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Abstract

We still do not have an adequate understanding of heuristic methods used for solving constraint satisfaction
problems (CSPs). An example of this involves the effects of preprocessing, an essential means of improving CSP
search. The traditional explanation for its beneficial effect is that the resulting “problem reduction” leaves fewer
possibilities to explore. Recently, however, it was shown that when dynamic variable ordering heuristics are used,
other factors related to domain size reduction are much more important. This paper extends this earlier work
and clarifies what is involved. The key idea is that the pattern of domain reductions produced by preprocessing
constitutes information that by itself enables heuristics to make better decisions. Treating domain reduction as a
code and the set of reductions as a message of length n transmitted to the search algorithm, we can distinguish
two factors, message discriminability and code quality. We provide evidence that greater problem reduction
enhances both.
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1. Introduction

A fundamental strategy for solving CSPs is to subject them to some form of preprocessing before
searching for a solution. For this purpose, one uses what are called local consistency techniques. These
are polynomial-time algorithms that test for limited forms of consistency within a problem [2].

The best-known examples are based on “arc consistency” (AC) and “path consistency". Arc consistency
algorithms test whether a given value or label for a given variable in the problem is supported by each
and every constraint that the variable is directly affected by. Path consistency algorithms test that all
paths between two variables with consistent values contain values that support both values. In both
cases, the thinking is that if a value is not locally consistent, then it cannot be part of any complete set
of labelings that satisfy all the constraints in the problem, aka a solution. Therefore, if we are searching
for a solution, we don’t have to consider such values at all.

In most accounts of constraint solving, it is assumed that this is the (sole) reason that preprocessing
is useful. That is, it reduces the number of alternatives that one must examine during search. In other
words, preprocessing reduces the search space.

The benefits of such “problem reduction" are summarized by Edward Tsang in an eponymous chapter
of his textbook ([3], pp. 79-80):

The following are possible gains from problem reduction when combined with searching:
(1) Reducing the search space. Since the size of the search space is measured by the grand
product of all the domain sizes in the problem, problem reduction can help to reduce the
search space by reducing the domain sizes. (2) Avoiding repeatedly searching futile subtrees.
... If redundant values and redundant compound labels can be removed through problem
reduction, then one can avoid repeatedly searching those futile subtrees. (3) Detecting
insoluble problems. (etc.)
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Because they do not bear on the issues dealt with in this paper, we will disregard points (2) and (3). This
general view is propounded in later texts [4] and other references [5].

However, recent work has shown that for many problems other factors related to preprocessing and
domain reduction are sometimes more significant for search efficiency than reduction of the search
space [6, 7]. This is because domain reduction as such can guide dynamic variable ordering heuristics
in their decision making. This implicit guidance occurs because these heuristics take current domain
size into account, and this can have an enormous effect on search efficiency. In contrast, while search
space reduction is ubiquitous and important, often it gives only modest degrees of improvement.

In the initial work [6], it was suggested that some form of information theoretic analysis might be
useful. This idea was elaborated in later work [7], where a simple framework was proposed in which
the set of domain reductions is treated as a code of length n, where n is the number of variables in the
problem. In addition, that work suggested two ways in which preprocessing can improve search: by
increasing the number of differences among variables with respect to the heuristic property, which was
called “discriminability”, and by enhancing the quality of information conveyed to the dynamic search
heuristic.

The present paper extends this work in several respects. First, it presents a more systematic account
of both discriminability and code quality. Secondly, it demonstrates that stronger forms of consistency
preprocessing do enhance the discriminability of variables. It also shows that some older findings on
anomalous effects of preprocessing fall into the present framework.

Considered more generally, this work bears on the question of why ordering heuristics in constraint
satisfaction search are effective. Unfortunately, despite the essential role of ordering heuristics in
constraint satisfaction search, there is still no systematic analysis that explains how they work and why
one heuristic performs better than another on a given problem. So when a new heuristic is proposed
(e.g. [8] [9] [10]) it is often difficult to determine the basis for its superiority or to predict the quality of
its performance in different contexts.

In recent years, there has been some progress in developing a comprehensive framework based
on decision analysis [11]. However, as the present work shows, there are still important gaps in our
knowledge. More specifically, this work shows that a decision-theoretic approach must be complemented
by a deeper look at the information that is utilized in decision making in this context.

The present paper is organized as follows. Section 2 provides basic concepts and definitions. Section
3 describes the experimental environment used in this work, including algorithms, problems, and
implementation. Section 4 describes the empirical findings that gave rise to the present thesis. Section 5
presents a resolution of a well-known ‘anomalous’ result. Section 6 clarifies the nature of the information
transmitted. Section 7 lays out a framework for characterizing information transmission in this context
and the ways that it affects search effort. Section 8 gives conclusions.

2. Background Concepts

Here, we review some of the basic concepts in the field that form the background of the present work.
A constraint satisfaction problem (CSP) involves assigning values to a set of variables subject to

restrictions on the way that values can go together. More formally, a CSP can be defined as a tuple,

(X, D, C) where:

X is a set of variables, X1, ..., Xy,

D is a set of domains, D;, where each D; is the set of values that may be assigned to variable X;

C is a set of constraints. Each C; belonging to C' consists of a relation R; and a particular subset of the
variables in X, called the scope of the constraint. I?; is based on the Cartesian product of the values of
the domains of the variables in the scope.

A solution to a CSP is an assignment or mapping from variables to values, A =
{(X1,a), (X2,b),....., (Xg, )}, that includes all variables (k = n) and satisfies all the constraint relations
in C.



In the present paper we only consider backtracking methods for finding solutions to CSPs. These
methods build partial solutions that are consistent, extending them with further assignments until a
full solution is obtained. If at some point in this process the partial solution cannot be extended, then
search ‘backs up’ by retracting assignments and replacing them with new ones before attempting to
extend the partial solution.

Backtrack search is typically enhanced by interleaving local consistency with search decisions, to
form “hybrid search algorithms". Typically, local consistency is done after each new value assignment
in order to simplify the problem further before proceeding to the next decision.

The efficiency of backtrack search is further enhanced by using heuristics (rules of thumb based on
maximizing or minimizing some problem feature) to choose the next variable or value to add to the
partial solution. A well-known heuristic (mindom) chooses a variable with the smallest domain size;
another (domain over forward degree or d/fd) extends this idea by choosing the variable for which
domain size divided by the number of adjacent variables among the still uninstantiated set is minimized.

3. Algorithms and Testing

3.1. Search algorithms

The search algorithm used in this paper is called maintained arc consistency (MAC) [12]. In this version
of hybrid backtracking, following each new assignment, AC is re-established in the subproblem formed
by the variables not yet given an assignment. If this AC fails, then the last value assigned is retracted; if
there are no more values to test for the last variable chosen, then search backs up and tries another value
for the next-to-last variable chosen. This process continues until either a complete set of consistent
assignments is found (aka a solution) or there are no more values to test at the highest level, which
means there are no solutions.

Forward checking is a more circumscribed form of hybrid backtrack search [13]. In this case, after
each assignment, domains of variables sharing a constraint with the current variable are checked for
consistency with the value just assigned before proceeding to the next assignment.

The dynamic variable ordering heuristics used in these experiments were mindom and d/fd. By
dynamic, we mean that the heuristic takes account of the current state of the problem at each stage of
search. Mindom is a purely dynamic heuristic, in that it relies on a single property (domain size) that is
affected by preprocessing as well as local consistency performed during search. It is also a fairly weak
heuristic, which limited the difficulty of the problems that could be used in the experiments. d/fd was
also used to determine if the same results would be found for a compound heuristic where dynamic
domain size is one component.

The static variable ordering heuristic used in these experiments is the maximum (static) degree
heuristic. This selects variables on the basis of their degree in the constraint graph (i.e. the number of
constraints a variable is involved in), choosing the unassigned variable with the highest degree. In this
case the feature used by the heuristic remains the same regardless of how much certain domains are
reduced during preprocessing.

In these experiments, MAC was performed with d-way branching. Unless otherwise noted, domain
values were tested in lexical order.

3.2. Preprocessing algorithms

The experiments to be described involved comparisons of search effort after different amounts of
problem reduction. In addition to AC itself, this work made use of certain forms of singleton arc
consistency, or SAC [14]. SAC is a form of AC in which a value a is considered the sole representative
of the domain of X;. If AC cannot be established for the entire problem under this condition, then there
can be no solution with this value, so it can be discarded. If this condition can be established for all
values in problem P, then the problem is singleton arc consistent.



A related form of consistency is called neighbourhood singleton arc consistency, or NSAC [15]. NSAC
algorithms establish SAC with respect to the neighbourhood of the variable whose domain is a singleton
as opposed to the entire problem.

For our purposes, the important fact about these algorithms is that with respect to values deleted,
they form a series, where AC is dominated by NSAC, which in turn is dominated by SAC.

3.3. Problems used

The goal of these experiments was to examine the effects of problem reduction on search effort with
different heuristics. To this end, certain requirements had to be met regarding problem features and
algorithm performance: (i) problems had to have variables with different numbers of constraints
(different degrees in the constraint graph), (ii) more restrictive forms of preprocessing had to have
greater effect (more values removed), and for the same reason, (iii) there had to be differences in search
effort (number of search nodes) following different degrees of problem reduction. Care was also taken
to ensure that more stringent forms of preprocessing did not reduce problems so much that they were
trivially solvable; in such cases positive results would also be trivial. In addition, all problems had
solutions. This was done to avoid marked differences in number of values deleted and cases of zero
search nodes, which would render the present analysis meaningless or at least problematic.
The following types of problems were used, which in each case met these requirements:

e “Geometric problems" whose values had varying degrees of support in different constraints (see
[6] for further details),

e Random “relop problems" whose constraints were relational operators,

e Radio Link Frequency Allocation Problems (RLFAPs) derived from a benchmark problem by
altering the tightness of a randomly chosen set of greater-than constraints and randomly swapping
adjacent variables within constraint pairs,

e Driverlog benchmark problems.

Geometric problems are generated by selecting points at random within the unit square to represent
variables, and adding constraints between those whose Euclidean distance is less than some criterion,
called the ‘distance’ [16]. In the present work, in addition, if there is more than one connected component,
separate components are connected via pairs of variables (one in each component) having the smallest
Euclidean distance between their points in the unit square, in order to make a graph with a single
connected component.

Two sets of problems were tested having either 80 or 40 variables, with constant domain sizes 15
and 12, respectively. To limit variation in graph density (proportion of possible edges in the constraint
graph), only problems within a small range around a “target" were accepted; for the 80-variable problems
the target was 380 (£ 5) constraints; for the 40-variable problems, 160 (+ 3).

Relop problems had 50 variables, domain size 15 and a graph density of 0.4. The binary constraints
were either #, >, or > chosen randomly according to the ratios, 70:05:25.

Radio Link Frequency Allociation Problems (RLFAPs) are also binary problems, with two kinds of
distance (difference) constraint: |v(X;) — v(X;)| = k and |v(X;) — v(X;)| > k, where X; and X are
variables, v is an operator that assigns a value to a variable, and k is an integer. These problems had
100 variables with domain sizes of about 40, and constraint graphs of low density.

In order to obtain a larger sample of RLFAPs with the same basic characteristics, the following method
was used. A single benchmark problem was selected. From this, a set of problems was generated by
taking the original problem and choosing 60% of the |v(X;) — v(Xj)| > k constraints at random and
decrementing the value of & in those constraints by about 20. In addition, 25 pairs of variables were
randomly chosen from variables numbered 1 to 50 along with adjacent variables whose labels differed
by no more than 7, and the latter were swapped to create different constraints.

Driverlog problems were benchmarks from the University of Artois website.

For all problem sets except the driverlog series, a large number of problems were generated that were
filtered for solutions (in a generate-and-test fashion). From each set, the hardest problems were chosen



Table 1
Correlations Based on Proportional Domain and Search Reduction After AC and NSAC

probs domvsdel d/fdvsdel degvsdel domvsdg d/fdvsdeg

geo80 - 0.294 0.590% - 0.171
geo40 0.598+ 0.375* 0.850" 0.635% 0.685™"
relop50 -0.186 0.032 0.361+ -0.160 0.200
RLFAP100  -0.149 -0.102 0.242* 0.153 0.000
driver -0.371 0.686 0.943* -0.086 0.686

Notes. “dom", “d/fd", “deg" and “del" refer to fractions based on search nodes
and deletions. * p < .05, T p < .01, two-tailed.

for use in the present experiments. This ensured that the effects of different forms of preprocessing on
search were more pronounced than they would have been if random samples of problems had been
used due to simple ceiling effects. In other words, if a problem is easy to solve under all conditions,
then deleting more values during preprocessing has very little effect, so factors that affect the relation
between preprocessing and search are harder to detect.

3.4. Implementation details

Algorithms were implemented in Common Lisp, specifically Macintosh Common Lisp (MCL) version 5.1
running on an iMAC (MAC OS X version 10.2.8) with a Power PC 800MHz CPU. In these experiments,
search was discontinued if it exceeded one million nodes. In these cases, the cutoff value was used as
the search node number.

4. Previous Results: More than Problem Reduction

This section presents some of the basic evidence that more is involved in the effects of preprocessing
on search than simple problem reduction, material presented at greater length in [7]. It is included here
to provide context for subsequent results.

First we note that conditions for demonstrating this were met in these experiments. Thus, for all
problem sets, NSAC deleted appreciably more values than AC, and SAC usually deleted appreciably
more values than NSAC. In addition, search effort was always less after greater problem reduction.
(Data demonstrating these effects can be found in [7], Table 1.)

The main finding in these experiments was that search with dynamic heuristics is usually not strongly
related to problem reduction, in contrast to search with a static search heuristic. This was demonstrated
by comparing performance after AC and NSAC, specifically, by testing the correlation between relative
problem reduction and relative search reduction for each set of problems.

Relative reductions were assessed with these fractions: % was used for total deletions per

problem, while Mj;il\ésm, was used for search nodes. Given the violations of assumptions for parametric
statistics, statistical tests were done with the non-parametric Spearman Rank Correlation Coefficient
[17].

The results of these experiments are shown in Table 1. For all problem sets, correlations between
search reduction and domain reduction were always statistically significant for max degree (third data
column). For dynamic heuristics, the correlation between search and domain reduction was rarely
significantly different from zero.

These differences are partly due to the fact that following greater problem reduction, search with
dynamic heuristics was not always improved. In fact, for some problems it was appreciably worse
despite an overall improvement in the mean. Such effects never occurred with the static degree heuristic.

These results show that when search involves dynamic ordering heuristics, the effects of preprocessing
involve other factors than problem reduction, although that of course plays a part. Both the order-of-



magnitude improvements that were sometimes observed after greater problem reduction, and, even
more decisively, deterioration in performance, are inexplicable on this basis, and neither of these are
found with a non-dynamic heuristic like max degree. Moreover, the correlational analysis yielded
some results where a negative correlation was found between search with a dynamic heuristic and the
amount of domain reduction; yet NSAC still led to improvement in search on average in these cases

Since there is a close relation between the dynamic character of the heuristic and these ‘anomalous’
effects, this is consistent with the notion that domain reductions serve to guide these heuristics during
search toward making generally better decisions. Section 6 gives further evidence that this explanation
is the correct one. But first we will consider an old result that heretofore has not received a proper
explanation, and show that it fits within the present framework.

5. Resolving an old conundrum

In some work done in the 1990s it was found that preprocessing before search sometimes resulted in an
excess of overall work, and in some cases search itself was negatively affected [12]. These results were
found using the forward checking algorithm, either carried out by itself or preceded by arc consistency.
Perhaps because MAC was so effective with these problems, a similar anomaly was not reported in this
case.

The authors of this work did not try to analyze this effect. However, since they used a dynamic
variable ordering heuristic, viz, minimum domain size, one would expect that the effect demonstrated
in the previous section would be in operation.

This expectation was verified by, (1) using minimum domain size in combination with forward
checking with some of the problems used in the present work, (2) replicating the original Sabin and
Freuder results and comparing results obtained with min domain size and max static degree.

Sabin and Freuder used (homogeneous) random problems with 50 variables, domain size eight,
tightness = 0.5, and densities of 0.06, 0.07, 0.08 and 0.09, where “density” in this case refers to the
proportion of edges added to a complete spanning tree. For the present tests, 25 problems with these
parameter values were generated at each density. (Incidentally, this series passes through a critical
complexity region, so that while all of the 0.06 problems had solutions, none of the 0.08 and 0.09
problems did.) For these densities in ascending order, with min domain size, 11/25, 8/25, 9/25 and 5/25
problems gave poorer search results (for nodes and constraint checks) when search was preceded by
AC. In contrast, with max static degree the number of nodes was either the same or slightly less when
search was preceded by AC. A very similar pattern of results was found for MAC with or without AC
prior to search, although of course the differences were much smaller. (The latter and the small number
of problems (5) may account for the failure to report such differences in [12].) Clearly, the Sabin-Freuder
result is due to the same factors demonstrated in the present paper.

6. What Kind of Information Does Domain Reduction Supply?

The previous experiments showed that when dynamic heuristics are used to select variables, prepro-
cessing involves more than search space reduction. This implies that domain reductions affect heuristic
decisions so as to enhance search, at least on average. One possibility is that information of some sort
is gained from domain reductions that guides these heuristic decisions.

6.1. Ruling out extraneous factors

To establish that an information channel is indeed being set up between preprocessing and search with
dynamic ordering heuristics, it is necessary to rule out other factors. These include the branching
factor associated with variable selection, which when combined with propagation during search can
reduce the search space appreciably. In addition, there are ‘noise factors’ such as value selection and



Table 2
Backtrack Search with Domain Reduction Heuristics or Lexical Ordering

max min
statistic domreduct domreduct lexical
mean 7,207,246 6,796,259 25,495,721
median 439,935 845,579 2,775,788

Notes. Entries are for search nodes, based on 50 problems.

propagation effects, which can affect search dramatically without being relevant to the information
flow we are concerned with.

In order to demonstrate that information coming from preprocessing can in and of itself affect search
results, the following procedure was used. First, a preprocessing algorithm was used that deleted a
sufficient number of values to potentially guide decisions during search. For this purpose, NSAC was
used, which eliminated 10-20% of the domain values. Following preprocessing, all the deleted values
were returned to their domains, which in this case were all of the same size originally. In addition
simple backtracking was used, so there was no propagation during search. With these procedures, the
branching factor was held constant, and any confounding effects of propagation were avoided. In order
to remove the effect of value selection, each problem was solved 50 times with values chosen at random
from each domain.

For these runs, a fixed variable ordering was used based on the size of domain reduction after
preprocessing, with larger reductions chosen over smaller (“max domreduct" in Table 2). Under these
conditions, if this ordering improves on a lexical ordering of the variables, we can conclude that
information was passed from preprocessing to the heuristic used to select variables during search. This
information should improve search overall, although as we know from the previous experiments and
from earlier work, this is not guaranteed in all cases. In addition, an anti-heuristic was used, where
smaller domain reductions were chosen over larger (“min domreduct" in Table 2).

For this experiment, geovarsat problems were used, whose characteristics were described earlier.
Because basic backtracking is a weak method for solving such problems, small problems were used, with
20 variables and domain size 7. The target number of constraints was 50 5. There were 50 problems.

Comparisons between the variable ordering based on maximum domain reduction and a lexical
ordering were clearcut. With the heuristic, search was between three and four times better in terms of
search nodes (and of course runtimes). A paired comparison ¢-test based on log-transformed values gave
significant results (¢ = 4.223, p < 0.001), as did a sign test (35/50 in expected direction p < 0.01). From
this we can conclude that domain reduction in and of itself provides a signal that can guide variable
selection so as to improve search effort on average.

At the same time, the anti-heuristic (minimum domain reduction) also performed better than the
lexical ordering (cf. Table 2). This was unexpected. In addition, the mean was somewhat lower than
with the heuristic. This was due to one problem for which the heuristic performed very badly; hence,
it is not reflected in the median (also shown in the table). In this case, the paired-comparison ¢-test
based on log-transformed values was significant (¢ = 2.282, p < 0.01), while the sign test was almost
significant (32/50 in expected direction, p < 0.10). Tentatively, I would ascribe these anomalies to
the relatively small sample size. This seems likely in view of the tremendous variance one obtains
with backtrack search, given that there is no amelioration of the effects of bad variable selections by
propagation.

6.2. Comparing domain reductions with constraint weights

Further insight into what a dynamic heuristic is being informed of can be obtained by comparing
domain reductions with “constraint weights" obtained through random probing [18]. Random probing
is a variation of the weighted degree procedure [19]. In that procedure, each constraint has an associated



Table 3
Summary Statistics for Correlations between Weights and Domain Reductions for Geovarsat Problems

40-var 80-var

measure AC NSAC SAC AC NSAC SAC
lowest 0.043 0.385 0.436 | -0.141 0.152 0.217
highest 0.501 0.863 0936 | 0.268 0.586 0.545
mean 0.251 0.613 0.686 | 0.102 0.356 0.417
mdn 0.231  0.630 0.688 | 0.135  0.419 0.445
no. p < .05 12 25 25 10 23 25
no. p < .001 1 23 23 0 18 19

Notes. 25 problems in each set. “no. p < z" is number of cor-
relations statistically significant at designated levels.

“weight", which is the number of times that propagation via that constraint led to a loss of all values
in some variable domain (“domain wipeout"). Sums of these weights are then used to give a weighted
degree of each variable, which is used to enhance the maxdeg or d/fd heuristic.

Random probing is a preprocessing technique in which a search procedure is carried out by choosing
variables at random up to a limited cutoff in terms of either nodes or failures (i.e. domain wipeouts).
This is done repeatedly prior to full search. During these runs, weights (i.e. failures) are tallied just as
with the original weighted degree procedure. This procedure allows (full) search to begin with a set of
constraint weights (and therefore weighted degrees) rather than building these from scratch during the
search process.

In the present work we are interested in examining the profile of weight-sums (aka weighted-degrees)
itself and comparing it with the profile of domain reductions for the same problem. For this purpose,
the two sets of geovarsat problems were used. For each problem, random probing was carried out using
a schedule of 50 probes, with each probe continuing until 40 failures had occurred. Then the profile
of weight-sums obtained for the entire set of variables in a problem was correlated with the domain
reductions for the same variables after AC, NSAC or SAC. This analysis employed the Spearman Rank
Correlation Coeflicient, corrected for tied scores [17].

Table 3 shows summary statistics based on correlations between summed weights and domain
reductions for the set of variables in each individual problem. For AC, correlations were small (for
80-variable problems, some were negative), and only about half were statistically significant. In contrast,
for both NSAC and SAC, correlations were much higher, and all were positive. For the 40-variable
problem set, correlations based on NSAC or SAC were statistically significant for all 25 problems; for
the 80-variable set, nearly all were. Correlations were usually slightly higher after SAC than NSAC (0.1
for 80-variable problems, 0.2 for 40-variable problems).

The significance of these results stems from the fact that constraint weights are due to bottlenecks
encountered during search, so with random probing higher weights are associated with more basic,
possibly global bottlenecks. As is well known, search effort can be greatly reduced by choosing
bottleneck variables early in search (at the top of the search tree) [13]. So if these variables can be
identified during preprocessing and this information can be transmitted to the search process, then
obviously it will make search more efficient. Random probing is an effective procedure for doing this.

If, in turn, domain reduction profiles are positively correlated with weight profiles, this indicates
that large domain reductions are often due to the same bottlenecks. Obviously, domain reductions are
not as discriminating, nor can they be since the number of possible values is much smaller than the
number of possible weight-sums. Moreover, many domains are unchanged (zero reduction). So the
fact that correlations are sometimes low to moderate in size is to be expected. However, it is clear that
SAC-based forms of consistency produce much better correlations, which in turn means that these
stronger consistencies result in significant enhancements of code quality.



7. Characterizing Information Flow with CSP Search Heuristics

7.1. Information channels and CSP heuristics

The diagram below shows the standard view of information transmission [20]. Messages from a source
are encoded and transmitted over a “channel", after which they are decoded and passed to a recipient.

’ source H (en)coder H channel H decoder H recipient ‘

But this process can be viewed somewhat differently:

’ action H result H channel H extraction H decision‘

In this case, the “channel” could be the storage of the result and its subsequent retrieval. Information
“extraction” can involve selection of certain portions of the stored results as well as any transformations
that might be made. This step may also involve combining information from different sources. The
“decision" usually involves comparisons of some sort and a selection among different actions on this
basis.

It is obvious that most algorithms make use of information in carrying out their tasks. For example, an
internal comparison sort requires a list of entities with ordinal properties drawn from some specified set
that are presented in an unspecified order. Each entity carries information that guides the decisions made
in the series of comparisons and moves that constitutes a realization of the algorithm. So during the
operation of the algorithm, information is constantly being extracted from the environment. However,
since the channels in this case are noiseless, and there is a 1:1 mapping between transmissions and
operations, for deterministic algorithms like this, this feature of the algorithm is not of great theoretical
interest and can be ignored.

This is not the case, however, for CSP algorithms, where choices are not deterministic. Here, the
information provides only a rough guide and can even be misleading. So in these cases, this aspect of
the algorithmic procedure becomes an important matter for analysis, as the results presented earlier
show.

All CSP heuristics operate by extracting information from a problem and using that information
to guide decisions during search. As is well-known, there are many features that can be used. In the
present terms, each of these (and each feature combination) forms a different information channel with
respect to the extraction process.

Given the results in this paper, we can distinguish two kinds of information channel:

e information is extracted from ‘nature’, i.e. from pre-existing features of the problem
e information is extracted from results produced by another algorithm

7.2. Measuring the amount of information provided by preprocessing

We can, in fact, characterize the messages sent across each kind of channel in information theoretic terms.
Consider, for example, the case where we use the domain reduction obtained during preprocessing as
a heuristic. (Note that for problems with constant domain size this is equivalent to mindom, but in
other cases it is not.) Here, domain size reduction can be viewed as a code whose letters are the possible
reductions ranging from 0 to dpyax — 1 (or d — 1 for problems with constant domain size). The message
sent from the preprocessing to the search stage always contains n letters, one for each variable (fixed
length code). (We ignore messages containing d, since in these cases search would not be carried out.)

For both kinds of channel, one result of information extraction is that it allows search to be more
discriminating, i.e. there are more distinctions among variables that allow choices to be made in order to
improve search efficiency. Thus, one of the results of preprocessing a problem with a local consistency



Table 4
Mean Discriminability After Different Levels of Preprocessing

problems AC NSAC SAC
geo80 0.705 1.610TF 1.8217F
geo40 0.948 22911+ 2.350
relop50 1.739 2137+ 2.354T+
RLFAP100 1.757 2.6097T 4,014+
driver 0.539 0.749* 1.930*

Notes. Statistical comparisons are between NSAC and AC and
between SAC and NSAC; in each case results appear beside
the former. * p < .05, 1-tailed, ™ p < .001.

algorithm is to enhance discriminability, i.e. the number of discriminations that can be made (in this
case) among variables. This can be measured using the usual formula for the entropy of a system .5,

m

H(S) = > p(k)log(1/p(k))

k=1

where m is the number of different code values, in our case the number of different amounts of domain
reduction, and for p(k) we use the relative frequency with which a given domain reduction occurs
among these variables.

A few examples will give a sense of what this formula yields. Consider first, cases where preprocessing
yields no domain reductions. In these cases the message will contain n zeros and will therefore not
allow any discriminations between variables. In this case the amount of information transmitted is

1
p(0) lng(()) =1logl =0
Next, consider cases where there are domain reductions. For example, suppose n = 5, and we have
two messages, (0, 0, 0, 1, 2) and (0, 1, 2, 3, 4). In the first message there are three variables that cannot
be discriminated from each other, while in the second all of them can. (Note that in the latter case
m = n.) Using the same measure of information, we calculate the information given to the search
algorithm by the first message as:

—_

3 1 1 1 1
5 logz + glogi + 5 logt
5 5

ot

3, 5 1
=% logg + 2(5109 5) = .7398 + .9288 = 1.6686

and by the second as:
1
5(5 log 5) = log 5 = 2.3219

So the discriminability measure reflects the fact that the second message conveys more information to
the heuristic.

Now, we know that more stringent local consistency algorithms generally result in greater domain
reductions and consequently a greater range of possible code values. Since the information we are
interested in pertains to discriminations between variables, this means that messages produced by more
stringent consistency algorithms can transmit more information. That this does occur in practice is
shown by an analysis of the problems and preprocessing algorithms used in the experiments that were
the subject of Section 4. Results are shown in Table 4. For these problem types at least, stronger forms
of preprocessing do result in greater discriminability for the large majority of problems. This means
that when compared with AC, SAC-based consistencies yield greater discriminability along with higher
code quality.



7.3. Code quality

In this situation, an ideal code will contain up to n distinct letters, for the case where all variables should
be distinguished. This means that, unless d is at least as large as n — 1, there may be some comparisons
of potential significance that cannot be encoded through domain reductions. In other words, some
(perhaps most) of the actual encodings will necessarily be deficient, since not all significant differences
can be encoded.

This sort of code will also usually be degenerate; that is, two or more value-pairs can encode the
same difference between variables. In fact, if variable X; should be chosen before variable X;, there are
up to @ ways of signaling this via domain reduction. In addition, in some cases it wll not matter
which of two variables is chosen. Fortunately, search is not affected by this aspect of the code.

It might be questioned whether code quality is anything more than discriminability. However, the
following argument shows that the latter is only one component of code quality. Suppose we have a
message consisting of a set of domain reductions. In addition to informing a dynamic heuristic which
variable to select next for assignment, it could also be used to inform an “anti-heuristic", where the op-
posite decisions are made (e.g. the anit-heuristic of mindom is maxdom). Now, typically, anti-heuristics
perform on average worse than selecting variables at random. But in this case, the discriminability is
the same. So, in addition to discriminability, we have to consider other aspects of what we are calling
“code quality".

A code based on domain size is not perfect, since (1) there are known heuristics that give reliably
better performance, (2) as we have seen in the experiments, there are cases where greater domain
reductions after more stringent preprocessing leads to reductions in search efficiency. Hence, in terms
of efficient search, this code can lead to non-optimal choices. Since the information channel is noiseless,
this has to be considered as a problem of interpretation, i.e. a semantic problem, one that can lead to
mistakes or decision-faults as opposed to transmission errors.

Although at this time, it is entirely unclear how to rigorously characterize the situation, two ap-
proaches seem possible. One is to consider the difference from a ‘perfect’ ordering. The other is to
consider the problem as one of risky choice, where the amount of risk might be characterized in terms
of loss functions.

In the first case, we can characterize an ideal code as one that establishes a relational homomorphism
between the comparisons between code letters in the message and the ordering relation of variables
that yields the smallest search tree. In the case under consideration, where code letters are actually
numbers whose quantities can be compared, this means that if quantity (code letter) a is larger than
quantity b, then choosing the variable associated with a over the variable associated with b will result
in a smaller search tree. And if two or more code letters are the same, then the order in which their
associated variables are chosen will not matter.

In this case, the difference from the ideal could be measured by the number of inversions of pairs of
variables with respect to a perfect ordering (e.g. if @ > b in the perfect ordering, b > a would be an
inversion). Unfortunately, in practice we do not know what the best variable ordering is, so we can
neither determine if there is a relational homomorphism in a given case nor the degree to which the
ordering suggested by domain reductions is discrepant.

An approach through loss functions could potentially incorporate the impact of a given deviation
from a ‘perfect’ ordering in addition to the number of inversions. In addition, it might be possible to
estimate the loss function through some sort of sampling. However, it must be left for future work to
decide whether methods like these can be made useful in practice.

8. Conclusions and Prospects

The present work takes a few more steps toward the goal of providing a theoretical (and experimental)
foundation for the employment of search heuristics. In particular, it is now clear why there are vagaries
in search effort after problem reduction through removal of locally inconsistent values.



In the past, this problem was only addressed implicitly, either by introducing more powerful search
methods [12] or by ameliorating the situation by combinining domain reduction with other heuristic
features such as the degree of a variable [21] (which as we have shown does not solve this particular
problem). Since the nature of the problem is now recognized, it may be possible to deal with it more
directly.

Using an information-based framework, we were able to demonstrate that there are two factors
associated with information transmission between preprocessing and search, which we have termed
discriminability (among the letters of a message) and code quality. We have also shown that, at least
for AC-based algorithms, stronger forms of local consistency reliably enhance both properties. For
discriminability, this was demonstrated directly; for code quality, this was inferred from correlations
between domain reductions and failure-based constraint weights, which earlier work has shown can
identify bottleneck variables that should be instantiated early in search [22]. Although we were able
to propose a well-defined measure for discriminability, defining code quality precisely and devising
methods to enhance it reliably remain problems for further study.

This analysis may have implications that go beyond the field of constraint satisfaction. Thus, any
problem solving method that includes some kind of problem analysis and/or alteration anterior to
heuristic choices may involve the kinds of phenomena described in this paper. And the general
phenomenon of information flow applies to a wide range of algorithms that involve non-deterministic
choices among alternatives at some steps of their execution.
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