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Abstract 
The article proposes an approach to assessing investment risks based on fuzzy modelling of the efficiency of 
innovative projects. The net present value indicator is considered as an efficiency model. In this indicator, 
the cash inflow parameter, considering its uncertainty, is specified by fuzzy linguistic estimates. A procedure 
for approximating linguistic estimates by fuzzy triangular and trapezoid numbers based on Gaussian 
membership functions is proposed. To simulate the efficiency indicator, the Neumann elimination method 
is used, in which Gaussian functions are considered as functions of the distribution density of cash inflow 
expectations. An example is provided to illustrate this approach. 
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1. Introduction 

The last decades have vividly demonstrated the scientific and practical significance of innovative 
development as a key factor in the economic growth of national economies and all business entities 
[1-3]. A characteristic feature of innovative design is forward-looking characters of its results. 
Moreover, the more distant the time horizon of the forecast, the less accurate it is. 

The uncertainty of the forecasted results leads to the risk that the goals set in the project may not 
be fully or partially achieved. Especially serious consequences can result from erroneous decisions 
regarding long-term investments. Therefore, when making decisions related to the implementation 
of innovative projects, risk assessment is one of the main components of investment analysis. 

Many studies have been dedicated to the assessment of risks of innovative projects [4-8]. The 
analysis of innovative activity shows that the assessment of risks of innovative (venture) projects is 
characterized by the fact that such projects are aimed at the development and implementation of a 
new product (item) or technology. Consequently, there is no statistical information about the object 
of research, and it is often not possible to draw an analogy with similar projects. Therefore, those 
involved in the innovative process are forced to be guided not by data and calculations confirmed by 
previous practice, but largely by their own subjective feelings and assessments, including in relation 
to risks [5]. This, in turn, reduces the reliability of the initial data and parameters of the forecast 
model, which may lead to an incorrect risk assessment and, consequently, to a wrong investment 
decision. 
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In order to increase the reliability of the results of forecast models under conditions of uncertainty, 
the values of their parameters can be specified by a standard min-max interval. However, such a 
representation is often unsatisfactory, since it is necessary to specify its boundaries. And these 
boundaries can be either overestimated or underestimated, which will raise doubts about the accuracy 
of the results. 

Therefore, it is more appropriate to set these parameters fuzzy intervals. Firstly, such assessments 
are psychologically easier to give under conditions of uncertainty, and secondly, the fuzzy interval 

about the correctness of his assessment [9].   
The use of fuzzy estimates leads to the need for fuzzy risk modeling and their assessment. Recently, 

fuzzy modeling has become a promising area of research in the field of analysis and risk assessment 
of innovation and investment projects [10-15]. In particular, the works [14,15] consider the issues of 
fuzzy estimation of model parameters and the use of Gaussian membership functions in the modeling 
process. 

This article further develops the ideas and approaches discussed in [15], in particular, the 
mechanism for estimating parameters in the models of the effectiveness of innovative projects and 
the procedure for modeling risks based on the Neumann method. 
 

 
 
Assessing the efficiency of innovative projects is one of the main elements of investment analysis. 
The more large-scale the innovative project and the more significant changes it brings to the business, 
the more accurate the calculations of cash flows and the methods of evaluating the efficiency of such 
projects must be [16].  

In investment analysis, the net present value (NPV) of a project is most used as a predictive model 
of project efficiency. It characterizes the overall economic effect of an innovative project and allows 
one to assess the feasibility of investing funds. The net present value it is calculated by discounting 
(reducing to the present value, i.e., at the time of investment) the expected cash flows (both income 
and expenses) [17]: 

 𝑁𝑃𝑉 = ∑
𝐶𝐹𝑖

(1+𝑝)𝑖
𝑛
𝑖=1 − 𝐼𝐶  

where 𝑛  is the total number of periods (horizon of calculation), 𝑝    interest rate or discount factor, 
𝐼𝐶  investment in the project, 𝐶𝐹𝑖   cash inflow in the i-th year. 

The interest rate p (Discount Rate) determines the investor's income from the implementation of 
an innovative project. Analyzing its possible options allows the investor to adopt an acceptable level 
of profitability for them as the discount rate. 

Initial investments IC (Invest Capital) are associated with preparing production for the release of 
new or improved products. The goal of preparing new production is to transition the manufacturing 
process to a higher technical and socio-economic level, ensuring the effective operation of the 
enterprise. Therefore, to make an investment decision, a justified assessment of initial investments is 
necessary, which to some extent compensates for such risks.  

The paper [15] examines in detail the approach to the assessment and justification of initial 
investments. In this approach, the volume of investments and the duration of the innovation process 

-distribution. This 
makes it possible to estimate the payback period of investments relative to the beginning of the 
innovation process, which is more informative for the investor than an assessment of only the 
investment period. Given the above, we will omit this important stage of innovation design. 

The main parameter on the basis of which the calculation is made is the annual cash flow 𝐶𝐹𝑖. The 
value of this parameter can be obtained by one of the known methods [18] or by combining these 
methods with the logical inference method [19].  



 
 

At the same time, it should be noted that the uncertainty of this parameter is due to both economic 
factors (fluctuations in market conditions, prices, exchange rates, inflation, etc.) that are independent 
of investors' efforts, and non-economic factors (climatic and natural conditions, political relations, 
etc.). And since these factors cannot always be precisely determined, it is more rational to set this 
parameter using fuzzy expert assessments. 
 
3. Fuzzy Linguistic Assessments 
 
As noted, in conditions of uncertainty, in order to increase the reliability of the results of forecast 
models, it is advisable to define their parameters by fuzzy numbers and intervals. Moreover, it is 
desirable to represent such numbers and intervals by fuzzy statements that are natural for a person. 
Therefore, we will specify the expected cash inflow by fuzzy linguistic estimates. A linguistic 
evaluation is a numerical evaluation that is specified by a statement with the quantifier 

  
 

 
 

 
Moreover, statements (2), as a rule, are used in the presence of minor uncertainty, and statements (3) 
are used in the presence of significant uncertainty.  

Linguistic fuzzy assessments under conditions of uncertainty, of course, increase a person's 
confidence in their judgments, but at the same time they are subjective. Therefore, in such cases, a 
group examination is necessary, the reliability of the results of which depends on the consistency of 
the experts' assessments. 

The issues of coordinating group expert assessments were considered in [18-21]. In particular, [21] 
provides a mechanism for checking the consistency of interval assessments, in which the coefficient 
of variation is used as a measure of consistency. If the expert assessments are given by statements (2), 
then this coefficient is calculated using the formula  

𝑉 =
𝑠

𝑎
 

where s is the standard deviation of the estimates 𝑎𝑗, 𝑎 is their mean value.  
Here 

𝑠 = √∑ (𝑎𝑗 − 𝑎)2𝑟𝑗
𝑘
𝑗=1 𝑎 = ∑ 𝑎𝑗𝑟𝑗

𝑘
𝑗=1  

𝑟𝑗 ∑ 𝑟𝑗
𝑘
𝑗=1  

When estimates are expressed by statements (3), then the coefficient of variation (4) is calculated 
separately for the left and right boundaries of the intervals. 

Let [𝑎1, 𝑏1] [𝑎𝑘 , 𝑏𝑘] be the intervals of fuzzy linguistic estimates given by k experts. Then, for 
the left boundaries of these intervals, the coefficients (4) are calculated using the formula 

𝑉𝐿 =
 𝑠𝐿

𝑎𝐿
,                                                                                       (5) 

 

where 𝑠𝐿 = √∑ (𝑎𝑗 − 𝑎𝐿)2𝑟𝑗
𝑘
𝑗=1 𝑎𝐿 = ∑ 𝑎𝑗𝑟𝑗

𝑘
𝑗=1 ;                                             (6) 

and for the right boundaries by the formula 
𝑉𝑅 =

 𝑠𝑅

𝑏𝑅
,                                                                                            (7) 

 

where 𝑠𝑅 = √∑ (𝑏𝑗 − 𝑏𝑅)2𝑟𝑗
𝑘
𝑗=1 𝑏𝑅 = ∑ 𝑏𝑗𝑟𝑗

𝑘
𝑗=1 .                                                 (8) 

In these formulas 𝑉𝐿 and 𝑉𝑅 are the variation coefficients, 𝑠𝐿and 𝑠𝑅 are the standard deviations, 𝑎𝐿  and 
𝑏𝑅 are the mean values of the interval boundaries [𝑎𝑘 , 𝑏𝑘]. 



 
 

good when V<0.2. These criteria are the basis for refining the assessments. 
After the linguistic evaluations have been agreed upon, they are represented by fuzzy numbers of 

the (L-R) type. Statements (2) are represented by triangular numbers (a,  ), and statements (3) are 
represented by trapezoid numbers (a, b,  ). Since a and b are given by linguistic estimates, it is 

 which determine the 
boundaries of the interval of possible values of cash inflow. 
 

 
 
These coefficients determine the boundaries of the carriers of fuzzy sets (2) or (3). In practice, the 
standard and combined (double) Gaussian membership functions are most widely used to represent 
fuzzy sets.  

The standard Gaussian function is used to define fuzzy sets �̃� ≜ "the number is approximately 
equal to a". According to [24], this function has the form: 

                                                   𝜇�̃�(𝑥) = 𝑒𝑥𝑝( − 𝑐(𝑥 − 𝑎)2),                                                                  (9) 
where 𝑐 = −

4 𝑙𝑛 0.5

𝑏2(𝑎)
, and b(a) determines the distance between the transition points. 

The carrier of the fuzzy set described by function (9) is unlimited, therefore in practice it is limited 
to values at which the function is equal to 0.01. To find the fuzziness coefficients, one can either solve 
the equation 𝜇�̃�(𝑥) = 0.01 , or calculate them using a simpler 
approximate method [15]: 

                                                = 𝑎 − 𝑘 ·
𝑏(𝑎)

2
,     = 𝑎 + 𝑘 ·

𝑏(𝑎)

2
,                                                                (10) 

where k is the scaling coefficient that determines the boundaries of the fuzzy set carrier for the 

 
The combined function describes the fuzzy sets �̃� ≜ "the number is approximately in the interval 

from a to b". It has the form: 

                                                     𝜇�̃�(𝑥) = {
𝑥 < 𝑎,   𝜇�̃�(𝑥)
𝑎 ≤ 𝑥 ≤ 𝑏,  1
𝑥 > 𝑏,   𝜇�̃�(𝑥)

.                                                     (11) 

Here 𝜇�̃�(𝑥) and 𝜇�̃�(𝑥) are the membership functions of the fuzzy set A ≜ "the number is near the 
number a" and the fuzzy set B ≜ "the number is near the number b", respectively. In this case, the 

μÃ(x) = 0.01 
equation 𝜇�̃�(𝑥) = 0.01  or are calculated using the formulas 

                                           = 𝑎 − 𝑘 ·
𝑏(𝑎)

2
,    = 𝑏 + 𝑘 ·

𝑏(𝑏)

2
.                                                                         (12) 

Thus, the determination of fuzziness coefficients is reduced to calculating the distance between 
the transition points of function (9). 

To calculate the distance between transition points, we will use the mechanism proposed in [24]. 
This mechanism is based on expert data, which for numbers approximately equal to N reflect 

obtained on the basis of this data (Table 1). 
If 𝑁>99, then the following algorithm is used. 
Let the of least significant digit of a number 𝑁 have order q. Also let 𝑟𝑞  be the least significant 

digit of this number, and 𝑟𝑞+1 be it digit whose order is one greater than the order of the digit 𝑟𝑞. Let 
us define classes of numbers 𝑀𝑑 , 𝑑 ∈ {0,1,2}, where 𝑑 = q mod 3. Then: 

1. if  𝑁 ∈ 𝑀0, then 𝑏(𝑁) = 𝑏(𝑥) ⋅ 10𝑞−2, where 𝑥 = 𝑟𝑞 ⋅ 10, and 𝑏(𝑥) is taken from Table 1. 
2. if  𝑁 ∈ 𝑀1, then two cases are possible: 



 
 

             a) if  𝑟𝑞+1 = 0, then 𝑏(𝑁) = 𝑏(𝑥) ⋅ 10𝑞−1, where 𝑥 = 𝑟𝑞; 
       b) if  𝑟𝑞+1 ≠ 0, then 𝑏(𝑁) = 𝑏(𝑥) ⋅ 10𝑞−1, where 𝑥 = 𝑟𝑞+1 ⋅ 10 + 𝑟𝑞.  
3. if 𝑁 ∈ 𝑀2, then two cases are also possible: 
            a) if  𝑟𝑞+1 = 0, then 𝑥 = 𝑟𝑞 ⋅ 10;   𝑏(𝑁) = 𝑏(𝑥) ⋅ 10𝑞−2; 
            b) if  𝑟𝑞+1 ≠ 0, then 𝑥 = 𝑟𝑞+1 ⋅ 10 + 𝑟𝑞;   𝑏(𝑁) = 𝑏(𝑥) ⋅ 10𝑞−1. 

(10) or (12).  
 

 
 

Number 
𝑥 

Formula for calculating the distance b(x) 
between transition points for a number  

𝑥 
1, 2, 3, 4, 6, 7, 8, 9 0,46 𝑥 

10, 20, 30, 40, 60, 70, 80, 90 (0,357 − 0,00163𝑥)𝑥 
35, 45, 55, 65, 75, 85, 95 

5 
15 
25 
50 

For other numbers 

(0,213 −  0,00067𝑥)𝑥 
2,8 
6,48 
6,75 
24 

1

2
(𝑏 ([

𝑥

10
] ⋅ 10 + 5) + 𝑏 (𝑥 − [

𝑥

10
] ⋅ 10)) 

 
 

 
 

 
A random scenario is understood as a random value of the NPV indicator, which depends on the 

-
distribution considered in [25]. However, given that the basis for constructing intervals of possible 
values of cash inflow 𝐶𝐹𝑖 is the standard Gaussian membership function, it can therefore be 
considered as a density function of the normal distribution of cash inflow expectations. And since the 
normal distribution function is tabulated, therefore, in this case, for modeling random scenarios, it is 
more rational to use the Neumann elimination method [26].     

Let X be a random variable whose density function f(x) on the interval [a,b] is bounded from above. 
Also, let 

                                                       𝑥 = 𝑎 + (𝑏 − 𝑎)𝑟1,  𝑦 = 𝑀𝑟2,                                                            (13) 
where 𝑟1, 𝑟2  are independent values  

𝑀 = 𝑠𝑢𝑝
𝑎≤𝑥≤𝑏

𝑓(𝑥). 

If the condition 𝑦 < 𝑓(𝑥) is satisfied, then x is the value of the random variable X. Taking into 
account the above, the NPV indicator is modeled as follows. 

Let 𝑛 be the number of periods (forecasting horizon). Also, let the range of possible values of the 
random variable X ≜ "cash inflow" in each year be represented by the following intervals 
[𝑎1, 𝑏1] [𝑎𝑛, 𝑏𝑛]. On each interval [𝑎𝑖 , 𝑏𝑖], the random variable X is modeled. Either the standard 
Gaussian function (9) or the combined function (11) is used as the density function 𝑓𝑖(𝑥)  on these 
intervals. 

The values 𝑥 = 𝑎𝑖 + (𝑏𝑖 − 𝑎𝑖)𝑟1 and 𝑦 = 𝑀𝑟2  are calculated, where M= 1. Then the condition 𝑦 <

𝑓𝑖(𝑥)  is checked and if it is true, then the value x is a realization of the random variable X and the 



 
 

value 𝐾𝑖 =
𝐶𝐹𝑖

(1+𝑝)𝑖, where 𝐶𝐹𝑖 =𝑥. After all the values of 𝐾𝑖 are obtained, the indicator 𝑁𝑃𝑉 =

∑ 𝐾𝑖
𝑛
𝑖=1 − 𝐼𝐶 is calculated. As a result of multiple run of the model, we obtain a set of random 

scenarios {𝑁𝑃𝑉}. 
After this, the investment risk is assessed  the probability of the implementation of a scenario 

with a negative NPV value as an unprofitable result of the project implementation for the investor. 
This probability is defined as the ratio of the number of such scenarios to their total number: 

𝑃(𝑁𝑃𝑉 < 0) =
𝑘

𝑚
, 

where 𝑘 is the number of negative values, 𝑚 is the number of experiments conducted.   
If the risk P(NPV<0)>0 is accepted by the investor, then, as a rule, the question of expected profit 

arises. The profit is the average value of the positive scenarios of the set {𝑁𝑃𝑉}. Moreover, the 
discounted payback period (DPP) of the project occurs in the last year of its implementation. This is 
the period required to return the investments in the project due to the net cash flow, taking into 
account the discount rate. 

If P(NPV<0)=0, then in this case the discounted payback period may occur before the end of the 
project implementation. This period is calculated using the formula [11]: 

                                                                             𝐷𝑃𝑃 = 𝑚𝑖𝑛 𝑛,                                                                                  
where n is the project implementation period at which ∑ 𝐾𝑖

𝑛
𝑖=1 > 𝐼𝐶. 

 
 

 
Let us illustrate the proposed approach with the following example. Let us estimate the risk of 
investing in some three-year innovation project. Let us assume that the initial investment volume and 
interest rate are IC=265 and p=5%, respectively. Also, one expert was involved to estimate the 
expected cash inflow in the first and second years, and three experts were involved to estimate the 
cash inflow in the third year, since the uncertainty of the cash inflow increases every year. Table 2 
also presents estimates of the expected profit from the project. 
 

 
 

 
 

 
 

 
 

 
 

  
 

 
 

 
 

    
    

 
 

First, we will check the consistency of the experts' estimates for the 3rd year, assuming their equal 
competence. For the boundaries of interval estimates, using formulas (5) (8), we will obtain the 
following correlation coefficients 𝑉𝐿=0.03 and 𝑉𝑅 -
coordinated. Therefore, the average values of the boundaries of these estimates, i.e. 90 and 134, are 
taken as the boundaries of the cash inflow interval in the 3rd year. 

Now we calculate the boundaries of the extended intervals of cash inflows for each year. These 
). To 

calculate these coefficients, we find the values of b(95), b(115), b(90), and b(134). 
The values of b(90) and b(95) are found directly from Table 1: b(90)= (0.357-

=(0.213-0.00067·95)·95=14.2. And the values of b(115) and b(134) are calculated according to the 
algorithm. 



 
 

For the number 115 we have 𝑞 = 1, 𝑟𝑞 = 5 and  𝑟𝑞+1 = 1.  This number belongs to class 𝑀1 since 
the remainder of 𝑞 divided by 3 is 1. And since 𝑟𝑞+1 ≠ 0, then according to point 2b we have 𝑥 =

𝑟𝑞+1 ⋅ 10 + 𝑟𝑞 = 15 and   𝑏(115) = 𝑏(15), which, according to Table 1, is equal to 6.48. 
The value of b(134) is calculated similarly. For the number 134 we have  𝑞 = 1, 𝑟𝑞 = 4, 𝑟𝑞+1 = 3. 

This number also belongs to the equivalence class 𝑀1. And since 𝑟𝑞+1 ≠ 0, then 𝑥 = 𝑟𝑞+1 ⋅ 10 + 𝑟𝑞 =

34 and   𝑏(134) = 𝑏(34).  This distance is calculated by the formula  

𝑏(34) =
1

2
(𝑏 ([

34

10
] ⋅ 10 + 5) + 𝑏 (34 − [

34

10
] ⋅ 10)) =

1

2
(𝑏(35) + 𝑏(4)),  

where 𝑏(35) and b(4), according to Table 1, are equal to 6.63 and 1.84, respectively. As a result, 
 

Then, using formulas (10) and (12) the fuzziness coefficients of these numbers are calculated: 
) - -2.55·14.2

2
7, =95+2.55·14.2

2
3.  

) - -2.55·6.48

2
7, =125+2.55·6.48

2
3. 

for the number (90,134, 𝛼, 𝛽) - = 90 − 2.55 ·
19

2
= 66,  = 134 + 2.55 ·

4

2
= 139.   

Therefore, the range of values of the random variable X ≜ 
by the following intervals [77, 113], [107, 123], [66, 139].     

After this, a random variable X is simulated on these intervals. The standard Gaussian function (9) 
is used as the density function f(x) on the intervals of the 1st and 2nd years, and the combined function 
(11) is used on the interval of the 3rd year: 

on the 1st interval: 𝜇�̃�(𝑥) = 𝑒𝑥𝑝( − 𝑎(𝑥 − 95)2), where 𝑎 = −
4 𝑙𝑛 0.5

14.22  =0.014; 

on the 2nd interval: 𝜇�̃�(𝑥) = 𝑒𝑥𝑝( − 𝑎(𝑥 − 115)2), where 𝑎 = −
4 𝑙𝑛 0.5

6.482 = =0.067;  

on the 3rd interval: 𝜇�̃�(𝑥) = {
𝑥 < 90,   𝜇�̃�(𝑥)
90 ≤ 𝑥 ≤ 134,  1
𝑥 > 134,   𝜇�̃�(𝑥)

,  where  

𝜇�̃�(𝑥) = 𝑒𝑥𝑝( − 𝑐(𝑥 − 90)2),  𝑐 = −
4 𝑙𝑛 0.5

192  =0.008; 𝜇�̃�(𝑥)  = 𝑒𝑥𝑝( − 𝑐(𝑥 − 134)2),  

𝑐 = −
4 𝑙𝑛 0.5

42  =0.17. 
Also for these intervals, according to (13), we obtain the following modeling parameters: 
 for the 1st: 𝑀 = 1, 𝑥 = 77 + 36𝑟1,  𝑦 = 𝑟2,  
 for the 2nd: 𝑀 = 1, 𝑥 = 107 + 16𝑟1,  𝑦 = 𝑟2,  
 for the 3rd: 𝑀 = 1, 𝑥 = 66 + 73𝑟1,  𝑦 = 𝑟2.   
Then, at each interval, a random variable X is being played out drawn, the values 𝐾𝑖 =

𝐶𝐹𝑖

(1+𝑝)𝑖,  

where 𝐶𝐹𝑖 =𝑥, are calculated and then the 𝑁𝑃𝑉 = ∑ 𝐾𝑖
3
𝑖=1 − 𝐼𝐶 indicator is calculated. 1000 runs of 

the model were made. The result of the statistical analysis of the obtained data is given in Table 3. 

 
 

Indicator Value 
Investment size 265 

Interest rate 5% 
Minimum value of 𝑁𝑃𝑉 
Maximum value of 𝑁𝑃𝑉 
Expected value of 𝑁𝑃𝑉 

Cash inflow in first year 𝐾1 
Cash inflow in second year 𝐾2 
Cash inflow in third year 𝐾3 
     Num. cases when 𝑁𝑃𝑉 < 0 

Investment risk 

1.15 
66.59 
23.74 
90.72 
104.27 
93.27 

65 
0.065 



 
 

The following scale can be used for verbal expression the risk assessment of a project [15] (Table 
4). 

 
 

Quantitative assessment Verbal assessment 
Less than 0.01 Low 

0.01  0.1 Average 
Over than 0.1  High 

 
Thus, according to this table, the investment risk of the project is average. Let the received risk be 

accepted by the investor. Since the risk is greater than 0, the discounted payback period will occur in 
the third year of the project implementation, and the expected profit will be approximately 24 
conventional units. 
 

 
 

The approach to assessing investment risks based on fuzzy modeling of the effectiveness of 
innovative projects is considered. The net present value indicator serves as an efficiency model. In 
this indicator, the cash inflow parameter, taking into account its uncertainty, is specified by fuzzy 
linguistic estimates.  

A procedure for approximating linguistic estimates by fuzzy triangular and trapezoid numbers 
based on Gaussian membership functions is proposed. An algorithm for calculating the distance 
between the transition points of these functions is considered, the use of which allows the 
approximation of linguistic estimates to be carried out automatically. Based on this algorithm, 
formulas for the approximate calculation of fuzziness coefficients of triangular and trapezoidal 
numbers with an error acceptable in practice are proposed. 

To simulate the efficiency indicator, the Neumann elimination method is proposed, in which the 
Gaussian functions act as functions of the distribution density of cash inflow expectations. An 
example is given to illustrate this approach. This example demonstrated the practical feasibility of the 
approach, its simplicity and universality. 

In general, the proposed approach, without claiming to be complete, can be used both as a basis 
for developing an appropriate methodological apparatus for assessing the risk of various innovative 
projects, and in a broader sense - for modeling random variables in various fields. 
 

 
 
The authors have not employed any Generative AI tools. 
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