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Abstract

The work presents a study of three new extragradient-type algorithms for solving variational
inequalities in a Banach space. Two algorithms are natural modifications of Tseng method and
“Extrapolation from the Past” method for problems in Banach spaces, based on the generalized
Alber projection. The third algorithm, called the operator extrapolation method, is a variant of
forward-reflected-backward algorithm, where the generalized Alber projection is also used
instead of the metric projection onto the admissible set. Advantage of the latter algorithm is
only one calculation of the operator value and the generalized projection onto the feasible set
on each iteration. For variational inequalities with monotone Lipschitz operators acting ina 2-

uniformly convex and uniformly smooth Banach space O(%) estimates for the complexity in
terms of the gap function are proved.
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1. Introduction

Areas of operations research, data analysis, and mathematical physics produces many problems,
which can be written in the form of variational inequalities [1-5]. Prominent example is the saddle
problem that plays an important role in mathematical economics:

minmaxL(p,q),

PP geQ
where L:PxQ —Ris a smooth convex-concave function, P R", Q< R™ - convex closed sets,
which can be formulated as

find XeC: (AX,x-X)>0 vxeC,

where x=(p,q)eR™", C=PxQ<R™™, and mapping A:PxQ—>R™™ has the next form:

V.L(p,
| ViH(PO))
-V,L(p.q)
Let's recall another important example related to ranking and search on the Web. The problem of

finding the PageRank vector can be rewritten as follows
min|Px—x|_,

xeA"

where P isan nxn column-stochastic matrix, A" :{Xe R": > x =1Xx 20} .and |[p||, = max|p|.

..... n

And the minimization problem can be transformed into a saddle point problem

minmax (y, Px—Xx),
xeA" [y <t
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where ||p|, = Zi”:l| p;| - The last saddle point problem can be rewritten as a bilinear minmax problem on

the product of standard simplexes
min max (Jv, Px —x),

XeA" veA?"
where J isan nx2n-matrix of the form (I —I ) , Where 1 is the identity matrix. We got the following
variational inequality problem
find XeA™, VeA™: ((P'=1)37,x=X)+(I"(1-P)X,v-)20 ¥xeA" WeA™.

Note that often nonsmooth optimization problems can be effectively solved with algorithms for
variational inequalities, if former are reformulated as saddle point problems [6]. With the growing
popularity of generative adversarial networks (GANSs) and other adversarial learning models, a steady
interest in algorithms for solving variational inequalities has arisen among specialists in the field of
machine learning [7, 8].

The most widely known method for solving variational inequalities is so called Korpelevich
extragradient algorithm [9]. Many publications are devoted to the study of this algorithm and its
modifications [6, 10-16].

An effective modern version of the extragradient method is Nemirovski mirror-prox method [6].
This method can be interpreted as a variant of the extragradient method with projection understood in
the sense of Bregman divergence. One more interesting method of dual extrapolation for solving
variational inequalities was proposed by Nesterov [10]. Adaptive variants of the Nemirovski proximal
mirror method were studied in [11-13].

In the early 1980s, Popov proposed a modification of the classical Arrow-Hurwitz algorithm for
finding saddle points of convex-concave functions [17]. Recently Popov's algorithm for variational
inequalities has become well known among machine learning specialists under the name “Extrapolation
from the Past” [7, 8].

A modification of Popov's method for solving variational inequalities with monotone operators was
studied in [18]. And in the article [19], a two-stage proximal algorithm for solving the equilibrium
programming problem is proposed, which is an adaptation of the method [17] to the general Ky Fan
inequalities. The algorithm from [19] uses Bregman divergence instead of Euclidean distance. Further
development of this circle of ideas led to the emergence of the so-called forward-reflected-backward
algorithm [20]:

Xn+1 = PC (Xn _ﬂhAXn _ﬂh—l(AXn _AXn—l)) '
and similar method [21]:
X = PC (Xn _ﬂ’nAXn)_ﬂ'n—l(AXn - AXn—l) :

Recently, using theory of Banach spaces and constructions of their geometry [26-30], progress has
been achieved in the research of algorithms for problems above in Banach spaces [3, 23-25]. Extensive
material on this topic is contained in the book [3]. The next algorithm for solving variational inequalities
in a 2-uniformly convex and uniformly smooth Banach space was proposed in [22]:

Xy =TI 7 (I, —AAX, ),

where IT. is Alber generalized projection operator [23], 4 >0, J is normalized dual mapping from

E to E". This method weakly converges for inversely strongly monotone (cocoercive) operators
A:E — E’. Shehu [24] has recently extended Tseng’s result to 2-uniformly convex and uniformly
smooth Banach spaces. He proposed the next weakly converging process:

Y, :HCJ‘l(xn —}LnAxn),
Xp =37 (Y, = 4, (A, — AX,)),

where A, >0 is either chosen based on operator A Lipschitz constant value or calculated with a kind
of linear search procedure.
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It should be noted that the early research on algorithms for solving variational inequalities was
usually concentrated on the study of convergence of algorithms and related questions of an asymptotic
nature [13-15, 17, 19-25].

More recent studies are focused on estimating the number of iterations of algorithms required to
obtain an approximate solution of a given quality [6, 8, 10-12, 16, 18]. This direction of research was
initiated by the work of Nemirovski [6], where mentioned earlier mirror-prox algorithm was proposed

and O(%) complexity estimate in terms of the gap function was obtained for the class of problems with

monotone Lipschitz continuous operator.
A fundamental question arose about the construction of an algorithm with O(%) complexity

estimation and single computation of the operator's value and projection onto the feasible set at the
iteration step. Algorithm [20] answers this question in the case of a Hilbert space.

This work is devoted to the study of three new extragradient type algorithms for solving monotone
variational inequalities in a Banach space. The first two algorithms are natural modifications of Tseng's
method [14] and “Extrapolation from the Past” method [18] for problems in Banach spaces using the
generalized Alber projection. Iteration of each of these algorithms is more economical than iteration of
the extragradient method, because the first one uses single projection on iteration, and the second one
needs only one operator calculation. The third algorithm, called operator extrapolation method, is a
variant of the forward-reflected-backward algorithm, proposed by Malitsky and Tam [20]. Operator
extrapolation method also uses generalized Alber projection onto the feasible set. An attractive feature
of the algorithm is only one computation at the iterative step of the operator value and the generalized

projection. The O(%) complexity estimations are proved in terms of the gap function for variational

inequalities with monotone Lipschitz operators acting in a 2-uniformly convex and uniformly smooth
Banach space.

The article has the following structure. Section 2 contains the necessary information on the geometry
of Banach spaces. Section 3 is devoted to variational inequalities. The algorithms are described in
Section 4. The formulations and proofs of complexity estimations are presented in Section 5.

2. Preliminaries

Let us remind some basic terms and results from Banach spaces geometry, which are needed for us
to formulate and prove our results [23, 25-30].

Everywhere later E is a real Banach space with norm |||, E* — dual space for E , <x*,x> — value
of functional x* € E” on element x € E. Let’s also denote ||, normin E".
Let Sg ={XE E: || :1}. Banach space E is called strictly convex, if for all x,yeS; and x =y

X+Yy

we have <1. Convexity module of E is defined as

x*y

Se (&) =inf {1—

Banach space E is called uniformly convex, if &;(¢)>0 Vee(0,2] [26, 27]. Banach space E is

: X,y €Sg, ||x—y||=a}, vee(0,2].

called 2-uniformly convex, if exists ¢>0 such that & (¢)>ce® for all £<(0,2] [27]. Obviously 2-

uniformly convex space is uniformly convex. It’s known that uniformly convex Banach space is
reflexive [26-28].
Banach space E is called smooth, if

eyl
t—>0 t

1)

exists for all X,y eS; [26]. Banach space E is called uniformly smooth if limit (1) exists uniformly
for X,y eS¢ [26]. There is a duality between convexity and smoothness of E and it’s dual space E*
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[26,27]: E" —strictly convex = E —smooth; E* —smooth = E - strictly convex; E — uniformly
convex <> E" — uniformly smooth; E — uniformly smooth < E* — uniformly convex. The first two
implications can be reversed for reflexive space E .

Smoothness module of space E is defined as

P (1) =sup{”x+ty”;||x_ty” -1: x,ye SE} vt>0.

Uniform smoothness of Banach space E is equivalent to the relation lim,_, o (t)t™ =0 [27, 28].
Banach space E is called 2-uniformly smooth, if exists ¢ >0 such that p (t)<ct® for all t>0 [27,

28]. Banach space E is 2-uniformly convex if and only if E* is 2-uniformly smooth [27-29].
It is known, that Hilbert spaces and spaces L, (1< p<2) are 2-uniformly convex and uniformly

smooth (L, are uniformly smooth for p & (1,+0) and 2-uniformly smooth for p e[2,+0)) [27, 28].

]

is called normalized dual mapping [27, 28].

For Hilbert space J =1 (identity). It is known [23, 27, 28] that: if space E is smooth, then mapping
J is single-valued; if E is strictly convex, then J is injective and strictly monotone; if space E is
reflexive, then mapping J is surjective; if E is uniformly smooth, then J is uniformly continuous on
bounded subsets of E . The explicit form of the mapping J for spaces ¢, L, and W' (p e(l,oo)) is
givenin [3, 23, 27, 28].

Let E be a smooth Banach space. Let’s consider functional, introduced by Y. Alber in [23]:

Multivalued mapping J : E — 2%, which has the form

Jx={x* eE": <x“,x>=||x||2 =|[x*

d(x,y) =[x ~2(9y.x) + |y vx,y<E
The next useful 3-point identity follows from the definition above:
d(x,y)-d(x,z)-d(z,y)=2(Jz—Jy,x-z) VX,y,zeE.

If space E is strictly convex, then for x,y e E we have
d(x,y)=0< x=y.

Lemma 1 ([25]). Let E be a 2-uniformly convex smooth Banach space. Then for some p>1

d(x,y)2£||x—y||2 vx,yeE.
Y7,

For Banach spaces /,, L, and W (1< p<2) we have ﬂ:Ll [29, 30]. For a Hilbert space,
p -

inequality from Lemma 1 becomes identity with z=1.
Lemma 2 ([29]). Let E be a 2-uniformly smooth Banach space. Then for some x>0

%+ y||2 s||x||2 +2(Ix,y) +z<||y||2 vx,yeE.

For Banach spaces /,, L, and W (2< p <+ ) we have x=p-1 [29, 30]. For a Hilbert space,

inequality from Lemma 2 becomes identity with x=1.
Let K be a non-empty closed and convex subset of a reflexive, strictly convex and smooth space
E . It is known [23] that for each x € E there exists unique point z € K such that

d(z,x):inId(y,x).
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This point z is denoted by IT, X, and the corresponding operator I1, : E — K is called generalized
projection of E onto K (generalized Alber projection) [23]. Note that for a Hilbert space I,

coincides with the metric projection onto the set K .
Lemma 3 ([23]). Let K — closed and convex subset of a reflexive, strictly convex and smooth space
E, xeE, zeK.Then

=T, x < (Jz-Jy-2)>0 VyeK.
Inequality from Lemma 3 is equivalent to the next one [23]:
d(y, I x)+d(ITcx,x)<d(y,x) VyeK.
Remark 1. The main element of the algorithms studied below is the calculation of a new point
x*+ =HKJ‘1(JX—X*)

by known xe E and x* € E*. From Lemma 3 and mentioned 3-point identity follows the inequality
fundamental for the analysis of algorithms.

d(y,x")<d(y,x)-d(x",x) +2(X,y=x") VyeK.

Basic information about monotone operators and variational inequalities in Banach spaces can be
found in[1, 3, 23, 28].

3. Variational inequalities

Let E be a 2-uniformly convex and uniformly smooth Banach space, C is a non-empty subset of
space E, A is an operator, acting from E to E". Let’s consider the variational inequality:

find xeC: (Ax,y-x)>0 VvyeC. 2)

Let’s denote set of solutions of (2) as S .
We need the next assumptions:
e set Cc E isconvex and closed:;
e operator A:E — E” is a monotone and Lipschitz continuous with constant L >0 on C ;
e set S is non-empty.
Let’s consider dual variational inequality:

find xeC: (Ay,x-y)<0 VvyeC. (3)

We will denote set of solutions of (3) as S°. Note that set S¢ is convex and closed. Inequality (3)
is sometimes called weak or dual formulation of (2) (or Minty inequality), and solutions of (3) are called

weak solutions for (2). For monotone operator A we always have S <S°. In our setting we have
S? =S [1].
Variational inequality (2) can be formulated as a fixed-point problem [23]:
x=TI.J7* (Ix— AAX), (4)
with 4> 0. Formulation (4) is useful, as it leads to obvious algorithmic idea. Procedure
X =37 (I, — AAX, ) (5)

was studied in [22] for inversely strongly monotone operators A:E — E". However, for Lipschitz
continuous monotone operators, algorithm (5) generally does not converge. Numerous modifications
of the extragradient algorithm [6, 9-16,24] can be used for such conditions.

In this paper, we focus on three algorithms: the Tseng method [14], the extrapolation from the past
method [18] and more recent forward-reflected-backward algorithm [20]. We consider their natural
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modifications for problems in Banach spaces using Alber generalized projection instead of the metric
projection.

The goal is to estimate the number of iterations of algorithms necessary to obtain an approximate
solution of a given quality. The quality of approximate solution x € C of variational inequality (2) will
be measured using the non-negative gap function [6]

Gap(x)=sygg<Ay,x—y>. (6)

Obviously, for definition (6) to be correct, feasible set C should be bounded.
The next lemma holds:

Lemma 4. Let operator A be monotone. If xeC is a solution of (2), then Gap(x) =0. And vice
versa, if for some x e C we have Gap(x)=0, then x is a solution of (2).
Everywhere below we assume, that set C < E is bounded.

4. Algorithms

Let us study the next iterative extragradient-type algorithms for finding solutions of variational
inequality problem (2).
Algorithm 1. Modified Tseng method ([24]).
Select x,€E, 4, >0. Set n=1.
1. Calculate
y, =TI 7H(Ix, — 4,AX, ).

2. If y,=X,,then STOP. Else calculate

Xni :‘Jil(‘]yn _ﬂ‘n (Ayn _Axn))'
3. Set n:=n+1 and go to step 1.
Algorithm 1 is a modification of forward-backward-forward method by P. Tseng [14] for problems
in Banach spaces, where generalized Alber projection is used instead of the metric one.
The weak convergence of the Algorithm 1 in 2-uniformly convex and uniformly smooth Banach
space is proved in [24].
Note that in the case of a Hilbert space and without constraints, the Algorithm 1 coincides with the
Korpelevich extragradient method.
Algorithm 2. Extrapolation from the Past.
Select x, =y, €E, 4,>0.Set n=1.
1. Calculate
Yn :HC‘]_l(‘]Xn _ﬂ“nAyn—l)'
2. Calculate
Xn+l :HC‘]_l(‘]Xn _ﬂ’nAyn)'

if X,.1=Y,=X,,then STOP. Else set n:=n+1 and go to step 1.

Algorithm 2 is a modification of L.D. Popov algorithm [17] for problems in Banach spaces using
generalized Alber projection operator instead of the metric one.

The convergence of Algorithm 2 in a Hilbert space and in Euclidean space with Bregman divergence
instead of Euclidean distance is proved in [18, 19].

Algorithm 3. Operator extrapolation.

Select X,=x €E, 4,>0.Set n=1.

1. Calculate

Xn+1 =1_IC‘J_l(‘]Xn _ﬂhAXn _ﬂh—l(AXn _AXn—l))'

2. If X,, =X,=X,,,then STOP. Else set n:=n+1 and go to step 1.

Algorithm 3 is a modification of modern “forward-reflected-backward algorithm™ [20] for
variational inequalities in Banach spaces.
Remark 2. Some text Algorithm 3 can be represented in form, which is similar to Algorithm 2:
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X, = HC J * (‘]yn - A’n—lAXn—l)’
Yo = J - (‘an - ﬂn—l(AXn - Axn—l))'

This formulation indicates conceptual similarity of Algorithms 1 and 3. More precisely, the operator
extrapolation algorithm is obtained from Algorithm 1 in the same way, as Algorithm 2 can be obtained
from the analogue of the extragradient algorithm

Y, = I7H(Ix, — 4,AX, ),
X =11 (X, — 4, AY,).

Now let us turn to the analysis of the algorithms, namely, to the estimation of the number of iterations
required to obtain an approximate solution of the variational inequality (2) with a given value of the
gap function.

5. Analysis

We will prove, that Algorithms 1 — 3, mentioned above, require O(%) iterations to obtain feasible

point x e C, for which Gap(x)< e, where £ >0 and D =sup,,. d(a,b)<+wo.

Theorem 1. Let (X, ), (Y, ) are sequences, generated by Algorithm 1. Suppose that A, e (0, ﬁj
N
Zn:lln y”

N

n=1""

1
ﬂSUPyGC d (y, X1)

n=1""N

Then for the sequence of Cesaro means z, = the next inequality holds

Gap(zy)<

Proof. For arbitrary y e C we have
A (Y. %) =0 (¥, (3 = 4, (AY, — AX,))) =
=Y = 2{3y, = 2, (AY, =A%), y)+ [, = 4, (AY, - Ax,)
=[[yI" = 2(3yn,y) + 22, (Ay, = A%, y) + 3y, = 4 (Ay, - Ax,)

=d (¥, Ya) = [Vall" + 22 (A, = A%y, ¥) +] 9y, = 4 (A, — AX,)
Using Lemma 2, we get an estimation

d(y!xn+1)gd(yv yn)_2ﬂ“n<Ayn _Axn'yn _y>+’dhz||Ayn _Axn

Let’s use 3-point identity to transform d(y, y,)
d(y,y,)=d(y.%,)+d(X,,Y,)+2(IX, = Iy, y =%, ).
and now use this in (7)
d(y, %) <d(y,%,)+d (X, Y, )+
+2( 3%, = Iy, Y =X, ) = 22, (AY, = AX,, Y, = Y) + xA; | Ay, — AX

From Lipschitz continuity of A, equality d(xn,yn)=2<Jyn -, Y, —xn>—d(yn,xn) and Lemma 1
we have

2
=

2
=

2
L

. @)

2

. "

n

d (Y. %) < (Y%, ) = (1= w2 L )d (Yo, %, )~

—2(Ix, = Iy, = A, + LAY, Y, —Y)
Identity
Y, =TI (Ix, — 4,AX,)
is equivalent to inequality
(I, = A, AX, = Jy,, Y, —Y) =0.
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So, we have
d (yvxn+l)§d (yixn)_(l_’(lu/lnzl-z)d (yn'xn)_ 2ﬂ'n <Ayn1yn _y> .
From monotonicity of A operator it follows

d(y,Xn+l)Sd(y,Xn)—(l—Ky}isz)d(yn,Xn)— 21’n<Ayi Yo — y> . (8)
Let’s transform (8) as
22‘h<Ayv Yn — y>Sd(ylxn)_d(y’xn+1)_(1_K/uj'th2)d(yn'Xn)‘ (g)

Summing (9) over n from1to N, we get

N
221n<Ay, Yo —y)<d(y,x),
n=1
which leads to

(Ay,z —y)< d(y.x), (10)

an”

. Passing in (10) to the supremum over y e C, we obtain

IS
N

n=1""

where z,,

1
Gap(zy )< —=F—Sup,c d (¥, %),

Zanlﬂ”
which was required to prove. m

Corollary 1. Let (x,), (Y,) are the sequences, generated by Algorithm 1 with A = . Then

1
N
for the sequence of means z, =3 Z Yo the next mequallty holds:

L\/E supyec

Gap

For algorithm 2 we have the next result.
Theorem 2. Let (X,), (Y, ) are the sequences, generated by Algorithm 2. Let 4, e(O 21 ] Then

Zn:l n yn

N

n=1""N

Supyec A (Y %)+ #ALA (%Y )

ZZn lﬂ'h
Proof. For arbitrary y e C we have
d(y’ n+1)<d(y'xn)_d( n+1? n)+22’ <Ayn’y Xn+1>
From monotonicity of A follows
(ALY = %o ) =AY, Y = Yo )+ (A Yo = Xoa1) SCAY Y = Yo )+ ( AV Yy = X ) -
So, we have
d(y'Xm—l) d(y X ) d(Xn+1’ )+2j’n<Ayn’yn - n+l>+2ﬂ’n<Ayly_yn>=
Zd(y,Xn)—d (Xn+l' n) +2ﬂ’n <Ayn—11 yn _Xn+l>+
22, ( Ay = AV 1 Yo = X0 ) + 22, (A, Y = Vi) - (11)

for the Cesaro means sequence z, = the next inequality holds:

Gap(zy )<

Let’s write 24, (AY, 1, Y, —X,,,) as

22‘n <Ayn—11 Yo — Xn+1> = 2<‘]Xn - j’nAyn—l - ‘]yn 1 Xoi1 — Y > + 2<‘]yn ‘]Xn 1 Xop1 — yn> :
From the inclusion x,,; € C and Lemma 3 follows inequality

<‘]Xn _AnAyn—l - ‘]ynfxn+l - yn> <0.
As a result, we have
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22’n <Ayn—l’ Yn _Xn+l> < 2<‘]yn _‘]Xn’xm-l - yn> =d (Xn+1’Xn)_d(Xn+11yn)_d (yn’Xn) . (12)

Estimating the right side of (11) with (12), we come to the next inequality:
d (¥, %)< d (Y, %) =0 (Xpass Vo ) =0 (Vo X, ) +
220 (AYy =AYy 10 Yo = X0t ) + 224, (AY, Y - Y, ) - (13)
Now let’s estimate term 24, <Ayn -Ay, .Y, — Xn+1>. We get
220 (A, =AY, 1 Yo = X01) < 220 [ Ay = AY, [ [Xoa = Yol < 22,1 Yos = Yall[Xoa = Vi <

1 1
< ZAnL{m”yn—l - yn "2 +$”Xn+1 - yn”z} <
AL 24 L
<% {ﬁnyn1—xn||2+(z+ﬁ)||xn—yn||2}+T"2||xM—yn||2:

12
= ﬂ’nL(”yn—l - Xn”2 + (1+ \/E)”Xn - yn”2 + \/§”Xn+1 - yn”z) . (14)

Here we have used auxiliary inequalities

ab<<a’+-Lb%, (a+b) <2a’ +(2+\/§)b2.

%

Estimating norms in (14) using inequality from Lemma 1, we get
2A“n <Ayn - Ayn—l7 Yo — Xn+l> < /Llﬂ‘nL d (Xn ' yn—1)+

AL (12) d (Yo, X, )+ 24, LN20 (X0, Y,) . (15)
Using (15) in (13), we get
¢(y')(n+l)S d(y!xn)_(l_/’lﬂ“nL\/E)d(Xn+1!yn)_(l_:uﬂ“nl-(1+\/§))d(yn’xn)+

+u LA (X, Yo )+ 24, (AY,Y =Y, ). (16)
Let’s rewrite (16) as

22, (AY, Yo = Y) < (d (Y2 %)+ 22,1 d (%, Yog)) = (0 (Yo Xpun )+ 262,51 1 (X000, ¥ ) —
—(1—;,L(An+1 +J§,1n))d (Xoons yn)—(l—y/lnL (1+ ﬁ))d (Yo %,). (17)

Summing (17) over n from1to N, we get

N
2> 2 (A, —y)< d(y.x)+pAld(x,Y,),
n=1

and so
d(y,x)+ulLld(x,y
(A2, —y)< (y:%)+ L d (%, %) (18)
ZZn:lﬂ'h
> Y
where z,, ==="2—— . Passing in (18) to the supremum over y € C, we obtain
n=1""n

< Supyec d(y!xi)"':uﬂll‘ d (Xl’ yo)

Gap(2,)< N
ZZn:lﬂ'h
which was required to prove. m
Corollary 2. Let (x,), (Y,) are sequences, generated by Algorithm 2 with A, = 1. Then for the

means sequence z,, = ﬁz::l y, the next inequality holds:

)< puL3sup, cd(y,x)+3d(x.Y,) .
N

Gap(z,

Let’s study Algorithm 3.
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Theorem 3. Let (x,) be a sequence, generated by Algorithm 3. Let A, e(O, zlL} Then for the

N
Z n=1 ﬂ’” X'Hl
N
n=1

Gap(zy,,) <

sequence of Cesaro means z,, = the next inequality holds

supd(y X,) .
n=1""n

Proof. For sequence (xn) , generated by algorithm 3, the next inequality holds
_2<ﬂhAXn +ﬂh—1(AXn _Axn—l)1 y_Xn+1> <d (y!xn)_d (Xn+1'Xn)_d (y!xn+l) Vy eC. (19)

Let’s rewrite (19) the next way:

d(y, ) d(ylxn+1)>2}‘h< n+1? n+l_y> _Zﬂn<AX AXn’Xn+1 Y>+
42201 (AX, = AX, 1, X, — V) + 24 (A = A% 4, X — %) +d (XL %, ). (20)
Summing (20) over n from1to N, we get
d(yvx1)_d(y-XN+1)

>2Zﬂ‘ n+1? n+l_y> _zj’N <AXN+1_AXN'XN+1_y>+

+i(2ﬂ“n—l <Axn - AXn—l' X — X, > +d (X ( n+1? )) (21)
n=1

Using Lipschitz continuity of A and Lemma 1 we get
N
D (2204 L(AX, = A%,y X =X, ) +d (X0 X)) 2

n=1
N 1
zz(—zmnxn—xn1||||xn+1—xn||+ﬂnxm ol + - nlnj L a2

n=1

1
2 Z” N+ T XN ”

Using this estimation in (21), we get
d (y,xi)— (y XN+1)> 221 Xnsr X1 — y> _Zﬁ'N <AXN+1 - AXN 1 X1 — y>+

w2
2# Xns1 — Xn
1
2 22/1 a1 X — y> _ZANL"XNH_XN ||||XN+1_y||+ Z”XNH_XN ”2 2

2 22/1 a1 X — y> _/’lN L||XN+1 - y”z.
So, we can come to mequallty
Zzﬂ“ AXn+1’ n+l ﬂ’NL||XN+1 y” +d( N+l) (y Xl) VyEC : (22)

Using monotonicity of A We get

Zﬂ'h< n+1? n+1 >ZZ’\i:ﬂ'ﬁ<Ay!xn+1_y>:(zhi:ﬂ'h]<Ay'ZN+l_y> ' (23)

P
pI!

1
[ jAy,ZNﬂ—y)+(;—1NLJIIXN+1—yIIZSd(y,xi) vyeC,

from which follow

where z,,, = . Using estimation (22) in (23), we come to inequality
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N
Gap(ZN+l):Su£<Ay!ZN+l (Zzﬂ’nj Supd y Xl)
ye

n= yeC

which was required to prove. m

1
Corollary 3. Let (xn) be a sequence, generated by Algorithm 3 with 4, = Y Then for the means
MU
sequence z,,, = ﬁz:ﬂxm the next inequality holds

Gap(zy,,) < supd(y X).

6. Conclusions

Three new extragradient-type algorithms for solving monotone variational inequalities in a Banach
space are studied in the paper.

The first two algorithms are natural modifications of Tseng's method [14] and “Extrapolation from
the Past” method [18] for problems in Banach spaces using generalized Alber projection. Iteration of
each of these algorithms is more economical than iteration of the extragradient method. The first
algorithm has less projections, the second has less operator calculations.

The third algorithm, called the method of operator extrapolation, is a variant of the Malitsky—Tam
forward-reflected-backward algorithm [20]. Generalized Alber projection is used instead of the metric
projection onto feasible set. An attractive feature of the algorithm is only one computation of the
operator value and of the generalized projection onto the feasible set at the iterative step. For variational
inequalities with monotone Lipschitz operators acting in a 2-uniformly convex and uniformly smooth

Banach space, O(%) complexity bounds are proved in terms of the gap function.

Let us point out two actual questions, related to the current research. First, fast and stable algorithms
for computing generalized Alber projection for a wide range of sets are needed to efficiently apply
algorithms to nonlinear problems in Banach spaces. Second, all results were obtained for the class of

2-uniformly convex and uniformly smooth Banach spaces, which does not contain spaces L, and W'
(2< p <+o0), which are important for applications. It is highly desirable to get rid of this limitation.
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