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Abstract

The result of the work is obtaining difference schemes for dynamic systems, which are
described by systems of ordinary differential equations of the second order based on the
classical methods of Bossak, Newmark and the generalized a-method. For the developed
modifications of the methods, the corresponding software was developed in the MATLAB
system of applied mathematics for conducting numerical experiments and testing methods.
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1. Introduction

The development of computational methods for modeling dynamic systems occupies a significant
place in solving scientific and technical tasks in today's conditions. A number of requirements are put
forward to such methods, in particular, the methods that are developed should be stable and those that
obtain a numerical solution with minimal errors [1; 2]. The rapid development of computer technology
makes it possible to apply these methods in practice. Therefore, the work will demonstrate a tool for
obtaining basic mathematical dependencies based on classical methods for the analysis of nonlinear
systems, for example, systems described by Cauchy problems for second-order ordinary differential
equations.

2. The main part of the article

To analyze dynamic systems, let's take a classical nonlinear system in the form of a nonlinear
oscillator [3]. The nonlinear oscillator should be viewed as a generalized model suitable for describing
oscillatory phenomena in systems of different physical nature.

A nonlinear oscillator is a system whose dynamics is described by a second-order differential
equation of the general form [3; 4]:

ITTAP’2022: 2nd International Workshop on Information Technologies: Theoretical and Applied Problems, November 22-24, 2022,
Ternopil, Ukraine

EMAIL: allifo111@gmail.com (A. 1); ts.tamaral9@gmail.com (A. 2); ts.tamaral9@gmail.com (A. 3); a.0.zaporozhets@nas.gov.ua (A. 4);
olena80@ukr.net (A. 5); nanoavia@ukr.net (A. 6)

ORCID: 0000-0002-4805-8880 (A. 1); 0000-0003-2206-2897 (A. 2); 0000-0003-1037-4383 (A. 3); 0000-0002-0704-4116 (A. 4);

0000-0002-1311-8548 (A. 5); 0000-0001-9808-7607 (A. 6)
© 2021 Copyright for this paper by its authors.
Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).

CEUR Workshop Proceedings (CEUR-WS.org)




x"+6x"+f(x) =0, (1)

where x — dynamic variable (or generalized coordinate), f(x) — some non-linear function, § —
dissipation parameter. Depending on the different values of this parameter, different transformations of
the phase portrait of the nonlinear oscillator occur. In order to form a complete view of the nonlinear
oscillator near the catastrophe of the assembly, it is necessary to draw a function f(x) species
equality (1). In equation (1), the function f (x) has the following form:

f(x)=ax+b + x5. (2)

Equality (2) corresponds to an assembly type disaster. When varying parameter values a and b the
behavior of the system will also change. Therefore, the second type of disaster is called an "assembly"
disaster. In the behavior of the phase portrait curves, it is possible to observe both trajectories without
a jump, with smooth development, and with a jump in development.

The catastrophe theory explains the dependence of unstable forms of the phase portrait on the
number of control parameters. Yes, if we have only one control parameter, we can observe a fold
disaster. If we have two control parameters, as in our case a i b, a build crash is observed.

Based on equalities (1) and (2), we can form a complete view of the nonlinear oscillator near the
assembly catastrophe:

x"+6x'+ax+b+x3=0. (3)

In equation (3) ¢ is dissipation parameter, a and b are control parameters [5; 6].

2.1. Newmark’s method

The Newmark method is a numerical integration method for solving differential equations. It is
widely used in the calculations of many engineering, technical, chemical problems for the numerical
evaluation of dynamic characteristics. The method is named after a former professor of civil engineering
at lllinois State University who developed it in 1959 for use in structural dynamics.

To derive the formulas and analyze them, consider the Cauchy problem for an ordinary differential
equation of the second order. Its mathematical representation has the form:

x"+gx'+ax+b+x3=0;
x(to) = xo, x'(to) = xg.

1
Unss = Un + Ry + 12 (5= B) An + 2B,

Vi1 = Vo + h(1 —y)An + hyApiq,
Api1 + gVnsr +alpis + b+ U3y =0,

(4)

Since the system (4) is nonlinear, then the classical Seidel method can be used for its numerical
solution. For this system, Seidel’s method will look like this:

1
vk Z g 4Ry, + 12 (E _ B)An +h2gA®),,
v — v 4 h(1 =) A, + hyal) )

n+1

3
40+ (gV(k+1) 4 au®D L p o (U(k+1)) )

n+1 n+1 n+1 n+1

UO = xO,VO = x(,),AO = _(gVO + aUO +b+ U03),



where k is iteration number.
The second version of Newmark's method can be presented in the following form:

1
Unss = Un + Ry + 12 (5= B) An + 2B,

Vhrr = + h(1 — V)An + hyAni1,
Apy1 = —(GVps1 +aUpy + b + Ur?+1)-

Then we will have

1
Unis = Un + ¥y = 12 (5= B) (g + Uy + b+ UD) = 12B(gVss + aUpss + b+ U
Var1 = Vo —h(1 =y)(gVh + alUp + b + U3) — hy(gVns1 + @Unyq +b + U73+1)r

So,
1
Unes (14 120B) = Uy + ¥y = h* (5= ) (gl + QU + b + UR) = 12B(gVinsn + b + URy),
Var1(1+ ghy) =V, —h(1 = y)(gVp + aUp + b + U3) — hy(aUpyq + b + Up ).
Finally, the formulas for mathematical calculation take the form:

1
 Un + = h2 (5= B) (gVy + aln + b+ UD) = h2B(gVnss +b + Uy,

Uns1 = 1+ h2af
V, —h(1 =y)(gVp +aUp + b+ U3) — hy(aUpyy + b+ U3,)
1+ ghy '

Vi1 =

Values U, and V,,,, are calculated using computational methods. For example, Seidel's method
for this system of equations will have the form:

3
b 1 (1 )t + a4 0~ (a2 + b+ (42)')

U(k+1) _ n+1
e 1+ h2ap "
3
oy Vo= RA=V) (g +aly + b+ UD —hy (a5 + b+ (U550
%4 =
n+1 1+ ghy

The third version of the Newmark method looks like this:

Vo —h(1=y)(gV, + aUy + b+ UZ) = hy(aUpyy + b+ U3,)

V.. =
n+1 1+ ghy
7
Uy + ¥y — b2 (3= B) (g + QUp + b+ UD) = R2B(qVnr +b + U, )
Uns1 = 1+ h2af '

It should be noted that in (7) the second equation is substituted into the first equation. Next is the
value U, 1, which is then substituted into the equation:

V, — h(1 —y)(gVy + aUy, + b+ U3) — hy(aUpyq + b + UZ,1)
1+ ghy '

Ve =

In this case, Seidel's method solves only one equation [7; 8].



2.2. Generalized a-method

Formulas for solving a nonlinear oscillator near the assembly catastrophe using the generalized a-
method are derived similarly to Newmark's method. The difference is that the values of all variables at
n + 1 time steps are taken as averages, taking into account the average theorem.

The equality that we need to solve by the method of generalized o has the following form:

x"+6x'+ax+b+x3=0. (8)
In equation (8), 4 is dissipation parameter, @ and b control parameters.

As before, let's mark x” = a,x’ = v, and let's complete the equality (8). Now let's write down the
system of differential equations at n + 1 instant of time according to the method of generalized a.

I Vny1 = Up + (1 —y)At a, + yAt anyq,

1
Xpy1 = X + At v, + (E - B)Atzan + BAt a,,q, (9)

I
5 3 —
kan+1—am + 6vn+1—af + axn+1—af +b+ xn+1—af - 0'

where ap1_q, Un+1-ap Xn+1-a, ar€ equal to:

An+i-a,, = (1= am)ans1 + aman, Vnti-af = (1 - af)vn+1 + asvp,

Xn+i-ap = (1 - af)xn+1 + apxy. 10
Moreover, the values of all constants are equal to:
y = %— A +ap, B = %(1 -y + af)z,am = 2::_:11,af = p:i T
With the condition that 0 < p,, < 1.
Let's rewrite (9) considering (10):
Vnt1 = Vp + (1 - V)At an + YAt apyq
Xnp1 = Xp + Atv, + (%—B)Atzan + pAt2a, 4 11)

(1 —am)ans + aman +6(1 — ap)vpyq + 8apv, +
\+a(1 - af)Xnp1 +arxy +b+ (1 —ap)xny +apxs =0
From equality (11) we see that x is a vector, and therefore velocity and acceleration are also vectors.
We obtained a closed system of 3k algebraic equations, with 3k unknowns.

Everything that is on the n 4+ 1 step is unknown and it is necessary to look for their value. To do
this, we move all variables n + 1 steps to the left, and n steps to the right:

YAt iy — Uy = —vp — (1 —y)4Ata,

1
1 BAt? Aty — Xnpr = —Xn — Atv, — (E - B)Atzan
(1 - am)an+1 + 6(1 - af)vn+1 + (_1(1 - af)xn+1 + (1 - af)xr31+1 =

(12)

= —Quan — 8apvy — apxy — b — asx;

We see that equality (12) is written in vector form. Therefore, to simplify the notations, we introduce
the vectors:



1
App1 = v — (1 —y)Atay, Bpy = —xp — At v, — (E N 'B>At2an;

Cnv1 = =AUy — 6V, — apxy — b — afxfl.

YAt Qnyq = Vny1 = Apia
ﬁAtzan+1 —Xp+1 = Bnya (13)
(1 - am)an+1 + 6(1 - af)vn+1 + (_1(1 - af)xn+1 + (1 - af)xr:’;+1 = Cn+1

Next, we divide the first equality (13) by yAt, and the second equality — by pAt?

1 1
Any1 — )Evrwl = mAnH,
1 1 (14)

a ——X =——28B ,
n+1 ﬁAtz n+1 ﬁAtz n+1

\(1- am)ans1 + (1 — af)vpss + a(1 — af)xnss + (1 — ap)x3 1 = Cpys.

Now subtract the first from the second equality (14), and from the third the first multiplied by
(1—apy).

1 1 1 1

mvrﬁl - erwl = WBnﬂ - m‘qrﬁl'
1—ay

(
{ 1- Am - 3
k(c?(l — ay) +W> Upe1 + a(l - af)xn+1 + (1 - af)xn+1 =Chy1 — WAnH.

For simplification, we introduce D = (8(1 —ap)+(1— am)/(yAt)). Rewrite (15):

Y 14
Un+1 — ﬁAtxn+1 = ﬂAtBn+1 —Any1,
1-«a (16)
m

van+1 +a(1 = ap)xner + (1= ap)xis1 = Cogs _WAn+1-

Next, we subtract the first multiplied by D from the second equality (16).

_ 14

a(l—ap)xpe + menH +(1—ap)xd,, =
1—-apn y

=Cp1 — YAt Apy1+DApyy — ﬁAtDBn+1-

(17)

In order to avoid division by zero, let's multiply equality (17) by gAt:

(aBAt(1—ar) +yD)xper + (1 — af)BAtxd,, =

a 18
= BOtCyss = YDByey + (pAtD - . "6 A (18)

From here we find x. From the first equality (16), we find v:

U SV o = Y1+ Bnyt)
n+1 ,BAt n+1 ﬂAt n+1 n+1, n+1 ﬁAt

—Aps1.

From the first equality (14), we find a:



1 1 Un+1 +An+1
mvnu = )EAn+1f Any1 = A

n+1 —

Let's write down the obtained formulas of the generalized o method for solving a nonlinear oscillator
near the assembly catastrophe:

(dﬁAt(l - af) + yD)xn+1 + (1 - af)[)’Ath{H -

a
~BAtCoss + DBy — (BAD — =T B) 4y = 0, 19)

Y 1
Un+1 = m(xnﬂ + Bpt1) —Ant1, Quyr = m (Vn41 + Anysr).

The solution (19) will be a curve, any changes of which depend on the parameter values §, a and b.
Formulas (19) demonstrate formulas for solving a nonlinear oscillator near the assembly catastrophe by
the generalized a-method.

2.3. Bossak’s method

Bossak’s method is a continuation of Newmark’s method. The derivation of the formulas for solving
the nonlinear oscillator near the assembly catastrophe is carried out similarly to the Newmark’s method.
The difference is that the values of the second derivatives at n + 1 time steps are taken as averages
(taking into account the average theorem).

The equality that we need to solve by Bossak’s method has the form (3). Everything that is on the
n + 1 step is unknown and it is necessary to find their value. To do this, we will transfer all the variables
n + 1 steps to the left, and n steps to the right:

YAt any1 — Vnyr = —vp — (L —y)Ata,
1
,BAtzan+1 — Xp41 = —Xp — Atvy, — (5 - ﬂ)Atzan (20)

k(l — @)Apyq + OVpyq + AXpr + b +x2, = —aa,

We see that the equalities in (20) are written in vector form. Therefore, to simplify the notations, we
introduce the vectors

1
App1 = —Vp — (1 - V)At An, Bny1 = —xn — Atvy — (E - ﬁ)Atzan: Cr+1 = —AmAn.
YAt Qny1 = Vny1 = Ania
.BAtzan+1 —Xpt1 = Bnya (21)
(1= @)ansq +8Vpy1 + AXnyq + b+ X541 = Cnyy

Next, we divide the first equality (21) by yAt, and the second equality — by At2.

( 1 1
Ap1 — mvnﬂ = mArHl
1 1 (22)

Ani1 — 55 Xn41 = 555 B
n+1 ﬁAtZ n+1 ﬂﬂtz n+1

(1 = @) aps1 + Vpyr + @Xpyy + b+ X541 = Cpiq

Now subtract the first from the second equality (22), and subtract the first multiplied by (1 — a)
from the third.



1 1 1 1
{ mvnﬂ - erwl = WBrHl - EAn+1r

] (23)
—a _ 3 1—a
k(fs + W) Uny1 + AXnp1 + b+ X541 = Cryq — WArHl-
For simplification, we introduce D = (§ + (1 — a)/(y4t)). Rewrite (23):
Y Y
Uny1 — Mxn+1 = ’@Bn+1 —Apyq
1 (24)
kDVn+1 + AXngy + b+ X540 = Cpyy _m n+1
Next, we subtract from the second equality (24) the first multiplied by D.
B} 3 Y 1-«a 14
axp+1 +b+ Xn+1 +men+1 = Cn+1 _WAn+1 - EDBrHl +DApy1. (25)

In order to avoid division by zero, let's multiply equality (25) by SAt:

(1—a)BA

BAt(axni1 + b +x50,1) + YDXpyy = BALCryy — n+1 ~ VYD Bpy1 + DApyq. (26)

From here we find x. From the first equality (24), we find v:

oYYy, _YOmtBa)
n+1 ﬂAt n+1 ﬂAt n+1 n+lr Yn+1 ﬁAt n+1-

We find a from the first equality:

1 1 1
an+1 _mvrwl = mAn+1: an+1 = E(vrwl +An+1)-

Let's write down the obtained formulas of Bossack’s method for solving a nonlinear oscillator near
the assembly catastrophe:

BAt(axni1 + b+ x301) + YDXpyqy — BAtChyy +

(1-o)B
+———An+1 +¥DByy1 — DA =0, (27)

Y 1
Un+1 = m(xrwl + Bn+1) —Apy1, Qpgq = m(vrwl + An+1)-

Solution (27) is represented as a curve.

2.4. Programs and Calculation experiments

The general structure of the developed software consists of modules, the names of which are shown
in Figure 1. The software was developed in the computer mathematics environment MATLAB.
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Conditions

Program Software for
Modelling Dynamic
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Visualization

Constants
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Figure 1. Structure of Software of Modelling Dynamic Systems

The developed fragment of the program in MATLAB, with the help of which the solution is found

at each time step, has the following form:
t(i+1) = t(i) + h;

A n = -v(i) - (l-gamma) *h*A(i);

B n = -x(i) - h*v(i) - (0.5-betta)*h"2*A(1i);

Cn=-al m*A(i) - g*k2*v (i) - a*k2*x(i) - (k2*x(i))"3 - b;

D = betta*h”"2*C n - B n*kl - g*k3*h* (gamma*B n - betta*h*A n);

= k3*betta*h”"2;
= 3*k2*k3"2*betta*h”2*x (1) ;
(3*k272*k3*x (1) *2+a*k3) *betta*h”2 + k1l + k3*g*gamma*h;

PG X QW

(i+1) = Newton (x(i)):;

(i+1) = gamma/ (betta*h) * (x(i+1l) + B n)-A n;
(i+1) = 1/ (gamma*h) * (v(i+l) + A n);

= i1+1;

The obtained dependences of the methods for the considered dynamic systems were tested on
different values of the initial conditions and model constants. Some of the results are shown in Figure
2 and Figure 3. Initial Condition is x(0) = 1; v(0) = 2.

2 T T T T L 2 -
\

— — —Numark's Method — — —Newmark's Method
Euler's Method J RK4 Method
Generalized a-Method 1t Generalized a-Method
Bossak's Method Bossak's Method

-2 . I L . I -5 . . . . )
-1.5 -1 -0.5 0 0.5 1 1.5 -3 -2 -1 0 1 2

Figure 2. Result of numeric solution for equation (3) with parameters: left—a =b = g = 1; right -
a=3b=20g=4
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Figure 3. Result of numeric solution for equation (3) with parametersa = 0,5; b = 1; g = 0,2

Classical methods (Euler’s method and Runge-Kutta method) gave less accurate results.

3. General conclusions

In the work, the main dependencies are obtained on the basis of the implicit methods of Newmark,
Bossak and the generalized a-method for the example of a nonlinear oscillator near the assembly
catastrophe. Curves of changes are plotted for different values of control parameters. The programs of
implicit methods of Newmark, Bossack and the generalized a-method, Euler method and Runge-Kutta
method with automatic step selection for the solution of a nonlinear oscillator near the assembly
catastrophe are also implemented. Appropriate software for modeling deterministic nonlinear systems,
which are described by Cauchy problems of the second order for ordinary differential equations, has
been developed.
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