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Abstract

We present some results concerning the rate functions of large deviations for symbol statistics defined
in primitive rational models. In our context these functions are always defined over an open interval
(U, V) C (0,1). We first prove certain properties of symmetry for such rate functions that allow us to
simplify subsequent investigation. Then we show that the limits of these functions at the endpoints U
and V' are always finite and we prove that, under rather mild conditions, the same U and V' are rational
numbers of the form ¢/j such that 4, j € {0, 1, ..., d}, where d is the number of states of the generalized
automaton defining the rational model. Under the same hypotheses we yield a precise value for the
corresponding limits.
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1. Introduction

In this work we study the properties of large deviations for symbol statistics in rational models.
Such statistics represent the number of occurrences of a letter in a word generated at random
among all strings of length n, over a binary alphabet, with a probability proportional to the
values of a given rational formal power series in non-commutative variables [2, 9, 3, 17]. These
probabilistic models can be completely defined by a generalized automaton equipped with
positive weights [27]. The study of symbol statistics in rational models is related to classical
research topics in the areas of formal languages, descriptional complexity, random generation
and analysis of combinatorial structures [13, 4, 6, 20, 8, 15]. Moreover, they are naturally related
to the analysis of pattern statistics. Symbol statistics in rational models can represent a large
variety of pattern statistics on words in several probabilistic contexts, this occurs for instance
when the set of patterns is given by a regular language and the random text is generated by
a Markovian source [2, 23, 18]. Typical results on pattern statistics concern the asymptotic
evaluation of the moments, the limit distributions and also the properties of large deviations
[24, 16, 15, 22]. In particular large deviations estimates are studied in order to evaluate the
probability of rare events, when one or more patterns are over- or under-represented in a
random text [5, 12, 22].

ICTCS’24: Italian Conference on Theoretical Computer Science, September 11-13, 2024, Torino, Italy
*Corresponding author.

"These authors contributed equally.

& massimiliano.goldwurm@unimi.it (M. Goldwurm); marco.vignati@unimi.it (M. Vignati)

&} http://users.mat.unimi.it/users/goldwurm/ (M. Goldwurm); http://users.mat.unimi.it/users/vignati/ (M. Vignati)
® 0000-0003-0903-4699 (M. Goldwurm); 0000-0002-4762-0915 (M. Vignati)

© 2024 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).


mailto:massimiliano.goldwurm@unimi.it
mailto:marco.vignati@unimi.it
http://users.mat.unimi.it/users/goldwurm/
http://users.mat.unimi.it/users/vignati/
https://orcid.org/0000-0003-0903-4699
https://orcid.org/0000-0002-4762-0915
https://creativecommons.org/licenses/by/4.0

In the present contribution we continue the investigation started in [19], where we proved a
property of large deviations for any symbol statistics defined in a rational model assuming that
the overall matrix of the weights of transitions is primitive. Here, we first prove as an auxiliary
tool some properties of symmetry of the rate functions occurring in these large deviations
estimates. It is known that these functions are well defined in an open interval (U, V') included
in (0,1). Then, we show that the limits of the rate functions at the endpoints U and V" are
always finite. Moreover, under a rather mild condition, we prove that such extremes are rational
numbers of the form i/j such that ¢ < j and i,5 € {0,1,...,d}, where d is the size of the
model, i.e. the number of states of the generalized automaton defining the model. Under the
same hypotheses we also determine the above limits, depending on the coefficients of the
characteristic polynomial of the matrix of weights. We conjecture that these results can be
extended to all rational models having a primitive matrix of weights.

2. Large deviation properties

The large deviations are typical properties of a sequence of random variables, say { X, }, that
have increasing mean values. They consist of a bound exponentially decreasing to 0 over the
probability that X, deviates from F(X,,) by an amount greater or equal to cE(X),), for any
¢ > 0. The main situations occur when E(X,,) ~ n for a constant 5 > 0, and since this
occurs in the contexts considered in this work, here we refer to the following formal definition,
inspired by [11, 15], which is rather restrictive with respect to the usual general setting [10].

Definition 1. Consider a sequence of random variables { X, } such that E(X,,) = fn+ o(n) for
a constant 3 > 0, and let (xq, x1) be a real interval including 3. Assume F'(x) is a function defined
over (xo,x1) taking values in R, such that F'(x) > 0 forxz # . We say that {X,,} satisfies a
large deviation property in the interval (xo, x1) with rate function F'(x) if the following limits
hold:

1
lim —log Pr(X,, < an) = —F(x) forxzg <ax < p

n—oo n

lim 1 log Pr(X,, > xn) = —F(x) forg <ax <

n—oo n
This property is equivalent to require that Pr(X,, < zn) = e~ F@n+o() for 25 < 2 < 3, and
Pr(X, > an) = e~ F@n+o(n) for B < x < x1. Such a property holds for several quantities of
interest in the analysis of various combinatorial structures [14, 7, 15, 21].

The rate functions we encounter in this work are convex over their interval of definition and
enjoy the following property, which often occurs in the study of large deviations [10]. For any
open interval (a,b) C R, we say that a convex function F' : (a,b) — R is essentially smooth if
F is differentiable in (a,b), lim,_,,+ F'(z) = —oc and lim,_,;- F’'(x) = +oc.

3. Symbol statistics in rational models

In order to define the rational stochastic models, consider a formal series in the non-commutative
variables a, b, that is a function r : {a,b}* — R, where Ry = [0, +00) and {a, b}* is the free



monoid of all words in the alphabet {a, b}. As usual, we denote by (r, w) the value of r at a word
w € {a,b}*. Such a series r is said to be rational if for some integer d > 0 there exists a monoid
morphism p : {a,b}* — RiXd and two (column) arrays &, € R%, such that (r,w) = & u(w)n,
for every w € {a,b}* [1, 25] !. Note that in this case, if w = wyws - - - w,, with w; € {a,b}
foreveryi =1,2,...,n, then pu(w) = p(w)p(ws) - - - p(wy,). Thus, as p is generated by the
matrices A = p(a) and B = pu(b), we say that the 4-tuple (¢, A, B, n) is a linear representation
of r of size d. Such a 4-tuple can be considered as a generalized automaton over the alphabet
{a, b} as defined in [27], where {1,2. .., d} is the set of states and the weights of the transitions
are positive real, as well as the weights of the initial and final states. In particular, the matrix
A (resp. B) represents the weights of the transitions labelled by «a (resp. b), while £ (resp. 1)
represents the weights of the initial (resp. final) states.

To avoid trivial situations, denoting by {a, b}" the family of all words of length n in {a, b}*,
we assume that the set {w € {a,b}" : (r,w) > 0} contains at least two elements, for every
n € N;. As a consequence, since Zwe{a,b}n(r, w) =& (A+ B)"n, we have £ # 0 # 1 and
both A and B are non-null matrices (i.e., each of them has at least one positive entry). Moreover,
we can consider the probability measure Pr over the set {a, b}" given by

(ho) o)
Zwe{a,b}" (T7 w) '3 (A + B)n n ’

Note that, if r is the characteristic series of a (regular) language L C {a,b}* then Pr is the
uniform probability function over the set LN{a, b}". Also observe that the traditional Markovian
models (to generate a word at random in {a, b}*) occur when A + B is a stochastic matrix,
€ is a stochastic array and 7’ = (1,1...,1) (for a comparison between the rational models
and different types of Markovian models, one may refer to [18], while for their relations with
stochastic automata one may consider [27]).

Then, under the previous hypotheses, we can define the integer random variable (r.v.) Y,, =
|wl|q, where w is chosen at random in {a, b}"™ with probability Pr(w) and |w|, denotes the
number of occurrences of a in w. By our assumptions, Y}, is a non-degenerate random variable.
One can easily prove [2] that the probability function of Y, is given by

_ [2"]¢'(Az + B)™

- Y(A+B)M
where [2*]g(z) denotes as usual the coefficient of the monomial of degree k in an arbitrary
polynomial g(x) € R[x]. For sake of brevity we say that Y, is defined by the linear representation
(&, A, B,n). As shown in [2, 9, 3, 17], its traditional properties, as mean value, variance, limit

distributions and local limit properties, can be studied by using its moment generating function

n z '(Ae*+B)"
U (2) = Ly palk)ert = S50 (2 € ©),

Pr(z) = Ve {a,b}" (1)

ke{0,1,...,n}

4. Large deviations for primitive models

In this section we summarize the large deviation properties of Y,, when the matrix A + B is
primitive [19]. Here and in the subsequent sections we denote by m;;, a;; and b;; the entries of

!As usual, we denote by v’ the transpose of an array v € R?, i.e. a row array.



indices i, j of the matrices M, A and B, respectively. Recall that a square matrix M € R‘fd
is primitive if there exists a positive integer n such that M" > 0, i.e. all entries of M"™ are
strictly positive. It is well-known that M is primitive if and only it is irreducible and aperiodic
[26]. Its main properties are established by the well-known Perron-Frobenius Theorem (see for
instance [26, Sec 1.1]) stating that every primitive matrix M € R‘fd admits a real eigevalue
A > 0 (called the Perron-Frobenius eigenvalue of M) such that |i| < A for any eigenvalue p of
M different from A, A is a simple root of the characteristic equation of M and the following
property holds:

(i) If a matrix A =€ ]Rff_Xd satisfies A < M (i.e. a;; < myj, Vi, j) and a is an eigenvalue of A
then || < A. Moreover, |a] = A implies A = M.

Now (still assuming A # 0 # B) let A 4+ B be primitive and let A be its Perron-Frobenius
eigenvalue. In this case it is known that the sequence {Y},} has a Gaussian limit distribution
[2] it satisfies a large deviation property [19] and also has several local limit properties [3, 17].
These results are maily obtained by studying the function y = y(t), where ¢ € R, implicitly
defined by the equation

det(Iy — Ae' — B) =0 (2)

with initial condition y(0) = A. Clearly y(#) is analytic and well defined all over R. Since also
Ae' + B is primitive for every ¢t € R, y(t) is its Perron-Frobenius eigenvalue; thus, y(t) is a
positive real function, strictly increasing all over R (by statement (i) above), which implies
y'(t) > 0 forany t € R.

Moreover, we can define the constant § = @ and the function 3(t) = m, fort € R,

oy
which enjoy the following properties [2, 19]:

(@) 0 < B <1landE(Y,) = fBn+ c+ O(e"), for some |¢| < 1 and some constant ¢ € R;

(b) For every t € R we have 0 < 3(t) < 1, 8/(t) > 0, and hence the following limits exist and
are finite:

U= lim (t), V= lm ) 3)

Also, these limits imply 0 < U < 8(0) <V < 1.

(c) For every x € (U, V) there exists a unique 7, € R such that §(7;) = x. Moreover, 7, < 0
whenever ¢ < 3, 73 = 0 and 7, > 0 when z > f3.

By using the properties above the following result can be proved [19].

Theorem 1. Let{Y,,} be defined by a linear representation ({, A, B,n) where A+ B is primitive.
Then {Y,} satisfies a large deviation property in the interval (U, V') with rate function

G(z) = —log (y(”)> (4)

)\ex‘rz

where T, is defined by sentence (c) above. Moreover, G is analytic in the whole interval (U, V),
where it is also convex and essentially smooth with a unique minimal value G(3) = 0.



A natural question arising from the previous result is whether the interval (U, V') of definition
of G(x) coincides with interval (0, 1), as it occurs in the classical case of binomial random
variables [10, 11]. One may also ask what the behaviour of G(x) is when x tends to the extremes
of the interval. In [19] it is proved that U = 0 and V' = 1 when the main eigenvalues of the
matrices A and B are nonnull. A simple check of the proof allows us to strengthen the result,
making independent the two conditions that imply, respectively, U = 0 and V = 1. More
precisely, since A and B are non-zero matrices with entries in R, both of them admit a real
non-negative eigenvalue, we denote by A4 and Ap, respectively, that are greater or equal to
the modulus of any other eigenvalue. Clearly, it may happen Ay = 0 or A4 = |p| for some
eigenvalue p of A different from A4, and the same may occur for Ag. However, again by
statement (i), we have A4 < A and Ap < A. Then, from [19] one can prove the following

property.

Theorem 2. Under the hypotheses of Theorem 1 the following properties hold:
1)IfAg > 0 thenU = 0 andlim,_,o+ G(x) = log(A\/Ap) (whatever A4 is);
2)IfAa > 0thenV =1 andlim,_,;- G(z) = log(A/Aa) (whatever \p is).

This result leaves open the problem of finding the values of U and V, respectively when
Ap = 0and A4 = 0. In these cases, also the limits lim,_,;;+ G(z) and lim,,_,;- G(x) are not
established. We only know, by Theorem 1, that 0 < U < V < 1 and that |G'(z)| — +o0 as x
approaches U or V.

5. Properties of symmetry

In this section we present a natural property of symmetry between rate functions in our context.
Let A,B € Rff(d be two non-null matrices (i.e. A # [0] # B). Clearly, for every pair of values
y € Cand t € R, we have det(Iy — Ae! — B) = 0 if and only if det(Iye " — Be™* — A) = 0.
As a consequence, if y = y(t) and v = v(u) are functions defined, respectively, by the equations
det(Iy — Ae' — B) = 0 and det(Jv — Be* — A) = 0, with the same initial condition y(0) =
A =v(0), then v(u) = e"y(—u) for every u € R.

Theorem 3. Given two non-null matrices A, B € ]Rff_Xd, assume that A + B is primitive. Let
G(z) and F(x) be the rate functions of the symbol statistics defined, respectively, by (£, A, B, n)
and (¢, B, A, n), and suppose G(x) defined over the interval (U, V), for some0 < U <V < 1.
Then the following properties hold:

1. F(z) is defined over the interval (U', V') such thatU' =1 —V and V' =1 - U.
2. Foreveryx € (U, V'), F(z) = G(1 — x).
3. lim,_,pr+ F(z) = lim,_,;,- G(x) and lim,_,y— F(z) = lim,_,;7+ G(z).

Proof. Clearly the third property is consequence of the other two. To prove the first one, let

y(t) and v(u) be defined as above. According with the notation of Section 4, set 5(t) = %

and B(u) = 2/((5)). As stated above, we know that v(u) = e“y(—u) for every u € R, and hence
v'(u) = e*ly(—u) — y'(—u)], which implies 3(u) = 1 — B(—u). Thus, by relations (3) the




last equality shows that U’ = lim,_, o B(u) = lim,_ o, 1 — (—u) = 1 — V and, similarly,
V' = limy s 400 B(u) = limy 100 1 — B(—u) = 1 — U. These equalities prove Property 1)
since, by Theorem 1, F'(z) is defined over the interval (U’, V).

To prove Property 2, let x € (U’, V') and set z = 1 — 2. By sentence (c) of Section 4, there
exists a unique value 7, € R such that 5(7,) = z. Analogously, there is a unique u, € R such
that 3(u,) =  and, since 3(u) = 1 — B(—u), we get u; = —,. Thus, by relation (4), we have

F(x) = —logv(ug)+log\+ zu, = —loge“y(—uy) + log A+ (1 — 2)u, =
= —logy(r,) +logA+ 21, = G(2) O

6. On the limits of G(x) at the endpoints U and V

In this section we study the behaviour of G(x) for x tending to V' or U under the assumptions
of Theorem 1, without restrictions on the matrices A and B, so including the case A4 = 0 and
Ap = 0. Here we show that under these hypotheses such limits are always finite. In the next
section, under more restrictive assumptions, we yield a precise expression of their values.

To present the result in detail, consider the family of real coefficients {c;; : h €
{1,2...,d},j € {0,1,...,h}} defined by the equality

d h
det(Iy — Aet — B) = y? — Z Z chjetjyd*h (5)
h=1 j=0
Observe that some of them yield the characteristic polynomials of both A and B:
d d
det(Ty — A) =y* = > cpny™" ,  det(ly—B) =y = croy™"  (6)
h=1 h=1

Since some of these coefficients may be null, we define the following sets:

E = {(h7j) : h6{172"'7d}7j6{0?17"'7}1/}70}1]‘#0};
Q = Q) :={¢qeR : 3(h,j) € Lsuchthatq=j— Vh};
Ly = {(h,j)eLl : j—Vh=gq}, forevery g € Q.

Clearly £ and Q are not empty, and the family {£, : ¢ € Q} is a partition of £. Moreover, we
can also define g := max{q € Q} and ¢ := min{q € Q}. Thus, up to a division by y?, equation
(2) can be written in the form B

L= )" cpely™ (7)

(h,g)eL

Now, let us study the properties of the previous equation when ¢ tends to +00 in order to
determine V' and the limit lim,_,i— G(z). Consider the function 5(t) = y/(t)/y(t) introduced
in Section 4, where ¢ € R. From the second relation of (3) we deduce that, for t — +oc,
% logy(t) = B(t) =V —&(t), where £(t) — 0" monotonically. This implies

t d t
logy(t) —log A = / . logy(z)de =Vt — / e(z)dz =Vt —n(t)
0 0



where n(t) = fot £(z)dz. Note that 7(0) = 0 and n(t) > 0 for any ¢ > 0; more than that, n(t) is
strictly increasing in R and one easily sees that 1(t) = o(t) for t — +00. As a consequence,
either limy_, oo 7(t) = 400 or limy_, 4 1(t) = ¢~ for some ¢ > 0. Moreover, from the last
equalities we get

y(t) = eVt (8)

Replacing this expression in equation (7) and using the sets defined above we get
1= Z el Z chj/\fheh”(t) (VteR)
a€Q  (hj)eLy

Now it is convenient to define the polynomial p,(z) := ) (hj)eLq Chi A~hah for every g € Q.
Replacing it in the previous equation, we have

1= etépa(en(t)) + Z etqpq(en(t))
qe\{q}
and hence, for t — 400, we obtain

1= e [pg(e"®) + O(c™)] )

for some 6 > 0. This proves ¢ > 0, otherwise since 7(t) = o(¢) the right hand side of the
equality above would go to 0 for ¢ — +00. As a consequence, whatever the value of § > 0 is,
7(t) cannot tend to +oo for t — 400, otherwise the right hand side of the previous equality
would not tend to 1. This implies lim;_, o, 7(t) = ¢~ for some ¢ > 0, and hence £(t) is
integrable at +o0, that is f0+oo e(t)dt € R, which yields the relation

e(t) =o(t™) fort — +o0 (10)
Moreover, setting the constant C' € (0,1) by
C:=e¢ €= lim e ¥ (11)
t—+o00

we can write the identity (8) in the form
y(t) = X" (C +6(t)) (12)
for some positive function §(¢) such that lim;_, 1« §(¢) = 0T. Thus, relation (9) becomes

1= ¢ [pg(C™") +o(1)] (13)

Note that this does not necessarily imply g = 0 because C~* could be a root of p; and, in that
case, the equality above would prove g > 0.

However, these equalities allow us to evaluate the limit of G(z) for x — V. Recall that
B(t) =V — £(t) and, by property ¢ of Section 4, x = [(7;) and lim,_,y— 7, = +00. Thus,
from equality (4), by relations (12) and (10), letting x — V'~ we get

G(z) = —logy(re) +log A+ 27, = —log(AeV ™ (C 4 6(1))) + log A + B(7) 7 =
= —logC —log (14 C7'6(ry)) — e(74)7s = —log C + o(1) (14)
As a consequence lim,,_,y— G(z) is always finite. By applying Theorem 3 it is easy to verify an

analogous property for U. Therefore we have proved the following result, which extends to the
cases Ay = 0 and A\p = 0 the properties presented in Theorem 2.



Theorem 4. Under the hypotheses of Theorem 1 both limits of G(z) forx — U™ and forx — V™~
are finite.

The previous result is not taken for granted since, from Theorem 2, in case A4 = 0 one might
expect that the limit of G(x) at V™~ is 400, while we have just proved it is finite. The same
holds for the limit at U™ in case Ag = 0.

7. Graphs, matrices and characteristic polynomials

In order to continue the analysis of the extremes U and V' of the domain of G(x), we present some
properties of the coefficients cj,; introduced in (5). We first recall the traditional correspondence
between non-negative matrices and weighted graphs.

For every matrix M € ]RiXd, let G(M) be the weighted oriented graph with set of nodes
N ={1,2,...,d}, set of edges E' = {(i,j) € N x N | m;; > 0} and weight m;; for every
(i,7) € E. Further, for any cycle C in G(M ), the weight of C' is defined as the product of the
weights of its edges and is denoted by w(C'), while the length of C' is just the number of its
edges. A cycle is said to be simple if it does not cross any node twice. We denote by C; the
family of all simple cycles of length i in G(M). Note that det(Iy — M) = y? if and only if
G (M) has no cycles.

A further key property is that the determinant of M is a sum of products (with sign) of
weights of simple cycles in G(M). More precisely, let us denote by fu the cardinality of a set
u C N. For every h € {1,2,...,d}, define P, := {u C N : fu = h}. Moreover, for every
u € Py, set the submatrix M, := [m;;; je, and denote by S, the family of all permutations
of u. Note that any cyclic permutation of a subset u C N can be interpreted as a simple cycle
that crosses every node in u once. In general, any arbitrary permutation o of a subset u C N
can be represented by a family U(o) of disjoint simple cycles over u, where every vertex in
u just belongs to one cycle of U(c). Also observe that the sign of a permutation o turns out
to be sgn(o) = (—1)%, where t is the number of (simple) cycles of even length in U(c). Thus,
for every u € Py, if ¢ € S, is a cyclic permutation then sgn(c) = (—1)"~!. Moreover, for
every permutation o € Sy, the value [[;c,, miq(;) is different from 0 if and only if all cycles in
U(c) are subgraphs of G(M) and, in this case, [ ];c,, mio(i) = [ Icep (o) w(C). Thus, for every
he€{1,2,...,d} and u € Py, we may write

det(M,) = 3 sgn(@) [[mioy = 3 seno) [ w(©) (15)
o€Sy i€u o€ESy CeU(o)
Then, from the same definition of determinant, one can deduce the following property:

Proposition 1. Given a matrix M € RiXd having a non-null eigenvalue, define the coefficients
ai,az, ..., aq by the equality

d
det(Iy — M) = y¢ — Z apyt" (16)
h=1
Then, for every h € {1,2,...,d}, we have
ap = (=1)"1 ) " det(M,)

UEPh



Moreover, setting h := min{h € {1,2,...,d} : ap # 0}, it turns out that h, is the smallest length
of acycle in G(M), aj > 0 and ay = ZCEC;L w(C).

Note in particular that a; = tr(M), i.e. the trace of M, and ag = (—1)%~! det(M).

The previous correspondence between matrices and graphs can be extended to pairs of
non-negative matrices. Given two arbitrary matrices A, B € R‘fd, let G(A, B) be the labelled
oriented graph having set of vertices N = {1,2,...,d} and, for every pair i,j € N, an edge
from i to j of weight a;;, labelled by a, whenever a;; > 0, and an edge from i to j of weight b;;,
labelled by b, whenever b;; > 0. Any path (or cycle) in G(A, B) consists of consecutive edges,
each of them labelled by either a or b. The weight of a cycle in G(A, B) is the product of the
weights of its edges.

By applying Proposition 1 to the matrix Aw + B, for an arbitrary variable w, we obtain

M&

det(Iy — Aw — B) = y? )it Z det(Ayw + By) y* " (17)

th uePy

Moreover, for every u € Py, setting Pj(u) := {v C u : fv = j} forany j = 0,1,...,h, by
relation (15) and the previous arguments we have

det(Auw + Bu) = Z sgn(a) H(aia(i)w + bia(i))
oESy iEu
h
= Z SgH(U)Z Z Hazaz H bzaz wj
o€Sy J=0 \vePj(u) t€v i€u\v

Note that, for j = 0, the sum included in round brackets of the last expression reduces to
[ L;cu bio(i), while for j = h it becomes [[;c,, @io(;)- Thus, from equalities (5) and (17), we get

Chj = (— hil Z Z Sgn Z Hawz H bw’z (18)

UEP, 0ESy vEP (u) i€v icu\v

For our purposes it is relevant here to show that c; > 0 for certain pairs of indices (h, j) € £
that have maximum or minimum ratio j/h. To prove a property of this kind we introduce a
(possibly) different partition of the coefficients set L, i.e. let us define

R = {reQ : 3(h,j) € Lsuchthatr =j/h},
L, = {(h,j)eLl : j/h=r}, foreveryr € R,
7 = max{r € R}, r = min{r € R}.

Observe that, if A + B has a non-null eigenvalue then £ is not empty, 0 < r < 1 for every
r € R, the family of sets { £, : 7 € R} forms a partition of £, and also L7 and £, are not empty.
As in the previous sections, we denote by A4 and Ap the largest real non-negative eigenvalue
of A and B, respectively. Then, we can prove the following property.

Proposition 2. Given two matrices A, B € ]R‘iXd such that A + B has a non-null eigenvalue,
assume Ag = 0 and let (h, j) be the element in L with smallest value h. ThenT < 1 and cp; > 0.



Proof. First observe that, since A4 = 0, by relation (6) ¢, = 0 forall h € {1,...,d} and hence
7 < 1. The positive sign of cj; follows from an analysis of identity (18). Note that, just by (18),
the value of each non-null coefficient c;; is given by the weights of permutations of sets of
h nodes whose cycles in G(A, B) have j many edges labelled by a and h — j edges labelled
by b. Since 7 is the maximum value in R, all (possible) simple cycles in G(A, B) of length
h < h have a number of occurrences of a striclty smaller than j: hence they cannot contribute
to determine the value cj;. As a consequence, the only permutations o that contribute to
cy,; are cyclic permutations of / nodes whose corresponding cycle in G (A, B) has exactly j
many edges labelled by a (and the others by b). Thus, the sign of these permutations always is
sgn(o) = (—1)"~1, which implies ¢p; > 0 by the same identity (18). O

An analogous symmetric reasoning (exchanging A and B, a and b) allows us to state a similar
result for £,. Note that, also in this case, if (h, 7) is the element of L, with smallest value h
then all permutations that contribute to Cj; are cyclic, and hence reasoning as above Chi > 0.

Proposition 3. Given two matrices A, B € RiXd such that A + B has a non-null eigenvalue,
assume Ap = 0 and let (ﬁ, 7) be the element in L, with smallest value h. Thent > 0 and cp; > 0.

8. On the endpoints of the domain of G(z)

The results of Section 6 are obtained under the assumptions of Theorem 1, i.e. A + B primitive
and both A and B non-null. Now we introduce further hypotheses in our analysis. Our goal is
to prove that, under a mild condition, the endpoints of the domain of G(x) are of the form j/h
for some integers j,h € {0,1,...,d} such that j < h (h # 0) and, under the same hypothesis,
we determine a precise value for the limits of G(x) at these extremes when Ay = 0 or A\ = 0.
The proofs are based on the properties of characteristic polynomials presented in Section 7, and
here we use the notions introduced therein.

Theorem 5. Under the hypotheses of Theorem 1, let Ay = 0 and assume that L5 is a singleton
defined by Ly = {(h, j)} for a given (h,j) € L. Then V =T < 1,¢; > 0 and

A
lim G(z) =log —
V- W

Proof. First note that, by Proposition 2,7 < 1 and ¢ R > 0. Moreover, for every r € R different
from 7 and every (h, j) € L,, one has j —Th < 0. Now, let us define the function

F(t,y) :=1— c,;;etjyfﬁ — Z chjetjy*h
(h.g)€L\{(h,)}
Under our hypotheses, equation (7) reduces to F'(¢,y) = 0. Thus, for any constant & > 0 and
for t — +o0, the value F(t, ae'”) satisfies the relation

F(t,oe™) =1 - c;ﬁa_ﬁ - Z chjahet(j_m) =1- c;ﬁoa_ﬁ +o0(1)
(h.g)eL\{(h.g)}



Then, for ¢ large enough, F'(¢, ae!”) is greater or smaller than 0 according to whether « is
greater or smaller than /7. Since y = y(t) is solution of equation F'(t,y) = 0, this implies
the following relation for every € > 0 and every ¢ large enough:

(em—e)e™ <y < (gem +e)e”
Since y(t) has the form (12), the inequalities above prove V' =7 = j/h. Clearly, j > 0 because
V> 0.
At last, let us consider the behaviour of G(x) for = tending to V. Since V' = 7 we have
g = 0 and equality (13) in our hypotheses becomes 1 = ¢ E;()\C’)*h + o(1), which implies
C=cr; /A. Replacing this value in (14) one gets

G(z) = log < ) +0o(1) O

Again, applying Theorem 3 to the previous result, a similar property can be proved for U.

Theorem 6. Under the hypotheses of Theorem 1, let \p = 0 and assume that L, is a singleton
defined by L, = {(h,})} for a given (h,j) € L. ThenU =1 > 0, ¢z > 0and

lim G(z) = log — A
z—U+ m
Clearly, under the hypotheses of the last two theorems, both U and V' turn out to be of the
form j/h for some (h,j) € L. Moreover, it is easy to verify that if the size d of the linear
representation of the rational model belongs to {2, 3} then all sets £, are singleton, and hence
Theorems 6 and 5 apply in case A4 = 0 and Ap = 0, respectively.

Example 1. Consider the linear representation defined by the finite automaton of Figure 1,
where all transitions have weight 1. In this case A = 2, § = 2/3, A4 = 1 while A\ = 0,
det(Iy — Ae! — B) = 3% — y%e! — 2ye! and y(t) can be computed explicitly as y(t) =
%t (1 +v1+ 86_t). Moreover, the non-null coefficients cy; are ¢c;7 = 1 and cp; = 2, and
hence r = 1/2, which implies U = 1/2 by Theorem 6. By the same theorem we have
lim,_,; o+ G(z) = (1/2) log 2. Since A4 > 0 the behaviour of G/(z) near V' is established by
Theorem 2: V' = 1 and lim,_,;- G(z) = log 2. These evaluations are confirmed by analysis of
the rate function G(z) = log 2 + xt — log y(t), where ¢ satisfies the relation y/'(t) = zy(t), the
graphic of which is plotted at the right hand side of the figure. O

Here is an example of size d = 4 where a set £, is not singleton, but L5 is. However, in a
similar way;, it is easy to produce examples with 4 states where also L7 is not singleton.

Example 2. Consider the linear representation defined by the automaton in the left hand side
of Figure 2. Clearly A+ B is primitive and a direct computation shows that its Perron-Frobenius
eigenvalue is a constant A = 3.38.... Moreover, here we have Ay = 0, A\p = 2 and

det(Iy — Aw — B) = y* — 3y® — 5w + 2% + Tyw — 6w® + 2w?
showing the values of non-null coefficients cp,;’s. Note that here £ 5 = {(2,1), (4,2)} is not
singleton, while 7 = 3/4, L7 = {(4, 3)} and c;,; = 6. Then, by Theorems 6, we have V' = 3/4
and lim,_,3/4- G(z) = log()\/ V6). O
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A=2, B=2/3
A=1A=0

Figure 1: Generalized automaton of size 3, where all transitions have weight 1 and the matrix of
transition weights is primitive. The right hand side shows a graphic of the corresponding rate function

G(z).

(b, 1) (b,2)
% 03 A=23.38., Ag=0, \g =2
b.2) U=0,V=7=3/4
(a,2) {(b, 1) (%3)\ (b,1) Lr={(4,3)}
lim, o+ G(z) = log(\/2)

e (a,1) lim, ,3/4- G(z) = log(A\/V/6)

Figure 2: Generalized automaton with primitive transition matrix where A4 = 0 and L is a singleton.

9. Future work

A natural goal for possible subsequent investigations concerns the extension of the results
presented in Theorems 5 and 6 to all rational models (£, A, B, n) having primitive matrix A+ B
(with both A and B not null). In fact, we think that analogous results can be obtained also when
L7 and L, are not singleton. In these cases, the limits of G(x) at V and U should be related to
the roots of the polynomials pr(z) and p,(z) (defined as in Section 6) which can be studied by
using the properties of the primitive matrices.
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