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Abstract. One area where active learning plays an important role is
black-box optimization of objective functions with expensive evaluations.
To deal with such evaluations, continuous black-box optimization has
adopted an approach called surrogate modelling or metamodelling, which
consists in replacing the true black-box objective in some of its evalu-
ations with a suitable regression model, the selection of evaluations for
replacement being an active learning task. This paper concerns surrogate
modelling in the context of a surrogate-assisted variant of the continuous
black-box optimizer Covariance Matrix Adaptation Evolution Strategy.
It reports the experimental investigation of surrogate models combining
artificial neural networks with Gaussian processes, for which it considers
six different covariance functions. The experiments were performed on
the set of 24 noiseless benchmark functions of the platform Comparing
Continuous Optimizers COCO with 5 different dimensionalities. Their
results revealed that the most suitable covariance function for this com-
bined kind of surrogate models is the rational quadratic followed by the
Matérn 5

2
and squared exponential. Moreover, the rational quadratic and

squared exponential covariances were found interchangeable in the sense
that for no function, no group of functions, no dimension and combina-
tion of them, the performance of the respective surrogate models was
significantly different.

Keywords: active learning, black-box optimization, artificial neural net-
works, Gaussian processes, covariance functions

1 Introduction

One area where active learning plays a very important role is black-box opti-
mization, in particular optimization of black-box objective functions with ex-
pensive evaluations. It is immaterial whether that expensiveness is due to time-
consuming computation like in long simulations [15], or due to evaluation in
costly experiments like in some areas of science [3]. To deal with such ex-
pensive evaluations, continuous black-box optimization has in the late 1990s
and early 2000s adopted an approach called surrogate modelling or metamod-
elling [6, 12, 14, 32, 40, 43, 46]. In this case, the goal of the surrogate model is to
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decrease the total number of evaluations of the true objective function. Basi-
cally, a surrogate model is any regression model that with a sufficient fidelity,
approximates the true black-box objective function and replaces it in some of its
evaluations. And the decision in which points to evaluate the expensive black-
box objective function, and in which to use its surrogate approximation is an
active learning task.

This work-in-progress paper concerns surrogate modelling in the context of
a state-of-the-art method for continuous black-box optimization, the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES ) [20, 23]. It reports the first
results of our investigation of surrogate models based on combining artificial
neural networks (ANNs) with Gaussian processes (GPs). This investigation has
been motivated by the importance of surrogate models based on ANNs alone
[19,27–29,40,50] and especially on GPs alone [5,6,12–14,31,32,35,47,48], as well
as by the high popularity of ANNs in the last 10–15 years. To our knowledge, this
is the first time that ANN+GP combinations have been investigated for possible
application in surrogate modelling. On the other hand, research into combining
parametric ANN models with nonparametric GP models has been around for
nearly a decade, at first due to the increasing popularity of neural networks,
later also due to recent theoretical results concerning relationships of asymptotic
properties of important kinds of ANNs to properties of GPs [33, 37, 39]. The
integration of GP with neural learning has been proposed on two different levels:
(i) Proper integration of an ANN with a GP, in which the GP forms the final,

output layer of the ANN [8,49].
(ii) Only a transfer of the layered structure, which is a crucial feature of ANNs,

to the GP context, leading to the concept of deep GPs (DGPs) [7,11,24,25].
In the reported investigation, we employed proper integration, using a GP as
the final layer of an ANN.

The rest of the paper is organized as follows. In the next section, the theo-
retical fundamentals of GP regression and integration with ANNs are recalled.
Section 3 describes active learning in a surrogate-assisted variant of CMA-ES.
Replacing GPs in that variant with several ANN+GP combinations is then ex-
perimentally tested in Section 4. Finally, the concluding Section 5 also outlines
our future research plans.

2 Gaussian Processes and Their Integration with Neural
Networks

2.1 Gaussian Processes

A Gaussian process on a set X ⊂ Rd, d ∈ N is a collection of random variables
(f(x))x∈X , any finite number of which has a joint Gaussian distribution [45]. It
is completely specified by a mean function mGP : X → R, typically assumed
constant, and by a covariance function κ : X × X → R such that for x, x′ ∈ X ,

Ef(x) = mGP (1)

cov(f(x), f(x′)) = κ(x, x′). (2)
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Therefore, a GP is usually denoted GP(mGP, κ) or GP(mGP, κ(x, x′)).
The value of f(x) is typically accessible only as a noisy observation y =

f(x) + ε, where ε is a zero-mean Gausssian noise with a variance σn > 0. Then

cov(y, y′) = κ(x, x′) + σ2
nI(x = x′), (3)

where I(proposition) equals for a true proposition 1, for a false proposition 0.
Consider now the prediction of the random variable f(x?) in a point x? ∈ X

if we already know the observations y1, . . . , yn in points x1, . . . , xn. Introduce
the vectors x = (x1, . . . , xn)>, y = (y1, . . . , yn)> = (f(x1) + ε, . . . f(xn) + ε)>,
k? = (κ(x1, x?), . . . , κ(xn, x?))

> and the matrix K ∈ Rn×n such that (K)i,j =
κ(xi, xj)+σ

2
nI(i = j). Then the probability density of the vector y of observations

is

p(y;mGP, κ, σ
2
n) =

exp
(
− 1

2 (y −mGP)>K−1(y −mGP)
)

√
2π det(K)

, (4)

where det(A) denotes the determinant of a matrix A. Further, as a consequence
of the assumption of Gaussian joint distribution, also the conditional distribution
of f(x?) conditioned on y is Gaussian, namely

N
(
mGP(x?) + k?K

−1(y −mGP), κ(x?, x?)− k>? K−1k?
)
. (5)

According to (3), the relationship between the observations y and y′ is deter-
mined by the covariance function κ. In the reported research, we have considered
6 kinds of covariance functions, listed below. In their definitions, the notation
r = ‖x′ − x‖ is used, and among the parameters of κ, aka hyperparameters of
the GP, frequently encountered are σ2

f , ` > 0, called signal variance and charac-
teristic length scale, respectively. Other parameters will be introduced for each
covariance function separately.
(i) Linear : κLIN(x, x′) = σ2

0 + x>x′, with a bias σ2
0 .

(ii) Quadratic is the square of the linear covariance: κQUAD(x, x′) = (σ2
0 +

x>x′)2.

(iii) Rational quadratic: κRQ(x, x′) = σ2
f

(
1 + r2

2α`2

)−α
, with α > 0.

(iv) Squared exponential : κSE(x, x′) = σ2
f exp

(
− r2

2`2

)
.

(v) Matérn 5
2 : κMA5(x, x′) = σ2

f

(
1 +

√
5r
` + 5r2

3`2

)
exp

(
−
√
5r
`

)
.

(vi) One composite covariance function, namely the sum of κSE and κQUAD:
κSE+Q(x, x′) = κSE(x, x′) + κQUAD(x, x′).

2.2 GP as the Output Layer of a Neural Network

An approach integrating a GP into an ANN as its output layer has been inde-
pendently proposed in [8] and [49]. It relies on the following two assumptions:

1. If nI denotes the number of the ANN input neurons, then the ANN
computes a mapping net of nI-dimensional input values into the set X on
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which is the GP defined. Consequently, the number nO of neurons in the last
hidden layer fulfills X ⊂ RnO , and the ANN maps an input v into a point
x = net(v) ∈ X , corresponding to an observation f(x) + ε governed by the
GP (Figure 1). From the point of view of the ANN inputs, the GP is now
GP(mGP(net(v)), κ(net(v),net(v′))).

2. The GP mean mGP is assumed

III

(+ distribution of y)

last hidden layer: x

output GP layer: y

.

.

.

input layer: input values v

1st hidden layer

Fig. 1. Schema of the integration of a GP
into an ANN as its output layer.

to be a known constant, thus not con-
tributing to the GP hyperparameters
and independent of net.

Due to the assumption 2., the GP
depends only on the parameters θκ

of the covariance function. As to the
ANN, it depends on the one hand on
the vector θW of its weights and bi-
ases, on the other hand on the net-
work architecture, which we will treat
as fixed before network training.

Consider now n inputs to the neu-
ral network, v1, . . . ,vn, mapped to the
inputs x1 = net(v1), . . . , xn= net(vn)
of the GP, corresponding to the ob-
servations y = (y1, . . . , yn)>. Then
the log-likelihood of θ = (θκ, θW ) is

L(θ) = ln p(y;mGP, κ, σ
2
n) =

= −1

2
(y −mGP)>K−1(y −mGP)

− ln(2π)− 1

2
ln det(K + σ2

nIn), (6)

where mGP is the constant assumed
in 2., and

(K)i,j = κ(net(vi),net(vj)). (7)

Let model training, searching for the vector (θκ, θW ), be performed in the
most simple but, in the context of neural networks, also the most frequent way –
as gradient descent. The partial derivatives forming ∇(θκ,θW )L can be computed
as:

∂L
∂θκ`

=
n∑

i,j=1

∂L
∂Ki,j

∂Ki,j

∂θκ`
, (8)

∂L
∂θW`

=
n∑

i,j,k=1

∂L
∂Ki,j

∂Ki,j

∂xk

∂ net(vk)

∂θW`
. (9)
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In (8), the partial derivatives ∂L
∂Ki,j

, i, j = 1, . . . , n, are components of the ma-

trix derivative ∂L
∂K , for which the calculations of matrix differential calculus [36]

together with (4) and (6) yield

∂L
∂K

=
1

2

(
K−1yy>K−1 −K−1

)
. (10)

3 Surrogate Modelling in the CMA-ES Context

3.1 Surrogate Models for Continuous Black-Box Optimization

Basically, the purpose of surrogate modelling – to approximate an unknown func-
tional dependence – coincides with the purpose of response surface modelling in
the design of experiments [26, 38]. Therefore, it is not surprising that typical
response surface models, i.e., low order polynomials, belong also to the most tra-
ditional and most successful surrogate models [1, 2, 21, 30, 43]. Other frequently
used kinds of surrogate models are artificial neural networks of the kind multi-
layer perceptron (MLP) or radial basis function network [19, 27–29, 40, 50], and
the models to which the previous section was devoted – GPs, in surrogate mod-
elling also known as kriging [5,6,12–14,31,32,35,47,48]. Occasinally encountered
are support vector regression [9, 34] and random forests [4, 41].

From the point of view of active learning, the most attractive kind of surro-
gate models are GPs, due to the fact that a GP estimate f(x) of the value of
a true objective function for an input x is not a point, but a random variable.
Its Gaussian distribution allows to define alternative criteria according to which
individuals for evaluation by the true objective function can be selected, most
importantly:

– Probability of improvement of the estimate f(x) with respect to a reference
value V (typically the minimal so far found value of the true objective func-
tion),

PoI(f(x);V ) = P (f(x) ≤ V ), (11)

which can be estimated using the Gaussian distribution of the GP.
– Expected improvement with respect to V ,

EI(f(x), V ) = E(V − f(x))I(f(x) < V )., (12)

3.2 Covariance Matrix Adaptation Evolution Strategy and Its
Surrogate-Assisted Variant DTS-CMA-ES

The CMA-ES algorithm performs unconstrained optimization on Rd, by means
of iterative sampling of populations sized λ from a d-dimensional Gaussian dis-
tribution N (m,σ2C), and uses a given parent number µ among the sampled
points corresponding to the lowest objective function values, to update the pa-
rameters of that distribution. Hence, it updates the expected value m, which is
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used as the current point estimate of the function optimum, the matrix C and
the step-size σ. The CMA-ES is invariant with respect to monotonous transfor-
mations of the objective function. Hence, to make use of the evaluations of the
objective function in a set of points, it needs to know only the ordering of those
evaluations. Details of the algorithm can be found in [20,23].

During the more than 20 years of CMA-ES existence, a number of surrogate-
assisted variants of this algorithm have been proposed, a survey can be found in
[5,42]. Here, we will pay attention only to the most recent GP-based among them,
the Doubly Trained Surrogate CMA-ES (DTS-CMA-ES) [5], a surrogate-assisted
variant of CMA-ES. It employs two GPs f1 and f2, trained consecutively, to find
an evaluation of the population x1, . . . , xλ, with f1 used for active learning of
training data for f2. Due to the CMA-ES invariance with respect to monotonous
transformations, evaluates the difference between predictions only according to
the difference in the ordering of those predictions, more precisely, according to
the ranking difference error (RDE). The RDE of y ∈ Rλ with respect to y′ ∈ Rλ
considering k best components is defined:

RDE
≤k

(y, y′) =

∑
i,(ρ(y′))i≤k |(ρ(y′))i − (ρ(y))i|

maxπ∈Π(λ)

∑k
i=1 |i− π−1(i)|

, (13)

where Π(λ) denotes the set of permutaions of {1, . . . , λ} and ρ(y) denotes the
ordering of the components of y, i.e., (∀y ∈ Rλ) ρ(y) ∈ Π(λ) & (ρ(y))i <
(ρ(y))j ⇒ yi ≤ yj .

The algorithm DTS-CMA-ES is described in Algorithm 1, using the following
notation:

– A for an archive – a set of points that have already been evaluated by the
true black-box objective function BB;

– dσ2C for the Mahalanobis distance given by σ2C:

dσ2C(x, x′) =
√

(x− x′)>σ−2C−1(x− x′); (14)

– Nk(x;A) for the set of a given number k of dσ2C-nearest neighbours of x ∈ Rd
with respect to the archive A;

– fi(x1, . . . , xλ) = (fi(x1), . . . , fi(xλ)), for i = 1, 2;

– Th =
⋃λ
j=1{x ∈ Nh(xj ;A)|dσ2C(x, xj) < rmax} with rmax > 0 for h =

1, . . . , |A|;
– k(A) = max{h||Th| ≤ Nmax}, with Nmax ∈ N;
– ρPoI for decreasing ordering of f1(x1), . . . , f1(xλ) according to the probability

of improvement with respect to the lowest BB value found so far,

i < j ⇒ PoI(ρPoI(f1(x1, . . . , xλ)))i;V ) ≥ PoI(ρPoI(f1(x1, . . . , xλ)))j ;V ),
(15)

where V = minx∈ABB(x).
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Algorithm 1 Algorithm DTS-CMA-ES

Require: x1, . . . , xλ ∈ Rd, µ, A, σ and C – step size and matrix from the CMA-ES
distribution, Nmax ∈ N such that Nmax ≥ λ, rmax > 0, β, εmin, εmax, αmin, αmax ∈
(0, 1)

1: if this is the 1st call of the algorithm in the current CMA-ES run then
2: set α = ε = 0.05
3: else
4: take over the returned values of α, ε from its previous call in the run
5: end if
6: Train a Gaussian process f1 on Tk(A), estimating mGP, σn, σf , ` through maximiza-

tion of the likelihood (4)
7: Evaluate BB(xj) for xj such that (ρPoI(f1(x1, . . . , xλ)))j ≤ dαλe and not yet BB-

evaluated
8: Update A to A ∪ {(xj |(ρPoI(f1(x1), . . . , f1(xλ)))j ≤ dαλe}
9: Train a Gaussian process f2 on Tk(A), estimating mGP, σn, σf , ` through maxi-

mization of the likelihood (4)
10: For xj such that (ρPoI(f1(x1, . . . , xλ)))j ≤ dαλe, update f2(xj) = BB(xj)
11: Update ε to (1 − β)ε + βRDEµ(f1(x1, . . . , xλ), (f2(x1, . . . , xλ)) and α to αmin +

max(0,min(1, ε−εmin
εmax−εmin

))

12: Update the value f2(xj) to f2(xj)−min{f2(xj′)|(ρPoI(f1(x1, . . . , xλ))j′ > dαλe}+
min{f2(xj′)|(ρPoI(f1(x1, . . . , xλ))j′ ≤ dαλe} for j fulfilling (ρPoI(f1(x1, . . . , xλ))j >
dαλe

13: Return f2(x1), . . . , f2(xλ), ε, α

4 Experiments with ANN+GP Integration in the
DTS-CMA-ES

4.1 Experimental Setup

For the experiments, we have used the 24 noiseless benchmark functions avail-
able on a platform Comparing Continuous Optimizers (COCO) [10, 22]. Those
benchmarks form five groups with different properties:

1. separable functions: f1 sphere, f2 separable ellipsoid, f3 separable Rastrigin,
f4 Büche-Rastrigin, f5 linear slope;

2. moderately ill-conditioned functions: f6 attractive sector, f7 step ellipsoid,
f8 Rosenbrock, f9 rotated Rosenbrock;

3. highly ill-conditioned functions: f10 ellipsoid with high conditioning, f11 dis-
cus, f12 bent cigar, f13 sharp ridge, f14 different powers;

4. multi-modal functions with global structure: f15 non-separable Rastrigin, f16
Weierstrass, f17 Schaffers F7, f18 ill-conditioned Schaffers F7, f19 composite
Griewank-Rosenbrock;

5. multi-modal weakly structured functions: f20 Schwefel, f21 Gallagher’s Gaus-
sian 101-me points, f22 Gallagher’s Gaussian 21-hi points, f23 Katsuura, f24
Lunacek bi-Rastrigin.

All benchmark functions were optimized on the closed cube [−5, 5]d, where d
is the dimension of the input space, and the initial CMA-ES population was

Combining Gaussian Processes with Neural Networks for Active Learning 111
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sampled uniformly on [−4, 4]d. For each noiseless function, 25 different variants
were used, obtained as follows:

– each of the functions is scalable for any dimension d ≥ 2, we have used the
five dimensions 2, 3, 5, 10, 20;

– for each function in each dimension, 5 different instances were used, mutually
differing through translations and/or rotations.

Each variant f of each benchmark function was optimized for 250d evalua-
tions unless it was terminated earlier due to indicated convergence. To evaluate
the success of optimization at its end, we used the approach used in [22], to cal-
culate the proportion of achieved optimization target in the interval [10−8, 102].
However, instead of calculating such a score from a given number of discrete
targets log-uniformly distributed in that interval as in [22], we calculated its
continuous counterpart as the ratio of the logarithmic length λlog between the
subinterval of [10−8, 102] corresponding to the achieved distance f∗ to the min-
imum of f at the end of the optimization and the whole interval [10−8, 102],

r =
λlog([10−8, 102] ∩ [f∗,+∞))

λlog([10−8, 102])
=

max(0,min(10, 2− log10 f
∗))

10
. (16)

For all experiments, we used the existing implementation of DTS-CMA-ES
at https://github.com/bajeluk/surrogate-cmaes, into which we implemented the
ANN+GP surrogate models using the system GPyTorch [17], our implementaion
is available at https://github.com/c0zzy/surrogate-networks. As to the tunable
parameters of DTS-CMA-ES, we used the same values as [5]. As to the tunable
parameters of GPyTorch, we fixed the five listed in Table 1 and utilized the
default values of the remaining.

Finally, for the neural networks in the ANN+GP combinations, we used
fully connected multilayer perceptrons with one hidden layer of a sufficiently
low number of neurons to assure their trainability with comparatively small
archives typically available in the DTS-CMA-ES. More precisely, all the ANNs
used the fully connected topologies (d− nO − nO) with

nO =





2 if d = 2,

3 if d = 3, 5,

5 if d = 10, 20.

(17)

4.2 First Results and Their Discussion

The first work-in-progress results presented in this paper, compare ANN+GP
combinations with different covariance functions of the GP. Table 2 reports the
scores of each such combination for each noiseless benchmark function, averaged
over the 25 combinations of 5 instances and 5 dimensions. In Tables 3 and 4, the
scores are reported for the above defined groups of benchmark functions, and
for the considered dimension, respectively. Hence, the score averaging in Table 3
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Table 1. Settings for important GPyTorch parameters. For all its remaining tunable
parameters, the default values were used

Optimizer Adam

Learning rate 0.0005

Iterations 1000

Noise 0.0001

Length scale bounds 0.01, 100

includes in addition all functions of the respective group, whereas in Table 4 the
scores are averaged over the 120 instances of the 24 benchmark functions. In
all three tables, the ANN+GP combination with the highest average score is in
bold.

Table 2. Score of the 5 compared ANN+GP combinations for each of the noiseless
COCO benchmark functions, averaged over the 25 combinations of the 5 instances
of that function and the 5 considered dimensions. For each function, the ANN+GP
combination with the highest average score is in bold

κLIN κQUAD κSE κMA5 κRQ κSE+Q κLIN κQUAD κSE κMA5 κRQ κSE+Q

f1 0.38 0.45 0.54 0.54 0.56 0.47 f13 0.13 0.15 0.22 0.25 0.27 0.23
f2 0.02 0.11 0.22 0.20 0.26 0.19 f14 0.41 0.45 0.55 0.54 0.54 0.47
f3 0.09 0.09 0.10 0.10 0.11 0.09 f15 0.09 0.09 0.09 0.10 0.10 0.09
f4 0.07 0.07 0.08 0.08 0.08 0.09 f16 0.14 0.14 0.20 0.12 0.15 0.12
f5 1.00 1.00 1.00 1.00 1.00 1.00 f17 0.26 0.30 0.33 0.34 0.33 0.32
f6 0.09 0.10 0.13 0.17 0.15 0.16 f18 0.21 0.25 0.27 0.25 0.28 0.27
f7 0.28 0.38 0.51 0.43 0.54 0.45 f19 0.19 0.20 0.20 0.20 0.20 0.21
f8 0.15 0.17 0.29 0.29 0.28 0.27 f20 0.17 0.17 0.18 0.17 0.17 0.18
f9 0.15 0.15 0.18 0.24 0.30 0.26 f21 0.19 0.18 0.16 0.18 0.16 0.17
f10 0.02 0.07 0.10 0.07 0.10 0.07 f22 0.15 0.11 0.16 0.13 0.16 0.14
f11 0.05 0.09 0.12 0.10 0.13 0.12 f23 0.17 0.16 0.17 0.17 0.17 0.16
f12 0.03 0.07 0.08 0.10 0.13 0.09 f24 0.07 0.07 0.07 0.07 0.07 0.07

From Tables 2–4, we can see that the highest average score has been by far
the most frequently achieved by ANN+GP combinations with rational quadratic
covariance functions κRQ: for 14 out of the 24 functions, 3 out of the 5 groups
of functions, and 4 out of the 5 considered dimensions. The rational quadratic
covariance function shares the first place with the squared exponential covari-
ance κSE for the function f22 Gallagher’s Gaussian 21-hi points, as well as for
the dimension 10. In addition, for the function f5 linear slope, ANN+GP com-
binations achieve with all considered covariance function the highest possible
average score 1. Apart from these shared first places, other covariance functions
lead to ANN+GP combinations with the highest average score in the following
cases:
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Table 3. Score of the 5 compared ANN+GP combinations for each group of the
noiseless COCO benchmark functions, averaged over the 100 or 125 (dependent on the
group) combinations of all instances of the functions belonging to that group and the 5
considered dimensions. For each function, the ANN+GP combination with the highest
average score is in bold

κLIN κQUAD κSE κMA5 κRQ κSE+Q

Separable 0.317 0.348 0.390 0.388 0.403 0.370
Moderately ill-conditioned 0.172 0.204 0.281 0.290 0.323 0.288
Highly ill-conditioned 0.134 0.170 0.218 0.218 0.241 0.197
Multi-modal functions globally structured 0.182 0.200 0.221 0.204 0.218 0.206
Multi-modal weakly structured 0.153 0.143 0.151 0.149 0.149 0.147

Table 4. Score of the 5 compared ANN+GP combinations for each considered dimen-
sion, averaged over the 120 considered instances of the 24 noiseless COCO benchmark
functions. For each dimension, the ANN+GP combination with the highest average
score is in bold

κLIN κQUAD κSE κMA5 κRQ κSE+Q

2 0.268 0.322 0.386 0.389 0.398 0.365
3 0.23 0.254 0.326 0.307 0.365 0.302
5 0.178 0.194 0.225 0.223 0.244 0.224
10 0.162 0.166 0.185 0.184 0.185 0.174
20 0.124 0.131 0.133 0.138 0.131 0.135

– the covariance κSE for the function f14 different powers as well as for the
group of multi-modal globally structured functions;

– the Matérn 5
2 covariance κMA5 for the functions f6 attractive sector, f8

Rosenbrock, f17 Schaffers F7, f23 Katsuura, and f24 Lunacek bi-Rastrigin,
as well as for the dimension 20;

– the composite covariance κSE+Q for the functions f4 Büche-Rastrigin, f19
composite Griewank-Rosenbrock, and f20 Schwefel;

– the linear covariance κLIN for the function f21 Gallagher’s Gaussian 101-me
points, as well as for the group of multi-modal weakly structured functions,
to which also f21 belongs.

The results in Tables 2–4 reflect both systematic differences due to differ-
ent covariance functions and random differences due to noise. To assess the
influence of different covariance functions without the interference of noise, the
obtained differences were tested for statistical significance. To this end, the null
hypotheses that the means of the random variables that produced the scores
for the individual ANN+GP combinations are all identical were tested, using
the Friedman’s test with post-hoc identification of the pairs that lead to the
rejection of the null hypothesis if it is rejected. Both the Friedman test and its
post-hoc tests were performed on the family-wise significance level for multiple-
hypotheses testing 5%, and the family-wise significances were assessed from the
achieved significances of the individual tests (p-values) by means of the Holm
method [16].
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For individual functions, the Friedman test was always based on the 25 com-
binations of their 5 instances and the 5 considered dimensions. The test rejected
the null hypothesis for all functions except the f5 linear slope. The result of the
post-hoc tests are summarized in Table 5. The value in each row r and column
c 6= r tells for how many among the remaining 23 functions the covariance func-
tion in the row was as part of an ANN+GP combination significantly better than
the one in the column, or equivalently the one column was significantly worse
than the one in the row. This means that the ANN+GP combination with the
covariance function in the row yielded a higher average score than with the one
in the column, and the post-hoc test rejected on the family-wise significance level
5% the hypothesis of equal mean values of the random variables that produced
both scores. For individual function groups, the Friedman tests were based on
the 100 or 125 combinations of the functions belonging to the group, their 5
instances and the 5 considered dimensions. For individual dimensions, they were
based on the 120 combinations of the 24 functions and their dimensions. Both
the 5 tests for the function groups and the 5 tests for the dimensions rejected
their null hypotheses. The results of their post-hoc tests are summarized in Ta-
ble 6. In Tables 5 and 6, the value in the cell is in bold if the covariance function
in the row was more often significantly better than significantly worse than the
one in the column.

Table 5. The number of functions among those 23 for which the null hypothesis of the
Friedman test was rejected, for which the covariance function in the row was as part
of an ANN+GP combination significantly better than the one in the column. That
value is in bold if it is in addition higher than the number of functions for which the
covariance function in the row was significantly worse than the one in the column

Covariance function κLIN κQUAD κSE κMA5 κRQ κSE+Q

κLIN – 0 0 0 0 0
κQUAD 0 – 0 0 0 0
κSE 2 0 – 0 0 14
κMA5 1 0 0 – 9 14
κRQ 6 1 0 14 – 18
κSE+Q 0 0 9 9 5 –

From Tables 5 and 6, we can observe that the covariance function κLIN was
never either significantly better or significantly worse than κQUAD. This can be
interpreted as interchangeability of both functions from the point of view of being
used as covariances in the ANN+GP surrogate models for DTS-CMA-ES. The
same relationship holds also for the pairs of covariance functions (κSE, κMA5) and
(κSE, κRQ). It is particularly important in connection with the last mentioned
pair, in view of the fact that κRQ was the covariance most often yielding the
highest score, and κSE was in this respect the 3rd among the individual bench-
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Table 6. The number of function groups (left), respectively considered dimensions
(right) for which the covariance function in the row was as part of an ANN+GP
combination significantly better than the one in the column. That value is in bold if it
is in addition higher than the number of function groups, respectively dimensions for
which the covariance function in the row was significantly worse than the one in the
column

Covariance for function groups for dimensions
function κLIN κQUAD κSE κMA5 κRQ κSE+Q κLIN κQUAD κSE κMA5 κRQ κSE+Q

κLIN – 0 0 0 0 0 – 0 0 0 0 0
κQUAD 0 – 0 0 0 0 0 – 0 0 0 0
κSE 4 2 – 0 0 4 4 2 – 0 0 4
κMA5 4 2 0 – 0 4 4 2 0 – 1 4
κRQ 4 2 0 5 – 5 4 2 0 4 – 4
κSE+Q 4 1 1 1 0 – 4 1 1 1 1 –

mark functions and the 2nd among groups of functions and among the considered
dimensions. Altogether, these two interchangeable covariance functions yielded
the highest score for 15 from the 24 considered benchmarks, for 4 from the 5
benchmark function groups and for 4 from the 5 considered dimensions.

5 Conclusion ad Future Work

This work-in-progress paper presented an experimental investigation of surro-
gate models combining artificial neural networks with Gaussian processes in the
context of a sophisticated surrogate-assisted variant of the black-box optimizer
CMA-ES, the DTS-CMA-ES, which consecutively trains two surrogate mod-
els, using the first for active learning of training data for the second. In the
experiments, a comprehensive comparison of ANN+GP surrogate models with
six different covariance functions was performed on the 24 noiseless benchmark
functions of the COCO platform [10, 22] in 5 dimensions. The results revealed
that the most suitable covariance function for this combined kind of surrogate
models is the rational quadratic, followed by the Matérn 5

2 , and squared expo-
nential. Moreover, the rational quadratic and squared exponential were found
interchangeable in the sense that for no function, no group of functions, no
dimension, and no function-dimension combination, none of these covariance
functions was significantly better than the other.

As usually with work in progress, still very much is left for the future. Most
importantly, the ANN+GP surrogate models need to be compared with pure
GP surrogates. Superficially, that should be no problem because the original
implementation of DTS-CMA-ES uses GPs alone. However, the DTS-CMA-ES
implementation relying on the system GPML [44], and our implementation of
the ANN+GP surrogates relying on the system GPyTorch [17] do not allow a
comparison in which the difference between pure GP and ANN+GP surrogates
would reflect only the added combination of both kinds of models. According
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to our experience, that difference is much more due to the incompatibility be-
tween GPML and GPyTorch. The GPML does not include any ANN extension,
whereas the GPyTorch includes also pure GPs, however, their predictive acuracy
is substantially lower than that of their counterparts with the same covariance
function that are implemented in the GPML. Hence, to arrive to an unbiased
comparison of ANN+GP and pure GP surrogate models will still need a lot of
implementation effort.

Further directions of our future research include on the one hand deep GPs,
mentioned already in the Introducion, on the other hand the reconsideration of
the approach employed in GPyTorch – training the ANN and the GP forming
the combined surrogate model together by means of likelihood maximization.
Whereas maximum likelihood is indeed the commonly used objective function
for GP learning [45], successful and efficient ANN learning algorithms typically
rely on other objectives [18]. Therefore, we would also like to investigate a cyclic
interleaving of a GP-learning phase with an ANN-learning phase, where the
length of the latter will depend on the relationship of its success to the success
of the former.

Finally, we intend to perform research into transfer learning of such combined
surrogate models: an ANN-GP model with a deep neural network will be trained
on data from many optimization runs, and then the model used in a new run of
the same optimizer will be obtained through additional learning restricted only
to the GP and the last 1-2 layers of the ANN.
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