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Abstract

The interpolant existence problem (IEP) for a logic L is to decide, given formulas ¢ and 1), whether there exists a
formula ¢, built from the shared symbols of ¢ and 1, such that ¢ entails ¢ and ¢ entails ¢ in L. If L enjoys the Craig
interpolation property (CIP), then the IEP reduces to validity in L. Recently, the IEP has been studied for logics
without the CIP. The results obtained so far indicate that even though the IEP can be computationally harder than
validity, it is decidable when L is decidable. Here, we give the first examples of decidable fragments of first-order
logic for which the IEP is undecidable. Namely, we show that the IEP is undecidable for the two-variable fragment
with two equivalence relations and for the two-variable guarded fragment with individual constants and two
equivalence relations. We also determine the corresponding decidable Boolean description logics for which the
IEP is undecidable.
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1. Introduction

A first-order (FO) formula ¢ is called a Craig interpolant for FO-formulas ¢ and ¢ if ¢ = ¢ =1 and ¢
is built from the shared non-logical symbols of ¢ and 1. Interpolants have been applied in many areas
ranging from formal verification [1] and software specification [2] to theory combinations [3, 4, 5] and
query reformulation and rewriting in databases [6, 7].

For many fragments L of FO, including many description logics (DLs), the existence of a Craig inter-
polant for ¢ and 1) is guaranteed if ( entails 1. This phenomenon is known as the Craig interpolation
property (CIP) of L. The CIP holds, for instance, for the DLs ALC, ALCZ, and ALC QT [8], and also for
the guarded negation fragment of FO [9]. In this case, the problem to decide whether an interpolant for
 and v exists reduces to showing that ¢ entails 1) in L, and so is not harder than entailment. Moreover,
interpolants can often be extracted from a proof of the entailment.

An important consequence of the CIP of a logic L is the projective Beth definability property (BDP)
of L: if a relation is implicitly definable over a signature g in L, then it is explicitly definable over
o in L. The BDP is used in ontology engineering for extracting explicit definitions of concepts or
nominals from ontologies [10, 8, 11], developing and maintaining ontology alignments [12], and for
robust modularisations and decompositions of ontologies [13, 14]. Explicit definitions are used in
ontology-based data management to equivalently rewrite ontology-mediated queries [15, 16, 17, 18, 19].

Unfortunately, there are many prominent fragments of FO that do not enjoy the CIP and BDP: for
example, DLs with nominals such as ALCQO and/or role inclusions such as ALCH [8], the guarded
and the two-variable fragment of FO [20, 21, 22]. To extend interpolation-based techniques to such
formalisms, it has recently been suggested to investigate the interpolant existence problem (IEP) for
logics L without the CIP: given formulas ¢ and 1) as an input, decide whether they have a Craig
interpolant in L. It has been shown that the IEP is decidable for many DLs with nominals and role
inclusions [23], Horn-DLs [24], the two-variable and guarded fragments of FO [25], and some decidable
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fragments of first-order modal logics [26]. These positive results naturally lead to a conjecture that the
IEP for L is decidable whenever the entailment in L is decidable.

In this paper, we disprove this conjecture by showing that the IEP is undecidable for the two-variable
FO with two equivalence relations and also for the two-variable guarded fragment of FO with constants
and two equivalence relations. In the realm of Description Logic, the former result means that interpolant
existence is undecidable for concept inclusions in ALC enriched with Boolean operators on roles and
the identity role. As a consequence, we also obtain the undecidability of the explicit definition existence
problem (EDEP) for each of these logics L, which is the problem of deciding, given formulas ¢, ¥ and a
signature o, whether there exists an explicit o-definition of 1) modulo ¢ in L. (It is known [26] that the
IEP and EDEP are polynomially reducible to each other.)

The paper is structured as follows. Section 2 introduces the fragments of FO we are interested in and
summarises the necessary technical tools and results. Section 3 proves the undecidability of the IEP for
the two-variable FO with two equivalence relations by reduction of the infinite Post Correspondence
Problem. Section 4 shows how this result can be adapted to the two-variable guarded fragment with
constants and two equivalence relations and to suitable description logics. Finally, Section 5 discusses a
few challenging open problems.

2. Preliminaries

Let o be a signature of individual constants and unary and binary predicate symbols, including two
distinguished binary equivalence predicates 1, Fs. Let var be a set comprising two individual variables.
We consider the following fragments of first-order logic FO(o) over o

FO22E(0) is the set of constant-free FO-formulas constructed in the usual way from atoms x = y with
x,y € varand R(x), for any n-ary predicate symbol R € ¢ and n-tuple x of variables from var;

GF?2E(0) admits variables in var and individual constants in atoms but restricts quantification to the
patterns

vy (a(z,y) = ¢(z,y),  Jy(a(z,y) Aoz, y)),

where o(x,y) is a GF22E.-formula and a(x, y) is an atom with occurrences of x, y.

The signature sig(1)) of a formula v in any of these logics is the set of predicate and constant symbols
occurring in ¢. Formulas are interpreted in o-structures 2 = (dom(2), (R*)ges, (¢*)ceo)) with a
domain dom(2() # 0), relations R* on dom(2A) of the same arity as predicates R € o, and ¢* € dom(2l).
It is always assumed that E} and E3' are equivalence relations on dom(2A). A pointed structure is a pair
2, a with a tuple @ = (a1, ...,ay,), n < 2, of elements from dom(2A).

The decision problems for FO?2E and GF?2E. are known to be co2NExpTIME- and 2EXPTIME-
complete, respectively; see [27, 28] and references therein.

Definition 1. Let L € {FO?2E, GF?2E_}, let (x) and v(x) be L(o)-formulas with the same free
variables x, and let ¢ = sig(¢) N sig(1)). An L(p)-formula ¢(x) is called an L-interpolant for ¢ and 1)

if (@) - o(@) and () |- ().
Our concern here is the following L-interpolant existence problem (L-IEP, for short):
(L-1EP) given L-formulas ¢(x) and ¢ (x), decide whether they have an L-interpolant ().

We remind the reader of a well-known criterion of interpolant existence in terms of appropriate
bisimulations. Let ¢ C . Given pointed o-structures 2(, a and B, b, we call 2, a and B,b L(p)-
equivalent and write 2, a =1, , B, bif A = p(a) iff B = ¢(b), for all L(p)-formulas .

Definition 2. A nonempty relation 3 C dom(2() x dom(B) is called an FO?2E( p)-bisimulation between
2( and *B if the following conditions are satisfied for all (a,b) € B:



1. for every a’ € dom(2l), there is a &’ € dom(B) such that (a’/,’) € B and (a,a’) — (b,b') is a
partial p-isomorphism between 2( and ‘B;

2. for every b’ € dom(B), there is a ' € dom(2) such that (a’,V’) € B and (a,d’) — (b, V) isa
partial p-isomorphism between 2 and 8.

Observe that FO?2E(p)-bisimulations are global in the sense that dom(2l) C {a | (a,b) € 3} and
dom(B) C {b| (a,b) € B}.

Definition 3. A global relation 3 C dom(2) x dom(*B) is an GF?2E.(p)-bisimulation between 2 and
B if (c*, c®) € B forall ¢ € g and the following conditions are satisfied for all (a, b) € 3:

1. for every a’ € dom(2) such that either R*(a, a’), for some binary R € o, or a’ = a, condition 1
of Definition 2 holds;

2. for every b’ € dom(B) such that either R® (b, '), for some binary R € g, or b’ = b, condition 2
of Definition 2 holds.

For tuples @ = (a1, ...,an) and b = (by,...,b,) withn < 2, we write A, a ~1, , B,bifa — bisa
partial p-isomorphism between 2( and 98 and there is an L(p)-bisimulation 3 between 2l and B such
that (a;, b;) € B, for all i < n. The following characterisation is well known; see, e.g., [29, 30, 28]:

Lemma 1. Let L € {FO?2E, GF?2E.} and o C o. For any pointed o-structures 2, a and B,b with
la] = [b

)

A,a ~1,B,b  implies A,a=p,B,b
and, conversely, if structures A and B are w-saturated [31], then
A,a=r,B,b implies A,a~p,*B,b.

Using this lemma, one can obtain the following variant of Robinson’s joint consistency criterion [32,
25]:

Lemma 2. Let L € {FO?2E, GF?2E.}. Then L(c)-formulas p(x) and<)(x) do not have an L-interpolant
iff there exist pointed L(o)-structures 2, a and B, b such that

+ A pla),
« B = —(b),
« A a ~r, B, b, where o = sig(yp) N sig(1).

Definition 4. Given formulas p(x), 1)(x) and a signature o, an explicit o-definition of )(x) modulo
o(x) in a logic L is an L(p)-formula y () such that = p(x) — (¥ (x) <> x(x)).

The explicit o-definition existence problem (EDEP) for L is formulated as follows:

(L-EDEP) given L-formulas ¢(x), 1(x) and a signature g, decide whether there exists an explicit
o-definition of ¢(x) modulo ¢(x) in L.

The IEP and EDEP turn out to be closely related [33]. Here, we only need the following lemma whose
proof can be found in [26]:

Lemma 3. Forany L € {FO?2E, GF?2E.}, the L-IEP is polynomially reducible to the L-EDEP.



3. Undecidability of the FO?2E-IEP

In this section, we prove the undecidability of the FO?2E-IEP by a reduction of the undecidable
infinite Post Correspondence Problem (wPCP) [34, 35], which is formulated as follows: given an alphabet
I'={A4,...,A,},n > 2, and a finite set P of pairs (v1,w1),. .., (v, wy) of non-empty words over
I', decide whether there exists an infinite sequence of indices i1, 42, ...,for 1 <i; < kand j < w, such
that the w-words v;, v, . .. and w;, w;, . . . coincide. If this is the case, the wPCP instance P is said to
have a solution.

Suppose that an wPCP instance P is given. Our aim is to construct FO?2E-formulas () and ()
such that P has a solution iff ¢o(x) and —¢)(z) are satisfied in FO?2E(p)-bisimilar pointed structures,
where o is the shared signature of ¢ and 1, and then apply Lemma 2. In our construction p = {R, S} UT
with two binary predicates R, S and the A; € I treated as unary predicates. The formula ¢(z) is
defined by taking:

o(x) = Xo(z) ATy (R(z,y) A X1(y)) AV [Xi(z) = Ty (R(z,y) A Xa(y))] A
Va [Xo(z) — Jy (R(z,y) A Xo(y)) ] AV, y (Xo(x) A Xo(y)) =z =y) A

W [S@y) A N (Aily) = A®)].

A el

The only purpose of p(x) is to generate an R-cycle with three points: for any structure 2, ay, if
2 = ¢(ap), then A contains a cycle R(ag, a1), R(a1,a2), R(az, ap). The last conjunct of ¢ is needed
to ensure that sig(p) N sig(y) = o.

Before defining v (x) formally, we explain the intuition behind —(z). Suppose 2, ap and B, by
are such that 2 = ¢(ag), B = —p(bo) and A, ag ~1, B, bo, for L = FO22E. Then B contains an
R-chain ...b_3,0_9,b_1,bo,b1,b2,b3,... suchthat A, ag ~1,, B, b3y, for m € Z. The purpose of the
formula —¢)(z) is to generate an infinite S-chain U starting from by, along which an infinite sequence
of words v;, ¢ < w, is written, and also an infinite S-chain w starting from b3, along which a sequence
of words wj, i < w, is written. Using the equivalence relations F and E5, the formula —)(x) ensures
that the respective pairs (v;, w;), i < w, are all in P. That the resulting w-words coincide (and give a
solution to P) is ensured by 2, ag ~1, , B, by. The intended models 2, ag and ‘B, by are illustrated in
Fig. 1. ' ' ' 4

To define —1) formally, suppose v; = AJ1 ... A%j and w; = B{ . Bfnj, for1 <j <k,n; >1,and
m; > 1. Along with the A; € T, to generate unique S-chains ¥ and w, we require auxiliary unary
predicates Péj, l=1,...,n;,and Pfuj, l=1,...,mj,aswellas Z/ and Z", fort = 1,2, and Z", Z".
Let1=2,2=1,7=y,and j = 2.

We define — () to be a conjunction of the following four groups of formulas:

(generation) Z”(x) A Z“( ), Va y( “(z) A S(z,y) = Z"(y)), for u € {v,w},

Va (29 (x) = Vo, v (@), Vo (Z2(x) = V;pw! (7)), fori=1,2,
(R z,y) = Y1(y)), Y,y (Yi(z) A R(z,y) = Ya(y)),
Y,y (Ya(x) A Rz, y) — Z(y) A Z(y)),

where, the formula l/g generating the word v;, for i = 1, 2, is defined recursively as

v (z) = af \(x) A B, (2),
af’l(x):EIx(S(x,w)/\Ei(x,iﬁ)/\A{(if)/\Pl (fc)/\aglﬂ(j;)), forl=1,...,n; — 1,
of , () =32 (S(x,7) A Ei(w, @) A A} (T) A P () A Z4(T)),

)
1 (@) =V (S(2,7) = Ei(x,7) A A](7) APL (@) A B (3), forl=1,... n;—1,
Bl (@) = VT (S(x,7) = Ei(z,2) A A, ( >AP’”< ) A Z¥ (),



Figure 1: Intended models 2, ag and B, by with 2 = ¢(ag), B = —¥(by), and A, a9 ~1,, B, by, where
o-bisimilar points in the disjoint union of 2 and B are connected by dotted lines and Ej;-equivalence classes in
B, 1 =1, 2, are encircled by dashed lines. Model 2{ contains two disjoint copies of a 3-point R-cycle followed by
an infinite S-chain. Model 5 has an infinite R-chain of points b;, for i € Z; each bg; starts an infinite S-chain for
the word v;, v, ..., and each bg;43 starts an infinite S-chain for the word w;, w;, . ... These w-words coincide
with the w-word written on the S-chains in 2.

and the formulas wf , generating the respective words w;, are defined analogously but with B, Pfuj

and m; in place of Al P,Ll,j and n;j, respectively.

(disjointness) Vz (P(z) — —P'(z)), for any distinct P, P’ € T\, distinct P, P’ of the form Pf,j, Plijj,
as well as for { P, P'} = {Z}", Z4} with u € {v,w},and {P, P'} = {Z", Z"}.

(coordination) Vz,y (R(x, y) — El(az,y)),
Vo [ZZ”(:):) A Vf(x) — Yy (Ei(:c,y) A ZP(y) — wf(y))] fori =1,2,5 <k,
Vo, y (Bi(x,y) A Z{ (x) A Z¥(y) — Ei(x,y)), fori = 1,2.

(uniqueness) Vz,y (P(z) A P(y) A Ei(z,y) = = = y), for P of the form Pziy Pfuj, i=1,2.

Clearly o = sig(¢) N sig(1)) consists of R, S and the predicates in I'.
We now show that the constructed FO?2E-formulas ¢ and 1 are as required:



Theorem 4. Let  and ) be the FO22E-formulas defined above for a given wPCP instance P. Then P has a
solution iff there exist structures A, a and B, b such that |= ¢(a), B |= ~)(b), andA, a ~po20e , B, b.

Proof. (=) Suppose that v;, v, - -+ = wj,w;, ... is a solution to the given P. It is not hard to
check that, for the structures 2 and B shown in Fig. 1, we have 2 = ¢(ag), B = —9(bo), and
2, ap ~Fo22g(e) B, bo. It is to be noted that a formula enforcing a 3-point cycle is needed as a 1- or
2-point cycle is not FO?2E(p)-bisimilar to a chain. Also note that two disjoint copies of a 3-point
R-cycle followed by an S-chain in 2l are needed to ensure FO?2E(p)-bisimilarity between 2, ag and
B, bg. Indeed, suppose, for example, that a and b are the ith points in the S-chains starting from ag
and b, respectively. Now, if we consider the (i 4 1)th point b in the S-chain starting from bs, then,
to obtain a partial p-isomorphism between (b, b’') and some (a, a’), we may need to take the (i + 1)th
point a’ from the second S-chain in .

(<) Suppose 2 = p(ag), B = - (bo), and A, ap ~po0e, B,bo. Consider first the pointed
structure B, by. As B = —1)(bp), the axioms in the first two lines of (generation) give an infinite
sequence U = v;,Uj, ... depicted below.

E
Ey e N )

P i i - = = =< P I N
/ | N / X | \
! S At S A S: Alnlu S AP S A7 5: AL?Q : :
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v = v, Vi, Vi

We show that the w-word v;,v;, ... over I, ie,

i1 A%l i1 2 At2 2
AVAY AL AVAR AR

1 Vig

G

written on  is unique. Indeed, by (disjointness) and (generation), all S-successors ofbg carry the
same Pl}il, all of them are in the same E;-equivalence class, and so must coincide by (uniqueness).

Next we see that all of the S-successors of the Pvli1 -point carry Pv%'l’ and so must coincide, etc. This
gives us the word v;, carried by the segment v;, sitting in the same E7-equivalence class. The last point
in this segment carries Z3, which triggers the next segment v;, sitting in the same Ey-equivalence
class, and so on. All of the points in ¥ carry Z by the second formula in (generation). The points on
the boundaries between v;; and v;, , belong to both E;- and E3-equivalence classes.

As,ag ~1, B, by, R € pand R(ag, a1), R(a1, a2), R(asz, ap), Definition 2 gives points b;, i > 0, in
B such that R(bg, b1), R(b1,b2), R(b2, b3) and b3 ~, , bg. By the third and fourth lines in (generation),
we have Z}"(bs), Z*" (bs), and so, by (disjointness), by # bs. By the first formula in (coordination),
we must have E(bg, bs).

The same argument as for by above gives us an S-chain w starting from b3 and disjoint from v in
view of (disjointness) that defines uniquely an w-word wy Wy ... over I'. The chain w consists of
consecutive segments W , Wy, ... such that w;; sits in the same E'j-equivalence class as v;,, Wy, sits
in an Ey-equivalence class, Eig in an E;-equivalence class, etc.

By the second formula in (coordination), we have i; = i/, and so (v;, , Wy ) € P; by the third one,
the ends of U;, and w;, are Ey-related, from which is = i}, and (v;,, (o ) € P. The ends of v;, and
w;, are Ey-related, so i3 = 44 and (v, wy;) € P, etc.

Finally, let © be S(bo, co), S(co,c1), ... and let w be S(b3,dy), S(dy,dy), . ... Since these S-chains
are unique and b3 ~p, , bg, we must have ¢; ~, , d;, for all i < w. It follows that the I"-symbols carried
by each pair ¢; and d; must coincide, which gives a solution to P. —

Since the wPCP is undecidable, as an immediate consequence of Theorem 4 and Lemma 3 we obtain
our main result:

Theorem 5. The FO22E-IEP and FO22E-EDEP are both undecidable.



4. Undecidability of the IEP for Guarded and Description Logics

It is not hard to tweak the construction in the previous section to show that the GF?2E-IEP is also
undecidable. Observe that the formula v defined above can be equivalently represented as a formula in
GF22E. and that the FO?2E(p)-bisimulation between 2l and B is actually a GF22E.(o)-bisimulation
(in this case, it is actually enough to have one copy of the R-cycle with an S-chain in ). The only
unguarded conjunct of ¢ is Yz, y ((Xo(x) A Xo(y)) — @ = y), which is needed to generate an R-cycle
with three points. The same result can be achieved using a guarded ¢’ with two individual constants ¢;
and ¢y as follows:

¢'(z) = R(x,c1) A R(cy,e2) A R(co,x) ATy [5’(3:, y) A /\ (Az(y) — Az(y))]
A;el’

We then obtain Theorem 4 with ¢’ and GF22E. in place of ¢ and FOZ22E, respectively, and, as an
immediate consequence, the following:

Theorem 6. The GF22E.-IEP and GF22E.-EDEP are both undecidable.

These undecidability results can be interpreted as results about description logics with Boolean
operators on roles that correspond to the two-variable fragments [36, 37]. The crucial operators
required are role intersection, negation, and the identity role. Denote by ALC™"2E the extension of
the basic description logic ALC with the operators N and — on roles, the identity role id interpreted
as {(a,a) | a € dom(2()} in any structure 2, and two equivalence relations. The interpolant existence
problem for ALC™™92E (or ALC™2E-IEP, for short) is the problem to decide, given ALC™ ™2E-
concepts C; and Cy, whether there exists an ALC™ " 2E-concept C' built from the shared concept
and role names from C] and Cs such that Cy C C' and C' C (s are valid concept inclusions. We then
obtain the following:

Theorem 7. The ALC™ " 2E-IEP and ALC™ ™ '¥2E-EDEP are both undecidable.

To obtain a DL version of the undecidability for the GF22EC—IEP, we can add nominals and the
universal role to ALC™ ™ 92E and, to reflect guarded quantification, admit only Boolean combinations
of roles that contain at least one positive occurrence of a role name that is different from the universal
role.

5. Open Problems

This paper presents first examples of decidable fragments of first-order logic, for which the interpolant
existence problem and the explicit definition existence problem are undecidable. Numerous questions
remain open, including the following:

« Is the IEP decidable for FO21E, that is, FO? with one equivalence relation? Note that the
decidability and coNExpTIME-completeness proofs for FO21E are significantly less involved than
those for FO?2E [28]. What happens if we extend FO? with a single transitive (rather than
equivalence) relation?

« Is the FO?2E-IEP still undecidable if one drops equality from FO?? Note that, for FO? without
equivalence relations and without equality, the IEP is decidable and the known complexity bounds
are the same as for the case with equality [26].

« Is the IEP decidable for ALCQTO? What about C2, that is, FO? with counting quantifiers 2k,
k € N? A possible hint that the IEP for C2 might be undecidable is given by a recent result of [38]
according to which the following related separation problem is undecidable: given two mutually
exclusive C2-formulas ¢ and 1), decide whether there exists an FO2-formula Y, called a separator

for ¢ and 1), such that ¢ = x and x = .
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