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Abstract

Graphs are ubiquitous with their vast application in various disciplines, including bioinformatics, security,
and social sciences. One of the most popular queries involves searching for subgraphs and similarities
on large numbers of small-to-medium-sized graphs. The visual exploratory subgraph search is proposed
to be a search paradigm to support visual analysis and to ease user interaction. In this paper, we address
the problem of reducing computational complexity during the indexing stage of visual exploratory
subgraph searching. We propose (1) a compact summarisation of our input graph to reduce the index size
and construction time. In addition, (2) we introduce weighted frequent subgraph mining for our novel
graph summarisation-based visual subgraph searching. Based on these, (3) we propose a novel index
structure to represent the subgraphs extracted from the summary graphs in a compact form. Finally, (4)
we empirically demonstrate that the proposed framework provides higher efficiency than the baseline by
benchmarking on three real-world biological datasets.
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1. Introduction

Subgraph containment and similarity searching are critical problems in analysing social net-
works, computational biology, collaboration networks, etc. In the case of subgraph containment,
our interest lies in finding all the labelled graphs that contain a given query graph i.e. a subgraph
to a given supergraph. In subgraph similarity, earlier works such as [1] have investigated the
concept of missing edges and the need for a distance measure to identify similar graphs. The
naive approach to solving this problem involves adopting a subgraph isomorphism algorithm.
However, [2] proved that performing vertex-to-vertex mapping in the subgraph isomorphism
problem is NP-complete. As a result, we introduce subgraph-based graph indexing to prune
unrelated candidate labelled graphs and perform subgraph isomorphism (also known as “verifi-
cation”). We call this process subgraph-based graph indexing because it requires embedding
subgraphs within the graph database to filter non-candidate labelled graphs.
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The use of current graph databases require knowledge of either programming or query
language; hence the usage of modern databases is limited to specific, knowledgeable users.
On the other hand, users such as chemists may lack an understanding of complex knowledge
regarding query formulation using a particular query language. As a result, visual exploratory
subgraph searching helps to overcome such issues [3]. To summarise, the manipulation opera-
tions available to users in visual exploratory subgraph searching comprise: (1) the addition of
a new vertex and its connection to an existing vertex or the addition of a new edge between
existing vertices, (2) the deletion of either an edge or of both a vertex and the corresponding
edges, and (3) finally, the execution of query to find a matching subgraph in the transactional
graph database. Operations (1) and (2) lead to modifying a query graph and, hence, require a
maintenance algorithm for an index structure. Visual exploratory subgraph searching relies on
the inner workings of the index structure to perform the subgraph query processing efficiently.
We have looked, in particular, at solving issues related to the efficiency of index construction
and memory usage and improving the effectiveness of filtering power and query processing.

In this paper, we propose a new framework for efficiently representing the graph as a summary
graph and improving pruning power using weighted-frequent subgraph mining (Sec. 4). We
introduce frequent subgraph mining on the summary graph with weighting functions. We
devise a new index structure, called the Weighted-Index (W-Index), for compactly storing
frequent and discriminative in-frequent subgraphs in the summary graph (Sec. 5 and 6). Finally,
we verify the efficiency of the proposed solutions with extensive experiments (Sec. 7).

2. Notations and Problem Statement

In this section, we first present the fundamental concepts related to graph theory, focussing
on identifying the topological components that correspond to real-world entities. To maintain
consistency, we use the term “vertex” to refer to an entity in the graph, while the term “node” is
reserved for objects in the index graph. We now formally define the labelled graph as follows.

Definition 1 (Labelled Graph). A labelled graph is a triplet G = (Vg, Eg, L) where Vi denotes
the set of vertices, Eg C {{u, v} [u,v € V} is the set of edges, and Lg : Vg > og assigns a label to
a vertex where og = {0'(1), O'C(;Z), ...} is the set of labels. We refer to the number of edges |Eg| in the

given graph G as its size and the number of vertices and labels as |Vg| and |og|, respectively.

We work with a transactional graph database, which contains a set of n medium-sized labelled
graphs, denoted as & = {G;,G,,Gs, ..., G,}. Further, we denote the cardinality of the graph
database as | €| = n, the average number of vertices, edges, and labels of all the labelled graphs in
the transactional graph database as |Vel, |E¢|, and o], respectively. In this paper, our motivation
is to query for a query graph; this is a subgraph of a labelled graph in the transactional graph
database. Hence, it is necessary to understand and conduct subgraph isomorphism iteratively
for each labelled graph in the graph database to solve the query. Yet, the major downside of
subgraph isomorphism is its expensive operation time.

Definition 2 (Subgraph Isomorphism [4]). Given a query graph, Q, and a labelled graph,
G, an embedding of Q in G is a mapping, where M: Vo — Vg such that: (1) M is injective, i.e.



M(u) # M(v) foru # v € Vy, (2) the labels match, i.e. Lo(u) = Lg(M(u)) for everyu € Vp, and
(3) and all edges of Q exist in G, i.e. (M(u), M(v))(or(M(v), M(w))) € Eg Y(u,v)(or(v,u)) € Ep.
Graph Q is subgraph-isomorphic to G, denoted by Q C G if there exists an embedding of Q in G.

Example 1. In Fig. 1 (a), we illustrate an example of labelled graphs representing molecules in
the transactional graph database, denoted by &. The transactional graph database contains 5
molecular graphs, & = {G;, Gy, Gz, G4, Gs}. Each labelled graph contains several vertices (12 in Gy,
5in Gy, 6 in Gs, 8 in G4, and 3 in Gs) denoted by vy where 1 <1 < |V, and its corresponding label
denoted by a letter, o] € o; here, 0 = {C, H,O}. The vertex v, in G; contains label C. Furthermore,
there exists an edge from one node to another, such as an edge from v; to v,.

2.1. Problem Statement

Prior to providing a formal definition of visual exploratory subgraph search (VESS), we formally
define the query graph in VESS, Q,, as follows.

Definition 3 (Query Graph in VESS). The query graph, Q,, is a labelled graph (see Definition
1), which we start with an insertion of a single edge, Q; = (VQI’EQI’LQI ), where Eg, = {te}.
We then sequentially perform incremental updates based on the user’s update operation, op, on
the source and destination vertices, denoted by v, and vy, respectively. The user can perform an
operation on the previous instance of the query graph at timet — 1, where 1 <t < /. Here, op is
either “+” or “-”, indicating an add or remove operation, respectively. The resulting graph from the
addition of a v, and an edge, eg,, to Q;_1 is Q; = {Vy,, Eg,, Lg,}. Tt has V, nodes and E, edges.

Definition 4 (Visual Exploratory Subgraph Search). Given a batch of update operations, B,
on an initial query graph Qy, and a transactional graph database, &, the visual exploratory
subgraph search (VESS) finds all the graphs, G; € &, that contain the query graph, Q; = {B, Q1 }.

Example 2. In Fig. 1 (b), we provide an example of exploratory subgraph searching in a trans-
actional graph database. In this figure, we have denoted time with t;, where 1 < i < . Initially,
the user will begin the exploratory search with a single-edge addition at time t;. The exploratory
search involves a series of add() operations on new vertices and connections to existing vertices, as
observed in time ty, t3,ts, 3, t, t1o, t11. In addition, the add() operation may be simply an addition
of a new edge between two existing vertices, as observed at time ts. Furthermore, the user may also
remove certain edges, as seen at time t, and t;. Finally, after some time, say t;, the user may issue
the run() operation to find answers to the searched query.

In this paper, we focus on the subgraph containment problem formally defined as follows.

Definition 5 (Subgraph Containment). Given a query graph Q and labelled graphs, G; € &,
the subgraph containment (also called “Subgraph search”) problem is to find all the labelled
graphs that contain Q.



(b)

Figure 1: Running example of (a) a transactional graph database and performing (b) visual exploratory
searching through add(), modify(), and run() operations. We have highlighted (red for add() and grey
for modify()) the vertices and edges to indicate the current modification made.

3. Related work

In a graph database system, one of the main components of management is query processing,
which includes an operation to facilitate efficient searching of the query graph. The Progresslve
Connected SubgrAph Substructure Search TOol (PICASSO) [3] platform is the first experiment
that supports the VESS. The framework was mainly utilised for lookup operations, primarily
emphasising streams of edges forming the query graph. PICASSO proposed two index structures
namely, the action-aware frequent index and action-aware infrequent index, denoted as A%F and
A?] respectively. A’Findexes frequent subgraphs while A?I indexes discriminative infrequent
subgraphs. Furthermore, the author(s) of PICASSO maintain another online index known as
SPIG. The work requires the construction of SPIG sets, which are mainly time and memory
intensive due to the underlying index structure, for every query formulation.

The PICASSO indexes exhibits a large size and requires a significant amount of time for
construction. This is because of the many subgraphs (ranging from a few thousand to millions of
molecular compounds) in the transactional graph database. In particular, memory consumption
increases greatly with the increasing numbers of labelled graphs present in the transactional
graph database. Additionally, the index construction time is substantial due to the requirement
of detecting numerous frequent subgraphs within each labeled graph. In the case of pruning
power, the prior index structure treats each subgraph as a disconnected component. As a
result, we lose the neighbourhood information associated with a frequent subgraph, despite
it containing structural information. To avoid expensive graph operations and space usage,
we adopt graph summarisation to represent a general graph and perform weighted frequent
subgraph mining on the summary graphs.



4. The SuMExplorer Architecture

4.1. The Overall Framework

Our novel framework, Summarisation-based frequent subgraph mining for visual exploratory
subgraph searching, SuMExplorer, consists of six modules: (1) a user-interface module, where
we provide a visual interface for a user to formulate queries through add(), modify() and run()
operations, (2) a graph loader, representing the textual format in an appropriate graph structure,
(3) a graph summariser, representing the input graph structures in the summarised form, (4) a
frequent subgraph miner, mining frequent subgraphs efficiently, (5) a graph Indexer, storing the
frequent and in-frequent subgraphs of the summarised graphs, and (6) a manipulator, performing
update operations on a query graph. In Section 5 and 6, we will provide the discussion on
modules (5) and (6). The SuMExplorer is depicted in the Fig. 2. In this paper, we propose a
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Figure 2: SuMExplorer Framework.

novel method of utilising a summary graph for minimal memory usage by indexes and faster
query processing. Firstly, we will provide a formal definition of the intermediate summary graph
(see Definition 6), which we obtain from the general graph represented by the graph loader
module. The graph summariser module converts a simple, undirected, labelled graph to its
intermediate summary graph through “vertex-based summarisation”.

Definition 6 (Intermediate summary graph). Let G = (Vg, Eg, L) be a labelled graph. We
denote an intermediate summary graph of G as IG’ = (Vig/, Eigr, Lig/s Wig'). The set Vig
comprises the supernodes containing distinct vertices, Vi C Vg, and we refer to the edges between
these supernodes as superedges, Ejs:. Lig: Vigr — oo assigns a label to a vertex where
oG = {O'I%),, 0'1%),, ...} is the set of labels. With the graph summarisation algorithm, we assign the
weights on the superedges as Wis:. The weight on edge, Wi is a real number that indicates
the number of merged vertices sharing a common property and that are connected to the same
destination vertex. The Wy is a metric that shows the interconnectivity and, thus, the importance
of the nodes in the graph.

We generate an intermediate summary graph for each graph in the transactional graph
database. Given a labeled graph in the transactional graph database, G € &, we can now prove
the following result.



Lemma 1. The size of an intermediate summary graph IG’ is at the most the size of the original
graph, |1G'| < |Gl.

We will use SSumM, the Sparse Summarisation of Massive Graphs [5] proposed to obtain a
space-efficient summary graph with a lower reconstruction error. The reconstruction error is the
difference between the original graph G and the reconstructed graph from the summary graph
IG’. The intermediate summary graph can provide compactness and structure preservation
by reducing nodes and edges, however, the result of the intermediate summary graph is an
edge-weighted multi-graph. This is an issue since there need to be more studies for frequent
subgraph mining on the multi-weighted graph. Due to the space constraints, we omit computing
the weighted frequent mining here.

Our index structure is responsible for maintaining the extracted weighted frequent and
in-frequent subgraphs (or edges). We have two index structures designed to facilitate efficient
query processing. The first is an offline-based index structure, which we call a Weighted-Index,
denoted by W-Index. In W-Index, we index the subgraphs extracted from the labelled graphs
within the transactional graph database. We build this index only once. The second index is
an online-based index structure, which we call a Maintainable-Index, denoted by M-Index.
In the case of M-Index, the input graph is incrementally built from a single edge through the
add() operation induced by the end user. Therefore, we require an index structure to maintain
the existing result in order to facilitate efficient query processing efficiently. We provide the
detailed discussion in Section 6.

5. W-Index

In this section, we will discuss the offline-based index structure, W-Index, and its index con-
struction process. The W-Index is a hybrid Trie-based data structure that efficiently supports
subgraph search queries by using subgraph containment searches and the intersection of
graph identifiers. Each indexed node, denoted by y, € y, represents frequent (discriminative
in-frequent) subgraphs. We formally define the indexed node, y, € y, as follows.

Definition 7 (Index node in W-Index). The indexed node in the W-Index is a quadruple y,, =
(id, Cy,, p, Gp). In order to identify uniquely the indexed node, we assign a unique identifier to the
indexed node, denoted as id, based on its insertion order. Now, to support the storing of the frequent
(or in-frequent) subgraphs, we store the label, denoted as Cy,. Cy, is a canonical labelling of the
extracted subgraphs, which we represent using the Depth First Search (DFS) code. DFS code is a
graph sequentialisation method, which represents a graph as a string sequence translating to the
edge sequences in the graph. We can obtain DFS code through the depth-first search method and
is ordered based on the lexicographic order of the vertices label. We chose the minimal DFS code
for this study. Furthermore, we store a boolean value p in each node, which we use to differentiate
between frequent and in-frequent subgraphs (or edge). Finally, we store the encoded list of graph
identifiers Gy associated with the extracted subgraphs.

In order to define the tree formally, we must first define the necessary conditions that
constitute the W-Index. Therefore, let us denote the set of indexed nodes in the tree, denoted as
J,as U € I. We denote the total number of index nodes in the W-Index as N,,.



Definition 8 (W-Index). We call a tree T a W-Index iff T satisfies the six conditions: (1) The
root of I hasid = 0 and Cy, as an empty sequence () with no Gy. (2) The subgraphs h; inserted
in the I contain weights and are frequent, which we denote by DF, and in-frequent subgraphs,
denoted by DI (3) The index nodes contain p as either 0 or 1, which we can use to differentiate
between frequent and in-frequent subgraphs. (4) The indexed nodes {uy, u, ..., us € U} follow the
lexicographic order, where 1 < s < N,,. (5) The size of the subgraph in the indexed node is level—1.
(6) Similar to general trees, leaf nodes have no children.

By default, we have the W-Index as a rooted tree as described earlier. The insertion of the
new indexed nodes includes the checking of whether the indexed nodes are either frequent
or in-frequent subgraphs; hence, we will assign their p as either 0 or 1. We can create a new
indexed node in the W-Index by adding a single edge in the level 1 of the tree and we update
the W-Index by adding more labelled graphs. Indexing includes the canonical labelling of the
frequent (or in-frequent) edges and insertion of the entries to the identifier of the labelled graph
(denoted as Gy).

Theorem 1. Given an intermediate summary graph IG/ for each labelled graph in the trans-
actional graph database, assumes that there are discriminative Numpp frequent and Nump;
infrequent subgraphs. Assume that the time complexity of generating an intermediate summary
graph is Ty, then consider that the time complexity for frequent subgraph mining is Ty, and the
time complexity for canonical labelling is T,. We denote the maximum number of edges in the
intermediate summary graph by Ejc:. Now, consider that the maximum number of vertices in
the frequent subgraph is Mpr. Therefore, the overall time complexity for building the W-Index is
0(%|- Tig; + |Eigy| + Ty + Numpp - T, - (Mpp) + Numpy - T,).

6. M-Index

In this section, we describe an auxiliary structure called the M-Index, which is an online-based
structured organisation that we build dynamically through various graph update operations
such as add() and modify(). M-Index is a maintainable index that aims to enhance the query
processing during the refinement of an evolving query graph and numerous query executions.
The main idea is to store compactly the partial results in the context of the currently executed
query, which will then aid in the faster processing of future queries. Now, let us turn to the
structural representation of an index node in the M-Index. Note here that the query graph
undergoes refinement on one edge at a time. We formally define an index node in the M-Index
as follows.

Definition 9 (Index node in M-Index). The indexed node A; € A in the M-Index is a tuple
A = O = (e(Qy), eid), where Q; is a new query graph resulting after the addition or modification
of a new edge at timestamp t. We denote the total number of indexed nodes in the M-Index
as /. Each indexed node stores the identifier of the indexed node in the W-Index, whose Cy,
matches the canonical labelling of the query graph. As a result, we need a node matching function
e(Qy) = x(Qs_1, 0P, V5, vg) = Viq- Furthermore, each indexed node in the M-Index contains a set of
identifiers of the edges denoted as eid.



Observe that the complete set of an indexed node generates the M-Index, which is merely the
whole query graph at the time stamp Q;. We now present the formal definition of the M-Index.

Definition 10 (M-Index). M-Index is a rooted tree, 7, with a tuple (A, M). The tree I is an
M-Index, iff T satisfies the two conditions: (1) The index node A is a set of unique nodes that
correspond to the instance of the query graph Q. (2) The edge m € M indicates the parent-child
relationship where we state that the child node derives from the parent due to an update operation
on the parent node.

We then run the operation to re-examine the subgraph query problem in the context of the
partial results stored in the M-Index. The visual exploratory subgraph search problem, VESS, is
now a variant of the workload-aware subgraph search. Formally, we define the workload-aware
subgraph search as follows.

Definition 11 (Workload-aware subgraph search). First, let us consider a new query Q; ob-
tained after the exploration process, an offline-based index, the W-Index, and an M-Index. The
workload-aware subgraph search is to find the identifier of the indexed node in the W-Index using
the matching node function, y(Q;_1, 0p, Vs, V), in the presence of Q;_1.

Therefore, we can interpret the execution of the query graph at a particular time as the
intersection of all the graph identifiers contained in each leaf node of the M-Index tree.

Theorem 2. Given the graph index W-Index, for each new edge addition to the query graph, which
is Q;_1, the time complexity of building the query index, M-Index is O(log|A|- T, +min(|Al, No)([Vp |+
|Eg,)). Assume that a user adds a new edge, denoted as e, to the current query graph, denoted
as Q;. We will have to check for the matching node in the W-Index that has the same canonical
label Cy, as the DFS code generated for the new edge, Cy(eg,). Hence, we would have to perform a
O(|A| - T,) canonical label comparison. Then, we would need to add an identifier of the matching
index node present in the W-Index, denoted as id, to a new index node A; in the M-Index. Following
that, we extend the A, by searching for connections from Qy, which is the upper bound of the frequent
fragments, min(|A|, Np). Now, it requires the addition or updating of a matching index node in
M-Index with the complexity of (Vg | + |Eg)).

6.1. Comparison with PICASSO and gindex

In contrast to PICASSO, our SuMExplorer exploits the graph summarisation method to reduce
the computational cost associated with large numbers of redundant vertices having the same
properties (such as labels) and their connecting edges. Further, PICASSO utilise unweighted
frequent subgraph mining, whereas SuMExplorer introduces the concept of weighted subgraph
mining which improves the pruning power of frequent subgraph mining. In our index structure,
W-Index, we capture the weighted frequent and infrequent subgraphs in a suffix tree. In addition,
we employ a compressed bitmap to reduce the filtering time and indexing size. We observe that
PICASSO does not address these issues. While PICASSO are limited to look-up operations, our
SuMExplorer stores meta information regarding query formulation in the offline-based index
structure, W-Index. Since PICASSO does not consider this meta information, they have to build
a query index for each edge addition; this increases both storage size and building time.



7. Evaluation

In this section, we evaluate the performance of competing algorithms on some chemical datasets.
Specifically, our experimental study aimed to answer the research question: how do the index
size and construction time of our SuMExplorer compare to the state-of-the-art PICASSO?

We obtained the source code of SSuM from [5]. Our own SuMExplorer is implemented in
Java, and its source code is available online [6]. Hence, we compare our work to PICASSO,
which is also implemented in Java. We ran our experiment on a machine with Seven Intel Core
1185G7@ 3.00 GHz 1.80 GHz CPUs and 32 GB of RAM under Windows.

We used three real datasets, namely antiviral screen (AIDS) dataset (/€| = 40,000, |V¢| =
45,|Eg| = 46.95,|0¢| = 62) [7], P388 dataset (|€| = 41,472,|V| = 45,|E¢| = 41.8,]0¢| = 73),
and Yeast dataset (€| = 79,601, |[Vg| = 45,|E¢| = 40.7,|o¢| = 75) to show the efficiency
of our indexing algorithm. We received the remaining datasets (P388 and Yeast) from [8].
First, we parsed the chemical graphs using SmilesGraphParser and then serialise them into
LineGraphParser format. Both the graph parsers are available in the ParMol package [9].
Then, we obtained frequent and infrequent subgraphs using our weighted frequent subgraph
mining algorithm. In contrast to our approach of weighted frequent subgraph mining, PICASSO
employed gSpan algorithm without assigning weights to the edge labels.

Now, we will describe the workload used for the evaluation of query processing. We utilised
queries Q; — Q4 for the AIDS dataset, Qs — Qg for the P388 dataset, and Q; — Qg for the Yeast
dataset. The queries are illustrated in Fig 3. Regarding the parameter selection for benchmarking,
in the case of the graph summarisation module, we set the reconstruction parameter as the
default value, as suggested in the original paper [5]. Furthermore, we set the minimum support,
ming,, = 0.1/, as suggested by PICASSO.
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Figure 3: Query workload for visual exploratory subgraph searching. The edge label indicates the
sequence of insertion.

Next, we present the results using two metrics: index construction time, measured in millisec-
onds (ms), and index size, in megabytes (MB). To verify our claim that our W-Index is an efficient
approach for reducing computational resources, we compared its index size and time to that of
PICASSO. Our method utilises a summary graph with fewer vertices and edges and employs
weighted frequent subgraph mining to improve its effectiveness. The results of our comparison
demonstrate that our approach is, indeed, efficient, as evidenced by its smaller index size and
faster building time. By demonstrating the efficiency of our W-Index, we can highlight that
using an efficient graph summarisation and an effective weighted frequent subgraph mining can
significantly impact the index building time. In Fig. 4 (a), we have shown the index time of our
W-Index compared to PICASSO’s A?Fand A%Ifor the above-mentioned datasets. As observed in
Fig. 4 (a), the index building time for W-Index is faster than A>Fand A%[for all the datasets. The
usage of optimisation such as graph summarisation and weighted frequent mining led to faster
construction time and memory cost for W-Index in comparison to PICASSO. In Fig. 4 (b), we
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Figure 4: Comparison of: (a) construction time (ms) and (b) index size (MB) for various techniques
(SuMExplorer and PICASSO) using a log-scale.
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Figure 5: Comparison of query processing time (ms) for various techniques (SuMExplorer and PICASSO)
on different query workloads using a log-scale.

presented the memory cost of the aforementioned index structures. We observed that W-Index
requires noticeably less memory than PICASSO. Finally, we evaluated the performance of the
query processing time when the user invoked the run() operation (Fig. 5).

8. Conclusions

In this paper, we have presented SuMExplorer, a framework for performing iterative subgraph
searching on the summary graph. We have also introduced the notion of embedding subgraph-
neighbourhood information to improve the pruning power of the frequent subgraph mining
algorithm. Our results from diverse biological datasets show that the W-Index outperform
PICASSO in terms of efficiency and scalability for all the three datasets. Specifically, we have
extensively discussed generating summary graphs and indexing them in a compact represen-
tation known as the W-Index. In addition, we have provided an algorithm to update partial
results and to detect changes in order to maintain an iterative query graph. In future work,
we plan to extend the current framework for a similarity search query and use the notion of
a graph neural network for continuous subgraph searching. An extensive evaluation of the
M-Index will be produced in the extended work.
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