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Abstract
This paper introduces a multi-user uplink system, utilizing the orthogonal time frequency space (OTFS) modulation
scheme. The proposed design employs the generalized singular value decomposition (GSVD) of the channels
connecting the base station and the two users. Precoding and detection matrices are constructed using the right
and left singular vectors, respectively. Analytical expressions are derived for a practical antenna configuration,
and corresponding simulation results are presented. Simulation results for uncoded, coded, and coded scenarios
with channel estimation errors reveal that the proposed GSVD-based approach outperforms MMSE equalization
in certain antenna configurations. Notably, GSVD shows advantages under channel estimation error in the coded
scenario.
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1. INTRODUCTION

Ensuring reliable communication for high-speed users is a key requirement in sixth-generation (6G)
wireless networks. OTFS modulation, tailored for such environments, operates in the delay-Doppler
domain, enabling it to handle the effects of both delay and Doppler spread in the channel [1, 2]. However,
multiple access techniques for OTFS modulation are still under development and require further research
[3].

Various studies have explored orthogonal multiple access (OMA) techniques in orthogonal time
frequency space (OTFS) modulation; however, these methods are not based on precoding approaches
and do not employ the spatial multiplexing capabilities of MIMO systems for transmission. In [4], the
authors proposed a multiplexing method in the delay-Doppler (DD) domain, where different DD bins
are allocated to separate users. While this approach is straightforward at the transmitter side, each
user is required to mitigate interference from others at the receiver. To address this challenge, guard
intervals can be introduced between the multiplexed data in the DD domain, though this comes at the
cost of reduced spectral efficiency. In [5], resource allocation in the time-frequency (TF) domain was
proposed for OTFS modulation, with information symbols being interleaved in the DD domain to ensure
contiguity in the TF domain. In [6], an uplink multiple access (MA) scheme was introduced based on
Orthogonal Frequency Division Multiplexing (OFDM) modulation for single input single output (SISO)
systems, demonstrating that the concatenated signals from all users at the base station (BS) behave
equivalently to a single-user OTFS system. This work was later extended in [7], where the authors
investigated the uplink scenario for multiple-input multiple-output (MIMO) systems.
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In contrast to methods that do not utilize precoding or spatial multiplexing, several studies have
investigated precoding schemes for OTFS systems to enhance performance. In [8], the authors evaluated
two cases for downlink precoding. In the first case, they considered ideal pulse shaping, leveraging bi-
orthogonality to diagonalize the doubly selective channel matrix. The second case focused on practical
pulse shaping, where precoders were designed in the TF domain and subsequently transformed into
the DD domain for implementation. In [9], a downlink precoding approach leveraging Tomlinson-
Harashima precoding was introduced, utilizing the interference pattern in the DD domain for enhanced
performance. In [10], the authors proposed a joint precoding and equalization scheme for the uplink
multi-user case, aimed at reducing computational complexity and minimizing CSI feedback overhead
through the use of statistical Doppler shift information and optimized matrix dimensions. In [11],
the authors proposed a precoding scheme for a MIMO system focused on a single-user scenario to
maximize the achievable rate of MIMO-OTFS in the presence of beam squint, leaving room for potential
exploration in multi-user systems.

In the context of OTFS modulation, non-orthogonal multiple access (NOMA) has also been inves-
tigated. For instance, a deep learning-based approach for signal detection in a two-user downlink
SISO-NOMA system was introduced in [12]. Similarly, [13] presented a robust beamforming technique
for a two-user downlink MIMO system. This strategy allocates the low mobility user’s data within the
TF domain and guarantees that the high mobility user’s requirements are met by placing its data in the
DD domain. Furthermore, the work in [14] proposed the use of an interference alignment (IA) matrix as
a precoder to mitigate inter-user interference (IUI) in a multi user (MU) MIMO-OTFS downlink scenario.
They also explored data detection using singular value decomposition (SVD) combined with precoding
to simplify the channel matrix.

Although extensive research has been conducted, equalization remains a significant challenge in
OTFS modulation. The transceiver’s input-output relationship in the DD domain is characterized by a 2
dimensional (2D) phase-rotated convolution between the transmitted signal and the channel impulse
response in this domain [2]. This 2D convolution introduces complexities that make OTFS channel
equalization and data detection computationally intensive, in contrast to OFDM, which supports a
straightforward single-tap equalizer. In high-speed environments, frequency domain equalization
(FDE) proves inadequate for OTFS, unlike its effectiveness in low-mobility scenarios with single carrier
modulation (SCM), where a single-tap equalizer is feasible. However, it is crucial to note that while
detection in OTFS can be complex, the system’s performance remains robust across varying user speeds,
provided a suitable equalization or detection method is employed. This contrasts with high mobility
systems using OFDM and SCM.

The concept of generalized singular value decomposition (GSVD) decomposition was first presented
in [15] and later expanded with a more detailed definition in [16]. To extend this method to multiple
matrices, the Higher Order GSVD (HO-GSVD) was introduced in [17]. Furthermore, [18] explored the
application of GSVD in wireless communication, employing it to divide a wireless channel for two users
into the private channel (PC) and common channel (CC), and providing an exhaustive description of
both interpretations of GSVD.

Our contribution in this paper is the development of a precoding and detection scheme for a MU
MIMO-OTFS system based on GSVD decomposition. This decomposition allows us to reduce the
channel matrix to a diagonal form, thereby avoiding the need to handle a 2D circular convolution at
the receiver. We then evaluate the performance of the proposed system and compare it with minimum
mean square error (MMSE) equalization. Our proposed method demonstrates superiority over the
mentioned methods.
Notation: In the remainder of this paper, boldface uppercase letters represent matrices, boldface

lowercase letters denote vectors, and standard lowercase letters correspond to scalars. The symbols (.)𝐻 ,
(.)𝑇 , and vec(.) are used to signify Hermitian, transpose, and column-wise vectorization operations,
respectively. Additionally, A{:,1:𝑘} denotes the selection of the first to the 𝑘𝑡ℎ columns of the matrix A.
The terms I and 0 refer to the identity matrix and the zero matrix, respectively.



2. OTFS SYSTEMMODEL

Consider a DD grid of size 𝑀 × 𝑁 representing a discrete delay-Doppler (DD) domain. The delay
axis is divided into 𝑀 bins indexed by 𝑙 = 0, 1, . . . ,𝑀 − 1, where each bin corresponds to a delay of
𝜏 = 1

𝐵 seconds, while the Doppler axis is divided into 𝑁 bins indexed by 𝑘 = 0, 1, . . . , 𝑁 − 1, where
each bin corresponds to a Doppler shift of 𝜈 = 1

𝑇𝑓
Hz. Here, 𝐵 denotes the available bandwidth, and

𝑇𝑓 represents the frame length. Consequently, the corresponding sub-carrier spacing and subsymbol
duration in the time-frequency (TF) domain are given by Δ𝑓 = 𝐵

𝑀 and 𝑇𝑠 =
𝑇𝑓

𝑁 , respectively. The
relationship between the DD domain and the TF domain is established through the symplectic finite
Fourier transform (SFFT) [19].

2.1. UPLINK SYSTEMMODEL

Consider an uplink system with two users, each equipped with 𝐺𝑢 antennas (𝑢 = 0, 1), and a base
station equipped with 𝐶 antennas.1 A DD domain grid is employed for each antenna at the transmitter
of each user to represent precoded information symbols. The transmitted precoded signal at the 𝑔𝑡ℎ

antenna of the 𝑢𝑡ℎ user in the DD domain is denoted by X𝑢,𝑔 . The received signal at the 𝑐𝑡ℎ antenna of
the base station is

y𝑐 =
𝑈∑︁

𝑢=1

𝐺𝑢∑︁
𝑔=1

H𝑐,𝑢,𝑔x𝑢,𝑔 + n𝑐 (1)

where y𝑐 ∈ C𝑀𝑁×1 for 𝑐 = 1, . . . , 𝐶 − 1 and 𝑈 = 2. The matrix H𝑐,𝑢,𝑔 ∈ C𝑀𝑁×𝑀𝑁 represents
the channel matrix between the 𝑔𝑡ℎ antenna of user 𝑢 and the 𝑐𝑡ℎ antenna of the base station.2 For
the remainder of this paper, it is assumed that the channel matrices H𝑐,𝑢,𝑔 are full rank, indicating
that the physical environment is rich in terms of the number of multipath components. The vector
x𝑢,𝑔 ∈ C𝑀𝑁×1 is the vectorized form of the matrix X𝑇

𝑢,𝑔 . The vector n𝑐 represents the additive white
Gaussian noise (AWGN) where its elements are independently distributed n𝑐(.) ∼ 𝒩 (0, 𝜎2).

By considering all antennas together, the input-output relationship of the overall system can be
written as

y =

𝑈∑︁
𝑢=1

H𝑢x𝑢 + n (2)

where

H𝑢 =

⎡⎢⎢⎢⎣
H1,𝑢,1 H1,𝑢,2 · · · H1,𝑢,𝐺𝑢

H2,𝑢,1 H2,𝑢,2 · · · H2,𝑢,𝐺𝑢

...
. . . . . .

...
H𝐶,𝑢,1 H𝐶,𝑢,2 · · · H𝐶,𝑢,𝐺𝑢

⎤⎥⎥⎥⎦ ∈ C𝑀𝑁𝐶×𝑀𝑁𝐺𝑢 (3)

is the channel matrix between the 𝑢𝑡ℎ user and the receiver. The vectors x𝑢 ∈ C𝑀𝑁𝐺𝑢×1, y ∈ C𝑀𝑁𝐶×1,
and n ∈ C𝑀𝑁𝐶×1 represent the transmitted vector of the 𝑢𝑡ℎ user, the received vector, and the noise
vector from all antennas of the receiver, respectively. These vectors are given by

x𝑢 =

⎡⎢⎢⎢⎣
x𝑢,1

x𝑢,2
...

x𝑢,𝐺𝑢

⎤⎥⎥⎥⎦ , y =

⎡⎢⎢⎢⎣
y1

y2
...

y𝐶

⎤⎥⎥⎥⎦ , n =

⎡⎢⎢⎢⎣
n1

n2
...

n𝐶

⎤⎥⎥⎥⎦ . (4)

1This work can be extended to support multiple users by applying HO-GSVD [17].
2The structure of the matrix H𝑐,𝑢,𝑔 is fully explained in [19, Chapter 4].



Figure 1: Block diagram of an uplink system for User 1; User 2 follows the same structure.

3. GSVD DECOMPOSITION, RECODING AND DETECTION MATRIX

We define the following parameters as 𝑘𝑢 = rank (H𝑢), and 𝑘 = rank
(︀[︀
H1 H2

]︀)︀
. Based on the

GSVD, the channel matrices H𝐻
𝑢 are decomposed as:

H𝐻
𝑢 = U𝑢Σ𝑢

[︀
W𝐻R 0

]︀
Q𝐻 = U𝑢Σ𝑢V

𝐻 . (5)

Here:

• U𝑢 ∈ C𝑀𝑁𝐺𝑢×𝑀𝑁𝐺𝑢 are unitary matrices
• Σ𝑢 ∈ C𝑀𝑁𝐺𝑢×𝑀𝑁𝑘 are block diagonal matrices
• W ∈ C𝑘×𝑘, Q ∈ C𝑀𝑁𝐶×𝑀𝑁𝐶 are unitary matrices
• R ∈ C𝑘×𝑘 is an invertible matrix
• 0 ∈ R𝑘×(𝑀𝑁𝐶−𝑘)

• V𝐻 ∈ C𝑘×𝑀𝑁𝐶

In this case, and with the assumption that the channel matrices are full rank, the matrices Σ1 and
Σ2 can be expressed as block diagonal matrices with the following specifications:

Σ1 =

⎡⎣I1 S1

01

⎤⎦ ,Σ2 =

⎡⎣02 S2

I2

⎤⎦ (6)

where:

• I1 ∈ R(𝑘−𝑘2)×(𝑘−𝑘2), I2 ∈ R(𝑘−𝑘1)×(𝑘−𝑘1)

• 01 ∈ R(𝑀𝑁𝐺1−𝑘1)×(𝑘−𝑘1),02 ∈ R(𝑀𝑁𝐺2−𝑘2)×(𝑘−𝑘2)

• S𝑢 = diag (𝜎1,𝑢, 𝜎2,𝑢, . . . , 𝜎𝑘1+𝑘2−𝑘,𝑢) ∈ C(𝑘1+𝑘2−𝑘)×(𝑘1+𝑘2−𝑘) are diagonal matrices containing

the channel gains, where
√︁
𝜎2
𝑖,1 + 𝜎2

𝑖,2 = 1 for 𝑖 = 1, . . . , 𝑘1 + 𝑘2 − 𝑘

Based on the GSVD in (5), the precoding and detection matrices are respectively defined as3

P𝑢 = U𝑢, D = WR−1(Q{:,1:𝑘})
𝐻 ∈ C𝑘×𝑀𝑁𝐶 (7)

Considering 𝐺𝑢 data streams for each user, the precoded vector in the transmitter of each user is

x𝑢 = P𝑢s𝑢 (8)

where the vector s𝑢 ∈ C𝑀𝑁𝐺𝑢×1 contains the information quadrature amplitude modulation (QAM)
symbols for each user.
3In simulation, we used the equivalent detection matrix considering the noise reduction as D = (V𝐻V + 𝜎2I)−1VH
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Figure 2: Transmission scheme while 𝐺1 +𝐺2 < 𝐶

Fig. 1 depicts the block diagram of the system’s transmitter and receiver. In the receiver, the detection
matrix is applied to the received signal y in (2), resulting in

r = Dy = DH1x1 +DH2x2 +Dn (9)

By substituting (5), (7), and (8) into (9), the following is obtained

r = Σ𝐻
1 s1 +Σ𝐻

2 s2 +Dn (10)

In (10), the term Dn leads to noise enhancement since the matrix D is not unitary. However, in (7),
the precoding matrix U𝑢 is unitary.

In this paper, we consider a realistic scenario where 𝐺1 +𝐺2 ≤ 𝐶 . Given that the matrix H has full
rank and 𝐺1 +𝐺2 < 𝐶 , the matrices Σ𝐻

1 and Σ𝐻
2 reduce to the following forms because, in this case,

𝑘 = 𝑀𝑁(𝐺1 +𝐺2), 𝑘1 = 𝑀𝑁𝐺1, and 𝑘2 = 𝑀𝑁𝐺2:

Σ𝐻
1 =

[︂
I1

0(𝑘−𝑘1)×(𝑘−𝑘2)

]︂
,Σ𝐻

2 =

[︂
0(𝑘−𝑘2)×(𝑘−𝑘1)

I2

]︂
(11)

Comparing (11) and (10) yields

r =

[︂
s1
s2

]︂
+Dn (12)

Now, the information from each user can be easily extracted in the presence of noise. Fig. 2 illustrates
the uplink setup and user configuration in a high-speed environment.

4. SIMULATION RESULTS

This section focuses on evaluating the performance of the proposed GSVD approach. The simulation
setup parameters are detailed in Table 1. The channel model considered is the Extended Vehicular A
(EVA) channel, as defined in the 3rd Generation Partnership Project (3gpp) TS 36.104 [20]. The maximum
environmental speed is set to 𝑣max = 500 km/h, resulting in a maximum Doppler frequency shift and
normalized Doppler shift of 𝜈max = 𝑣max×𝑓𝑐

light speed = 1853 Hz and 𝑘max = 𝜈max𝑇𝑓 = 0.9883, respectively.
The modulation scheme employed is 4-QAM, which maps the information bits into corresponding
symbols. We compared the performance of our proposed GSVD method with MMSE equalization in
terms of bit error rate (BER), using two MU-MIMO antenna configurations: (3+ 2)× 6 and (1+ 1)× 6.
The evaluation was conducted across three scenarios: one without channel coding, one using a 3/4
low-density parity check (LDPC) code as specified in the IEEE 802.11 standard with a block length of
648, and another incorporating channel coding while accounting for channel estimation errors.

Fig. 3 illustrates the BER curve as a function of signal-to-noise ratio (SNR). For the (1 + 1) × 6
configuration, the simulation results show a slight gap between the GSVD and MMSE methods, with
MMSE exhibiting marginally better performance. Notably, both users achieve identical performance.



Table 1
Simulation parameters

Parameters Values
Carrier frequency 𝑓𝑐 = 4 GHz
Sub-carrier spacing Δ𝑓 = 15 kHz

(𝑀,𝑁) (16, 8)
Tap delays (ns) [0, 30, 150, 310, 370, 710, 1090, 1730, 2510]
Tap powers (dB) −[0, 1.5, 1.4, 3.6, 0.6, 9.1, 7, 12, 16.9]
Max. speed 500 km/h
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GSVD User 2 - (3+2) 6

Figure 3: BER vs SNR uncoded scenario, comparing GSVD-based precoding and MMSE precoding.

As we will demonstrate later, this gap can be mitigated through the use of channel coding. In the
(3 + 2)× 6 configuration, the MMSE method achieves consistent performance for both users, while the
GSVD approach shows improved performance for the first user compared to MMSE. However, for the
second user, the GSVD approach performs similarly to MMSE, with a slight degradation at higher SNR
values.

Fig. 4 presents the results for the same configurations but with LDPC coding applied. For the
(1 + 1)× 6 setup, the performance of GSVD matches that of MMSE, as predicted. In the (3 + 2)× 6
configuration, the gap between the GSVD method for the second user and the MMSE method for both
users is reduced. Additionally, the GSVD approach for the first user demonstrates better performance
compared to MMSE.

In Fig. 5, the BER versus SNR for the coded case is plotted, considering an antenna configuration of
(3 + 2)× 6 in the presence of an estimation error. The channel coefficient in the time domain, ℎ𝑘, is
considered as a reference, while the estimated channel coefficient is expressed as ℎ𝑘,est = 𝜌ℎ𝑘+ 𝜖 where
𝜖 is a Gaussian random variable of zero mean. In this formulation, 𝜌 satisfies 0 ≤ 𝜌 ≤ 1, and the error
term follows 𝐸{|𝜖|2} = (1− 𝜌2)𝐸{|ℎ𝑘|2}. Here, 𝐸{·} represents the expected value. The analysis is
conducted specifically for User 1. This figure demonstrates that the performance of GSVD is comparable
to MMSE for the cases where 𝜌 = 0.99 and 𝜌 = 0.995, while exhibiting a slight improvement when
𝜌 = 0.999.

5. CONCLUSION AND RESEARCH OPPORTUNITIES

In this study, we introduced the application of the GSVD technique within an uplink two-user MIMO-
OTFS framework and provided analytical formulations for practical antenna configurations. The
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Figure 4: BER vs SNR for coded scenario, comparing GSVD-based precoding and MMSE equalization.
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Figure 5: BER vs SNR for coded scenario in the presence of channel estimation error

methodology employs GSVD-based channel decomposition for each user, alongside the implementation
of precoding and detection matrices. Simulation outcomes demonstrate that the proposed GSVD
approach outperforms the conventional MMSE scheme under certain antenna configurations, while
showing comparable results under others.

Exploring the extension of the GSVD approach to multi-user scenarios via HO-GSVD, for both uplink
and downlink communication, represents a direction for future research.
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