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Abstract

To obtain reliable results of expertise, which usually use individual and group expert pairwise comparisons,
it is important to summarize (aggregate) expert estimates provided that they are sufficiently consistent.
There are several ways to determine the threshold level of consistency sufficient for aggregation of
estimates. They can be used for different consistency indices, but none of them relates the threshold value
to the requirements for the reliability of the expertise’s results. Therefore, a new approach to determining
this consistency threshold is required. The proposed approach is based on simulation modeling of expert
pairwise comparisons and a targeted search for the most inconsistent among the modeled pairwise
comparison matrices. Thus, the search for the least consistent matrix is carried out for a given perturbation
of the perfectly consistent matrix. This allows to determine the consistency threshold that corresponds to a
given permissible relative deviation of the resulting weight of an alternative from its hypothetical reference
value.

Keywords
reliability of expertise, consistency of expert estimates, level of consistency for aggregation, modeling of
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1. Introduction

To ensure the proper level of quality in decision-making support (DMS), an important aspect is the
adequacy of models of weakly structured subject domains on the basis of which decisions are
generated. To ensure a sufficient level of adequacy of such models, it is impossible to neglect expert
knowledge, which is very significant for any specific application area. In the process of an expert
DMS, the adequacy of the models is ensured by the proper reliability of expert estimations obtained
during expert expertise. The required level of reliability is achieved by summarizing expert
information, which, in general, is redundant. Redundancy of information is inherent in both group
assessments, where the assessment of more than one expert characterizes the evaluated object, and
individual expert assessments, when a single expert performs pairwise comparisons of objects
(alternatives) and the relative weight of each object is determined by more than one pairwise
comparison.

Through further aggregation of redundant expert information, new knowledge is generalized
and obtained, which forms the basis of a model of a certain subject domain (a complex, weakly
structured system). The problem is that generalizing (aggregating, summarizing, averaging)
information is advisable only if the set of estimates is sufficiently consistent. Otherwise, in the case
of a significant number of contradictions, a situation like the "average body temperature of patients
in a hospital” may arise, when this average value is uninformative and does not reflect the real
situation, i.e., this value does not convey any information about the system.

Thus, in the process of expert DMS, the task of ensuring a sufficient level of consistency of
expert estimates before their aggregation always arises. This directly affects the reliability of the
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expertise and indirectly the quality of recommendations generated by decision support systems (DSS)
and provided to a decision maker (DM). Therefore, a very important aspect of conducting expert
assessments is determining the degree of consistency of expert judgments, as well as determining the
level of consistency sufficient for aggregating expert estimates.

Therefore, it can be concluded that to obtain reliable results of expertise, it is crucial to take
into account the consistency of the expert estimates. The consistency itself does not make much sense
without determining a threshold value that serves as an indicator for further aggregation of the
estimates. In the case of low consistency of estimates, it is advisable to improve it only to the required
level. It is not necessary to achieve full consistency, which, in practice, will lead to an inevitable loss
of the effectiveness of the expertise.

2. The problem

A number of scientists have studied methods for determining (in)consistency in expert assessments.
The most widely recognized inconsistency index was introduced by Thomas Saaty in 1977 as part of
his Analytic Hierarchy Process (AHP) [1]. This index has been the dominant measure for assessing
inconsistency in decision-making processes for over 40 years. Other notable researchers in this field
include W. Koczkodaj [2], V.G. Totsenko [3], M.Z. Zgurovsky [4], N.D. Pankratova, N.I. Nedashkivska
[5], A. Olenko [6], as well as S. Siraj, L. Mikhailov, and J.A. Keane [7]. Each known method for
assessing consistency typically relies on a unique approach to setting threshold values for
consistency. For example, Brunelli [8], in his comprehensive survey, reviewed over a dozen methods
for determining consistency in pairwise comparisons. Many of these methods, aside from unique
approaches like [6, 9], are grounded in simulation modeling of expert assessments, including the
consistency evaluation within AHP method developed by Saaty [1].

Several studies focus on evaluating the effectiveness and accuracy of existing methods for
determining consistency. For instance, J. Aguarén and J.M. Moreno-Jiménez, in their article titled
"The geometric consistency index: Approximated thresholds" [10], formalized the geometric
consistency index to measure inconsistency in pairwise comparison matrices. This index utilizes the
geometric mean row method to provide an approximate assessment of consistency. Through
analytical studies, they demonstrated that the geometric consistency index and Saaty’s inconsistency
index are approximately proportional for well-consistent matrices. This relationship allows for
interpreting the geometric consistency index similarly to Saaty’s coefficient of consistency, offering
an alternative approach for measuring inconsistency. By calculating approximate threshold values,
this index serves as an effective tool for determining when aggregation of expert judgments is
meaningful and reliable, similar to how Saaty's inconsistency coefficient functions in the eigenvector
method.

Existing simulation approaches mostly relate the value of the consistency index to the
dimensionality of the pairwise comparison matrix (PCM), but none of them relate this value to the
requirements for the reliability of the expertise’s results. However, it is intuitively clear that the
consistency of the estimates directly affects the reliability ("accuracy") of the expertise results, i.e.,
affects the closeness of the obtained aggregated estimates to the hypothetical true estimates ("Ground
Truth").

3. The proposed approach

The proposed approach is based on the postulate of the existence of a "fundamental truth" (Ground
Truth), which, in fact, makes any expertise possible. This postulate suggests the existence of reference
weights of alternatives — their true estimates, which should be determined in the process of the expert
assessment. Thus, it is proposed to set arbitrary weights of alternatives (we assume that they are a
priori known).

Next, expert estimates are modeled as pairwise comparisons of a set of alternatives according
to a certain criterion. This simulation is carried out as follows:
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Given arbitrary weights w;,i € {1..n} ,where n € N - is the number of alternatives, a fully

(perfectly) consistent PCM M = {mi j}, i,j € {1..n}, where m;; = % is constructed. It is easy to
]

see that the matrix M is multiplicative, inverse symmetric: m;; = 1 /mji'

Then a noisy version the matrix M, M9 is created by perturbing each element of the matrix M
with some perturbation 6, e.g, m;; = m;; + m;; - §. In essence, § acts as a relative estimation error
inherent in the expert's assessment when performing pairwise comparisons.

The simulated PCMs can be aggregated using various methods [11, 12] and the result of such
aggregation (as well as the result of the expertise) is a vector of priorities of alternatives — their
relative estimates. In addition, such generated PCMs can serve as input data for methods for
determining consistency. In general, the consistency of the PCM can be assessed using any of the
known consistency indices for which the consistency threshold would be determined.

In this simulation experiment, we use the consistency index proposed in [13, 14], which fully
meets the requirements for organizing expert feedback, necessary in the case of increasing
consistency. This index determines the consistency of the set of estimates generated by the PCM in
the approach proposed in [15]. For each alternative to be evaluated, a set ("spectrum") of estimates is
built as follows. This set of estimates includes components, each of which is obtained from a separate
spanning tree of the graph corresponding to the PCM. Thus, the corresponding consistency index is
calculated for the set of scores of each alternative.

In this case, an expression that takes into account the sum of the distances between expert
estimates for all possible pairs of estimates is considered as a consistency
index:

[a =1- Ziijf(]\tci_le) ) (1)
where x;is i — th expert estimate in the distribution of estimates, M is the value for the most
inconsistent case, i.e. the value that maximizes the numerator of the fraction in the expression.

The resulting consistency index I for the PCM is the minimum value of the consistency index
among the values given by formula (1) for all alternatives' estimates:

I =minl,, (2)
a€cA

where A is the set of alternatives to be evaluated.

The approach to determining the consistency threshold, as well as to evaluating methods of
aggregating expert estimates [11, 12], uses a targeted search performed by the Genetic Algorithm
[16]. Among the modeled PCMs, it finds those that after aggregation cause the greatest deviation A
weights of the alternatives from the reference values. They also represent the most inconsistent case
of pairwise comparisons (the lowest consistency index I).

A similar approach was used to determine the effectiveness of pairwise comparison
aggregation methods [11, 12]. Based on the results of this preliminary study, it is proposed to use the
obtained dependence A(§) for the Combinatorial method [17, 12], which proved to be the most
effective among other aggregation methods.

Thus, as a method for aggregating expert multiplicative pairwise comparisons, we consider the
Combinatorial Method [17], the essence of which is to decompose the graph corresponding to the
PCM into spanning trees and derive the priority vectors for each such tree, followed by elementwise
aggregation of these vectors.

4. Input experimental data

The input data, the proposed PCMs, were obtained at the values of the reference (etalon) weights:
w = {1, V3 =1.732051, v/3v3 = 3, 33 = 5.196152, 3+/3v3 = 9}, as an imitation of arbitrary
values set on an expert assessment scale limited in the range [1;9]. In the study, see [11,12],it was
experimentally confirmed that the obtained dependencies A(§) for each individual method of
aggregation only to some extent (not significantly) depend on the specific values of the input

reference weights of the alternatives w;, i = 1..n. That is, setting specific values of input weights
and their ordering does not lead to a loss of generality of conclusions in this study. The main
requirement for the input reference weights, in addition to the fact that they are real positive numbers
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in the range [1;9], is the requirement that they are of the same order of magnitude [18]. This
requirement is common to ensure the reliability of the results of expertise based on pairwise
comparisons and is one of the conditions for the correct application of the AHP method [19].

Thus, one of the main results of the simulation study in [11, 12] (with these given reference
weights), namely, the experimentally determined dependence of the maximal possible relative
deviation of the weights of alternatives A on the relative assessment error of expert §, is shown in
Figure 1.

Based on the same input data that were previously used in the experiment to obtain the
dependence A(§), it is proposed to use the modified program module to conduct a similar
experimental study to obtain the dependence I(9).

The available toolkit for the experiment included the implementation of evolutionary methods for
the targeted search for optimal solutions. The toolkit was used to find the maximum possible relative
deviation A for each 8. This search was carried out using the Genetic Algorithm (GA) [16]. We used
the method implemented in a software module, that uses single-point crossover and mutation. The
fitness function was defined as the computation of the relative deviation A (the sum of the absolute
values of the deviations of the weights of alternatives calculated as a result of the aggregation of the
PCMs from the specified reference values).
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Figure 1: Results of the experimental study of the Combinatorial method of pairwise comparison
aggregation

Two individuals are randomly selected from the population for crossbreeding. As a result of
reproduction, an offspring ("child") appears, which replaces the least adapted individual (with worse
fitness).

The module receives the vector of specified input weights from the input file. The computation
results A are saved in another file for further analysis. The module control interface is built as a dialog
box (see Fig. 2) for entering the necessary data and experimental parameters.
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Figure 2: Interface of the experimental module for analyzing pairwise comparison aggregation
methods

The value § - the relative deviation of pairwise comparisons, is entered in the input field called
"deviation” and can be automatically increased with a certain specified step to continuously perform
a series of computations and accumulate data.

The module also provides a mode for checking the correctness of the GA results for certain
specified input parameters. It is advisable to check only at small values of n (n < 6) using a complete
enumeration of the options for the values of the arguments (the elements of the PCM A"). For values
n = 6 such checks are not advisable because they require significant computing resources.

To search for the optimum, the selection of the input parameters of the GA (number of
individuals in the population, mutation probability, and number of generations with the same
maximum fitness is carried out iteratively, using, if possible, a full search for verification.

In addition, the program module allows users to choose one of two modes of searching for the
maximum of the function: checking the options for deviating an argument either with the option of
leaving the argument unchanged (denoted as "+/-/0") or without such an option ("+/-"). Numerical
studies demonstrated that it is sufficient to use a narrower range of search options when all
arguments change by relative value to positive or negative values (this mode is indicated as "+/-" on
the screen form shown in Fig. 2).

For experimental computations, it is also possible to use either the entire PCM or only its
elements located above the main diagonal of the matrix. This mode is activated by checking the "1/2
of the matrix" checkbox.

To obtain experimental results on determining the consistency of the PCM, the existing tools
for conducting an experimental study were finalized. Without changing the interface for entering the
experiment parameters, a procedure for calculating the consistency index for the PCM, which serves
as the GA fitness function, was added to the program module. In addition, the module is configured
to search for the minimum of this fitness function, unlike the previous module, which was configured
to search for the maximum.

To ensure the correctness of the experimentally obtained results, the modified program module
should be used for consistency computations with the same input parameter settings as in previous
computations related to the efficiency of aggregation methods.

Similarly, to the assessment of the effectiveness of aggregation, when determining the
consistency of the PCMs, it was decided that it would be sufficient to further use the results of the
study of the dependence of the maximum deviation of the estimates from the standard weights
determined by the combinatorial method for the deviation of the elements of a perfectly consistent
PCM in the range from 0 to 50% (see Fig. 3). That is, the relative errors of the expert in the pairwise
comparison are simulated to be no more than 50%, which largely corresponds to the errors in real
expertise.
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Figure 3: The results of the study of the dependence of the maximum deviation of estimates from
the scales' standards were used

The results of the computations performed with the help of GA are shown graphically in Figure
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Figure 4: Results of determining the consistency index for the Combinatorial method of pairwise
comparison aggregation

Graph (1) shows the dependence of 4(§) ,calculated for the Combinatorial aggregation method
[12,17], (2) (dependence of the inconsistency on § and (3)) the dependence of the consistency index
on the relative estimation error /(§) .In fact, the values of the consistency index of dependence (3),
shown in the figure, I(§) ,match to the consistency threshold for the corresponding values of the
given aggregation quality A(&) ,performed by the combinatorial method during the expertise. Hence,
it is easy to determine the dependence I(4) (consistency threshold for a given 4 ) the permissible
deviation of the resulting relative weight of the alternative from the hypothetical reference value.
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It is easy to see a significant correlation between the dependencies 4(§) and (1 — 1(9)), i.e., as
the relative error of the assessment increases, the inconsistency of expert estimates increases, which
is also supported by common sense.

That is, Figure 4 shows such dependences on the elements’ deviation of a perfectly consistent
PCM built with reference weights (the relative error of the expert in performing pairwise
comparisons):

(1) the maximum deviation from the reference values weights determined by the Combinatorial
method of aggregation of PCMs;

(2) the maximum possible "inconsistency” index in percentage terms (100%-1Y);

(3) the minimum possible consistency index in percentage terms.

The maximum possible values of (1) and (2) were computed using GA and, as noted earlier, the
computed values of the dependence consistency index I(§) represent the consistency threshold for the
corresponding values of the required specified aggregation quality A(S) during the expertise.

Also, it should be noted that using this approach, it is appropriate to determine the dependence
of the consistency (inconsistency) indices on the requirements for the reliability of the obtained expert
estimate results for various expert assessment methods for the corresponding consistency indices are
used. For example, the consistency ratio for the eigenvector method used in the classical method of
Analytical Hierarchy Process [18, 19], Double Entropy Agreement Indices [6], and others.

5. Using the research results

The results obtained in the simulation study are best utilized when visualized within the same
coordinate system as shown in Fig. 1 and Fig. 3. In fact, both dependencies A(§) and I(6) are suitably
represented with a common horizontal axis §, which is the relative error of expert pairwise
comparisons (see Fig. 4).

Further, Figure 5 shows two dependencies for determining the consistency threshold according
to a given A, which must be ensured in the expertise.
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Figure 5: Graphs for determining the consistency threshold

Thus, using these graphs, it is possible to determine the consistency threshold at which further
reasonable aggregation of expert estimates is advisable. The consistency threshold refers to the value
of the consistency index below which the estimates are deemed inconsistent. In such cases, it is
necessary to improve consistency before proceeding with the aggregation of these estimates.
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5.1. A graphical way to determine the consistency threshold

Thus, the graphs of dependence A(S) and I(§) can be employed to determine the threshold of
consistency of estimates for a given value of the required level of relative deviation of the resulting
aggregate values of these estimates from the reference values. Based on the graph of A(6) ,the value
of §is determined. It is this value of J that is used in the dependence I(8) to determine the value of
the consistency index I to be achieved, ie., the consistency threshold. Note that the analytical
determination of the consistency threshold for a given level of deviation of the resulting estimates is
possible and seems appropriate in most practical applications. This method of determining the
threshold will be discussed below.

5.2. Table values of the consistency threshold

Based on the experimentally determined dependencies A(d) and I(§) it is not difficult to obtain the
dependence I(A), which makes it possible to determine the consistency threshold and use it in
practice. Based on the graphs shown in Fig. 5, we obtain the dependence values plotted in Fig. 6.
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Figure 6: Dependence of the consistency threshold on the set A,%

Given a certain discretization, this dependence can be represented in tabular form (see Table

1).
Table 1
Consistency threshold depending on the required level of reliability of the expertise
A% <10 10 15 20 25 30 35 40 45 50

1 0,95 0,94 0,9 0,87 0,86 0,84 0,82 0,8 0,78 0,76

Table 1 is useful in scenarios when the reliability of the result is an important indicator for
which the requirements are set in advance.

5.3. Analytical expression for determining the consistency threshold

For practical applications, the analytical expression derived from the linear trend, as shown in
the dependence graph in Figure 6, may also prove useful (see Figure 7).
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Figure 7: Linear trend of the consistency threshold versus A,%

The plot approximately follows the linear relationship I = — 0,3801 A + 96,533 which can be
used to determine the consistency threshold. The application of such experimentally calculated
consistency thresholds allows increasing the reliability of the obtained estimates and improves the
mechanism of conducting expertise.

6. Conclusions

A new approach is proposed to determine the threshold of consistency of expert pairwise
comparisons sufficient to aggregate these assessments and obtain relative weights of alternatives with
a given reliability. These thresholds indicate the limit of consistency at which expert estimates can
be generalized (aggregated), otherwise the consistency needs to be improved. The threshold values of
the consistency index were experimentally obtained depending on the required level of reliability of
the resulting estimates. Determining the consistency threshold that corresponds to the specified
permissible deviation of the resulting relative weight of the alternative from the hypothetical
reference value allows for increasing the efficiency of the process of improving consistency and
saving expensive expert resources.
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