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Abstract

In this article proposed and investigated a new algorithm for solving monotone variational
inequalities in Hilbert spaces. Variational inequalities provide a universal instrument of
formulating many problems of mathematical physics, machine learning, data analysis, optimal
control, and operations research. The proposed iterative algorithm is a regularized (by applying
the Halpern scheme) variant of the operator extrapolation method. In terms of the number of
calculations required to perform an iterative step, this algorithm has an advantage over the
extragradient method and the method of extrapolation from the past. For variational
inequalities with monotone Lipschitz continuous operators, acting in Hilbert space, the strong
convergence theorem of the method is proved.

Keywords
variational inequality, monotone operator, saddle point problem, operator extrapolation
method, regularization, Halpern method, strong convergence

1. Introduction

This article continues the series of articles [1-3] devoted to the development of computationally
efficient and adaptive algorithms for solving variational inequalities and equilibrium problems.

Variational inequalities provide a universal instrument of formulating many topical problems of
mathematical physics, machine learning, data analysis, optimal control, and operations research [4, 5].
The development of algorithms for solving variational inequalities and related problems (equilibrium
problems, game problems) is an extremely popular field of research in computational mathematics [6—
35]. Some problems of non-smooth optimization can be effectively solved if they are formulated as
saddle problems. This approach allows to apply algorithms for solving variational inequalities in order
to get a solution of the optimization problem [11]. Recently, such a variant of building fast algorithms
for convex programming problems was developed: by using a duality theory, was made a transition to
some convex-concave saddle problem (Fenchel game) and then applied extragradient algorithms for
solving variational inequalities [12]. Note that the increased use of generative adversarial neural
networks (GANSs) and other adversarial or robust learning models has led to interest among machine
learning specialists in algorithms for solving saddle problems and variational inequalities [13].

The simplest method for solving variational inequalities is an analogue of the gradient descent
method, which in the case of the saddle point problem is known as the gradient descent-ascent method
[6]. But this method may not converge for variational inequalities with a monotone operator.

A well-known modification of the gradient descent method with projection for variational
inequalities is the Korpelevich extragradient method [14-17], the iteration of which requires two
calculations of the value of the operator of the problem and two metric projections onto the admissible
set. Computationally cheap variants of the extragradient algorithm with one metric projection on an
admissible set were proposed in the articles [18, 19]. Variants of the Korpelevich extragradient method,
including adaptive ones, are proposed in the articles [20-22]. In the Popov article [23] was proposed a
modification of the gradient descent-ascent method different from the extragradient algorithm for
finding saddle points of convex-concave functions. The iteration of this algorithm is cheaper than the
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iteration of the extragradient algorithm in terms of the number of operator value calculations: one
instead of two. Popov's algorithm for variational inequalities became known among Machine Learning
specialists as Extrapolation from the Past [13]. Important results related to this algorithm are obtained
in papers [1, 2, 13, 23-25]. In particular, it’s adaptive modifications are proposed in the papers [1, 2].

Further development of these ideas and attempts to reduce the complexity of iteration while
preserving the nature of convergence led to the inventing of a new Forward-Reflected-Backward
Algorithm for solving operator inclusions [26, 27]. The algorithm has an advantage over the
Korpelevich extragradient method and the method of Extrapolation from the Past in terms of the number
of calculations required for the iterative step. This scheme is known as Optimistic Gradient Descent
Ascent [13] and Operator Extrapolation Algorithm [3]. For the present day, the task of developing a
strongly convergent variant of the operator extrapolation algorithm for variational inequalities in Hilbert
space is relevant. Strongly convergent modifications for the extragradient algorithm are proposed in [2,
7]. Recently, many results have been obtained for algorithms for solving variational problems in Banach
spaces [3, 9, 28-30]. In particular, analogs of the Korpelevich, Tseng, and Popov algorithms for
problems in uniformly convex Banach spaces are constructed and theoretically studied. In [3] was
proposed an adaptive version of the Forward-Reflected-Backward Algorithm for monotone variational
inequalities in a 2-uniformly convex and uniformly smooth Banach space.

In this article a new algorithm for solving variational inequalities in Hilbert spaces is proposed. This
particular algorithm is a variant of the Operator Extrapolation Method (the Forward-Reflected-
Backward Algorithm from [26]), regularized by using Halpern schemes [31, 32]. For variational
inequalities with monotone Lipschitz continuous operators, acting in Hilbert space, the strong
convergence theorem of the method is proved.

2. Preliminaries and problem statement

Let’s consider the variational inequality:
find xeC: (AXy-X)20 vyec, (1)
where C is a nonempty subset of a Hilbert space H , A is an operator, which is acting from H in H

We denote the set of solutions (1) as S.
Assume that the following conditions are met:
e C c H isaconvex and closed set;

e operator A:H — H isamonotone on C, which means
(Ax-Ay,x-y)}>0 wx,yecC,
and Lipshitz operator on C (with constant L > 0), which means
|Ax—=Ay|<L|x-y| wx.yec;
e S isanonempty set.
Let’s consider the dual variational inequality:
find xeC: (Ay,Xx-y)<0 vyec. )

We denote the set of solutions (2) as S°. It is common known, that S° is a convex and closed set
[4]. Inequality (2) is called a weak or dual formulation of the variational inequality (1) (or Minty type
inequality), and the solutions of the inequality (2) — weak solutions of the variational inequality (1). For

the monotone operators A we always have S — S¢. In our particular conditions (when the operator is
also continuous), we have S¢ =S [4].
Let K isanonempty closed and convex subset of a Hilbert space H . We know that for each x e H
there exists unique element Z € K such that
Iz =] =infly x|
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This element Z€ K denote as P.x, and the corresponding operator P, :H — K is called

projection operator from H to K (metric projection) [4]. For this operator the following statements
are equivalent:

z=Px & zeK, (z-xy-2)20 WwyeK.
The last inequality is equivalent to the next one [4]:
ly=PRex <[ly =" ~[Rex—x|"  wyeK.

The variational inequality (1) can be formulated as the problem of finding a fixed point [4]:

x =P, (x—1AX), ©)
where A > 0. Formulation (3) is useful because it leads to an iterative scheme
X = I:)C(Xn _ﬁAXn)a (4)

which is weakly convergent for inverse strongly monotone (also known as co-coercive) operators
A:H —H [10]. However, in general this scheme (4) does not convergent for Lipschitz continuous
monotone operators. The most famous modification of scheme (4) is the Korpelevich extragradient
method [14]:

X :Pc(xn—/lAPC(xn—/len)),

the iteration of which requires two calculations of the value of the operator of the problem and two
metric projections onto the admissible set. Computationally cheap variants of the extragradient
algorithm with one metric projection on an admissible set were proposed in the articles [18, 19]. Further
development of these ideas and attempts to reduce the complexity of iteration while preserving the
nature of convergence led to the inventing of a new Forward-Reflected-Backward Algorithm [26]

X1 = P (X, —24AX, + AAX ;). (5)

This scheme is known as Optimistic Gradient Descent Ascent [13] and Operator Extrapolation
Algorithm [3]. The weak convergence of algorithm (5) is proved in [26].

The task of this article is to obtain a strongly convergent variant of the Operator Extrapolation
Algorithm. In order to do this, we regularize algorithm (5) using the well-known Halpern scheme [31]

Yo = any+(1_an )Tyn , (6)
where T : H — H is a nonexpansive operator, y € H .
If the set of fixed points F(T)={xeH:x=Tx} is nonempty and &, €(0,1), lime, =0,

n—o0

n+1

oo}

&, =+, then scheme (6) is strongly convergent: Mn Yo — PF(T)YH =0,
Remark 1. Halpern's iterative scheme (6) coincides with Bakushinskii's iterative regularization
scheme [7] for the method of successive approximations X,,; =TXn for approximation of fixed points

of the operator T: H —>H..
Now let’s recall the well-known lemmas about recurrent numerical inequalities.

Lemma 1. Let’s consider (fn) IS a sequence of nonnegative numbers, which satisfies the recurrence
inequality
éa<(l-a,)¢ +a,B, forall n>1,

where sequences (Otn) and (,Bn) have corresponding properties: &, E(O,l) and ﬂn Sﬂ, where
£=0.Then

£ celnts L p
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Lemma 2 ([7]). Let’s consider (én) is a sequence of nonnegative numbers, which satisfies the
recurrence inequality
én<(l-a,)é +a,B, forall n>1,
where sequences (¢, ) and (/3,) have corresponding properties: ¢, €(0,1), > a, =+, and

limB, <0.Then lim&, =0.

n—oo

Lemma 3 ([33]). Let's consider (an) is a numerical sequence, which has a subsequence (a ) ) with

n

property &, <&, ., forall k >1. Then there exists such a nondecreasing sequence (mk ) of natural

numbers, that M, —>+%0 and &, <@, ,;, & <a, , forall k>n,.

3. Regularized Operator Extrapolation Algorithm

In article [26], the following Operator Extrapolation Algorithm was proposed to solve the
variational inequality (1) (Forward-Reflected-Backward Algorithm)

X = Pc (Xn _ﬂhAXn _ﬂh—l(AXn - Axn—l)) - Pc (Xn _(ﬂh +/1h—1) Axn +’1h—1AXn—l) ' @)

where parameters 4, satisfy the condition 0<inf A <sup 4 <1/2L.

Remark 2. Modifications with the Bregman projection and the generalized Alber projection are
proposed in [2, 3]. In terms of the number of calculations required to perform an iterative step, this
algorithm has an advantage over the Korpelevich extragradient method

{yn =P, (%, 4AX,),
X = Pe (X, — A, A, ),
and the method of extrapolation from the past (Popov's method)
{yn =P, (X, = 4AY,),
X = Pe (X, — 4, AY, ).
It is known that for variational inequalities (1) with monotone and Lipschitz operators acting in

Hilbert space, algorithm (7) weakly convergent with O(%) - estimate of the efficiency in terms of the

gap function [3]. Based on the well-known Halpern method of approximation of fixed points of
nonexpansive operators [31, 32], we will build such a regularized version of the algorithm (7).
Algorithm 1. Regularized Operator Extrapolation Algorithm.

Initialization. We set the elements y e H , Xpr X € C, a sequence of positive numbers (ﬂh)

and such a sequence (Ocn), that
(248 6(0,1)1

- 0
!}I_f)foloan =0, Zn:lan =+0.
Iterations. We generate a sequence (Xn) using an iterative scheme

X = I:)C (any+(1_an)xn _ﬂhAXn _(1_an)ﬂh—l(AXn - Axn—l)) .
For positive parameters 4,, assume that this condition is fulfilled:
0<inf, A, <sup, A <1/2L. ©)
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In next sections, we will prove that the sequence (Xn) , generated by Algorithm 1, strongly converges

to the projection of a point § onto a set S. Therefore, to find a normal solution (a solution with the
smallest norm) of the variational inequality (1), we can use the scheme

X 1= PC ((1_an)xn _ﬂhAXn _(1_an)ﬂ'h—l(Axn - AXn—l)) :
Remark 3. For a smooth saddle point problem

Tin max L (x.y)

Algorithm 1 has the form
X = PC (anx+(1_an)xn _j“nvlL(Xn! yn)_(l_an )A‘n—l (vlL(Xn’ yn)_vlL(Xn—li yn—l)))'
yn+l = I:)D (any+(1_an)yn +ﬂ“nv2L(Xn7 yn)+(1_an)ﬂ’n—1 (VZL(Xn’ yn)_VZL(Xn—li yn—l)))'

Now let's prove the strong convergence of Algorithm 1.

4. Main inequalities

First, we will prove two auxiliary inequalities that will allow us to use Lemmas 1 and 2 to prove the
convergence of Algorithm 1

Lemma 4. For the sequence (Xn) , generated by algorithm 1, the next inequality holds

1
” n+1 Z” +2ﬂ’ <A AXn+1’ n+1 Z>+§”Xn+1_xn”ZS
< (1—an)(||xn o+ 28, A - 2) 2, _xn1||2j+
+a ||y Z” -, ||y Xn+l|| (2 a, _(1 0()2. LJHXA_XH _

(1-a, )(%—in_le"xn e ©

where z€S.
Proof. Let ZzeS. Then
(X =@y = (1=, ) X, + 4, A%, + (1=t ) Ay (AX, = AX, ), 2= %, ) 2 0. (10)

The monotonicity of the operator A and inclusion z €S gives us
(A, A% +(1=a,) Ay (A = AX, ;) 2= X, ) =

=2, (AX, — AX g, Z— X g )+ (1_an)ﬂ'nfl<(AXn - AXM),Z _Xn+1>+ A, <Axn+l' Z— Xn+1> =

<0

S/’i’n <Axn _AXn+1'Z_Xn+1>+

+(1_an)ﬂ‘n <AX Axn 1L >+(1_an)ﬂh <AX AXn 10 T n+1>' (11)
By using (11) in (10), we obtain

0£2<Xn+1_any_(1_an)xniz Xn+1>+2ﬁ“n<AX AXn+1’ n+l>+
+2(1= ) Ay (A, = A%y, 2= X ) +2(1— 0t ) Ay (AX, = AX g, X =X ). (12)

Now let's estimate from above the application 24, , <AX —AX, ;, X, — n+1> in (12). We obtain
2ﬁ“h—l <Axn - AXn—l’ Xy — n+1> < 2/,111 ”AX AXn 1” ”X n+1|| <
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< 2j’n—ll-”)(n - Xn—l” : ||Xn+1 =X, ” < ﬁ“n—lL”Xn - Xn—l”2 + ﬂ’n—lL ”Xn - Xn+1||2 :

n+1 n+1

Then we transform application 2(X,,; —a,y —(1—a, ) X,,Z—X,,;) in (12). We obtain

2<Xn+1_any_(1_a”)xn’ Z_Xn+1> -

o,y +(1-a, )%, — z||2 % —2| -

(13)

Xn+1_any_(1_an)xn 2'

In order to transform the difference ||e,y +(1— e, ) X, — z||2 — *in (13) let's

any+(l_an)xn — X

use the following identity
et +(1—a)V—W||2 =||v—w—a(v—u)||2 = ||V—W||2 —205<V—W,v—u>+052||v—u||2 =

=[v—wl —alv-ul ~alv-w[" +afu-w +a* v-ul,
where u,v,we H, a>0.Then

||any+(1—an)xn—z||2—||any+(1—an)x -x | =

n n+1

T A A A I A
Now we have this inequality
0< (1_an)||xn - 2"2 _(1_an)||xn - Xn+1||2 ta, "y_ 2”2 &, "y_xn+1"2 _"X - Z”2 +

n+1

+22h <Axn - Axn+1’ z _Xn+1>+ 2(1_an )ﬂh—1<AXn - Axn—l’ Z— Xn>+
(L=, A s L% = %o+ (L=t ) Al %, =X (14)
We rearrange the terms in (14) and finally get
[ —x% <

n+1 n+1

1
_ z||2 + 24, <AXn — AX, 10 Xy — Z> + E”X
< (l—ozn)(”xn - 2"2 + 2203 ( A%y — A%, X, — Z>+%||xn B Xn_1||2j+
. ”y i 2"2 o ”y ) Xn+1"2 _(%_a” _(l_an)ﬂn—le"Xml =X, "2 -

~-a)(5 At Il
which had to be proved. m
Lemma 5. For the sequence (Xn) , generated by Algorithm 1, the inequality holds

1
||Xn+l - 2"2 + 2ﬂ“n <Axn - AXnJrl' Xosg — Z> +§||Xn+l - Xn”2 <
< (l—an)(uxn o+ 2,4 (A Ak - 2) 42, —xn1||2j+ 20 (y— 2% —2)
1
_(E—an - an)ﬂ,nle"xM R R O P
where Zze€S.

Proof. Let's apply an elementary inequality ||a+ b||2 < ||a||2 +2(b,a+b). We obtain

=2 =]y =%+ %o = 2| <[y =Xl +2(y =2, %,s - 2). (16)
By using (16) in (9), we get (15), which had to be proved. m

5. Strong convergence
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Now let’s prove that the sequence is bounded (Xn) .

Lemma 6. Let the condition (8) be fulfilled. Then the sequence (Xn) , generated by Algorithm 1, is
bounded.
Proof. Since 0<inf, 4, <sup, 4, <5- and lima, =0, there exists such number Ny 21, that
n—oo

3 (el =3 e (14,050 a4 @g)( -z.L)o0 (D)

From (9) and (17) we obtain, that for N 21 the next inequality holds

<(l-a,) &+ aly-7, (18)

where & =|x, — 2| +22, 4 (AX,; — AX,, X, —2) +%||xn X4+ Z€S.

Let's get the lower bound of tfn . We obtain
£ =% — 2 + 2, 5 (A%, — A%, %, — z>+%||xn xf
1
> =2~ 24 = A, 2 S - 2
1
2 ”Xn - 2”2 - 2/7‘n—1L||Xn—l =X "”Xn - Z” + E"Xn—l —X ”2 2

> (1= A L) — 2 +(%—ﬂn_le||xn Cxafzo- (19

From inequalities (18), (19) and Lemma 1 follows the boundedness of the sequences (én) and (Xn)

, which had to be proved. Let's formulate the main result.
Theorem 1. Let C is a nonempty convex closed subset of Hilbert space H, A:H —->H isa
monotone and Lipschitz continuous operator onthe set C, S = J, y e H , condition (8) is fulfilled.

Then the sequence ( Xn) , generated by Algorithm 1, strongly converges to Z=P,Y..
Proof. Let Z= Psy. Lemma 6 implies the existence of such a number M >0, that
(y=2,%,,-2)|<M forall n>1.
Then from Lemma 5 the next inequality follows

§n+1 _gn + an‘fn +(% -a, _(1_ an)in—ll-juxm-l -X, "2 +

+(1—an)[%—/1“|_]||xn x4 <2a,M (20)

1
where & =|x, - z||2 + 224, 4 (AX = AX,, X, —Z) +§||Xn - Xn—1||2 :

Consider a numerical sequence (afn) . Then two options are possible:
1. there exists a number N >1 that §n+1 < fn forall n>N;
2. there exists an increasing sequence of numbers (nk) that (fnk+1 > (fnk forall k >1.

First let’s consider the option 1. In this case there exists lim¢&. . Since =6 0, a, —0 and
nN—o0

inequalities (20) are fulfilled, then for n — - we obtain
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%o =% 0. 1)

n+1
Let’s show that all weak partial limits of the sequence (Xn) belong to S. Consider a subsequence

(xnk ) , which weakly converges to some point We H . Itis obvious, that we C . Let’s show that we S
. We have

<Xnk+l —at, Y= (1= )% + 24, A%, +(1=a ) A o (A%, =A%, 1) Y =X, +1> 0 VyeC.
By using the monotonicity of the operator A, derive an estimate:
<Ay’y_xnk>+<AXnK’XnK n+1> <AXn Y- Xnk+1>

Zﬂhik<ank (y_xm )"‘Xnk —Xnk+1l y_)(nk+l>_(]'_0‘|nk )%<Axnk - Axnkfl’ y_X”k+1> vy =C

From lime, =0, constraint of the sequence (Xn) , (21) and Lipshitz property of operator A , we obtain

n—o

I|m<Ayy X, >20 vyeC.

k—>o0

On the other hand
<Ay,y—w>:£inO<Ay,y—xnk>:lim<Ay, y—xnk>20 vyeC.

Thus, weS.
Let’s prove that

lim(y—-2z,x,,-2)<0. (22)

n—oo

Consider the following subsequence ( ) that

Iim<y—z,xnk —z>=m<y—z,xm—z>.

k—o0 n—oo

Let's consider that X, —> W& S weakly. Then we obtain

lim(y-zx, —z)=(y-z,w-2)=(y-Ry,w-PRy)<0

which is a proof for (22).
Now from (22), inequality

§n+1 (1 24 )§n+205 <y Z’XnJrl Z>
which holds for sufficiently large n, and Lemma 2 we conclude that
& =~ + 2 (A~ A X =2 2 = 0.

From (19) we obtain lim||x, —z||=0
n—oo
Now let’s consider option 2. In this case there exists a nondecreasing sequence of numbers (mk)
with the following properties (Lemma 3):
2. fmk+1 mek forall k>n;

3. Gna2 forall k>n,.
From the inequality of Lemma 5, (19) and second property we get

E%—amk ~(1-an, )zmk,leHxW1 x|+ (1-ay, )(%—Amk,ll_juxmk | <22, M

This leads us to
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I|m||xmk+l =X, || =lim ||xmk - ka71|| =0.

k—o0 k—o0

By similar reasoning, we prove that the partial limits of the sequence are weak (xmk ) belongto S. From
identity

<y—Z,ka+l—Z> :<y—Z,ka _Z>+<y_z’xmk+1_xmk>
we obtain

fim{y 2% =2)=lim(y -2.x, -2).
As in the previous part, we obtain the inequality
m(y-2,%,.4-2)<0.

Then we get
fou< (1=t )&, + 200 (V=25 1 —2)< 1=y )&, 1+ 20, (Y=2.%, 4 ~2).
With respect to the third property, we obtain
S gmk+1 < 2<y— Z, X1~ Z> :
As a result, we get
@@ 32@<y—z,xmk+l—z>so.

Thus, lim & =0 and, consequently, lim||x, —z|| =0, which had to be proved.

6. Conclusions

In this article proposed and investigated a new algorithm for solving variational inequalities in
Hilbert spaces. The proposed iterative algorithm is a regularized (by applying the Halpern scheme [32,
33]) variant of the Operator Extrapolation Method (Forward-Reflected-Backward Algorithm from
[26]). For variational inequalities with monotone Lipschitz continuous operators, acting in Hilbert
space, the strong convergence theorem of the method is proved.

An important issue is the study of the asymptotic behavior of Algorithm 1 in the situation C=H :

Xoor = &Y+ (1=, )X, = A A, —(1-at ) Ay (A%, — AX ).
To be more precise, this issue is about the behavior of the norm ||AXn || In our opinion, the estimation
should be ||AXn|| :O(]/n). Note that in [34] was obtained an estimate for the extragradient method
such as ||Axn||:0(]/Jﬁ) and in [35] ||AXn||:O(],/n) for the extragradient method with Halpern

regularization

1 1
=X, +—— -—A
yn Xn+n+2(xo Xn) 8|_ Xn'
1 1
=X, +——(X,— X, )—— Ay..
Xn+1 Xn+n+2(X0 n) 8|_ yn

The parameters 4, of Algorithm 1 satisfy the condition 0 <iInf_ A4, <sup, A4, <1/2L . This means

that the information about the Lipschitz constants of the operator A was used a priori. Algorithm 1
and the scheme from articles [1-3] allow you to build such an algorithm with adaptive value selection

/Atn , that which does not require knowledge of Lipschitz constants of operators and linear search type

procedures.
Algorithm 2. Adaptive regularized operator extrapolation algorithm.
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Initialization. Set y € H , elements X;, X € C, numbers
1
TE(O,E), il!ﬂ‘[) >0,
and such a sequence (an), which have properties ¢, € (0,1) ,
!man =0, Zn:la” =10,
Iterations. We generate a sequence (Xn) by using an iterative scheme
Xn = PC (any+(1_an)xn _;ihAXn _(1_an)ﬂ‘h—l(AXn - Axn—l)) 4

mind 2 a8l L e o
n’ ' n+l n’
ﬂh+1: ||AX _Axn*

Ay otherwise.

n+l

In addition, based on the results of work [3], it is possible to obtain an analogue of Algorithm 1 with
a generalized Alber projection for solving variational inequalities in uniformly convex and uniformly
smooth Banach spaces.
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