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Abstract
This paper introduces a time-dependent procedure for the construction of membership functions and
applies it in linguistic summarization of time series. The primary goal is to dynamically reflect the chang-
ing interpretation of the linguistic terms by using a mathematical model and new data. In particular, the
autoregressive and moving average models are applied. The proposed evolving linguistic summarization
is illustrated for economic time series and supports the analysis of the expectations of customers towards
inflation vs. the sentiment of communication of central banks. To reflect the changing nature of the
economic variables, the definitions of linguistic terms are updated with time using statistical modeling.
The preliminary results presented in this paper are promising. The proposed approach is illustrated with
an example from economic time series, though it seems to have wider application potential.
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1. Introduction

Fuzzy linguistic summaries (also called linguistic descriptions) have been demonstrated success-
ful to describe and summarize large datasets in various domains, see e.g., [1, 2, 3]. One of the
main advantage of fuzzy linguistic summaries is their human-consistency [4]. At the same time,
one of the main challenge when generating fuzzy linguistic descriptions with the use of type-1
fuzzy sets is the proper definition of membership functions that describe the linguistic terms
related to the considered attributes such as e.g., high inflation. Furthermore, outcomes of the
linguistic summarization highly depend on these definitions. For example, in [5], the authors
show that relative linguistic variables constructed taking into account the historical data of an
individual patient only in a healthy state enable to produce most informative results. In [6], the
relative and personalized approach was guided by the semi-supervised online algorithm, and it
resulted very promising in the context of sensor-based monitoring of bipolar disorder patients.
In this work, inspired by the general concept of evolving fuzzy systems, we propose to

dynamically update the membership functions using statistical models. Similarly to the evolving
fuzzy systems, components of the linguistic summarization can gradually change by learning
from experience based on new data. In the literature, different techniques to automatically
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adapt fuzzy systems based on new data are described demonstrating their usefulness towards
static approaches, see [7, 8]. For example, in [9], the structure of the control rule-base adapts
to new data in an on-line mode with recursive, non-iterative learning. Although the evolving
fuzzy systems have been developing dynamically, majority of the related work about generating
fuzzy linguistic descriptions are static, see [10, 11], and it is assumed that the the fuzzy sets are
constant in time. Evolving membership functions seem especially needed when the linguistic
summaries are created for sequential data like time series or datastreams.

Section 2 describes the proposed method to construct evolving linguistic terms. The proposed
procedure is illustrated with real-life economic data collected from Central Banks (CB) and
Eurostat1 in Section 3. The relations between sentiment of messages (also called tone) of CB
and financial markets or inflation expectation were recently confirmed using econometric
methods in some studies, such as vector autoregressive models with impulse response analysis
or dynamic panels models, see [12, 13, 14]). In the experimental Section, we examine the relation
between the sentiment of the CB communication and the expectations of customers towards
inflation. In Section 4, main conclusions are discussed and future work is outlined.

2. Evolving membership functions in fuzzy linguistic
summaries

Within this research, linguistic summaries based on extended protoforms in the sense of Yager
and Kacprzyk [15, 4] are adapted. They describe with natural language the general facts about
the evolution of numerical datasets. Although the resulting protoforms are quite simple, they
enable to reveal complex relations between attributes [4]. It also needs to be noted that we use
type-I fuzzy sets to describe the linguistic terms. Due to the lack of space we will not deal here
with other protoforms or approaches to summarization such as type-2 fuzzy sets, linguistic
summarization with Natural Language Generation, e.g., [16].
Formally, let 𝑂 = {𝑜1, 𝑜2..., 𝑜𝐶} be a set of objects in a considered domain, e.g., economic

situation in 𝐶 countries. The properties of objects are measured by a set of attributes 𝐴 =
{𝑟1, 𝑟2..., 𝑟𝐾}, such as e.g., economic indicators (inflation expectation, tone, etc.). Next, the set of
linguistic terms set 𝑙𝑘 = {𝑙1𝑘 , ..., 𝑙

𝑗𝑘
𝑘 }, 𝑘 ∈ {1, 2..., 𝐾} is established for each attribute from 𝐴 such

as e.g., low, high. Finally, type-I fuzzy sets are used to define these terms. Let fuzzy set 𝐴 be
represented by a membership function defined on a universe of discourse 𝑋 as 𝜇𝐴 ∶ 𝑋 → [0, 1],
where 𝐴 is the linguistic term (value) describing the variable 𝑥 ∈ 𝑋. In the traditional static
approach, fuzzy membership functions 𝜇𝐴 are created once at the beginning of the linguistic
summarization process and are applied for all instances. In particular, one can apply e.g., the
quartile-based approach to calculate the parameters of membership functions as depicted in
Table 1.

The following three quartiles are computed from data: the first quartile (0.25) denoted by 𝑄1,
the second quartile (0.5) denoted by 𝑄2 and the third quartile (0.75) denoted by 𝑄3. Next, low
terms are expressed with z-shape fuzzy numbers and are characterized by the two parameters
𝑄1 and 𝑄2; medium terms are expressed with triangular fuzzy numbers that are characterized by

1https://ec.europa.eu/eurostat



Table 1
Quartile-basedmembership functions: static approach to the construction of membership functions
of fuzzy numbers [𝑎𝑖, 𝑏𝑖, 𝑐𝑖] where 𝑄1 is the first quartile, 𝑄2 is median and 𝑄3 is the third.

Attribute type 𝑎𝑖 𝑏𝑖 𝑐𝑖
low z-shape 𝑄1 𝑄2

medium triangular 𝑄1 𝑄2 𝑄3
high s-shape 𝑄2 𝑄3

the three parameters 𝑄1, 𝑄2, and 𝑄3; and the high terms are expressed s-shape fuzzy numbers
that are characterized by the two parameters 𝑄2 and 𝑄3.

Next, we extend the quantile-based static approach in order to reflect the changing nature of
the linguistic terms. We define a fuzzy set 𝐴𝑡 represented by a evolving membership functions
(dependent on time) defined on a universe of discourse 𝑋 as follows: 𝜇𝐴𝑡 ∶ 𝑋 → [0, 1], where 𝐴𝑡
is the linguistic (value) term describing the variable 𝑥 ∈ 𝑋 in time 𝑡 ∈ 𝑇.
To construct these evolving memberships in an automatic manner, we select a time series

that can be observed and is related to the interpretation of the linguistic term. Let us denote
this time series as 𝑦. Next, we estimate a predictive model 𝑀 describing 𝑦.
In particular, we consider that the observed discrete time series 𝑦 comes from a stationary

autoregressive and moving average (ARMA) process and limit the search for best model 𝑀 to
this class of models. ARMA has the following structure:

𝑦𝑖 = 𝑐 +
𝑝
∑
𝑖=1

𝜙𝑖𝑦𝑡−𝑖 +
𝑞
∑
𝑖=1

𝜃𝑖𝑒𝑡−𝑖 + 𝑒𝑡 (1)

where 𝑒𝑡 ∼ 𝑁(0, 𝜎2) are normally distributed independent random variables with the expected
value equal to zero, and the finite standard deviation 𝜎2 ∈ (0, 1) and 𝜙𝑖 ∈ (-1, 1) and 𝜃𝑖 ∈ (-1, 1)
are paremeters of the model.
Finally, model 𝑀 and new data of 𝑦 are used to guide the construction of the evolving

membership functions. In this work, for each moment 𝑡, we calculate the estimated value 𝑦𝑡 and
respective error 𝑒𝑡, and fuzzy numbers representing linguistic terms are created as depicted in
Table 2. The low terms are expressed with z-shape fuzzy numbers and are characterized by the
two parameters 𝑦𝑡 − 𝑒𝑡 and 𝑦𝑡 ; medium terms are expressed with triangular fuzzy numbers that
are characterized by the three parameters 𝑦𝑡 − 𝑒𝑡, 𝑦𝑡 and 𝑦𝑡 + 𝑒𝑡; and the high terms are expressed
s-shape fuzzy numbers that are characterized by the two parameters 𝑦𝑡 and 𝑦𝑡 + 𝑒𝑡.
For example, in the considered application context of the economic use case, we select the

observed time series of the inflation rate 𝑦 to construct the membership functions for the
linguistic terms related to the customer expectations of the inflation rate. Next, we identify best
ARMA models to describe 𝑦, and these models are used in the linguistic summarization.

Having constructed the fuzzy numbers representing the attributes, we generate the linguistic
summaries, also called fuzzy quantified sentences. In this work, we build the linguistic sum-
maries based on the Yager’s extended protoforms [15]. The linguistic summaries based on the
extended protoforms enable to capture relations within and between the groups of attributes.



Table 2
Evolvingmembership functions (time-dependent): approach to the construction of fuzzy numbers
that is based on one period forecast (𝑦𝑡) and the error term (𝑒𝑡).

Attribute type 𝑎𝑖 𝑏𝑖 𝑐𝑖
low z-shape 𝑦𝑡 − 𝑒𝑡 𝑦𝑡

medium triangular 𝑦𝑡 − 𝑒𝑡 𝑦𝑡 𝑦𝑡 + 𝑒𝑡
high s-shape 𝑦𝑡 𝑦𝑡 + 𝑒𝑡

Following [5], we implement the summarization by the tree search algorithm with tree nodes
corresponding to linguistic terms sets 𝑙𝑘. Linguistic summary based on the extended protoform
𝐿𝑆𝑟𝑒 takes the following form:

Among 𝑅 objects, 𝑄 have 𝑃 [𝐷𝑜𝑇] (2)

where 𝑄 is the quantifier (the amount determination, e.g., most); 𝑅 is a qualifier (attribute
together with an imprecise label) about objects 𝑜 ∈ 𝑂. 𝑃 is the summarizer (attribute together
with an imprecise label, e.g., low expected inflation rate; and 𝐷𝑜𝑇 ∈ [0, 1] measures the quality
of the summary (level of confidence).

To compute the degree of truth 𝐷𝑜𝑇, we apply the Zadeh’s degree of truth (validity) (𝐷𝑜𝑇) of
the summary defined in the following way:

𝐷𝑜𝑇 = 𝜇𝑄(
∑𝑛

𝑖=1 (𝜇𝑅(𝑥𝑖) ∧ 𝜇𝑃(𝑥𝑖))

∑𝑛
𝑖=1 𝜇𝑅(𝑥𝑖)

) (3)

where 𝜇𝑅, 𝜇𝑃, 𝜇𝑄 ∶ 𝑅𝑒 → [0, 1] be the membership functions of fuzzy sets representing the
qualifier 𝑅, summarizer 𝑃 and quantifier 𝑄, respectively, ∧ is a t-norm.
The main purpose of experiments is to compare the linguistic summarization results for an

exemplary application context that is economic use case. The comparative analysis assumes
the static vs. the evolving approach to construction of membership functions that describe the
linguistic terms.

3. Experimental results

3.1. About the application context: analysis of the expectations of customers
towards inflation and the sentiment of communication of central banks

Communication entails both what is revealed to the public and how it is revealed. Some of the
common and popular communication channel are minutes or press releases with the policy
decision. The rationale in it remains the most important way of conveying monetary policy
information to the public. That is why it is so important to measure the impact of information
sent by CBs on the private forecasts of consumers. After each monetary council meeting the CB
publishes minutes with information from the meetings, but these are formal texts without clear



overtones and can be difficult for consumers to understand. This is why online information and
the output of e.g. Twitter messages in the analysis of inflation expectations are becoming more
and more important (see [17]. The main goal of experiments is to construct linguistic summaries
describing the relationship between the tone (sentiment) of CB messages and customer inflation
expectation in the dynamic economy situation and inflation perception. Next, we compare the
static and dynamic approach to calculate the membership values that describe the linguistic
terms related to inflation expectations.

3.2. About datasets

In this study, we focus on the following two economic variables:

1. Inflation expectation (inf_exp) - the consumer inflation expectations from Business
and Consumers Surveys (BCS) estimated using the canonical probabilistic method of [18]
in a subjectified version adjusted to a polychotomous survey [19].

2. Tone (sentiment) of communication of Central Banks (CBs) measures with the minutes
of meeting, protocols or press release depends on Central Bank (further in short we use
notation minutes) - it is sentiment of CB public messages - we classified words occurring
in monetary policy related paragraphs according to the dictionary used by [20]. The tone
variable is derived from corpora after words have been identified as negative or positive
according to lexicons. The algorithm counts the words and returns the simple index of
communication sentiment calculated as the difference between all positive (hawkish)
words and negative (dovish) words divided by their sum. The tone is a continuous variable
for each minute or press release, the value of which varies from -1 (all words are dovish)
to 1 (all words are hawkish).

Six EU economies between 2001 and mid-2019, that implemented inflation targeting (IT),
are considered in this study, namely: the Czech Republic, Hungary, Poland, Romania, Sweden,
and the UK. These countries are members in the European Union2 but not accompanied by the
membership in the Euro area. The time series of inflation expectation and tone of CB minutes
for one exemplary country (UK) are presented in Figure 1.

3.3. Evolving membership functions for fuzzy linguistic summaries

For the construction of the customer perception on inflation, the so called expected inflation,
evolving fuzzy linguistic descriptions are constructed. To determine what is the customer
perception of expected low, high inflation, we study the time series of actual inflation rate. Next,
we identify an ARMA process that best describes it.

In experiments, we consider the following tree ARMA models:

inf_exp0 MA(6) model reflecting the 6 month rolling averages and the standard deviation of it;

inf_exp1 ARMA(1,1) model estimated on data from last 12 month and the estimated standard
errors;

2the withdrawal of the United Kingdom (UK) from the European Union (EU) was on 31 January 2020



Figure 1: The inflation expectation (left axis) and tone (right axis) for one of the considered countries
(UK) from Jan-2001 to June-2019.

inf_exp2 ARMA(1,1) model estimated on all available data in particular moment 𝑡, so from i=0
to 𝑖 = 𝑡 − 1 and the estimated standard errors.

Let us first look closer into the quartile-based membership values for an exemplary record of
Jan-2001 in the UK. We know that the actual inflation rate in UK in Jan-2001 was 1.52. Figure 2
presents the memberships calculated with the quartile-based approach for the expected inflation
in UK.

Figure 2: Quartile-based membership functions describing linguistic terms for the expected inflation.

As observed in Figure 2, according to the static approach (inf_exp) based on quartiles from
expected inflation data, we calculate the that the expected inflation of 2.7 is high to a very small
degree ℎ𝑖𝑔ℎ(2.7)=0.1.

Let us now look closer into the dynamic approaches to membership values for this exemplary
record. Figure 3. depicts evolving fuzzy memberships for the expected inflation in UK in January,
2001. We use the time series of the actual inflation rate and estimate the considered three ARMA
models (MA(6) and ARMA(1,1)). Next, we calculate forecast 𝑦𝐽𝑎𝑛−01 from infexp0 (MA), and
it amounts to 1.18. Learning from infexp1 and infexp2 (ARMA) models, we calculate forecast
𝑦𝐽𝑎𝑛−01 from it and amounts to 1.175. Those values are used as centers for fuzzy numbers
describing the medium term, in line with Table 2. Finally, we construct the corresponding fuzzy
numbers describing low, medium, high terms.



Figure 3: Evolving membership functions for Jan’2001 in UK from left to right: a) based on the MA(6)
model (inf_exp0) b) based on the ARMA(1,1) model (inf_exp1). Fuzzy numbers based on ARMA(1,1)
model (inf_exp2) are the same for this record as (inf_exp1).

As we know, for this particular record of January, 2001, the expected inflation was 2.7. As
observed in Figure 3, the expected inflation of 2.7 is high (ℎ𝑖𝑔ℎ𝐽𝑎𝑛−01(2.7)=1) according to all
evolving variants.

Next, linguistic summaries are constructed using static and evolving approaches. Linguistic
summaries for records among different tone and expected inflation are presented in Table 3, and
in Figure 4. It is observed that in case of static approach to inflation expectation (inf_exp), the
summary: Among all low tone records, most inflation expectation are low has the degree of truth
0.244 and the summary Among all low tone records, most inflation expectation are high is true to
the degree of 0.148. Simultaneously, the summaries Among all high tone records, most inflation
expectation are high / low is true to the degree of 0.197 / 0.169, respectively. We conclude that
these degrees of truth are low and do not differ much, thus, one may suspect no relationship
between the groups.
On the contrary, when we introduce evolving membership functions (inf_exp0 - inf_exp2),

the summary: Among all low tone records, most inflation expectation are low has still the degree
of truth on similar level 0.177, 0.233 (depending on the method adopted), but the summary
Among all low tone records, most inflation expectation are high is true to the degree of between
0.519-0.600 (depending on the method adopted). The differences in degrees can be traced on the
Figure 4 (left panel). Also, interestingly, in case of summaries for all high tone records, results
using static fuzzy number for low and high are even closer, while using evolving membership
functions the differences in the degrees of truth for the low and high are even greater (cf. Figure
4 (right panel), Table 3).

Looking at the results from the point of view of economic theories, one can notice that
after introducing the evolving membership functions, relation between tone and inflation
expectation seem to be more visible. Both, the linguistic summary Among all high tone records,
most inflation expectation are high and the summary Among all low tone records, most inflation
expectation are high are informative. The first one is more direct and it suggests CB low
credibility. High (positive) tone transforms into higher expectations as as sign of CB lack
of ability to constrain inflationary pressure. The second suggestion reveals that dovish tone
transforms into accommodative monetary policy and high expectations. Also, the summaries
type Among all high(low) expectations records, most are with tone high(low) have a low level
of truth regardless of the case, which also makes economic sense due to the direction of the



Table 3
Linguistic summaries described tone of CBs’ minutes and customers inflation expectation relationship
with different approach to determined linguistic variable inflation expectation.

Among all low tone records, most inflation expectation are ….
...low ...high

inf_exp 0.244 0.148
inf_exp0 0.233 0.519
inf_exp1 0.233 0.589
inf_exp2 0.177 0.600

Among all high tone records, most inflation expectation are ….
...low ...high

inf_exp 0.197 0.169
inf_exp0 0.001 0.593
inf_exp1 0.130 0.593
inf_exp2 0.141 0.437

Among all low inflation expectation records, most are with tone ….
...low ...high

inf_exp 0.311 0.188
inf_exp0 0.399 0.084
inf_exp1 0.315 0.166
inf_exp2 0.283 0.202

Among all high inflation expectation records, most are with tone ….
...low ...high

inf_exp 0.216 0.198
inf_exp0 0.170 0.184
inf_exp1 0.205 0.169
inf_exp2 0.260 0.102

relationship between tone and expectations.

4. Conclusions

This study presents linguistic summaries using evolving membership functions that are updated
gradually when new data arrive according to mathematical model. The need for such dynamic
update is motivated with an illustrative example in economic time series. For this application
context, the same absolute numbers can be perceived differently over time depending on the
economic context. In such a case, keeping the membership functions constant seems too general
and may lead to erroneous conclusions or missed relationships.
Preliminary results indicate that the tool of linguistic summaries under the condition of

introducing time-varying membership functions is more adequate than static ones. It also
needs to be noted that further experiments are planned to draw economic conclusions on larger
sample including other countries with different transparency and different level of citizens’
trust in the activities of central banks.
In terms of methodology, we plan to further investigate the selection of best statistical

models reflecting the perception on linguistic terms. Fuzzy numbers considered in this work



Figure 4: From top to bottom: the truth degree of linguistic summaries ”Among all low \high tone
records, most inflation expectation are high \low ”, and the degree of truth ”Among all low \high inflation
expectation records, most tone are high \low ” for the considered variants of infexp-related fuzzy numbers
determination.

are a special case of the evaluative linguistic expressions in the sense of Novák [21]. Further
research assumes in-depth study of other evaluative linguistic expressions and more recent
fuzzy quantifiers. Finally, the proposed approach is illustrated with an example from economic
time series, though it seems to have wider application potential.
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