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Abstract

Mathematical models building is widely used in different branches of human activity to describe statistical
data obtained during observation of various phenomena. The main tool for this problem solution is
approximation theory, especially ordinary least squares method. Basic goal during approximation is
minimizing deviation between observed and estimated data. Analysis showed that providing given
accuracy is possible based on usage of segmented regression models. Such models contain one or more
switching points for segments connection. This paper deals with a problem of calculation of optimal
values of switching point abscissa for segmented regression. Analytical expression for segmented
regression was obtained using the Heaviside function. Switching point’s determination is based on
the usage of multidimensional optimization paraboloid. Paper presents the methodology for optimal
segmented regression building. Simulation results and example of data processing proved increasing the
accuracy of approximation in case of using the proposed methodology.

Keywords
mathematical model building, approximation, ordinary least squares method, segmented regression,
optimization of switching point abscissa

1. Introduction

The mathematical models are used in many applications. Such models give the possibility to
determine the mathematical relationship (formulas, logical dependency) for real world objects
and phenomena. The one of the main motives to build mathematical models is: a) a greater
understanding of researched phenomena, b) to analyze the object mathematically, c) to provide
experimentation with model using simulation methods [1, 2].

The mathematical models building starts with experimental investigations and obtaining
observations of some system, object or phenomenon. These operations form input data for
model. According to these data, at the second stage mathematical formulations are carried out,
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and after those computational simulations are performed. Output data of simulation are used
for model validation [3].

During mathematical models building, different models can be utilized. Researcher always
tries to choose the best of them [4]. To do this the following criteria can be used: simplicity
of mathematical equation with the given level of error, minimum number of coefficients in
the mathematical equation, minimum sum of squared deviations between the predicted and
empirical values and others [5].

The main algorithmic tool that is used to obtain information from mathematical models
contains methods of linear algebra, data analysis, probability theory and mathematical statistics,
functional analysis and others [6]. The mathematical models based on statistical data-driven
approach can be built using the techniques of the approximation theory [7]. In case of approxi-
mation, spline functions or different polynomials are often used [8].

2. Literature review and problem statement

Nowadays, regression analysis becomes popular research tool for mathematical models building
[9]. It allows to develop mathematical expressions to describe the behavior of some dependent
random variable [10]. Regression analysis can be used to predict the value of dependent variable
based on information of its previous realization trend.

The mathematical models building based on regression analysis can be used in different
branches of human activity and scientific research:

« in econometrics: to analyze economics behavior for certain country or city dependent on
one or more factors [11, 12];

« in biology: to obtain regional models of biological processes [13];

» for electrical engineering: to describe realizations of electrical signals and parameters of
electronic devices [14, 15];

« in reliability theory: to build the mathematical model for trends of reliability parameters
and diagnostics variables [16, 17];

« in aviation system: to build the mathematical model for Unmanned Aerial Vehicle (UAV)
and aircraft flight routes [18, 19], to analyze the possibilities of UAV cyber security hazards
[20], to calculate the efficiency of functioning of aviation equipment [21, 22], and others;

« for radar and navigation systems: to solve the problem of efficient target detection [23]
and for approximation and prediction of data trends [24, 25, 26];

« during equipment operation: to calculate the optimal maintenance periodicity [27, 28]
and to estimate the efficiency of diagnostics process [29, 30];

« for control systems: to find the correlation between statistical data for inertial stabilized
platforms of ground vehicles [31] and to analyze possible control actions in case of aircraft
departures and arrivals delays [32].

In practice, researchers apply simple linear regression [33] and more realistic nonlinear
regression [34]. Considering nonlinear regression, it should be pointed that quadratic, cubic,
exponential, segmented and even logistic regressions are widely used [35, 36]. Different software
to implement such models was developed [37, 38].
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As there are different types of regression curves, let fx(x;, 7mk) is set of k£ one-dimensional
functions, any of them depends on vector 7m,k of m parameters and gives the estimate value
y; for initial data in for two-dimensional array (x;, y;) with sample size n. According to existing
results [9, 10, 33, 36], regression model with one independent variable can be presented as
follows

Y = fi(X, @mp) + 6

where Y and X are the dependent and independent variables, € is an error of evaluation.

For simple linear regression model f (X, E)m,l) = ap,1 + a1,1X, where ag 1 and ag 1 are
parameters that must be determined [9].

To increase the accuracy of model, on the one hand, researchers use segmented regression
techniques with several linear or parabolic sections for approximation empirical data [33]. On
the other hand, additional analysis for heteroskedasticity in observed data trend is carried
out [39, 40]. Literature analysis showed that unfortunately not enough attention is paid to
another way of increasing the accuracy of model that is associated with calculation of optimal
switching points (breakpoints or changepoints) between regression segments. To estimate
the parameters of regression (including switching points), the maximum likelihood estimator
(MLE) can be used [41, 42]. Moreover, paper [42] concentrates on replacing the traditional
nonsmooth model with another that transitions smoothly at the switching point. Another
approach can be based on Bayesian changepoint models [43, 44]. In some publications, there are
attempts to solve this problem based on: 1) statistical simulation results using sequential search
[45], 2) inverted F test confidence interval estimate for large sample sizes and bootstrapped
confidence intervals estimate for small sample sizes [46]. Analysis of mentioned techniques for
calculation of optimal switching points showed: a) MLEs require prior information on error
distribution and approximate range of switching point, b) MLEs have bias of estimate, c) in
some modifications MLE is the most computationally expensive, both in setup time and in run
time, d) Bayesian estimators are more robust for difficult cases, but require additional prior
limitations for model parameters. Moreover, the exact mathematical equations for optimal value
of switching points in literature are not considered.

The aim of this paper is to develop a new approach to switching points optimization in case of
segmented regression usage for mathematical models building. The calculation of the optimal
values of abscissas of the switching points will give the possibility to increase the approximation
accuracy and the possibility to improve the predictive properties.

From mathematical point of view, such problem can be considered as follows. At the first
stage, it is necessary to choose the segmented approximation function f(x;, 7mk) in such a
way to minimize standard deviation o between real values y; and estimates ¥;

k=inf(s¥] : o(fs(@i, @ms)) < a(fj (@i, @mj)))- (1)

At the second stage, it is necessary to carry out optimization of switching points abscissas
Z gy and to find the corresponding values

(xswoph y Lswoptas -+ xswoptr) = argmin(xswl s Lswoy vy xswr)v (2)

where r is quantity of switching points in case of 7 4- 1 segments for regression usage.
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3. Methodology

The best preferred statistical data processing algorithms can be used in the conditions of
aprioristic uncertainty [47]. In this research some limitations about aprioristic information was
made.

After observation of random phenomenon, the two-dimensional array (z;, y;) with sample
size n is collected. Initial data are plotted in two-dimensional space in form of dependence.
Based on visual analysis of data, researcher can identify geometrical structure of data trend and
choose the appropriate approximation function. Assume that only segmented functions can be
used. Such function contains two or more segment without discontinuities. The segments are
connected in the switching points. The quantity r of switching points or the quantity r + 1
of segments is determined by researcher according to the analysis of geometrical structure of
plotted data.

At the first step, type of segmented regression for data approximation is chosen. In authors
opinion, it is enough to use one of three types of segmented regression:

1. Segmented linear regression

T
fi(X) =ao1 +a1nX + ZaiJrl,l(X = Tsw; )R(X — Tsu,), 3)
i=1
where h(X — x4, ) is Heaviside step function.

In case of two segments usage, functional dependence (3) contains one switching point and
three unknown coefficients. Equation (3) can be presented as follows

[i(X) =aon + a11 X + az,1 (X — zgu )A(X — Z50,)-

Unknown coefficients ag 1, a1,1 and a1 are calculated according to ordinary least squares
method in such a way

(10,1 Z?:l y’t
a=W'Ba=| aiq |,B= o XY yhh = h(x; — T, ),
az,1 Z?:l(xi — Tswy )Yiln
n 2711 Ly Z?(% — Ty )h1)
W= >l Ti 7115”12 1T — Ty )Tiha

Z?(l’z — Tswy )1 Z?(% — Tswy )Tl 2711(% - xswl)th

2. Segmented parabolic regression
T
fo(X) =ao2 + a12X + azp X* + Z aiy2,1(X — Tgw, ) ?h(X — Tgu,). (4)
i=1

In the case of two segments usage, functional dependence (4) contains one switching point
and four unknown coefficients. Equation (4) can be presented as follows

f2(X) = ao2 + a12X + a22X? + a32(X — Tswy ) AX — Towy)-
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Unknown coefficients ag 2, a12, a2 and a3 are calculated according to ordinary least
squares method in such a way

n
ao,2 21 Yi
n
-1 ai2 21 TilY;
a=W""B,a= , B = n o i =X — Tow,
a22 1L;Yi
n 42
as 2 21 % yih1
n,_,. n _2 ntQh
n PO x; 1 xg > 21’ 1
n n n n
W = 2o 37; 1 ﬂfé 1 553 > %m;’hl
- n n n n
1% 1% 1% Yo tirih

SUtZhy YU tzhy YU tRathy Y (tih

3. Segmented linear-parabolic regression
f3(X) = a3 + a13X + a2sX°p(X) + Y air21(X — 2w, PO — 24w,), (5)
i=1

where p(X) is sign function. This function is equal to zero, if the segment is linear, and is equal
to one, if the segment is parabolic.

In the case of two segments usage with first parabolic and second linear segment, functional
dependence (5) contains one switching point and three unknown coefficients. Equation (5) can
be presented as follows

f3(X) = ao3 + a13X + a23X? — a2,3(X — s ) R(X — Zgy)-

Unknown coefficients ag 3, a1,3 and as 3 are calculated according to ordinary least squares
method in such a way

ao,3 Z? Yi
a=W'Ba=| a3 | ,.B= >l Ty ;
as3 Tty — >ty
n P e S
W = ST L2 Tad =S ait?hy

A
vap =Y N tthy Yrad = Y witthy Yo7 @ 4+ 27 (4 — 223ty

3

At the second step, the quantity r of switching points and the range of possible values of
abscissas of switching points is selected subjectively based on visual analysis of observed data.
For this approach, it is necessary to choose at least five possible values for each switching
point. So matrix of vectors of possible abscissa values is generated in the following form
I - Y

At the third step, regression coefficients and standard deviations o between real values y; and
estimates y; for all segmented regression types are calculated. Standard deviation is determined
according to the equation

1 n
— E . )2 6
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where [ is a degree of freedom for selected model.
The standard deviation is calculated for all combinations of possible values of switching point
abscissa. So at this step, the r-dimensional dependence of o' (Z sy, , Tswy, --+s Tsw, ) is obtained.
At the fourth step, the obtained dependence is approximated by r-dimensional paraboloid
based on ordinary least squares method. The general equation of r-dimensional paraboloid

.
r 2
Z(xswpwswgv ey CEswr) = AO + SumizlAixswi + E Bil'swi + 5 Ci,jwswiwswja (7)
i=1 i<j
where A;, B;, C; ; are unknown coefficients need to be estimated, the sum is calculated only

fori < j.
To simplify the calculation, it can be assumed that C; ; = 0 and equation (7) will take a form

r r
Z(x8w17x5w27 ceey xswr) = AO + Z Azxgwl + Z Bixswi- (8)

In this case unknown coefficients can be found according to the following equation

Ao Z El Zi1 ig,...

Ay Zl Zl Lswiiy 2217127---7ir
_ By . x Zi i _
a=W lB,a — ,B — Zl 21 SW111 211,12, 0y g = o" 1
v .2 o )
AT Zl . 21 xswlir’zlhwy---ﬂr
v
B, D7 e 221 Tswrir Zi iz
r v .2 v . v .
v 9> Lswniq 9> xswm 921 Tswrin
v 2 v 4 v v _2 )
g Zl xswlil 921 S’wlll 921 swlzl - g Zl xswlilxswrzl
W= g Zl Tswyiy ng swlzl ng swlzl - g Zl Lswiy Lswriy
v .2
g 21 Tswriy 9 Zl swulxswﬂl Y Zl Tswiir Lswpiy - 9> Lswriy

where v is quantity of chosen points in the range of possible values of abscissas of switching
points.

At the fifth step, the minimum of r-dimensional paraboloid is calculated to provide the
criterion (2). For this purpose, the theory of optimization is used [48]. To find the minimum, it
is necessary to solve the system of equations

82(1'31111 733311127---73331117-) _ 0

0T 5w -
az(mswl 7$sw2:~~7$swr) _ 0

0T swq - (9)
az(xswlyxswgynwxsum) _ 0

8iEswr -

In the case of r-dimensional paraboloid (7) usage, the system of equations (9) turns to the
system of r linear equations that can be solved by one of known method. In case of simplified

111



paraboloid (8) usage, the simple solution can be obtained in the following form

T sw;opt = ﬁ (10)
i

At the sixth step, coeflicients of segmented regression (3), (4) or (5) are recalculated, and
resulting model is obtained.

4. Simulation results and numerical example

Consider the problem of analysis of proposed methodology implementation based on the results
of statistical simulation.

The statistical simulation starts with obtaining initial data set with two switching points. The
data set contains deterministic and random components. The deterministic component can be
presented as follows

fi(X) = aop1 + a1 X + a271(X — Ty )X — Tswy) + a371(X — Ty ) (X — Tswy)-

This dependence is converted into discrete form at the range [1; 100] with sampling interval
0 = 1 and sample size n = 100. The initial parameters of deterministic model can be different,
but in this research, authors used the following initial numerical values: ag 1 = 500, a1 1 = 10,
a1 = —25,a3,1 = 20, Tgy, = 20 and 24, = 50.

Random component is generated at each sample point as additive Gaussian noise with zero
expected value and standard deviation o = 30. The number of procedures reiteration is 1000.

The example of one of data sets is given in table 1. The data in the table 1 present the values
of dependent variable Y that was measured at points X separated by sampling interval §.

The graphical presentation of three examples of initial data set is shown in figure 1.

Visual analysis of data (figure 1) gives possibility to conclude that most convenient regression
type for these data approximation is segmented linear regression with two switching points.
Let » = 5. The range of possible values of abscissas of switching points is

Tow, = (10,15,20,25,30),

Tow, = (40,45,50,55,60).

In this case it is necessary to calculate estimates of regression coefficients ag,1, a1,1, a2,1, a3 1
for all combinations of possible values of abscissas of switching points. After that, standard
deviation (6) is determined for each option. The results of standard deviation calculation are
given in table 2.

Data from table 2 are approximated by two-dimensional paraboloid based on ordinary least
squares methods. For paraboloid types (7) and (8) following equations were obtained
2(Lswy s Tswn) = 364.893 — 6.6352 50, — 10.01224,, +0.11122, +0.0922

swi swa

+0.0472 50, Tsaws

2Ty, Tsws) = 317.416 — 4.261 25y, — 9.0622 4y, + 0.1112%, + 0.092>

Swy Swa

The obtained paraboloids are shown in figure 2 and figure 3, respectively.
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Table 1
Example of initial data set.

X Y |x Y |Xx Y |X Y |x Y

478.051 | 21 708.727 | 41 430.555 | 61 361.496 | 81 391.604
531.887 | 22 716929 | 42 397.554 | 62 357.442 | 82 410.622
488.646 | 23 698.735 | 43 440.372 | 63 281.227 | 83  370.187
532988 | 24 662.582 | 44 324.692 | 64 362.172 | 84  460.596
437.424 | 25 554.083 | 45 372.758 | 65 336.362 | 85  345.848
576916 | 26 663.423 | 46 343.182 | 66 341.036 | 86  356.448
558.703 | 27 621.014 | 47 304.289 | 67 288.759 | 87  408.922
525.774 | 28 692.666 | 48 380.215 | 68 401.393 | 88  459.006
561.106 | 29 522.092 | 49 252.287 | 69 321.402 | 89  340.568
598.737 | 30 659.452 | 50 333.319 | 70 290.943 | 90  443.487
631.717 | 31 398557 | 51 307979 | 71 436.479 | 91  541.709
658.255 | 32 520.615 | 52 270906 | 72 333.381 | 92  436.921
647.998 | 33 472390 | 53 290.251 | 73 373.471 | 93  462.618
607.476 | 34 463.161 | 54 265.407 | 74 343.770 | 94  532.297
648.630 | 35 442.640 | 55 240.342 | 75 354.348 | 95 484.741
691.087 | 36 443975 | 56 269936 | 76 402.171 | 96  451.064
638.839 | 37 482.674 | 57 338144 | 77 377978 | 97  505.605
687.825 | 38 433.265 | 58 284.574 | 78 303.512 | 98  439.356
689.012 | 39 405900 | 59 351.267 | 79 339.748 | 99  450.629
653.723 | 40 444.444 | 60 243.165 | 80 312.829 | 100 485.727

a4
O X T A WN =0 VXX IhA~wN =

N
(=]

Table 2
Standard deviations.

Abscissas  Zgp, =10 Zow, =15 Tew, =20 Tew, =25 Tgw, =30

Tow, = 40 72179 62.257 56.561 58.777 66.45
Tow, = 45 63.561 53.526 49.227 53.585 62.128
T, = 00 57.41 48.362 46.246 52.425 61.318
T, = 0D 56.026 49.361 49.677 56.532 64.713
Tswy = 60 59.484 55.562 57.516 63.941 70.661

In the case of paraboloid (7) usage, it is necessary to solve system of equations (9) that takes

a form
az($sw1 ,$sw2) _ O
axswl -
az(xswl ,msu)g) _ O
0T swq -

After derivatives calculation this system of equations turns to system of linear equations

—6.635 + 0.2222 5, opt + 0.047Z gy 0pt = 0,
—10.012 4 0.047Z g, opt + 0.18Zgpp0pt = 0.

The solution of this system is
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Figure 1: The initial data sets (three realizations).

Towyopt = 18.941,
Townopt = 50.812.

In the case of paraboloid (8) usage, the optimal values of abscissas of switching points are
calculated according to equation (10). The results of calculation

oy opt = 19.113,
& opt = 50.532.

Analysis showed that for this particular case simplified paraboloid gives greater accuracy of
switching point’s abscissas estimates (relative error is 4.435 percent and 1.064 percent for the
first and second switching points, respectively).

Resulting segmented linear regressions for both optimization options (paraboloids (7) and
(8)) are

f1(X) = 484.143 + 11.397X — 25.025(X — 18.941)h(X — 18.941)+

+18.021(X — 50.812)h(X — 50.812),
F1(X) = 484.987 + 11.26X — 25.073(X — 19.113)h(X — 19.113)+
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Figure 2: Obtained paraboloid (7) for data set from table 1.

+18.155(X — 50.532)h(X — 50.532).

The standard deviation for the first and second optimization options is 46.038 and 46.040,
respectively. The results of approximation are shown in figure 4.

Resulting segmented linear regressions for both optimization options in figure 4 almost
coincide and have approximately equal standard deviation.

Consider the statistical simulation results for 1000 reiteration procedures. Such simulation
gives the possibility to build the probability density functions of estimates of switching point’s
abscissas. Figure 5 shows the histograms for estimate of abscissa of the first (figure 5a) and
second (figure 5¢) switching point for paraboloid (7), the histograms for estimate of abscissa
of the first (figure 5b) and second (figure 5d) switching point for paraboloid (8). Statistical
characteristics (expected value, variance, minimum and maximum) of estimates for optimal
values of abscissas of switching points using paraboloids (7) and (8) are given in table 3.

Analysis showed that general paraboloid (7) in average has greater accuracy for switching
points abscissas estimation. In the case of the first switching points abscissas estimation, relative
error is 3.63 and 4.32 percents for paraboloid (7) and (8), respectively. In the case of second
switching points abscissas estimation, relative error is 0.968 and 1.376 percents for paraboloid
(7) and (8), respectively. In addition, paraboloid (7) has greater scattering of estimate.
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Figure 3: Obtained paraboloid (8) for data set from Table 1.

The simulation results give approximatly same efficiency of estimate and accuracy of mathe-
matical model. So to simplify the calculation, optimizational paraboloid (8) can be used as more
suitable during mathematical model building,.

5. Conclusion

The paper considers new approach to switching point’s optimization for segmented regression
during mathematical model building. The analytical equations for segmented linear, parabolic
and linear-parabolic regressions are presented based on usage of Heaviside step function. To
find the optimal values of connection points between regression segments, multidimensional
optimization paraboloid is used for describing the dependence of standard deviation on possible
values of switching point’s abscissa. The proposed methodology, in contrast to the existing ones,
allows to obtain the accurate mathematical formula for calculating the abscissa of switching
points. Moreover, considered methodology has property of robustness for initial distribution of
errors and dataset. The analysis of proposed methodology is carried out based on statistical
simulation. The implementation of methodology is explained on numerical example for gener-
ated data set. Computations prove feasibility of proposed approach. The research results can be
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Figure 4: The initial data set and obtained optimal segmented linear regressions.

Table 3

Statistical characteristics of estimates for optimal values of abscissas of switching points using

paraboloids (7) and (8)

Statistical characteristic

Paraboloid (7)

Paraboloid (8)

Expected value for x4, 20.726 20.864

Variance for x4y, 1.427 1.317
Minimum value for x4, 15.892 16.929
Maximum value for x5, 25.004 25.026
Expected value for x4y, 50.484 50.688

Variance for gy, 1.314 1.188
Minimum value for 24y, 45.978 45.914
Maximum value for 2, 54.883 55.062

used to increase the accuracy of data approximation in mathematical model building.

Further research directions will be associated with a comparative analysis of the effeciency
of the proposed methodology with other techniques for determining estimates of the abscissa
of switching points (in particular, MLE and estimates based on the Bayesian approach) in the
case of different limitations presence.
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Figure 5: The histograms of estimates of switching point’s abscissas.
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