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Abstract

Means of clandestine information acquisition most often intercepted or received information
is transmitted over a radio channel. Therefore, obtaining information about radio signals
located near objects in which confidential information circulates is a very important scientific
task in many aspects of information technologies. Therefore, methods of processing radio
signals require constant improvement. When processing signals, especially continuous ones,
the class to which the studied signals belong plays an important role. This is one of the key
aspects in solving a number of tasks, one of which is to restore the continuous appearance of
the signal after its digital processing. Considering the class of the signal helps to explore more
deeply both the properties of the signal itself and the methods of its further processing, digital
or analog, especially in the case of a complex nature, what is very useful in context of some
tasks of system analysis. This allows to choose the optimal way to solve this problem
depending on the class to which the signal belongs. The quality of approximation of signals
described by functions from generalized Holder classes and Poisson-type operators is
investigated in the paper. In particular, the measure of deviation, which analytically describes
the quality of the specified approximation, as well as the direct influence of the parameter
describing the order of the fractional derivative function describing the signal, is established
and investigated.
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1. Introduction

The space where we operate by means of a signal plays the important role in the construction of
mathematical models of one or another real process [1], including the process of signal transformation
and restoration. It may have a big interest in different tasks of computer modeling and related fields.
Since in many cases the investigated signals are continuous and can be described using periodic
functions, we consider the space of continuous 27 -periodic functions C,_, being quite relevant in a
number of problems of digital signal theory and related fields of science and technology [2, 3].

According to [4, 5], the norm in this space is given by the equality

lall, =max[g(t) (1)

Among various classes of signals, the class of signals, described (characterized) by the following
inequality, is quite popular
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lg(t+x)-2g(t)+g(t-x)|<2]x|", 0sa<2-z<tx<mr, )
and g(-) is the function, with the help of which the natural investigated signal is described. The class
of all such functions g () from space C,, we will call the generalized Holder class [6] and will denote

by HZ. Since the signal in the most cases is an oscillatory process, the effectiveness of the constructed

mathematical model of this oscillatory process will directly depend on how harmonic (polyharmonic)
the function describing one of the types of such functions, which are solutions of polyharmonic
equations of elliptic type [7-10] with corresponding boundary conditions [11, 12].

2. Estimation of deviation measure of signals from generalized Holder classes
from their generalized Abel-Poisson operators

Let’s have polygarmonic functions in the form of an operator

Ps,q(n;g;t)zzz’lji g(t+x)Kqu(n;x)dx, (3)

[EXY

where q>1,0<s<—,

K gl [ 1 971
Ko (M%) —E+Ze n[1+kse n [e” —1} (e"+1ﬂcoskx, 4)

is the kernel of this operator. In the case s=0 from the relations (3) and (4) we have

P (mg;t)=A(n;g;t) =7r‘1]£ g(t+ x)(%+ie: coskxjdx, (5)

the harmonic Abel-Poisson function [13, 14] or Poisson [15, 16]. If in (3) and (4) we put g=1, and

N

s :% , then we get a biharmonic function [7]

Pll(n; g;t) = B(n;g;t)zn’lj‘ g(t+x)(%+%ie_E (2+k(1—e_§Bcoskxjdx . (6)

2
As we noted above, the most effective mathematical models of the process of signal transmission
and restoration are those considered in the space of generalized Holder classes H.”. Therefore, if the

function g() from the class H.* (OSaSZ) describes the studied signal using the polyharmonic
operator P, .(n,g,t), then we will consider the quantity

P, (mgit)—g(t)=A(H;n). @)

The value in the left side of the equality (7) characterizes the deviation error for the thematic model
P, 4 (n; ;1) of the signal from the real one, described using the function g () of the generalized Holder

sup max

a —m<t<m

class H. To study the value A(Hf ; n) , first of all, we consider the so-called integral representation:

P (n;g;t)—(p(t):ﬂlj' (g(t+x)— g(x))KSYq (n,x)dx =

T

=(27) " [ (9(t+x)-29(t)+ g (t-x))K,, (n.x)dx. (8)

Further, combining the relations (7), (8), (2), (1), we obtain that

A(Hf‘;n) =(271')_ squ _T%z‘_”(g (t+x)——2g(t)+9g(t- X))Ks,q (m;x)dx |<
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<(27) " sup max []g(t+x)~20(t)+9(t-x)[K.q (3] ©)

a —nst<m-rm
*

Since, according to [17], the kernel K, (n;x) is always positive for all values of the parameters

g>10<s s% and —z < X< 7, specified in (3), it follows from (9) that

A(Hf;n)s(z;z)'lgs:jp max I|g(t+x)—29(t)+g(t—x)| Koo (nx)|dx <

—r<t<m—
He rt<z-m

x o k K 1) L
< ﬂ’lJ.|X|a [% + kZ;(e” ++kse [l— e"j [1+ e“ﬂcos kx} dx. (10)

3

Having made some mathematical transformations in the right-hand side of the equality (4), we get:

%+ i[eﬁ + kse% [1— eij (1+ e% ]]cos kx =
:[1—e_i] (Zcosﬂng iﬂ_(zszrl)([l—e_ij +s£1+eiJ(k[leijeiH. (11)

Therefore, if both parts of the equality (11) are multiplied by (2;;)’1 <|x* (0<a <2) and integrated

term by term for all x €[—7; ], then we have that

T« o [k _k 1
zz’l_f|x| {%+Z[e " 4+ kse n[1—e ”j]]coskxdx=
gt k=1
1\d - _ -1 _
=7z‘1(1—e”j ija (cosﬂij cos@dm

k=0 o

[l e oo

To evaluate the integral in the right-hand side of (12), we will use the equality

Vg -1 _
Ix“ (cosﬁ_xj cosZ (2k+1)de:
J 2 2

T -1 _ V4 _
=I x“—(x“ cos”—_xj costJrl)xdx+.[ x“’lcostx. (13)
) 2 2 ] 2
Since,
. -1 2
J‘(Xal_xa (cos”—_xj Jcos”_(zk +1)de::o[( 2 j J (14)
! 2 2 2k +1
T _ _ _ 2
J.Xa’l Coswdx == 2a (0!—1) F(a 12 Ccos ﬂ-(a 1) +O ( 2 j y (15)
) 2 (2k+1) 2 2k +1

then by combining the relations (14), (15), (13), (11) and (10) we obtain that

1\4
A(Hf‘;n)=F(a)cos”;a[1—e_nj x

ot o o)
N T 0 S

111

+O[1—e



Let’s analyze the right-hand side of the equality (16) as the deviation error of the mathematical
model P, (n;¢;t) of the signal from the real one, described by means of the function ¢(-) from the

generalized Holder class. To begin with, let’s simplify the estimate (16). We can show that (16)

A(H£;5n)=2"T(a)cos z ;a (1—eijq [(1—eﬁjlq - s[1+ ei]eiJ+
+0 (l—eij[l— se% [1+ eiJ(l—ei jq_l]. 17)

Now we can visually represent the main term of the deviation error (16) depending on « and
different values of the parameters s and g.

Above we considered two cases of parameter values s and q: s=0,g>1and s :%,q =1. For each

of these two cases, we build the graph of the principal error term (17).
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Figure 1: The behavior of the principal error term (17) in the case when s=0,q>1
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Figure 2: The behavior of the principal error term (17) in the case when s=1/2,q=1
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As we can see from the above graphs, whatever parameter values s and g, we take, the smoothness

of the function that describes the signal is a key aspect affecting the description of the signal using the
Poisson-type operator in the case when the signal belongs to the generalized Lipschitz class.

3. Conclusions

In this work, the approximation of signals belonging to the generalized Lipschitz class by Poisson-
type operators, as well as the application of this process in information technologies [18-21], have been
investigated. The error measure, which is obtained with this approximation, has been derived
analytically. With its help, we showed that the quality of the approximation of the investigated signal
depends the most significantly on the parameter « =2 describing the smoothness order of the function
or, what is the same, the order of its fractional derivative. According to the presented result, the quality
of signal approximation by Poisson-type operators is better, the higher the value of the parameter is,
confirmed by the graphs presented in the work. The application of the obtained results can be applied
in various areas of information technologies, in particular, in network technologies, for example, in
computer modelling [22-24], security [25], cybersecurity [26, 27], engineering [28-30], etc. We also
have found that the presented results indicate the more optimal approximation of the signal by Poisson-
type operators than by the methods presented in foreign sources, for example, in. This clearly shows
that Poisson-type operators are effective mathematical tools for solving a number of information
technology problems.
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