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Abstract

Let G be a graph on n vertices. The k-token graph (or symmetric k-th power) of GG, denoted by F},(G) has as vertices

the (:) k-subsets of vertices from G, and two vertices are adjacent when their symmetric difference is a pair of adjacent

vertices in G. In particular, F, (K, ) is the Johnson graph J(n, k), which is a distance-regular graph used in coding theory.
In this paper, we present some results concerning the (adjacency and Laplacian) spectrum of F}, (@) in terms of the spectrum
of G. For instance, when G is walk-regular, an exact value for the spectral radius p (or maximum eigenvalue) of F,(G)
is obtained. When G is distance-regular, other eigenvalues of its 2-token graph are derived using the theory of equitable
partitions. A generalization of Aldous’ spectral gap conjecture (which is now a theorem) is proposed.
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1. Introduction

For a (simple and connected) graph G = (V, E) with
adjacency matrix A, its local spectrum at vertex u plays
a role similar to the (standard adjacency) spectrum when
the graph is ‘seen’ from vertex u. For instance, the local
spectra of G, for every u € V, were used by Fiol and Gar-
riga [14] to prove the so-called ‘spectral excess theorem’,
which gives a quasi spectral characterization of distance-
regular graphs. In turn, this result was the crucial tool for
the discovery, by van Dam and Koolen [10], of the first
known family of non-vertex-transitive distance-regular
graphs with unbounded diameter. Besides, Fiol, Garriga,
and Yebra [16] used the local spectra to define the local
predistance polynomials, which were used to character-
ize a general kind of local distance-regularity (intended
for not necessarily regular graphs).

One of the most important parameters in spectral
graph theory is the index or spectral radius of a graph,
which corresponds to the largest eigenvalue of its adja-
cency matrix. This parameter has special relevance in
the study of many integer-valued graph invariants, such
as the diameter, the radius, the domination number, the
matching number, the clique number, the independence
number, the chromatic number, or the sequence of vertex
degrees. In turn, this leads to studying the structure of
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graphs having an extremal spectral radius and fixed val-
ues of some of such parameters. See Brualdi, Carmona,
Van den Driessche, Kirkland, and Stevanovi¢ [4, Cap. 3].

In this work, we use some information given by the
local spectra to obtain new results about the spectral
radius of an ample family of graphs, which are known
as token graphs or symmetric k-th powers, defined as
follows. For a given integer k, with 1 < k < n, the
k-token graph F,(G) of G is the graph whose vertex
set V(Fx(G)) consists of the (}) k-subsets of vertices
of G, and two vertices A and B of F}(G) are adjacent
whenever their symmetric difference A A B is a pair
{a, b} such thata € A, b € B, and {a,b} € E(G). In
Figure 1, we show the 2-token graph of the cycle Cg on
9 vertices. In particular, if k = 1, then F1(G) = G; and
if G is the complete graph K, then Fj,(K,) = J(n, k),
where J(n, k) denotes the Johnson graph, see Fabila-
Monroy, Flores-Pefialoza, Huemer, Hurtado, Urrutia, and
Wood [12].

The name ‘token graph’ also comes from the observa-
tion in [12], that vertices of F}(G) correspond to config-
urations of £ indistinguishable tokens placed at distinct
vertices of (G, where two configurations are adjacent
whenever one configuration can be reached from the
other by moving one token along an edge from its cur-
rent position to an unoccupied vertex. Such graphs are
also called symmetric k-th power of a graph in Audenaert,
Godsil, Royle, and Rudolph [1]. They have applications
in physics; a connection between symmetric powers of
graphs and the exchange of Hamiltonian operators in
quantum mechanics is given in [1]. Our interest is in
relation to the graph isomorphism problem. It is well
known that there are cospectral non-isomorphic graphs,
where often the spectrum of the adjacency matrix of a
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Figure 1: The 2-token graph F»(C9) of the cycle graph with
vertex set V(Cg) = Zg. The vertices inducing a circumference
(in dashed line) of radius vy, with £ = 1,2,3,4and ry > ro >
r3 > ry are ij with dist(z, j) = £in Co.

graph is used. For instance, Rudolph [23] showed that
there are cospectral non-isomorphic graphs that can be
distinguished by the adjacency spectra of their 2-token
graphs, and he also gave an example for the Laplacian
spectrum. Audenaert, Godsil, Royle, and Rudolph [1] also
proved that 2-token graphs of strongly regular graphs
with the same parameters are cospectral and also derived
bounds on the (adjacency and Laplacian) eigenvalues of
F>(G) for general graphs. For more information, see
again [1] or [12].

What can be said about the spectrum of Fj(G)? The
three main results that we want to recall are the follow-
ing.

Theorem 1.1. (Audenaert, Godsil, Royle, and
Rudolph [1]). All the strongly regular graphs with the
same parameters have cospectral symmetric squares (or
2-token graphs).

Theorem 1.2. (Dalfé, Duque, Fabila-Monroy, Fiol,
Huemer, Trujillo-Negrete, Zaragoza Martinez [8]).
For any graph G on n vertices, the Laplacian spectrum of
its h-token graph is contained in the Laplacian spectrum
of its k-token graph for everyl < h < k < n/2.

Theorem 1.3 (Lew [20]). Let G have Laplacian eigen-
values \1 (= 0) < A2 < -+ < \p. Let A be an eigenvalue
of Fi.(G) not in F,_1(G). Then,

k(o —k+1) <X < k.

In this paper, we mainly derive new results about the
spectral radius of token graphs, and it is organized as fol-
lows. The next section begins with some basic concepts,

definitions, and results. More precisely, we recall some
known results about the local spectra and derive the ba-
sic tools for computing the spectral radius. In Section 3,
we introduce the new concepts of k-algebraic connectiv-
ity and k-spectral radius. There, we study some of their
properties and propose and conjecture a generalization
of Aldou’s spectral gap conjecture, already a theorem
(see Caputo, Liggett, and Richthammer [6]). In Section
4, we give both lower and upper bounds for the spectral
radius of a token graph, which are shown to be asymptot-
ically tight. In the same section, we present some infinite
families in which the exact values of the spectral radius
are obtained. Finally, in the last section, we deal with
the case of distance-regular and strongly regular graphs,
where two results are presented in the form of Audenaert,
Godsil, Royle, and Rudolph’s result [1], and Lew’s result
[20].

2. Preliminaries

2.1. Graphs and their spectra

Let G be a (simple and connected) graph with vertex set
V(G) ={1,2,...,n} and edge set E(G). Let G have
adjacency matrix A, and spectrum

spG =spA={07",07",...,0,},

where 6 > 61 > --- > 604. Thus, by the Perron-
Frobenius theorem, G has spectral radius p(G) = 6.

Let L = D — A be the Laplacian matrix of G, with
eigenvalues

AM(=0) <A < < Ay

Recall that A, is the algebraic connectivity, and D is the
diagonal matrix whose diagonal entries are the vertex
degrees of G.

2.2. The local spectra of a graph

Let G have different eigenvalues 8y > --- > 64, with
respective multiplicities mo, . .., mq. fU; is the n X m;
matrix whose columns are the orthonormal eigenvectors
of 0;, the matrix E; = U;U, ,fori =0,1,...,d,is the
(principal) idempotent of A and represents the orthogo-
nal projection of R™ onto the eigenspace Ker(A — 0,1I).
The (u-)local multiplicities of the eigenvalue 6; are de-
fined as

mu(az) = HEieu||2 = <Eieu7eu> = (Ez)uu

foru € Vandi =0,1,...,d, where the vector e, is an
n-dimensional vector with a 1 in the u-th entry and zeros
elsewhere. In particular, m., (o) = v2 > 0, where v is



the corresponding normalized Perron eigenvector. Al-
though the local multiplicities are, of course, not necessar-
ily integers, they have nice properties when the graph is
studied from a vertex, so justifying their name. Thus, they
satisfy Z?:o my(0;) = land ) .\, mu(6;) = my, for
i = 0,1,...,d. The number az(ﬁz of closed walks of
length ¢ rooted at vertex u can be computed as

d
aly =" mu(0:)0; (1)
=0

(see Fiol and Garriga [14]). By picking up the eigenvalues
6; with non-null local multiplicities, p0(= 6o) > p1 >
- > pd,, we define the (u-)local spectrum of G as

Moy (1)

by Y

Mo (ko)
)

Spu G = (il i)y

» M,
with (u-)local mesh, or set of distinct eigenvalues,
evy G := {uo > p1 > -+ > pa, t- The eccentric-
ity of a vertex w satisfies an upper bound similar to that
satisfied by the diameter of GG in terms of its distinct
eigenvalues. More precisely,

ecc(u) < dy = |ev, G| — 1. (2)

In coding theory, d,, corresponds to the so-called ‘dual
degree’ of the trivial code {u}. For more information,
see Fiol, Garriga, and Yebra [16].

We use the following lemma to prove the results of

Section 4. Notice that this is just a reformulation of the
power method in terms of the number of walks given by
(1).
Lemma 2.1. Let G be a finite graph with different eigen-
values 0y > - -+ > 04. Let wl(f) be the number of {-walks
starting from (any fixed) vertexu, and let ws) be the num-
ber of closed (-walks rooted at u. Then,

p(G) = lim \Z/ wff) = lim sup y wff;},
£— o0 £— o0

where ‘ sup’ denotes the supremum.

2.3. Regular partitions and their spectra

Let G = (V, E) be a graph with vertex set V = V(G),
adjacency matrix A, and Laplacian matrix L . A partition
7 of its vertex set V into r cells C1, Ca, ..., C, is called
regular (or equitable) whenever, forany ¢,j = 1,...,r,
the intersection numbers b;;(u) = |G(u) N Cj|, where
u € Cj, do not depend on the vertex u but only on the
cells C; and Cj. In this case, such numbers are simply
written as b;j, and the r X r matrices Q , = A(G/7)
and Q,; = L (G/m) with entries (Q 4):; = bi; and

(Qr)is = Z bij — by ifi =3,
j=1

are, respectively, referred to as the quotient matrix and
quotient Laplacian matrix of G with respect to 7. In turn,
these matrices correspond to the quotient (weighted) di-
rected graph G /m, whose vertices representing the r cells,
and there is an arc with weight b;; from vertex C; to ver-
tex Cj if and only if b;; # 0. Of course, if bs; > 0, for
some ¢ = 1,...,r, the quotient graph (or digraph) G /7
has loops. Given a partition 7 of V' with r cells, let S
be the characteristic matrix of 7, that is, the n X r times
matrix whose columns are the characteristic vectors of
the cells of 7. Then, 7 is a regular partition if and only
if AS = SQ, or LS = SQ.. Moreover, Q, =
(8S78)"'STAS,andQ,; =(S'S)"'STLS.

Thus, there is a strong analogy with similar results satis-
fied by the Laplacian matrices of the h-token graph and
k-token graph of G for h < k.

2.4. Walk-regular graphs

Let a') denote the number of closed walks of length ¢
rooted at vertex wu, that is, aq(f) = aq(ﬁz. If these numbers
only depend on ¢, for each £ > 0, then G is called walk-
regular, a concept introduced by Godsil and McKay in
[18].

Notice that, as af) = J, the degree of vertex u, a
walk-regular graph is necessarily regular.

Moreover, a graph G is called spectrally regular when
all vertices have the same local spectrum: sp, G =
sp,, G for any u,v € V. The following result (in De-
lorme and Tillich [11], Fiol and Garriga [15], and also
Godsil and McKay [18]) provide some characterizations
of such graphs.

Lemma 2.2 ([11],[15],[18]). Let G = (V,E) be a
graph. The following statements are equivalent.

(1) G is walk-regular.
(#) G is spectrally regular.
(#it) The spectra of the vertex-deleted subgraphs are all
equal: sp (G \ u) = sp (G \ v) foranyu,v € V.

3. The k-algebraic connectivity
and k-spectral radius

In this section, we always consider the Laplacian spec-
trum. Let G be a graph on n vertices, and Fj(G) its k-
token graph for k € {0,1,...,n}. Note that F,(G) =
F,_x(G) where, by convenience, Fo(G) = F,(G) =
K (a singleton). Moreover, F1(G) 2 G. From Dalfo,
Duque, Fabila-Monroy, Fiol, Huemer, Trujillo-Negrete,
and Zaragoza Martinez [8], it is known that the Laplacian
spectra of the token graphs of G satisfy

{0} =sp Fo(G) CspF1(G) CspFa(G) C -+ CspFpy 0 (G)<>
@3



Let denote «(G) and p(G) the algebraic connectivity
(see Fiedler [17]) and the spectral radius of a graph G,
respectively. Then, from (3), we have

a(Fln/2)(G)),
P(Fns2) (G))-
The concepts of algebraic connectivity and spectral ra-

dius, together with (3)-(5), suggest the following defini-
tions.

a(G) = a(F2(G))
p(G) < p(F2(G))

4)

2
< ()

IA v

Definition 3.1. Given a graph G on n vertices and an
integer k such that 1 < k < |n/2], the k-algebraic
connectivity ar, = a(G) and the k-spectral radius pp, =
pi(G) of G are, respectively, the minimum and maximum
eigenvalues of the multiset sp Fi,(G) \ sp Fr—1(G).

Notice that, since () > (,”,) for 1 < k < [n/2],
the parameters ay, and py always exist.

For instance, with G = P, the path on 6 vertices, we
have (approximately)

a1(Ps) = 0.267, a2(Ps) = 0.572, a3(Ps) = 0.930,
and

p1(Ps) = 3.732, p2(Ps) = 6.504, p3(Ps) = 7.487,
whereas for G = C7, the cycle on 7 vertices, we get

a1(Cr) = 0.753, a2(Cr) = 1.163, as(C7) = 1.269.

Moreover, from these definitions, the following facts
hold.

(i) pr(G) > ax(G) > 0.
(#1) a1(G) = a(G) (the standard algebraic connec-
tivity of G) and p1(G) = p(G) (the standard
spectral radius of G).
Since Fy(K,) = J(n,k) (the Johnson graph),

we have

(iii)

ok (Kn) = pr(Kn) = k(n+1—k),

kE=1,...,(n/2].
In particular, a1(K,) = p1(Kn,) = mn,
a2 (Ky) = p2(Kpn) =2(n — 1), and so on.

The equalities in (43¢) come from the fact that the Johnson
graph J(n, k) has different Laplacian eigenvalues \; =
j(n+ 1 — k), with multiplicities m,; = (;’) — (jfl) for
j=0,1,... k.

From what is known about token graphs, we can sug-
gest some conjectures and state some results, as follows.

Conjecture 3.2. For any graph G,

Oél(G) S Ozz(G) S L S OKLn/QJ (G)

Because of (4), if Conjecture 3.2 holds, also does the
conjecture proposed in [8], that is, a(F%(G)) = a(G)
for any k < n/2. In fact, the last equality follows from
the proof of Aldous’ spectral gap conjecture given by
Caputo, Ligget, and Richthammer in [6]. By this result,
what we can state is that min{aa, ..., a[n/2)} > a1.

Conjecture 3.3. For any graph G,
p1(G) < p2(G) < -+ < pnya(G).

Notice that, from (5), if this conjecture holds, then
pk(G) = p(Fi(G)) for any k < n/2.

Lemma 3.4. For any graph G and its complementary
graph G, the k-algebraic connectivity and k-spectral radius

of G satisfy
ap(G) + pr(G) = k(n — k +1).
Moreover, a(G) = n — p(G), as it is well known.

Corollary 3.5. For any graph G on n vertices,
ai(G) <k(n—k+1),

pu(@) < k(n—k +1),

k=1,...,[n/2].
k=1,...,|n/2].

From Lemma 3.4 and Proposition 5.2, we get the following
result, which will be proved in Section 5.

Corollary 3.6. Let G be a bipartite distance-regular
graph. Let L(F>/m) be the quotient matrix in (15) with
spectral radius pr, (F> /7). Then,

a(G) = (’;) — pr(Fa/).

4. The spectral radius of token
graphs

In contrast with the previous section, in this section, we
always consider the spectral radius of the adjacency ma-
trix of a (connected) graph. Consider a graph G with spec-
tral radius p(G) and vertex-connectivity « (the minimum
number of vertices whose suppression either disconnects
the graph or results in a singleton). By taking the spec-
tral radii of its U-deleted subgraphs, with U C V and
|U| = k < K, we define the following two parameters:

Phi(G) = max{p(G\U):U CV, |U| =k},
pm(G) = min{p(G\U): U C V, |U| = k}.
Notice that, if G is walk-regular, then p}\/[(G) =
e (G) = p(G \ u) for every vertex u. If G is distance-

regular with degree 4, it is known that it has vertex-
connectivity k(G) = ¢ (see Brouwer and Koolen [3]).



Moreover, Dalfo, Van Dam, and Fiol [7] showed that
sp(G \ U) only depends on the distances in G between
the vertices of U. Thus, for every k <  —1, the computa-
tion of p%;(G) and p%, (G) can be drastically reduced by
considering only the subsets U with different ‘distance-
pattern’ between vertices. For instance, if G has diameter
D,

P (G) = max {p(G\ {u,v}) : diste(u,v) = £},

1<¢<D
po(G) = min {p(G \ {u,v}) : diste(u,v) = £}.

1<¢<D

In general, by using interlacing (see Haemers [19] or
Fiol [13]), we have the following result.

Lemma 4.1. Let G be a graph with n vertices, vertex-
connectivity K, and eigenvalues \1 > Ao > -+ > Ap.
Then, foreveryk =1,...,k — 1,
N1 < phi(G) < Mgy
An < (G € Anke

(6)
(™)

From the above results, Lemma 2.1, and the bounds
for the spectral radius of graph perturbations obtained
in Dalfé, Garriga, and Fiol [9] and Nikiforov [21], we get
the following main result.

Theorem 4.2. Let G be a graph with spectral radius p(G)
and vertex-connectivity k > 1. Given an integer k, with
1 <k < &, let p%,(Q) and p¥,(G) be the maximum and
minimum of the spectral radii of the U -deleted subgraphs
of G, where |U| = k.

(i) The spectral radius of the k-token graph Fy,(G)

satisfies

kph, (G < p(Fr(G)) < kph 1(G). (8)

(13) If G is a graph of order n and diameter D, the
spectral radius of the k-token graph F, (G) satisfies

G <k (0(G) ~ b ) O

(#i2) IfG is walk-regular and k = 2 (that is, F>(G) is
the 2-token graph of G), then

p(F2(@)) = 21 (G) = 2p0(G).  (10)

As commented in [22], for large values of p(G) and D,
the right hand of (9) yields the correct order of magnitude
of p(H), with H a proper subgraph of G. Thus, we can
say that, asymptotically, the spectral radius of F%(G) is
k times the spectral radius of G. Moreover, in the case
when G is regular, (i¢) can be rewritten as

p(F2(GQ)) <k (P(G) - m) ) (11)

(see again[22, Th. 4]).

Since the different eigenvalues of the path P, on n
nZII
the spectral radius of the complete bipartite graph is
p(Km,n) = v/mn, we get the following results.

vertices are 0; = 2cos ( fori = 1,...,n, and

Corollary 4.3. Let P,, and C., be, respectively, the path
and cycle graph on n vertices. Let Poo and Co be, respec-
tively, the infinite path and cycle graphs.

(i) p(Fa(Pa)) < 4cos(m/n) and p(Fa(P)) = 4,
(i) p(F2(Cpn)) =4cos(m/n) and p(F2(Cx)) =4,
(#i1) p(Fa(Knn)) = 24/n(n —1).

Notice a pair of examples:

« F5(C3) = C3 = K3 has spectrum {—1[2],2},
whereas P> has {—1,1}.

o F5(C4) = Ko 4 has spectrum {—2\/5,0[6],
Qﬂ} whereas Ps has {—\/57 0, \/5}

5. The case of distance-regular
graphs

In this section, we adopt the terminology of Brouwer,
Cohen, and Neumaier [2] for distance-regular graphs.
Furthermore, since we examine both the adjacency and
Laplacian spectra, we will denote their respective spectral
radii as p4 and pr. In the following result, consider
that G is a distance-regular graph with degree § = bo,
diameter d, intersection array

L(G):{bo,bl,...,bd_1;617627...,cd}. (12)
or intersection matrix
0 c
bg a1 co
B= b1 a2 ; (13)
Cd
bg—1 ag
wherea; =d —b; — ¢, fori=1,...,d.

Lemma 5.1. Let F>(G) be the 2-token graph of a
distance-regular graph G with degree § = bo, diameter d,
and intersection array t(G) as in (12). Then, F> = F3(QG)
has a regular partition ™ with quotient matrix and quotient
Laplacian matrix

ar b

A(F2/7T) =2 c3 a3 s



L (Fy/n) =
by —by
—c2  ep +by —ba
2 —ec3 c3 + b3 , (15)
—bg—1
—cq cq

wherec; +a; +b; =6, fori =0,1,...,d.

The following result shows that the quotient matrices of
a regular partition can be used to find the spectral radius
or Laplacian spectral radius of the 2-token graph of G.

Proposition 5.2. Let G be a distance-regular graph with
adjacency and Laplacian matrices A and L . Let F5(G) be
its 2-token graph with adjacency and Laplacian matrices
A(F>) and L(F») with respective spectral radii pa(F%)
and pr,(F2). Let A(F2/m) and L(F> /) be the quotient
matrices in (14) and (15) with respective spectral radii
pa(F2/7) and pr,(F> /). Then, the following holds:

(a) pa(Fz) = pa(F2/m).
(b) prL(F2) > pr(F2/m), with equality if G is bipar-
tite.

In fact, the eigenvalues of A(F>/7) are 2 times the
zeros of the so-called conjugate polynomial p,; of the dis-
tance polynomial pq of G (with p4(A) = Ag4, where A4
is the d-distance matrix of (). The conjugate polyno-
mials were introduced by Fiol and Garriga in [14], and
are defined on the mesh {6o, 01, ...,0q} in terms of the

distance polynomials po, p1, ..., pd as
_ a—i(0:) .
p;(0;)) =——== for ¢=0,1,...,d.
(@) pa(0:)

Thus, in particular p,(6;) = pd(Gi)_l and, up to a
constant, p,(x) equals the characteristic polynomial of
1 A(Fy/m) (for more details, see Camara, Fabrega, Fiol,
and Garriga [5]).

Let us show an example.

Example 5.3. The Heawood graph H (which is the
point/line incidence graph of the Fano plane) is a bipar-
tite distance-regular graph with n = 14 vertices, diame-
ter three, and intersection array {bo, b1, ba; c1,c2,c3} =
{3,2,2;1,1,3}. The Laplacian spectral radius of H is
pr(H) = 6, and the algebraic connectivity of H is
ai1(H) = n — pr(H) = 8. By Proposition 5.2, the 2-
token graph F> = F>(H) has a regular partition w with
quotient matrix

010
AFy/m)y=2( 2 0 3 |,
0 20

and quotient Laplacian matrix

2 -1 0
L(F/m)=2( -2 3 -3
0 -2 3

The eigenvalues of A(Fz/7) are 0, £4+/2, whereas those
of L(Fz/7) are 0,8 + 2/3. Thus, we conclude that
pa(F2(H)) = 4V2 and p2(H) = pr(F2(H)) =
8 + 2v/3. From this and Lemma 3.4, we have that
az(H) = 2(n — 1) — pa(H) = 18 — 2+/3, which is
greater than a1 (H) = 8. Consequently, the algebraic con-
nectivity of F»(H) equals that of H, as expected. Besides,
the 3-distance polynomial of H is ps(x) = 1(2® — 5), so
that the conjugate polynomial Dy must satisfy p;(£3) =

p3(£3)7" = £, and P3(£V2) = ps(V2)Th =
$§. This results into py(z) = La° — 2z, with

roots 0, +2+/2, which correspond to the eigenvalues of
LA(Fy/r), as predicted.

Other consequences of Lemma 5.1 and Proposition 5.2
are the following. First, in the form of Audenaert, God-
sil, Royle, and Rudolph’s (see [1]), we get the following
result.

Corollary 5.4. All distance-regular graphs with diame-
terd and the same parameters have symmetric squares with
the same, at least, d different (adjacency and Laplacian)
eigenvalues. In particular, such graphs have the spectral
radii pa and pr.

Thus, the natural question is if, as in the case of strongly
regular graphs, all distance-regular graphs with the same
parameters are also cospectral.

Moreover, in the vein of Lew’s result (see [20]) and, by
using interlacing, we get the following consequence.

Corollary 5.5. Let G be a distance-regular graph with
(adjacency) eigenvalues 6y > 61 > --- > 04. Then, 2-
token graph F>(G) has some eigenvalues j1o > p1 >
<o > pg—1 satisfying

2041 < pi <265,

5.1. Strongly regular graphs

Let G be a (connected) strongly regular graph on n ver-
tices, which is a distance-regular graph with diameter 2.
Let G have parameters (n, d, a, ¢), that is, G is d-regular
(with by = d), a1 = a, and cz2 = c. Then, its intersection
matrix is

0 1 0
B = d a c
0 d—a—-—1 d-c

Then, the 2-token graph F> = F5(G) has a regular par-
tition 7 with quotient matrix

2a 2c
A(Fe/m) = ( 2d—2a—2 2d-2c



and quotient Laplacian matrix

2d—-2a—-2 —2c
L (F2/m) = ( —2d+2a+2 2 ) '
Such a regular partition was given by Audenaert, Godsil,
Royle, and Rudolph in [1], and noted that the adjacency
eigenvalues of A(F> /) are

bro=d+ (a—c)x+/[d— (a— )2 —4c.

They also commented that the positive eigenvalue 6;
has a positive eigenvector (Perron vector) and, so, it cor-
responds to the (adjacency) spectral radius pa (F2(G)).
In contrast, the quotient Laplacian matrix L(F5/7) has
eigenvalues \y = Oand A2 = 2(d — 1) — 2(a — ¢). Now,
the eigenvector of \s is orthogonal to 1. Then, we can
only conclude that the Laplacian spectral radius of F»(G)
satisfies

(16)

For instance, the cycle on five vertices C' is strongly reg-
ular with parameters (5, 2,0, 1). Its Laplacian spectral
radius is (approximately) pr, (F2(G)) = 6.2361, whereas
the lower bound in (16) gives 4.

pL(Fa(G)) > 2(d — 1) — 2(a — c).
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