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Abstract

We study the parameterized complexity of the s-CLuB CLUSTER EDGE DELETION problem: Given a
graph G and two integers s > 2 and k > 1, is it possible to remove at most k edges from G such that
each connected component of the resulting graph has diameter at most s? This problem is known to
be NP-hard already when s = 2. We prove that it admits a fixed-parameter tractable algorithm when
parameterized by s and the treewidth of the input graph.
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1. Introduction

Graph clustering [1] is a classical task in data mining, with important applications in numerous
fields including computational biology [2], image processing [3], and machine learning [4]. A
prominent graph-theoretic formalization is CLUSTER EDITING (also known as CORRELATION
CLUSTERING): Given a graph GG and an integer k as input, the goal is to find a sequence of &k
operations, each of which can be an edge insertion or removal, such that the resulting graph is a
so-called cluster graph, i.e., each of its connected components is a clique. If we restrict the editing
operations to be edge removals only, then the problem is known as CLUSTER EDGE DELETION.
Equivalently, we seek for a partition of the vertices of GG into cliques, such that the inter-
cluster edges (whose end-vertices belong to different cliques) are at most k. Unfortunately, both
CLUsTER EDITING and CLUSTER EDGE DELETION are well-known to be NP-complete [5, 6]. Indeed,
their parameterized complexity with respect to the natural parameter k£ has been intensively
investigated; in particular, both problems are in FPT [7, 8], but do not allow subexponential-time
parameterized algorithms unless ETH fails [9, 6].

In many applications, modelling clusters with cliques might be a severe limitation, for instance,
in presence of noise in the data collection process. Consequently, several notions of relaxed
cliques have been introduced and investigated [10, 11]. We focus on the concept of s-club, in
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which each pair of vertices is at distance at most s > 2 in the cluster. (Note that a 1-club is
in fact a clique.) We remark that defining clusters as s-clubs proved to be effective in several
application scenarios such as social network analysis and bioinformatics [12, 13, 14, 15, 16]. The
5-CLUB CLUSTER EDGE DELETION problem can be stated analogously as CLUSTER EDGE DELETION
by replacing cliques with s-clubs (formal definitions are given later). Unfortunately, s-CLUB
CLUSTER EDGE DELETION is NP-complete already for s = 2 [17]. Also, 2-CLuB CLUSTER EDGE
DELETION belongs to FPT parameterized by k [18, 17], and it admits no subexponential-time
parameterized algorithm in k [19]. More in general, for any s > 2, s-CLuB CLUSTER EDGE
DELETION cannot be solved in time 2°(¥)n©(1) ynless ETH fails [19].

Based on the above discussion, we know that it is unlikely that s-CLuB CLUSTER EDGE DELE-
TION lies is FPT when parameterized by s, whereas the complexity of the problem parameterized
by s + k is open to the best of our knowledge. In this paper, we instead focus on those scenarios
in which the solution size (measured by k) is large, and we still aim for tractable problems
based on alternative parameterizations. In this respect, treewidth is a central parameter in
the parameterized complexity analysis (see [20, 21]). We prove that s-CLuB CLUSTER EDGE
DELETION lies in FPT when parameterized by s + tw, where tw is an upper bound for the
treewidth of the input graph.

Theorem 1 Let G be an n-vertex graph of treewidth at most tw. There is an algorithm that solves
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the s-CLUB CLUSTER EDGE DELETION problem on G in O( time.

From the technical viewpoint, the main crux of our approach lies in the definition of suf-
ficiently small records that allow to keep track of the distances between pairs of vertices in
a (partial) s-club. With such records at hand, we then apply a standard DP algorithm over a
tree decomposition of the input graph, which still requires a nontrivial amount of technicalities
in order to update the records. Our records have similarities, but also several key differences,
with those used in a technique presented by Dondi and Lafond in [22, Thm. 14], which solves a
related problem for the restricted case s = 2.

For space constraints many technicalities are omitted and we only sketch the proof of
Theorem 1. See [23] for the full version of the paper.

Preliminaries and notation. For any d € Z", we use [d] as shorthand for the set {1,2,...,d}.
Let G = (V, E) be a graph. For any W C V, we denote by G[IV] the subgraph of G induced
by the vertices of W. The neighborhood of a vertex v of G is defined as N (v) = {u : uv € E}.
Given two vertices u,v € V, the distance in G between u and v, denoted by dg(u,v), is
the number of edges in any shortest path between u and v in G. The diameter of G is the
maximum distance in G between any two of its vertices. An s-club of G, with s > 1, is a subset
W C V such that the diameter of G[W] is at most s. A partition of G is a collection of subsets
C = {Ci}ig|q) such that: (a) ngl C; = V,and (b) C; N Cj = 0 for each ¢, j € [d] with i # j.
We denote by E¢ the set of all edges uv of G such that u,v € C;, for some i € [d]. We study
the following problem.



5-CLUB CLUSTER EDGE DELETION

Input: G = (V,E),k>1,s > 2.

Output: A partition C = {C;}c[q of G such that C; is an s-club for each i € [d], and
|E\ Ec| < k.

In what follows, for a graph G = (V, E), the pair (X', T") denotes a nice tree-decomposition,
such that X = { X };c[q is a collection of subsets of vertices of V/, called bags, and 7' is a tree
whose nodes are in one-to-one correspondence with the elements of . We point the reader
to [24, 25] for the required background.

2. Sketch of the Proof of Theorem 1

The proof is based on a DP algorithm over a nice tree-decomposition. We first describe the
records to be stored at each bag, and we then sketch the algorithm.

Definition of the records. Let G = (V, E) be an n-vertex graph and let (X', T") be a nice
tree-decomposition of G of width tw. For each ¢ € [¢], let T} be the subtree of 7" rooted at the
bag X; € X and let G; = (V;, E;) be the subgraph of GG induced by the vertices that belong to
at least one bag of T;. A subset of vertices C' C Vj is a potential s-club, and we let 0C' = C' N X;
and int(C) = C'\ X;.

The first item of the record is a table that stores the pairwise distances of the vertices in 9C.
Namely, let D(OC') be a table having one row and one column for each vertex in 9C, and such
that:

0, ifa="»5
D(@C)[a, b] = dG[C’} (av b)7 if 1 < dG[C’] (a7 b) <s
00, otherwise.

The second item is a table that stores the distance between pairs of vertices such that one is
in OC' and the other is in int(C). Two vertices u, v’ in int(C)) are equivalent with respect to OC,
if for each vertex a € 9C, then either 1 < dg()(u, a) = dgjc)(v', a) < s, or dgic)(u,a) > s
and dgcj(u', @) > s. Namely, let H(9C) be a table having one column for each vertex a € 9C,
and one row for each equivalence class with respect to dC, denoted by [u]sc. We have:

daie)(u,a), if1 <dgie(u,a) < s

0, otherwise.

H(0C)[u,a] = {

The third (and last) item of the record represents the key difference to extend the result in [22]
to s > 2. Suppose that C is a subset of an s-club C’ of G and that there exist two vertices
u,u’ € int(C) whose distance in G[C] is larger than s. Then, any path between u and v’ not
containing two vertices in C' has length larger than s. Hence, since 0C is a separator of G,
we have to consider paths in G between u and v’ going through some pair of vertices in 9C.
We formalize this observation. Let w, z € int(C') be two vertices such that dgc; (w,z) >s. A
request for 0C, denoted by R,, ., is a table having one row and one column for each vertex in
0C'. Namely, for each a,b € OC, if there exists 2 < § < s — 2 such that connecting a and b with



a path 7 of length ¢ makes the distance between w and z to be at most s, then Ry, [a, b] = 4,
while R,,,[a,b] = x otherwise. Observe that if there exist two requests R, and R, such
that Ry,.[a,b] = Ry .[a, b] for each pair a,b € OC, then w and w' are equivalent with respect
to OC (i.e., w,w’ € [w]yc), and the same holds for z and z’. Thus, we avoid storing duplicated
requests and we denote by Q(OC) the set containing all distinct requests for 9C.

If a potential s-club C is such that 9C' = () (recall that C' C V}), then we call it complete.
Consider a partitioning P! of G; into potential s-clubs and let C! = {leﬁ | j € [di]} be the
potential s-clubs in P! that are not complete. Let C! = {8C'jl-7i | j €ldi]}, Dt = {D(@Cé’i) |
jed]} H = {H(@C’;Z) | j € [d]}, and Q! = {Q(@le»,i) | 7 € [di]}. A solution of X is a
tuple S! = (9C!, DL, H!, OL, k!). Here k! is an integer, called edge-counter, equal to | E; \ P! (E;)

hence k! < k. Two solutions S! = (9C!, D!, H!, QL k!) and S =(0c?, DI, HY, QY kY) are

distinct if 8Cf # 0CY, or Dﬁ + DI, or Hﬁ %+ ”Hig, or Qﬁ #* Q?. Observe that if Sf and Sig are not
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distinct but kﬁ < kY, then it suffices to consider only Sf.
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Lemma 1 For a bag X, there exist O distinct solutions.

Sketch of the algorithm. Let X; be the current bag visited by the algorithm. We compute the
set of solutions for X; based on the solutions computed for its child or children. If the resulting
set of solutions is empty, the algorithm halts and returns a negative answer. The running time
of the algorithm follows from Lemma 1. We only describe the case in which X is an introduce
bag. The cases in which Xj is a leaf, a forget, or a join bag are omitted in this extended abstract.

X is an introduce bag. Let X; = X, \ {v} be the child of X;. The algorithm exhaustively
extends each solution .S j of X as follows. It first generates at most d; new partitions by placing
v in each 9C" € 8(3;-. Also, it generates a partition in which v forms a new potential s-club

C = 9C = {v}. Consider one of the new partitions generated by the algorithm. In order to
build the corresponding new solution for X;, we distinguish the following two cases.

Case A (OC = {v}). D(0C) is trivially defined, H(0C') and Q(0C') are empty.
Case B (0C = 9C’ U {v}). The next observation immediately follows from the fact that
0C = 9C" U {v} and int(C) = int(C").

Observation 1 Suppose that there exist a,b € 0C' such that daicn(a,b) > dgio (a,b), then
any shortest path between a and b in G[C] contains vertex v.
- Computing D(9C) from D(9C").

1. We add a new row and a new column for vertex v.

2. For each vertex a € 8C’, let 0,4, = minbeNG[X_](v) D(9C")[a, b], and note that 64, = 0 if
edge av belongs to G[C]. Clearly, it holds that

D(OC)[a,v] = {oo, if 040 € {5, 00}

1+ 040, otherwise.



3. By Observation 1, for each pair a,b € 9C’, the corresponding value of D(9C) can be
updated as follows:

D(9C)[a, b] = min{D(0C")[a, b], D(C)[a,v] + D(OC)[b,v]}.
— Computing H(0C') from H(9C").
1. We add a new column for vertex v.

2. For each equivalence class [u]ocr, let duy = mingeng iy ;(v) H (0C")[u, al. Since there is
no edge uw such that u € int(C), it follows that '

00, if 0yp € {5, 00}

H(0C)[u,v] = {

1+ dyy, otherwise.

3. By Observation 1, for each pair of vertices u € int(C”) and a € dC’, the corresponding
value of H(9C') can be updated as follows:

H(0C)[u,a] = min{H(0C")[u, a], H(OC)[u,v] + D(0C)[v, al}.

- Computing Q(9C) from Q(OC"). Note that the addition of v cannot lead to new requests but
it may actually yield the update of some request in Q(9C").

1. For each request R, in Q(9C"), we verify whether, as a consequence of the introduction
of v, there exists a cell Ry, [a, b] such that D(9C)[a,b] < Ry,;[a, b]. If such a cell exists,
we say that R, is fulfilled. We add R, to Q(OC) if and only if R, is not fulfilled.

2. If Ry, is not fulfilled, before adding it to Q(9C), we update it as follows:

a) We add a row and a column for v.

b) For each pair a,b € 9C’, we compute
dap = min{(H (0C)[w, a] + H(OC)[z,b], H(OC)|z,a] + H(OC)[w, b]}.

Observe that 64, + D(0C)[a, b] > s, otherwise the request would have been fulfilled
before.

¢) By definition of request, we have Ry, [a,b] = s—04p, if dqp < s—1, and Ry,;[a, b] =
*, otherwise.

Finally, in both Case A and Case B, we observe that, in order to obtain the edge-counter of
the new solution, ké needs to be increased by the number of edges incident to v whose other
end-vertex is in X; but not in C'. If the resulting edge-counter is greater than k, the solution is

discarded.



3. Discussion and Open Problems

We have shown that the s-CLuB CLUSTER EDGE DELETION problem parameterized by s + tw
(where tw bounds the treewidth of the input graph) belongs to FPT. On the other hand, we
know that the problem parameterized by s alone is paraNP-hard. It remains open the complexity
of s-CLuB CLUSTER EDGE DELETION parameterized by tw alone. We conclude by remarking
that our approach can be slightly modified to solve a related problem, namely s-CLuB CLUSTER
VERTEX DELETION, in which we seek for k vertices whose removal yields a set of disjoint s-clubs.
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