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Abstract

Two confluent rewriting systems in noncommutatives polynomials are constructed using the equations allowing
the identification of the local coordinates (of second kind) of the graphs of the ¢ polymorphism as being (shuffle
or quasi-shuffle) characters and bridging two algebraic structures of polyzetas.

In each system, the left side of each rewriting rule corresponds to the leading monomial of the associated
homogeneous in weight polynomial while the right side is canonically represented on the algebra generated by
irreducible terms which encode an algebraic basis of the algebra of polyzetas.

These polynomials are totally lexicographically ordered and generate the kernels of the { polymorphism
meaning that the free algebra of polyzetas is graded and the irreducible polyzetas are transcendent numbers,
algebraically independent.
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1. Introduction

For any r > 1 and (s1,...,$,) € N>j,forany z € C\ {0,1} andn > 1, let
. z"m " 1
Lisy,..s,.(2) == Z —— 5, and Hy , (n):= Z ST s (1)
ooony nyt...ny
n1>...>n,>0 n1>...>n,>0

which are respectively called polylogarithm and harmonic sum.
Let H, be {(s1,...,8-) € N§, 81 > 1}. Then, for any (s1, ..., s,) belonging to H,, by a Abel’s
theorem, the following limits exist and are called polyzetas' [9, 10]

C(s1y.0.y8r) 1= il_)n% Lis, . s.(2) = lim Hg . (n)= Z nytoon (2)

n—-+00
niy>...>n>0

Euler earlier studied polyzetas, in particular {((s1, ,92)}7;12>1 1.s,>1 in classic analysis. He stated that
¢(6,2) can not be expressed on ((2), ..., ((8) and proved [6] B

5—2
1 . .
((2:1) =¢(3) and ((s,1) = (sC(s+ 1) =D CG+1)(s —4)),s > 1. 3)
j=1
The {¢(s1,. .. ’87")}212;1,52,...,sr>1 are also called multi zeta values (MZV for short) [13] or Euler-
Zagier sums [2] and the numbers 7 and s1 + . .. + s, are, respectively, depth and weight of ((s1, ..., s,).

CEUR-WS.org/Vol-3754/paper06.pdf

One can also found in their biographies some recent applications of these special values in algebraic
geometry, Diophantine equations, knots invariants of Vassiliev-Kontsevich, modular forms, quantum

electrodynamic, ....
Many new linear relations for polyzetas are detected using LLL type algorithms in high performance
. . >1 ; >1
computing and the truncations of {((sy,..., ST)}Zf>1,52,...,5721’ ie. {Hshwsr(n)};‘;l’s%wsr21 (1,

2]. In this approach, the main problem is to detect with near certainty which polyzetas can not be
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Polyzeta is the contraction of polymorphism and of zeta (see (5)-(6) below).
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expressed on {((2),...,((s + k)} and are qualified as new constants (as for Euler’s ((6, 2)) [2]. Such
polyzetas could be Q-algebraically independent on these zeta values (see Example 1 below) and the
polyzetas could be transcendent numbers (see [9, 10] for proof). Checking linear relations among
{¢(s1,---, sr)}721 .op>1, Zagier stated that the Q-module generated by MZV is graded (see [9, 10]

s1>1,59,.
2<s1+...+sp<12

for proof) and guessed (see [7, 8, 12] for other algebraic checks)

Conjecture 1 ([13]). Let d := dim Z and Z, := spanQ{Q(w)}Z?iLsz """ o>15 Jor k > 1. Then
s1+...+sr==k

dy = 0,dy = dy = 1 and dj, = d_s + dj_o, fork > 4. '

Studying Conjecture 1, in continuation with [3, 5] by a symbolic approach, this work provides more
explanations and consequences regarding the algorithm LocalCoordinateldentification, partially
implemented in [3] and briefly described in [4].

It applies an Abel like theorem concerning the generating series of {Hj, s, ;21 s.>1 (resp.

{Lis, ... s 75412,.1.‘,391) [5], over the alphabet Y = {yi}r>1 (resp. X = {x0,21}) generating the free

monoid (Y*, 1y+) (resp. (X*, 1x+)) with respect to the concatenation (denoted by conc and omitted
when there is no ambiguity), the set of Lyndon words LynY (resp. LynX) and the set of polynomials,
Q(Y") (resp. Q(X)). This theorem exploits the indexations of polylogarithms and harmonic sums in (1)
by words, i.e. [9, 10]

Ligr(z) = log"(2)/r!, Lixglflxl...xé’"_l = Lig s Hy iy, = Hesy s, (4)

x
It follows that the isomorphism of algebras He : (Q(Y), w ) — (Q{Hy }wey=, X) (resp. Li, :
(Q(X), ) — (Q{Liy twex=, X)), mapping u (resp. v) to H, (resp. Li,), induce the following
surjective polymorphism [9, 10]

(Qlx+ ® 2oQ(X)x1, 1w, 1x+)

@iy o 0\ QY w1y B X
s1—1 Sk_l
TOTL B0 e ), ©)
Ysy ++ - Ysy,

where Z is the (Q-algebra generated by polyzetas (not linearly free [13]) and the product = (resp. L)
is defined, for any u, v, w € Y* (resp. X*) and y;,y; € Y (resp. x,y € X), by

ww lys = ly« ww = w and yu w y;v = y;(u w y;v) + y;(yiv = v) + yip(uwv), (7)

(resp. ww 1x» = 1x» ww = wand zu w yv = z(uw yv) + y(zuwv)). (8)

The graphs of the ¢ polymorphism in (5)-(6) are expressed as w (resp. ww)-group like series as
follows [9, 10]

e N\
Zy =€ H SV ang Z, = H €<(SZ)PI7 (9)
leLynY \{y1} leLynX\X

where {IL, } ey (resp. { Py }wex+) is the PBW-Lyndon basis (of the Lie polynomilas {II; };c zyny (resp.
{P}1e£ynx) basis) in duality with {2, } e x+ (resp. {Sw }wex+) (containing the basis {3 }1c £yny (resp.
{Si}iecyny)), on the w (resp. w)-bialgebra [9, 10]. Finally, the identification of their local coordinates
(of second kind in the group of group like series) in the equations bridging the lagebraic structures of
polyzetas, i.e. [5]

ny — e’Yyl—Zsz C(k’)(_yl)k/kﬂ-yzu_l and ZU_, = e"ﬂﬁ‘Zng C(k)(_xl)k/kﬂ-XZ% (10)

provides the algebraic relations among {C(3) }1e£yny\ {1} (tesp- {¢(S1) }ieynx\ x), independent on
7, leading to the algebraic bases for Im ¢ and the homogenous polynomials generating ker ¢ [9, 10] (see
[3] for examples), with? the morphism of monoids 7y : X*z1 — Y* (resp. mx : Y* — X*z1) maps
yi, to xlg_lxl (resp. xlg_lxl to yr).

2 . . -1 sr—1
“There are one-to-one correspondences over the above monoids and that generated by N>1, i.e m(s)l ... :cg’" r1 €

X'T1 =728 Ysy - Ysy. €Y > (81,...,5r) e Ny,
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2. Rewriting among {El}legyny\{yl} and among {Sl}zeﬁynX\X

For convenience, X’ denotes X or Y and if X = X then gDIV = X and CONV = zo X"z else
gDIV = {y;} and CONV = (Y \ {y1})Y™*. It follows that LynX \ gDIV C CONV.

Expressing, i.e replacing “=" by “—7, the relations among polyzetas in [3] become the rewriting rules
among polyzetas and yield the following increasing sets of irreducible polyzetas (see Example 1 below)

ZER2 . cZNP . czh (11)

wrr irr irr

and their images by a section of ( (see Example 2 below)

LES2 o phSP oot (12)

irr irr wrr

such that the following restriction is an isomorphism of algebras [9, 10]

¢ QILE(X)] — Q[2;,7] = 2. (13)
Note that one also has
X, &< X, x,<
ci'rroo = U ’Cirr P and ﬁir'roo = U ﬁirr p‘ (14)
p=>2 p=>2

Now, let us describe the algorithm LocalCoordinateldentification below which brings aditional
results to [3]. It provides the rewriting systems (Qly: @ 2oQ(X)z1,RY,) and (Qly+ @ (Y \
{y1})Q(Y), RY ) which are without critical pairs, noetherian, confluent and precisely contains the
above sets (see (11)—(12)) and, on the other hand, the set of homogenous in weight polynomials, be-
longing to Q[LynX \ gDIV], which are image by a section of the surjective ¢ polymorphism from

{¢(Q1) = O}iecynx\gprv- It is denoted by Qx:

Qx = {Qi}ieLynx\gpIv (15)

and generates the shuffle or quasi-shuffle ideal R x inside ker ¢ as follows
R :=spangQux C ker (. (16)

Forany p > 2and ! € Lyn?X := {l € LynX|(l) = p}, any nonzero homogenous in weight
polynomial (belonging to Q) @Q; = ¥; — T (resp. Q; = S; — U)) is led by ¥ (resp. S;) being
transcendent over Q[ﬁi)ﬁ’rgp Jand Y = Q; — X (resp. Uy = Q; — S)) is canonically represented in
@[E;\;;Sp |. Then let ¥; — Y; and S; — U be the rewriting rules, respectively, of

er ={ - Tl}leﬁyny\{yl} and Ré{?« ={S — Ul}le[lynX\X~ (17)
On the other hand, the following assertions are equivalent (see Example 2 below)

1. Q=0
2.3, € [,ZYT’TSP (resp. S; € E-X’Sp),

mrr

3. ¥; — X (resp. 5] — Sl)

In the other words, the ordering over LynX induces the ordering over £ R, R¥X and, in the

wrr irr

systems (Qlx+ ® 2oQ(X)z1, RY,) and (Qly~ & (Y \ {y1})Q(Y), RY),

1. each irreducible term, in Cffnfo, is an element of the algebraic basis {2 };c £yny\ {4} of (Qly~ @

Y\ {1 HQY), w) (resp. {1 hiecynx\x of (Qlx+ & 2oQ(X)z1, 1)),
X

rr?

l:;Y,OO

2. each rewriting rule, in R | and the right

side being canonically represented in Q[C;{’Tw]. The difference of these two sides belongs to the

ordered ideal Ry of Q[LynX \ gDIV].

admits the left side being transcendent over Q[
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LocalCoordlnateIdentiﬁcation
Zipy = {} Ezrr = {} Rzrr = {}7 Qu = {}’
for p ranges in 2,...,00 do
for | ranges in the totally ordered Lyn’X do
identify (Z,|I)) in Z, = B(y1)7yZ,, and (Z|P) in Z, = B(x1) 'nxZy;
by elimination, obtain equations on {C(Zl/)}l’egynpy and on {C(Sl’)}l/g[:ynpx ;

express® the equatlons led by ((3;) and by C(Sl) as rewriting rules,

if (%)) = (%) then Z)°:= Z ™ U{¢(X)} and L1 = L0®U{%}
else R;{r = RZT @] {Zl — Tl} and Qy = Qy U {El Tl}
if ¢(S;) — ¢(S;) then Z”,T = Z 7 U{¢(S)} and [,W =L U{S}
else Ry =RX U{S — U} and Qx := Qx U{S, —
end_for
end_for

With the notations introduced in (11)-(17), on also has*

Proposition 1 ([9, 10]). 1. Ry = kerC and (@[ ¥l =Z =Im(.
2. QU{St}iecynx\x] = Rx @ QL) and Q{1 }ie yny\ ()] = Ry @ Q[L127).

Proor -

1. Let @ € ker (, (Q|1x+) = 0. Then Q = Q1 + Q2 (with Q2 € Q[ oo ] and Q1 € Ry). Hence,
decomposing in {S;}icrynx\x (tesp. {Xi}iesyny\{y:}) and reducing by R, it follows that
Q =R ()1 € R and then the expected result.
Let w € CONV. Decomposing in {5 };cynx\ x (resp. {El}leﬁyny\{yl}) and reducing by R ,
w € Q[L>]. Applying (13) and (5)-(6), ¢(w) € Q[Z,*™°] = Z and Z = Im (. Extending by

linearrity, it follows the expected result.
2. For any w € CONV decomposing in {5 }iccynx\x (tesp. {2 }iccyny\{y,}) and reducing by

RE,. C(w) € Q[Z]. By 1ineafity, it P € Q[{Sihecynx\x] (resp. QU{Zi}ieLyny\{y:}]) and
P ¢ ker( O Ry then ((P) € Q[ ) ]

On the other hand, if Q € Ry N Q[EWOO] then, by (16), ((Q) = 0 and then, by (13), @ = 0
yielding the expected result.

O

Theorem 1 ([9, 10]). The Q-algebra Z is freely generated by Z;}jroo and Z = Q1 & Pj>5 Zk.

Proor - By (13) and Proposition 1, Z is freely generated by Z;f;oo and ker ¢, being generated by the
homogenous in weight polynomials {Q; }ic £ynx\gD1v; is graded. With the notations in Conjecture 1,
being isomorphic to Qly« & (Y \ {1 })Q(Y")/ ker ¢ and to Q1 x+ & xoQ(X)x1/ ker ¢, Z is also graded.
O

Corollary 1 ([9, 10]). Let P € EW Then ((P) is a transcendent number.

Proor - Let P € Q(X) and P ¢ ker(, being homogenous in weight, or P € CONV. Since
212w C Zgyp (k, k' > 1) then each monomial (¢(P))* (k > 1) is of different weight and then, by
Theorem 1, ((P) could not satisfy, over Q, an algebralc equation T% 4 ap,_1T*~! 4 ... = 0 meaning
that ((P) is a transcendent number. Since any P € EZM is homogenous in weight then it follows the
expected result. [

*This step and the following ones are not yet been achieved by the implementation in [3].
*See also [11] for further information.
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Example 1 (irreducible polyzetas, [3]).

ZS = {C(S0en) C0Si200) €St )s (S8 ) C(Supaanet ) C (St )
C(Smom%mox?% C(Sx(l)oml)a C(Sxoz?momz)a <(Smom%x0:p£f)a C(Swox‘llxom?)}'
Z'Y’SH = {C(Ew)a C(Eys)a C(Eys)a C(Z?ﬁ)) C(Ey3y§)7 C(Ey9)7 C(ZygyZ)a

wrr

C(2y11)7 C(Eygy?)v C(Zygy?% Q(Eygyig)}

Example 2 (Rewriting on {3 }c £yny\ {:} a0d {S1}iecynx\ x> irreducible terms).

Rewriting  on {Xi}icryny\{y,} Rewriting on  {Si}rynx\x
3 Z3J2y1 — %ZyS Smom% - S:rgxl
Sy — D2 Syin, — 2Sigm
4 Eyi‘ayl - %Z;;Q S:cgz% — 1710qu3121
Eyny - %252 Sévoﬁ - %Sl;alle
Yysye — Syg By, — 5By ngazf - _Sm(%a:lsxowl + 2Sa:§m1
2y4y1 - _2y32y2 + %Z% S$g:c1xom1 — _%ng:cl + S:v%x1 S$0$1
5 Eygyl - %Ey32y2 - %2% Sac%x% — _S:B(Q)xlslmivl + 25.7}%431
ysy2 %Eys Szozlmo:c% — %Sfcém
Eygyi’ - %2%292 + gzys Szom‘ll — Smgzl
S = ST Suse, = S
Syye — D2 Ay Syzz — 355t0m — 35u3,,
ZySyl - %nyg - %Eytgﬂz ngzlzoml — %055;;7?1
Yysyry: _%nyg + %Eyt?Z ngmﬁ - %S;I;li - S:ggi
E1131/23/1 — 32?;;2 — %2;253 Sz%xm:g:c% — %S\;;x?’l
6 Ey4y% - %ny3 B %EyquQ 576390%300501 - _%S;;xgl + %qugai
S 7 w1 Suzet = 1= Shom — % %fl
Eyw:f’ - %Zyt;g 52?01711093? - %S;gfl - S:gxl
Spyt = TR 57 | Sar = 55mm
Ei)f;ﬂgu - {5170117 Smgscp 521731‘17 Sm8m17 Smom%zgz‘llﬂ S:cgmp
Saor2agats Seiozy Seoadzoals Swordeea® Szorizgt )
L;i,;l? = {Eyz’ Dy, Ly > Dy Eygy?? Yy, Eygy;’ Yy Eygy?a Ey;gy?v Eygyﬁ}'

3. Conclusion

Thanks to a Abel like theorem and the equation bridging the algebraic structures of the Q-algebra Z
generated by the polyzetas [5], the algorithm LocalCoordinateIldentification provides the algebraic
relations® among the local coordinates, of second kind on the groups of group-like series, of the
noncommutative series Z,,, (i.e. {((S1) }iesynx\x) and Z w (i.e. {C(31) Yieryny\{y:})- These relations

constitute two confluent rewriting systems in which the irreducible terms, belonging to Z X0 represent
the algebraic generators for Z and, on the other hand, the wu-ideal R x and the w -ideal Ry represent
the kernels of the  polymorphism (Proposition 1). These ideals are generated by the polynomials, totally
ordered and homogenous in weight, {Q; };c zynx\gprv and are interpreted as the confluent rewriting

systems in which the irreducible terms belong to Efi;oo and, in each rewriting rule of R\, the left side

*These are different from those among {¢(!) }1e £ynx\ep1v obtained by “double shuffle relations” [8], for which Conjecture 1

holds, up to weight 10.
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is the leading monomial of Q;,! € LynX \ gDIV and is transcendent over Q[E?;fo] while the right

side is canonically represented on Q[ﬁg;oo]. It follows that ¢ (Q[ﬁfi;oo]), i.e. Z, as being isomorphic to
Qlx+ ® 2oQ(X)z1/Rx and to Qly~ & (Y \ {v1})Q(Y) /Ry, is Q-free and graded (Theorem 1) and
then irreducible polyzetas, being Q-algebraic independent, are transcendent numbers (Corollary 1). By
these results, up to weight 12, Conjecture 1 holds (see also® [7, 12]), i.e. ZYs12 4 QQ-algebraically free

irr
(Example 2).
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