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Abstract   
The article considers the problem of determining the construction of a linear order of 
alternatives based on multiple comparisons of alternatives given by experts. In the electoral 

systems of different countries of the world, this approach is called preferential voting. The 
problem has wide practical applications and is successfully used in various spheres of human 

life. It is proposed to use an algebraic approach to solve this problem. In this case, to 
formalize the problem, the metric of rank mismatch of alternatives, sometimes called the 
Cooke metric, is used. In determining the resulting ranking, it is proposed to use simplifying 

heuristics that reflect different approaches to understanding the optimality of the resulting 
ranking. The problem of determining the resulting ordering of alternatives based on 
incomplete rankings or multiple comparisons is solved. A short list of classical voting 

methods and a scheme for solving the problem is given. An algorithm for determining the 
leader in the team and ensuring conflict-free preliminary voting is proposed and 
substantiated.  
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1. Introduction  

Many practical situations can be formalized in the class of group ranking problems. The number of 

alternatives to be ranked can be in the tens or hundreds, and the number of people whose preference 

systems must be considered can reach hundreds of thousands. It is known that the problem of group 

ordering of alternatives is NP-hard, and it is impossible to solve it with exact algorithms at large 

dimensions. This fact should be considered when building a mathematical model of this problem and 

when choosing methods for determining the resulting ranking. At the same time, in practice, there are 

often situations when experts are unable to reliably rank all the alternatives of the initial set that 

characterizes the decision-making situation. In such a case, experts are offered to make multiple 

comparisons of alternatives or to build an incomplete ranking. The advantage of the ranking procedure 

is the simplicity of this method of structuring information. However, when the number of alternatives 

approaches 20, it becomes difficult for experts to organize them, because this procedure requires 

establishing relationships between the entire set of selected alternatives. The ability to operate with 

large amounts of information is limited by human psychological characteristics, so in such cases, 

experts may make significant mistakes.  
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In various subject areas, practical situations do not require a formal straightforward solution but 

can be successfully resolved by applying special procedures. Such procedures smooth out the 

diversity of expert judgments, generalize the original problem and pre-coordinate the views of various 

decision-makers. Participants in the decision-making process pre-evaluate possible solutions to the 

problem, and thus the entire team of experts prepares in advance for a compromise solution. Such 

procedures cannot be spontaneous or implemented spontaneously: they must be prepared, formalized, 

justified, and researched in advance.  

2. Preferential voting and relevance of the problem  

Preferential voting (preferential choice of alternatives) is an election system in which a voter has 

the opportunity to rank candidates for a position or the implementation of certain projects according to 

his or her preferences [1]. This area of research is one of the main ones in proportional open-list PR 

and flexible-list PR systems [2].  

The peculiarity of the preferential system of choosing alternatives is that the voter (expert, team 

member, decision maker, etc.) votes not for one but for several candidates, whom he/she wants to see 

elected in the first place, whom - in the second, etc. [3, 4] In the political life of different countries, the 

institution of preferential voting aims to allow voters not only to vote for the list of candidates of a 

particular party but also to express their preference for certain candidates within this list, to promote 

their election and to increase their rating in party lists by taking into account the people's will [5, 6].  

Today, preferential voting is officially and successfully used in various countries around the world:  

Australia; Austria; Belgium; Denmark; Estonia; India; Ireland; Italy; Malta; The Netherlands; New 

Zealand; Norway; Poland; Slovakia; Czech Republic; Sweden; Sri Lanka; other countries.  

It is generally recognized that preferential voting allows for a more accurate expression of the will 

of voters and contributes to the representation of a wider range of political opinions in parliaments or 

other authorities [7]. Therefore, the study of issues related to preferential voting is extremely relevant.  

At the same time, it is necessary to study various components of this problem:   

• models of preferential choice of alternatives;  

• methods for determining compromise solutions;  

• the degree of satisfaction of experts with the results of solving the problem;  

• opportunity to manipulate the preferential choice;  

• other aspects of preferential selection.  

3. Goals and objectives  

The purpose of the article is to develop approaches to solving the group ranking problem based on 

incomplete rankings or multiple comparisons of alternatives given by experts. Based on the proposed 

approaches, it is necessary, in particular, to study the procedure of preliminary preferential voting for 

groups consisting of several dozen members.  

To create a tool for comparing incomplete orders of alternatives, a mathematical model should be 

developed that will contain an approach that will allow determining the distances between incomplete 

rankings and multiple comparisons of alternatives.  

The study proposes a flexible mathematical apparatus for modelling the problems of preferential 

voting and adequate application of the analysis of the judgments of a team of experts in practice. The 

purpose of the study requires the development of an algorithm for determining the priority of 

alternatives and ensuring the independence of determining and setting individual preferences of 

experts to calculate the compromise ranking of alternatives.  

In general, to achieve the research objective in practical situations and to ensure the 

implementation of fair election procedures, the following tasks should be performed:  

• develop and implement a procedure for confidential voting;  

• to give all voters equal rights to express their will: to select, organize and justify a subset of 

alternatives;  

• ensure the storage of information provided by experts;  
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• to implement and enforce the procedure for protocolizing the election procedure;  

• to calculate the reasonable resulting rankings of alternatives;  

• develop and implement procedures for interpreting the results of collective choice.  

4. Problem statement  

Let k experts carry out a preliminary examination of n alternatives or candidates for the position 

from set A . According to the terms of the examination, the members of the team (experts, voters, 

etc.) at the first stage must set multiple comparisons or incomplete rankings of   alternatives [8-10], 

and n . An additional requirement may be a fixed value of   for all experts. The upper limit of 

the   value is due to the psycho-physiological capabilities of a person. It cannot be greater than 9, for 

example, given the Miller number 7 2 .  

We will denote the subset of candidates selected by i   team member, on which the team member 

establishes the order relation in the form of multiple comparisons, by  , 1,..., ,iA i I k   n . 

Note that at the initial stage, the number of team members and the number of alternatives coincide: 

nk  , although in general, the values of k and n may differ significantly. Without loss of generality, 

we assume that  

  ,...
1

i

j

i

j

l

i aaA


 ,  (1)  

for all team members: .,...,1, nlIi  .  

In some practical situations, such a procedure can be considered as an intermediate stage in the 

transition from informal leadership, i.e. the process of influencing the team with the help of one's 

abilities and skills, to formal team management, i.e. the process of influencing team members based 

on the position held.   

In other words, as a result of such elections, the team determines priorities among informal leaders 

without conflict and ensures a smooth transition to administrative leadership and the fulfilment of 

several tasks:  

• identification of a personality for whom team members recognize the right to make the most 

responsible decisions affecting their interests;  

• determination of the relative importance of the person officially responsible for managing the 

team and organizing its activities;  

• individuals from the set of informal leaders are recognized and respected in the team.  

It is necessary to find the resulting ranking of alternatives consistent with the given multiple 

comparisons of experts, taking into account the metric of rank mismatch and various criteria. That is, 

it is necessary to find a reasonable order that is closest to the given expert multiple comparisons.  

When formalizing decision support tasks using expert technologies, a mathematical apparatus is 

used that has proven itself in many practical problems [11]:   

• selection tasks;  

• binary relationships;  

• criterion-based selection.  

In addition, heuristics are used in one way or another to solve problems arising from the 

application of expert technologies. In some cases, experts are asked to participate in the formation of 

an adequate model of the problem, in others - to choose a formula for aggregating information, in 

others - to determine the ratio of preference on certain elements of the mathematical model, in others - 

to name the probability of certain events, in others - to choose metrics and criteria for determining the 

best solutions to the problem, etc. Moreover, in many practical situations, expert evaluation is the only 

possible way to solve real problems. The successful use of expert assessments in this process is 

largely due to the perfection of the mathematical apparatus for analyzing and processing expert 

information [12].  

https://uk.wikipedia.org/wiki/%D0%A3%D0%BF%D1%80%D0%B0%D0%B2%D0%BB%D1%96%D0%BD%D0%BD%D1%8F
https://uk.wikipedia.org/wiki/%D0%A3%D0%BF%D1%80%D0%B0%D0%B2%D0%BB%D1%96%D0%BD%D0%BD%D1%8F
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4.1. Characteristics of the team  

Such approaches can be applied in problematic teams [13, 14]. The purpose of the procedure for 

preliminary ranking of alternatives may be:  

• minimize the level of conflict that is brewing or has already entered an active stage;  

• a soft test of the level of support for potential or informal leaders in the team, as well as for 

candidates for the position of administrative head of the team;  

• assess existing groupings in the team, i.e. structure its polarity, identify individual leaders in 

subgroups of the team and thus obtain more information about the team, distribution of 

sympathies among team members, level of popularity and number of leaders in the team, etc;  

• determine the competence ratios of the members and/or the level of satisfaction with the final 

choice, with the experts with the highest relative competence obviously being the most 

realistic and able to be directly involved in conflict resolution.  

It should be noted that in the interpretation of this particular problem, a team is a group of people 

united by common activities, common interests, a declared common goal, or the need to focus their 

efforts on a project. The team in which the preliminary survey is conducted is usually characterized by 

the following factors:  

• having a common goal;  

• regular joint activities aimed at achieving the goal;  

• the presence of formal and informal leadership;  

• established business and psychological relationships between team members.  

In this regard, it is necessary to additionally note the peculiarities and main factors of the 

preliminary rating:  

• all members of the team know each other;  

• the assessment of applicants by team members is reliable;  

• each individual assessment by a team member does not reflect the personal qualities of the 

candidates for the position they are elected to, but only the attitude of team members towards 

leaders.  

At the same time, the organizers of a preferential poll should not focus on the negative and should 

not organize an anti-leadership poll.  

4.2. Incomplete information  

Incomplete information is an attribute of decision-making situations. Incompleteness of expert 

information is a natural phenomenon that often arises in practice and is one of the types of uncertainty 

along with vagueness, inaccuracy, unreliability, uncertainty, incorrectness, inadequacy, insufficiency, 

etc. Incomplete data and the inability to supplement them naturally accompany experts and decision-

makers in their activities in various subject areas [15].  

The ability to handle large amounts of information is limited by human psychological 

characteristics, so experts may make significant mistakes when they need to handle large amounts of 

information. Asking experts to perform an unstructured task means deliberately creating unreliable 

initial data in advance. Incomplete information is a natural manifestation of objective decision-making 

situations: not only the personal characteristics of individual experts but also of the teams that perform 

the expertise.  

To successfully overcome this problem, a flexible approach to the ordering of alternatives can be 

applied, when each expert can propose a partial ordering of a subset of the entire set of alternatives. At 

the same time, researchers can take into account the situation when some experts may not be aware of 

the specifics of individual alternatives related to the overall problem and the specifics of the 

functioning of the entire system.  

Definition 1. A multiple comparison or incomplete ranking )(нR  of a set A  is a ranking in which 

not all n alternatives of the set A  have an order relation defined. In this case, the 

https://uk.wikipedia.org/wiki/%D0%94%D1%96%D1%8F%D0%BB%D1%8C%D0%BD%D1%96%D1%81%D1%82%D1%8C
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,,...,1, kiAAi  inclusion relation is strict. That is, in the set A  there is at least one alternative 

that is not in the subset .,...,1, kiAi    

Remark 1. Multiple comparisons differ from incomplete rankings in the number of alternatives 

presented to the experts for comparison or alternatives they proposed and ordered. For multiple 

comparisons, this value is 3-7 alternatives, and for incomplete rankings, it is more than 7 alternatives.  

In this formulation of the problem, the problem is that in the tasks of collective ranking of 

alternatives, as a rule, situations are considered when experts set individual rankings in a fixed space 

with a given number of alternatives. In the classical algebraic approach, each expert has to set his or 

her preferences on the set of all alternatives without exception, and the resulting (compromise, 

collective, group, aggregated, integrated, integral, etc.) ranking is found on the set of all possible 

rankings of the given set of alternatives. The resulting ranking found in this way is considered to be 

the generalized opinion of a group of experts involved in solving the problem of linear (complete) 

ordering of a given set of alternatives. In this case, we speak of the application of the axiom of non-

displacement [16]. To develop a comprehensive system of interaction between system elements, we 

will use the formalism of binary relations, which is conveniently expressed as a directed graph or as a 

matrix of pairwise comparisons. In the presence of a significant number of comparison alternatives, 

the construction of such a matrix is a laborious process. Therefore, in practice, in addition to the 

procedure of pairwise comparisons of alternatives, multiple comparisons or incomplete rankings are 

often used to reduce the labor costs of experts. The results of multiple comparisons usually consist of 

complete relationships between 3-7 alternatives. However, achieving completeness, consistency, 

transitivity, coherence, etc. and meeting the requirements for these indicators in full requires a lot of 

effort and time from experts. To solve the problem of ranking based on individual multiple 

comparisons or incomplete rankings, the number of alternatives in which remains less than the entire 

set of alternatives to be ranked.   

4.3. Combining subsets  

The expert group members often do not agree on the subset of proposed alternatives, the 

preferences of experts on the selected subset, the competence of experts, the interests of the parties, 

the priorities chosen, the emphasis of evaluation, aspects of formalization, the idea of model 

idealization, etc. Therefore, at the first stage of solving the problem, an approach based on combining 

the subsets specified by the experts and introducing additional heuristics should be used.  

At the first stage of solving the problem, the subsets of multiple comparisons of alternatives given 

by experts are combined into a single set ,A  which includes all candidates proposed by experts 

,,...,1, niAai    

 ,,
1

AAAA
k

i

i 


   (2)  

where A  is the initial set of all team members (experts), A is the union set of subsets of 

candidates selected by team members.  

Different variants of the relationship between subsets are allowed: 

,
21

 ii AA ,
21

 ii AA  ,
21 ii AA  ., 21 Jii   

It is also necessary to introduce heuristics for aggregating (smoothing) individual multiple 

comparisons. After applying the heuristics, the set (2) of the combined subsets is narrowed to reduce 

the dimensionality of the problem.  

Heuristic E1. There is a single team, i.e., a graph that corresponds to the preferences of the team 

members, revealed on the basis of the previous vote, although this does not exclude the situation of 

polarized leadership.  
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Definition 2. The core of leaders of an organization (team) is a subset ,AA 
of the initial set 

of team members A . The following statement is fair and will be given without proof.  

Proposition. For selection and ordering, only the kernel of the form (2), i.e., the union of subsets of 

candidates, remains. The sympathies of team members for other applicants who are not included in the 

subset (2) do not affect the selection and ordering.  

Even after the domain of valid solutions has been narrowed to a subset of (2), the problem is NP-

hard, so finding a solution to it at 10n  is problematic. If the selected core of leaders remains large, it 

is possible to narrow the core by removing those candidates who received support, for example, less 

than 1-3 votes of the team members. This reduces the computational complexity of the problem.  

Heuristic E2. The least popular candidates can be removed from the final subset ,AA 
 without 

significantly affecting the final solution.  

Combining all the alternatives given by experts into a single set ,,...,1, niAai   to determine the 

resulting ranking 
*R  is the initial stage of solving the problem described in this paper.  

To narrow down the union set (2) in a controlled and reasonable way, we will follow the strategy of 

sequential application of heuristics. The sequence of application of heuristics can be different, but in 

most cases, it is logical to establish the following hierarchy of heuristics.  

Heuristic E3. The candidate who participated in one multiple comparison and was ranked 3rd in 

this multiple comparison is excluded from the combined set AA 
.  

If, after applying heuristic E3, the union set AA 
remains large, the following heuristics are 

applied sequentially until the union set AA 
 is sufficient to directly search through all possible 

permutations of the alternatives included in this union set.  

Heuristic E4. The candidate who participated in one multiple comparison and was ranked 2nd in 

this multiple comparison is excluded from the combined set AA 
.  

Heuristic E5. A candidate who participated in one multiple comparison and was ranked 3nd in this 

multiple comparison is excluded from the combined set AA 
.  

Heuristic E6. The candidate who participated in two multiple comparisons and was in third place 

in both of them is excluded from the combined set AA 
.  

Heuristic E7. The candidate who participated in two multiple comparisons and was in second place 

in both of them is excluded from the combined set AA 
.  

It should be noted that if the size of the combined set AA 
is large, additional heuristics can be 

added by analogy. The sequence of their application may vary, depending on the structure of 

preferences set by team members. In general, the problem of the influence of heuristics on the level of 

satisfaction of team members requires additional study and computational experiments.  

5. Mathematical model and method for determining the resulting ranking of 
alternatives  

The formalization of the problem of determining the resulting ranking for incomplete expert 

rankings and multiple comparisons of alternatives can take different directions. The most common 

method of finding the resulting ranking of alternatives is to calculate the median of the given rankings. 

This group of methods for generalizing expert information is the most reliable and mathematically 

sound. The solutions to the problem, which are determined by applying different metrics and different 

criteria, are the medians of the linear orders specified by the experts. In particular, this is due to the 

fact that the theory of measurement provides for the determination of average values in the form of 

medians for ordinal scales. Therefore, the methods of average ranks, etc. in such cases look at least 

approximate and questionable: they cannot provide confidence in the adequate choice of a leader.  

If you use a scoring system to solve this problem, there will be a bias because all the team 

members are interconnected. After all, an organization is a living organism, and indirectly, the 

opinions of each member are not autonomous. Therefore, evaluating possible applicants in terms of 
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points would mean not taking into account, destroying the interconnections between the team 

members.  

In such cases, instead of scoring, the evaluation of relations in the form of following approaches 

can be used:  

• matrices of pairwise comparisons between alternatives;  

• ranking of alternatives;  

• multiple comparisons between alternatives;  

• incomplete rankings on a set of alternatives.  

The most common method for finding the resulting ranking of alternatives is to calculate the 

median of the given rankings. This group of methods for generalizing expert information is the most 

reliable and mathematically sound. The solutions to the problem that are determined by applying 

different metrics and different criteria are the medians of the linear orders specified by the experts.  

5.1. Algebraic approach  

Methods of processing expert information are divided into three main groups:   

• statistical methods;  

• scaling methods;  

• algebraic methods.  

The essence of algebraic methods is that a distance is set on the set of valid ratings and the 

resulting rating is defined as the one whose distance to the ratings of experts according to a certain 

selected criterion is minimal. Based on the algebraic approach, we will determine the coefficients of 

relative competence of experts.  

An important way to present expert information is to rank alternatives [17, 18]. In many practical 

tasks, it is necessary to use multiple comparisons or incomplete rankings. At the same time, classical 

methods of voting theory have been applied to the problems of determining a generalized ranking of 

alternatives. However, in such cases, it is promising to use algebraic methods of calculating the 

median, which reflects the collective opinion of experts.  

The expert reveals more about his preferences, structure, interrelationships between alternatives in 

his view, and prospects for leadership in the team.  

The set of all alternatives given by experts of the form (1) is the domain of valid solutions for 

determining the resulting ranking of alternatives 
*R .  

The distances between the rankings of alternatives are determined using metrics [19, 20]:  

• Cooke's metric of the mismatch of ranks (places, positions) of alternatives in individual 

rankings [19].  

  ,, 



Ii

l

i

j

i

lj rrRRd      (3)  

Where 
l

ir  is the rank of the i-th alternative in the ranking of the l-th expert ,1,, nrLlR l

i

l   

• Heming's metrics [20].  

  ,5,0, 
 


Ii Is

l
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j

is

lj bbBBd      (4)  

where    ,,,, IsiLlbB l

is

l
 are the pairwise comparison matrices (PCMs) corresponding 

to the rankings ;, LlRl    

• Euclid's metrics;  

• a vector of preferences, the elements of which are the number of alternatives that precede each 

alternative in the ranking.  

In this study, we will use the rank mismatch metric, most referred to as the Cooke metric, to 

determine the resulting ranking of alternatives. The criteria most often used in such cases:   

• additive;  

• minimax.  
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The most common method for finding the resulting ranking of alternatives is to calculate the 

median of the given rankings. Let us denote the set of all possible rankings of n alternatives by 
R , 

and the set of matrix of pairwise comparisons corresponding to all possible rankings of n alternatives 

by 
B . The set of rankings given by experts will be denoted by 

AR , and the set of corresponding 

matrix of pairwise comparisons by 
BR .  

For the case considered in this paper, the power of the sets 
AR  and 

BR  is the same: 

nRR BA  , LlRBRR BlAl  ,, . It is clear that BBRA RR  , . In general, the power 

of the set   2/12  nnB . But for the method described in this paper, we will assume that 

!nBR  , since we are not interested in the non-transitive elements of the solution space B .  

For the Cooke metric (a metric of mismatching the ranks of alternatives) of the form (2), using the 

utilitarian criterion, the Cooke-Sayford median is calculated [19]:   

 min , .
R

CS CS l

R
l L

R Arg d R R




      (5)  

When using the egalitarian criterion, the HV median (compromise) is calculated [8]:  

 min max , .
R

ГВ ГВ l

l LR
R Arg d R R


    

(6) 
 

For the Heming metric (3), the Kemeny-Snell median is calculated using the utilitarian criterion:   

 min , .
B

КС КС l

B
l L

R Arg d B B




     (7)  

When using the egalitarian criterion, the VH-median (compromise) is calculated [8]:   

 min max , .
B

ВГ ВГ l

l LB
R Arg d B B


    (8)  

In addition, such tasks may consider the coefficients of expert competence: 1,..., k  . 

The criterion functions used to determine the medians (5)-(8) are related to the distances from the 

rankings given by experts to the calculated solutions of the problem. Therefore, the minimal values of 

criteria (5)-(8) for the corresponding problem statements serve as a sign of the effectiveness of the 

obtained solution to the problem. Obviously, solutions that do not deliver the minimums of these 

criteria are inefficient - they are dominated by solutions that deliver the minimum of criteria of the 

form (5)(8).  

The tasks of preferential voting are being solved today:  

• using the classical methods of choice theory (Condorcet, Borda, Simpson, Copeland, Nanson, 

alternative votes, relative majority, etc.);  

• The single transferable vote (STV) system is an electoral system of quota-preferential voting, 

which aims to minimize the loss of votes and ensure proportional representation of all population 

groups.  

However, the algebraic approach we used to solve this problem is sound, transparent, and has 

proven itself in practical problems. The algebraic approach has various variations, which we explore 

in this paper.  

5.2. Approaches to determining the resulting ranking of alternatives  

Cook's metric of the form (3) is popular in the problems of ranking alternatives [8]. To use it in 

solving the problem of analyzing incomplete rankings, we will introduce heuristics and determine, on 

their basis, the distances from the rankings given by experts to the reference ranking.  

To determine the consistent ranking of candidates, we will introduce an additional heuristic.  

Heuristic E8 (maximum satisfaction of preferences). It means that an expert wants all the 

alternatives in his multiple comparison to become winners in the sequence he sets, i.e., he wants to 
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win to the maximum. Thus, the desire of each expert seems utopian. But given that they are all in the 

same situation, the situation is not so idealized.  

Suppose that the conditions of the preliminary preferential voting determine that 3   the expert 

has set multiple comparisons in the form 1 2 3
,i i ia a a
 where 1 2 3, , .i i i I

  

Then it is easy to see that when the options from which a certain ranking is chosen depend on the 

sequence of indices of the alternatives of the same three, it is possible to determine the distances for 

choosing a compromise ranking.  

For the sequences 
1 3 2

... ... ,i i ia a a  and 
2 1 3

... ... ,i i ia a a  the distances are 2.  For 

the sequences 
2 3 1

... ... ,i i ia a a  
3 1 2

... ... ,i i ia a a  and 
3 2 1

... ... ,i i ia a a  the 

distances are 4.  

1 2 3
1 2 3 ,l l l l

M i i id r r r       

Heuristic E4 (moderate reciprocity). In other words, each team member understands that everyone 

cannot be a winner in a fair vote, that the probability of satisfying all wishes is negligible. Moreover, 

no one can win, but it is necessary to at least maintain the individual order set by each member of the 

team: it is important for victory.  

In this case, the distances from the given individual multiple comparisons to the resulting ranking 

1 2

0 0 0 0... ,i i iR a a a


  are determined as follows: 
1 1 2 2 3 3

0 0 0 .V

l l l l

i i i i i id r r r r r r      .l I .  

Note that when v=4, we have 3 multiple comparisons that are at a distance of 2 from the possible 

candidate configurations in the resulting ranking, 7 multiple comparisons at a distance of 4, 9 multiple 

comparisons at a distance of 6, and 4 multiple comparisons at a distance of 8.   

When v = 5, the distribution of distances has the following indicators. 4 multiple comparisons - 2, 

12 multiple comparisons - 4, 24 multiple comparisons - 6, 35 multiple comparisons - 8, 24 multiple 

comparisons - 10, 20 multiple comparisons - 12.  

6. Examples of subject areas  

The tasks of group (collective, collegial, democratic) ordering of alternatives allow modeling 

practical situations in various subject areas. The peculiarity of the generally accepted formulation of 

such tasks is the set of alternatives fixed for all members of the expert group, which in many cases 

significantly reduces the quality of the expertise. Currently, there are studies that allow for the 

possibility of setting incomplete rankings in collective ranking problems [8, 12], but algebraic 

methods for calculating the median have not yet been applied to such problems.  

A flexible approach to the ordering of alternatives, when each expert can propose a partial ordering 

of a subset of the entire set of alternatives selected by him or her, and the search for the full resulting 

ranking of alternatives by algebraic methods have not been proposed by researchers. After all, this 

makes it possible to consider a situation when some experts may not be aware of the peculiarities of 

the functioning of individual elements from the set of alternatives.  

• Transportation logistics: the sequence of visits to nodes along the route;  

• Reverse warehouse logistics: the sequence of unloading goods from a warehouse or transport;  

• Management of a trust company: priority of investing in shareholdings;  

• Purchase of vehicles or other equipment (thermal imagers, Kevlar helmets) for the Armed 

Forces of Ukraine;  

• Preliminary election of the head of the department;  

• Backpack problem: the importance of having items;  

• Submitting for awards under the quota;  

• Formation of a track of Ukrainian songs;  

• Building a library with space constraints;  

• Nominating candidates for the student parliament;  
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• Creating a restaurant and preliminary study of demand with the help of a focus group: 

planning a restaurant menu is an important element of the hotel and restaurant business;  

• Forming a repertoire of films for collective viewing by a group of colleagues;  

• Purchase of a collection of fashion brands for sale in a clothing store;  

• Choosing a website layout program, where experts rank the alternatives in the order they think 

is best to worst, from best to worst website layout program;  

• Purchase of cars for the company - for ease of maintenance, etc;  

• Selecting a project for funding at a university research center;  

• Organizing a corporate holiday and determining the menu of the festive table;  

• Providing a "cushion" of goods in the warehouse;  

• Purchasing laptops for the office: for support and maintenance, it is necessary that all devices 

are unified, so it is appropriate to choose one model among all of them;  

• Preparation and approval of a set of information security measures for the organization 

[12, 21].  

7. A computational experiment  

A computational experiment was conducted to verify the proposed approach and the developed 

method. The method of prioritizing candidates based on preferential voting was applied to the 

preliminary selection of the leaders of one of Taras Shevchenko National University of Kyiv. This 

voting was organized with the aim of further presenting the most authoritative candidate for his 

official appointment to an administrative position.  

The employees of the department (members of the team) were asked to confidentially set their 

preferences through Google Sheets: to select three leaders in the department and set a priority - the 

most desirable candidate in the first place, the second - the candidate desirable after him, the third - 

the desirable candidate in case the above leaders are not identified as winners in the compromise 

ranking of leaders. To ensure confidentiality, all possible leaders were numbered. A total of 16 

members of the department took part in the survey. After the subsets of leaders were combined, they 

were renumbered. The results of the voting are shown in Table 1.  

Table 1  
Table of preferences of team members  

Experts' 

numbers  
E1  E2  E3  E4  E5  E6  E7  E8  E9  E10  E11  E12  E13  E14  E15  E16  

First candidate 1  2  4  1  7  4  6  3  2  2  3  3  4  6  6  7  

Second 

candidate 
2  5  3  3  3  2  4  1  5  3  2  1  1  5  5  5  

Third candidate 3  7  2  5  5  7  3  6  4  1  1  6  6  7  7  2  

Since the combined set of leaders contained 7 candidates, there was no need to apply heuristics to 

narrow this set. To illustrate and further argue the results of the calculation, the number of places 

assigned by all members of the department to the candidates they proposed was calculated. These 

results are summarized in Table 2.  

Table 2  
Number of seats assigned to leaders by team members  

Numbers of leaders L1 L2 L3 L4 L5 L6 L7 

Leaderboard numbers 2 3 3 3 0 3 2 

Number of second places 3 3 4 1 5 0 0 

Number of third places 2 2 2 1 2 3 4 

Total number of seats 7 8 9 5 7 6 6 
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After that, a direct search of all possible permutations of the 7 alternatives was carried out, i.e., 7! 

possible rankings of team leaders were considered. To determine the distances in the ranking space, 

we used the Cook's metric of the form (3). The additive criterion (5) was used to calculate the values 

of the criteria. And for the values that are the same according to this criterion, the minimum-

maximum criterion (6) was applied. The minimum values of the criterion of the form (5), equal to 98, 

are achieved in four rankings, which are summarized in Table 3.  

Table 3  
Rankings that are the arguments of the minimum of the additive criterion  

Ranking number 
for direct search  

Ranking of candidates who deliver at 
least the additive criterion  

The value of the 
additive 
criterion  

The value of the 
minimum 
criterion  

2173  a2 a3 a1 a5 a6 a7 a4  98  10  

2179  a2 a3 a5 a1 a6 a7 a4  98  10  

2293  a2 a3 a1 a5 a7 a6 a4  98  11  

2299  a2 a3 a5 a1 a7 a6 a4  98  11  

 After applying the minimum-maximum criterion of the form (6) to these four rankings, there are 

two compromise rankings for which the values of both criteria are the same. Thus, the following 

rankings are the compromise solutions that are equivalent according to criteria (5)-(6):  

4765132 aaaaaaa 

4761532 aaaaaaa   

A confidential expert survey of all department employees after the compromise solution was 

determined confirmed that the two rankings of candidates for the position of head of the department 

generally satisfied all voting participants. This indicates the effectiveness of the developed method 

and the possibility of its application for preliminary identification of leaders in teams.  

8. Prospects for further research  

In many tasks, events that need to be ordered using incomplete expert rankings must be performed 

in parallel or even occur simultaneously. Therefore, it is logical to formalize the task in the class of 

collective quasi-order computation [22, 23].  

It is also promising to develop parallel algorithms using artificial intelligence methods, the use of 

which in the described approaches can contribute to a synergistic effect in the process:  

• formalization and further optimization of business processes;  

• solving information recovery tasks in terms of expert preferences based on group ranking;  

• applying the formalisms of the collective ranking problem to a wide class of classical 

combinatorial problems in the descriptions of the corresponding formulations to adapt and 

interpret the formulation [24, 25].  

9. Conclusions  

Thus, a procedure for preliminary preferential voting for teams consisting of several dozen 

members is proposed and studied. This task is formalized, and additional heuristics are introduced to 

substantiate the approaches that will be used to determine the resulting ranking of candidates for the 

position.  

The problem of ordering a subset of alternatives is considered. Based on this expertise, an 

algebraic approach to the analysis of incomplete rankings is proposed. The classical methods of group 
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selection are compared with the algorithm for determining the median with incomplete initial 

information. The scheme of solving the problem in the above formulation is described.  

Thus, this paper investigates approaches to determining the resulting ranking based on incomplete 

expert rankings and obtains the following main results:  

• the concept of incomplete ranking was introduced;  

• the problem of determining the group ranking of alternatives based on incomplete expert 

rankings or multiple comparisons is proposed;  

• approaches to aggregation of expert data are considered, taking into account the peculiarities 

of incomplete information received from experts;  

• algorithms for solving the problems of calculating collective ranking based on individual 

multiple comparisons were developed;  

• computational experiments were conducted to study the described method of preferential 

voting and the features of solving ranking problems.  
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