form 

ijijijij eDeDUDSTD 









    (26) 

Given (25) the equation of state will be written: 

kkijijii JJSTD ,,  
   (27) 



Using the specific heat of the material of the relationship (26) can be written as: 
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From relation (27) we obtain the definition of thermodynamic forces of energy transfer: 

jkiijkiii XJXJJSTD 
  (29) 
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Thus, the equations combining thermodynamic flows will look like this: 

 jiijij TJ ,   (31) 

T

T
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ii
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,
  (32) 

Taking into account the above relations, the physical-mathematical model of interconnected heat 

exchange and deformation processes in biomaterials with a fractal structure during their heat 

treatment is synthesized. 
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To relations (33) - (36) are also added (15), (16), kinematic equations (31) - (32) and geometric 

(4). Thus, these equations form a physic-mathematical model for calculating the interconnected heat 

transfer and deformation processes in biomaterials with a fractal structure from the time of their heat 

treatment. 

3. Obtained results 

The biomaterials tend to expand during the heat treatment process. This fact encourages the 

appearance of stresses in the material. Let us consider a numerical experiment for the obtained model, 

which is designed to investigate the effect of heat load and the degree of fractality of the material on 

the maximum modulus of stress values in it [26, 27]. 

A numerical experiment [28] is given for bone material with the initial value of temperature 

CT 0

0 6.36 . The bone material was taken as a sample with the following geometric dimensions 

 lx ;0 , where 15.0l  - the length of the sample. The interaction of the studied biomaterial with 

external thermal loads is given by the boundary conditions, in particular, the impermeability condition 

is set at the left boundary 0x , and the interaction with the medium that has a temperature 

Ctc
060  is set at the right boundary lx   [29, 30, 11]. The hypothesis of a natural stress state, the 

absence of stresses, deformations and displacements in the material at the initial time is accepted 

( 0;0;0
0011011 

 
 u ). Also, the material is not subject to any mechanical stress [31, 

32].  

Fig. 1 shows the dynamics of temperature change in bone material during 2 hours exposed to heat 

flux, the nature of which is described above. The curve corresponding to the parameter 1  shows 

the dynamics of temperature change calculated using the traditional approach. The curves 

corresponding to the parameters 95.0  and 9.0  represent the dynamics of temperature 



change, calculated using the apparatus of integro-differentiation of fractional order, i.e. take into 

account the fractal structure of the medium. Fig. 2 shows the dynamics of normal stress 
11  over 2 

hours, which occurs in the material due to the action of heat fluxes. 

 

 
Figure 1: Changing of the temperature at the right boundary lx   on the sample depending on 
time and fractional degree of material 

 

Figure 2: Changing of the stress component 11  at the right boundary lx   on the sample 

depending on time and fractional degree of material 
 

Analysing the behaviour of the curves in Fig. 1 and Fig. 2 can be concluded that the rate of its 

heating increases with the increasing degree of fractality of the material. In particular, the maximum 



difference between the temperatures of the material with taking into account the fractal structure 

95.0  and without 1  is equal Со78.0 , and for the material with the degree of fractality 

9.0  - is Со27.2 . 

The temperature changing in the material leads to stresses in it. The higher in the absolute value 

stresses appear when the faster temperature changes. In particular, the maximum difference between 

the components of the normal stress 
11  of the material with taking into account the fractal structure 

95.0  and without 1  is equal KPa21.0 , and for a material with a degree of fractality 

9.0  - is KPa07.1 . It can also be noted that with increasing degree of fractality of the material 

increases the value of residual stresses that have a significant impact on the development of stresses in 

the material when applying to it repeated thermal or mechanical loads. 

4. Conclusions 

The use of the mathematical apparatus of integro-differentiation of fractional order allows creating 

a new basis for the further development of the theoretical foundations of the study of deformation-

relaxation and heat exchange processes in biomaterials with a fractal structure. The synthesized 

physical-mathematical model of interconnected deformable and heat-exchange processes allows to 

describe the rheological behaviour of biomaterial in the process during its heat treatment with taking 

into account available memory effects, self-organization and deterministic chaos depending on 

viscoelastic characteristics.  

After analysing the obtained numerical results for partial cases, we can conclude that in heat 

treatment processes biomaterials with a higher degree of fractality heat up faster, which leads to the 

presence of higher absolute values of stresses. This fact leads to the accumulation of residual stresses, 

which significantly affect the development of stresses in the material when applying to it repeated 

thermal or mechanical loads. 
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