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Abstract
Dichotomy theorems, which characterize the conditions under which a problem can be solved efficiently, have helped identify
important tractability borders for probabilistic query evaluation, view maintenance, query containment (among many more
problems). However, dichotomy theorems for many such problems remain elusive under key settings such as bag semantics
or for queries with self-joins. This work aims to unearth dichotomies for fundamental problems in reverse data management
and knowledge representation. We use a novel approach to discovering dichotomies: instead of creating dedicated algorithms
for easy (PTIME) and hard cases (NP-complete), we devise unified algorithms that are guaranteed to terminate in PTIME for
easy cases. Using this approach, we discovered new tractable cases for the problem of minimal factorization of provenance
formulas as well as dichotomies under bag semantics for the problems of resilience and causal responsibility.
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1. Introduction
Our goal is to understand the complexity of solving three
distinct, yet related, problems: resilience, causal respon-
sibility and minimal factorization. They underlie many
practical problems such as reverse data management [3],
(including view maintenance [4, 5, 6], explanations and di-
agnostics [7, 8, 9]), knowledge representation as boolean
formulas [10], and probabilistic inference [11].

We treat all problems with the same novel method:
Rather than deriving a dedicated PTIME algorithm for
certain queries (and proving hardness for the rest), we
propose a unified Integer Linear Program (ILP) formula-
tion for all conjunctive queries under all problem vari-
ants. We then show that, for all PTIME queries, the Linear
Program (LP) relaxation of our ILP has the same optimal
value, proving that existing ILP solvers are guaranteed
to solve problems for those queries in PTIME. Through
this method, we are able to uncover new tractable cases
and show the first dichotomy under bag semantics in
this space [2] (Fig. 1). In addition, we provide a unified
hardness criterion by proving a prior conjecture [12] that
states that if a query can form an “Independent Join Path”,
then it must be hard [2]. This unified hardness criterion
helps us prove the hardness of some queries with self-
joins, whose complexities were previously unknown.

Resilience. What is the minimal number of tuples to
delete from a database to eliminate all query answers?
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Problem 1 (Resilience). How surprising is it for an
Oscar winning actor to act in a movie directed by their
spouse? We can quantify this by calculating the resilience
of the query 𝑄△

𝐴 :− Oscar(actor), ActsIn(actor, movie),
DirectedBy(movie, dir), Spouse(actor, dir). Resilience does
not equate to simply the number of output rows but rather
asks for the minimum number of changes in the world
needed to have no satisfying output. For example, if we
do not include the spouse pair of Frances McDormand and
Joel Coen, the single deletion would take away 9 rows
from the output. Intuitively, if the resilience is small,
there have been a small number of events that have led
to an Oscar winning actor being in a movie directed by
their spouse.

Interestingly, the resilience for this query can be calcu-
lated in PTIME under set semantics, but not bag seman-
tics (such as when accounting for multiple Oscar wins). If
we now change the query to remove the constraint of the
actor having won an Oscar, then finding the resilience of
the resulting query 𝑄△ :− ActsIn(actor, movie), Direct-
edBy(movie, dir), Spouse(actor, dir) is NPC!

Resilience was introduced [13] to capture the essence
of all reverse data management questions: What is a
minimum set of changes to a database to produce a cer-
tain change in the output of a query? The same work
gave a dichotomy [13] of the complexity for resilience
for self-join free queries under set semantics. While a
dichotomy for the general self-join case remains open,
Freire et al. [12] gave partial complexity results in this
space, and conjectured that the notion of Independent
Join Paths (IJPs) is a sufficient and necessary condition
for hardness of resilience. We proved this conjecture for
self-join free queries (with a slight fix of the original state-
ment) [2], and proved that IJPs are a sufficient condition
for hardness in queries with self-joins as well.
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Figure 1: Overview of complexity results for all self-join free conjunctive queries. The space of all queries is broken down
into classes with different complexities as defined in the full papers [1, 2]. Results highlighted with a yellow background are
new. RES denotes resilience, RSP causal responsibility, FACT minimal factorization, while PROB denotes probabilistic query
evaluation.

Causal Responsibility. For a given tuple in the out-
put, what is a minimum subset of input tuples to remove
to make the given tuple “counterfactual”?

Problem 2 (Causal Responsibility). Assume we
wished to ask: “What is the responsibility of Frances
McDormand’s Oscar win towards the output of our
query?” If this Oscar was solely responsible for the
output, it would be a counterfactual cause – i.e. if
she had not won, there would be no satisfying output.
However, this tuple still has “partial” responsibility.
By measuring how far we are from a world where
the tuple is counterfactual, we can get a notion of its
responsibility to the output.a Interestingly, due to our
new fine-grained complexity results, we can find the
responsibility of a particular Oscar win in PTIME, but
finding the responsibility of a tuple from the ActsIn,
DirectedBy or Spouse Table is NPC.

aThe responsibility is inversely proportional to the minimum
number of tuples to be deleted |𝜏 | and is given by 1/(1 + |𝜏 |).

This notion of causal responsibility is due to founda-
tional work by Halpern, Pearl, et al. [14] which defined
causal responsibility based on minimal interventions in
the causal graph. Meliou et al. [15] adapted this concept
to define causal responsibility for database queries and
showed a dichotomy under set semantics for self-join
free queries. Our work proves a dichotomy under bag
semantics, as well as more fine-grained result based on
the relation of the tuple we find responsibility of [2].

Minimal Factorization. Given the provenance for-
mula for a Boolean query, what is its minimal size equiv-
alent expression?

Problem 3 (Minimal Factorization). For the same
query 𝑄△

𝐴 , how could we representing its output effi-
ciently? Imagine the output was due to a single Oscar

winning actor 𝑜1, who was married once represented
by 𝑠1, and acted in two movies 𝑎1, 𝑎2, while their
spouse also directed these same movies according to tu-
ples 𝑑1, 𝑑2. We could then represent the output of this
query with the boolean provenance formula 𝑜1𝑠1𝑎1𝑑1+
𝑜1𝑠1𝑎2𝑑2. However, notice that a factorized representa-
tion 𝑜1𝑠1(𝑎1𝑑1+𝑎2𝑑2) is also equivalent (and minimal
in this case). We showed that the minimal factorization
for 𝑄△

𝐴 can be found in PTIME [1], however the com-
plexity of self-join free queries remains open in general.

Minimal factorization solves the Minimum Equiva-
lent Expression (MEE) [16, 10] problem for provenance
formulas. Previously work [17] on this problem has
lead to work on factorized databases [18]. However, the
dichotomy for finding the exact minimal factorization
is open. Minimal factorizations of provenance can be
used to obtain probabilistic inference bounds. Prior ap-
proaches for approximate probabilistic inference are ei-
ther incomplete i.e. focus on just PTIME cases [11, 19, 20],
or do not solve all PTIME cases exactly [11, 21]. Using
minimal factorization achieves the best of both worlds
i.e. it applies to easy and hard cases while recovering all
known PTIME cases exactly. While we do not yet prove
a dichotomy for minimal factorization, the quest for a di-
chotomy has helped prove a large tractable class: queries
with 2 Minimal Query Plans (2-MQP).1 We also place the
set of tractable queries for minimal factorization between
resilience under set semantics and probabilistic inference
in the self-join free case (Fig. 1)

2. Unified ILP-Based Framework
For all three problems, we can construct ILPs whose size
(number of constraints and variables) is polynomial in

1We hypothesize that 2-MQP Queries are a subset of linear queries.



the size of the database instance. While solving ILPs is
NPC in general, we proved that the PTIME relaxations of
our programs are correct for all easy cases, thus creating
a unified framework that solves all known easy cases in
PTIME. We now provide intuition for these ILPs. For
more details of construction and examples, please see the
full papers [1, 2].

Resilience. Intuitively, each tuple in the input is asso-
ciated with a binary decision variable, which is set to 1
if the tuple should be deleted else set to 0. The objective
of the ILP is to minimize the number of tuples, which is
the same as minimizing the sum of the variables. For bag
semantics, one can simply use a weighted sum, where the
weight is the number of copies of a tuple in the database.
We have a constraint for each output row - that it must
be deleted. An output row is deleted if any of the tuples
contributing to it are deleted. Thus, for each output row,
the sum of the variables of the tuple in the row must be
≥ 1 i.e. at least one of the tuples must be deleted.

Causal Responsibility. To make a tuple counterfac-
tual, one must delete all output rows it does not con-
tribute to (which is identical to the resilience problem),
but with the additional constraint that some output row
must be preserved. Thus, the causal responsibility ILP has
the variables and constraints of the resilience ILP, plus
additional variables to indicate if an output row is deleted,
as well as one additional counterfactual constraint that
enforces that all output rows cannot be deleted.

Minimal Factorization. The ILP for Minimal Factor-
ization is based on the idea that different factorizations
of a provenance formulas are equivalent to evaluating
different output rows with different query plans. Thus,
the ILP assigns a query plan to each output row.2 The
objective, equal to the length of the factorized expres-
sion, is calculated by summing up projections from the
different query plans a tuple may be used in.

3. Key Results
Result 1: ILP Relaxations recover all known PTIME
cases. We prove that for all prior known and newly
found PTIME cases for all three problems, our ILPs are
solved in guaranteed PTIME by standard solvers. For the
problems of resilience [2] and minimal factorization [1],
we use the LP relaxation, i.e. all integrality constraints on
all decision variables are removed. However, for causal
responsibility, we relax all variables except those that
track if an output row is preserved, creating a Mixed
Integer Linear Program (MILP). While MILPs take ex-
ponential time in general, we show that the proposed
MILP relaxation for causal responsibility can be solved
in PTIME if the query is known to be in PTIME [2].

2We show that considering only the “minimal query plans” suffices
to obtain the minimal factorization.

Result 2: Dichotomies under Bag Semantics. Real-
world databases consist of bags instead of sets i.e. a rela-
tion may have multiple copies of the same tuple. How-
ever, the complexity of the many problems under bag
semantics is not well understood. We show that both
resilience and responsibility are easy under bag seman-
tics if and only if the query is linear [2]. Notice that
the tractability frontier for bag semantics differs from
set semantics, where responsibility is a strictly harder
problem than resilience (Fig. 1). We show that switching
from set semantics to bag semantics need only change the
objective function of the ILP, and the constraint matrix
remains the same.

Result 3: New Tractable Cases. We are able to
show that for any query with ≤ 2 minimal query plans,
minimal factorization can be solved in PTIME as the re-
laxation of the minimal factorization ILP is always cor-
rect [1]. This large class of queries includes hierarchical
queries as a special case. In addition, a fine-grained analy-
sis of the complexity of causal responsibility based on the
relation of the tuple we find the responsibility of, reveals
additional tractable cases (Fig. 1).

Result 4: Instance-Based Tractability. We prove
cases such that our unified algorithm is guaranteed to
terminate in PTIME, even for hard queries. For example,
we show that when the provenance of a query output is
read-once [20], all three problems can be solved in PTIME.
The interesting aspect is that our unified algorithm does
not need to know about these conditions as input, it just
automatically leverages those during query time.

Result 5: Unified Hardness Criterion. Freire et
al. [12] conjectured that the ability to construct Inde-
pendent Join Paths (IJPs) is a necessary and sufficient
criterion to prove hardness of resilience for a query.
We proved this conjecture for the self-join free case,
and the sufficiency criterion for all cases3, and use it
as a unified way to show hardness for all three prob-
lems. With this unified hardness criterion, we obtain
considerably simplified proofs, and prove hardness for
a query with self-join whose complexity was previously
unknown [2]. We give a Disjunctive Logic Program (DLP)
formulation that can computationally derive such hard-
ness certificates, and thus has shown several queries
whose complexity was previously unknown to be hard.
We also show, with the existence of an IJP for query
𝐴(𝑎), 𝑅(𝑎, 𝑥, 𝑦), 𝑆(𝑎, 𝑦, 𝑧), 𝑇 (𝑎, 𝑧, 𝑥) that the tractable
cases for minimal factorization are a strict subset of the
tractable cases for resilience under set semantics.

4. Conclusion and Future Work
This overview gives the intuition for a novel way of de-
termining the complexity of problems such as resilience,

3With a slight generalization of the definition of IJP [2]



causal responsibility and minimal factorization. We give
a universal encoding as ILP and show that a relaxation
is guaranteed to give an integral solution for all PTIME
cases, thereby proving that modern solvers can return
the answer in guaranteed PTIME. While this approach
is known in the optimization literature [22], it has so far
not been applied as proof method to establish dichotomy
results in reverse data management to the best of our
knowledge. Since the resulting theory is simpler and
naturally captures all prior known PTIME cases, we be-
lieve that this approach will also help in related open
problems in data management, in particular a so far elu-
sive complete dichotomy for resilience of queries with
self-joins [12] and completing the dichotomy for mini-
mal factorization. The techniques in this paper are not
limited to the three problems we consider, but may be
helpful to discover other dichotomies as well.
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