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Abstract 
The article is concerned with optimization mechanisms based on a three-dimensional assignment 
problem in the context of IT projects management. A mathematic model is proposed for enabling 
efficient allocation of resources, tasks and time intervals with account taken of restrictions and 
optimality criteria. The researchers have analyzed existing approaches to solution of the problem and 
substantiated their selection of optimization methods. The obtained results show the possibilities of 
improving the IT projects planning, minimizing the cost and increasing the team efficiency. The 
authors have arrived at the conclusion about practical implementation of the proposed mechanisms 
in real conditions of projects IT  management. 
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1. Introduction 

The key tasks of the modern IT project management consist in efficient allocation of resources, 
optimization of working processes and increasing of the team efficiency. One of the best 
practices of solving these problems provides for using the discrete optimization methods, 
particularly a three-dimensional assignment problem. This problem includes simultaneous 
allocation of three types of items – for instance, of the tasks, executors and project stages – with 
account taken of certain optimality criteria. 

The relevance of the research is given by the need for improving the planning methods 
under conditions of multiple-factor uncertainty attributable to up-to-date project environments. 
The proposed optimization mechanisms allow minimizing the time and resources expenditure, 
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increasing the teamwork efficiency, and ensuring the flexibility of management solutions in IT 
projects 

2. Problem statement  

The known formalized approach to solving this optimization problem assumes that each 
executor can only be involved at one project stage and the number of executors is equal to the 
number of project stages – 𝑚 = 𝑛. Should the i th executor be assigned for implementation of 
the j th stage of the project, the variable 𝑥𝑖𝑗 takes on value 𝑥𝑖𝑗 = 1, and vice versa, 𝑥𝑖𝑗 = 0. In 
this case, the optimization problem on allocation of participants by the general project stages 
or the assignment problem, when m n= , shall look like: 

𝑊𝐼 =∑∑𝑐𝑖𝑗𝑥𝑖𝑗 → 𝑚𝑖𝑛
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(1) (2) 
where 𝑛 - the number of the general project stages, 𝑚 - the number of executors (𝑚 = 𝑛), 

𝑐𝑖𝑗 - the costs on assignment of the 𝑗 th executor for execution of the 𝑖 th stage of the project. 
The matrix of feasible plans for this optimization problem shall look like and include one 

unit in each row and in each column. The analysis of this approach to assignment of executors 
for project implementation shows that the optimum result essentially depends on the number 
of project stages vs the  
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(3) 

number of executors ratio, and the cost minimization  corresponds to the game and theory 
situation that is normally called a Nash equilibrium. 

3. The problem research status 

Optimization problems in IT projects management are actively researched in various areas of 
science including discrete mathematics, operation analysis and intellectual management 
systems. One of important approaches to solving the problem of efficient allocation of resources 
consists in using the assignment problem, particularly its three-dimensional generalization. The 
classic assignment problem was proposed by Kohn [1,2] and is solved by the Hungarian 
algorithm method. Further researches [3,4] were concerned with its generalized variants 
including multidimensional models. A 3D assignment problem is NP-hard and requires using 
special methods for its solution. The scientific literature provides a wide range of methods for 
solving a 3D assignment problem. The papers of Gavish & Graves [5] proposed combinatory 
approaches, whereas the contemporary works [6,7] are concerned with utilization of linear 

11 12 1

21 22 2

1 2

 

n

n

ij n n

n n nn

x x x

x x x
X x

x x x



 
 
 = =
 
 
 



programming and such metaheuristic algorithms as genetic algorithms and particle swarm 
algorithms. The project management provides for effective allocation of resources, which is 
studied in the papers of Shen & Wang [8] presenting adaptive models based on the mathematic 
programming. Other works [9] analyze distribution of tasks under real conditions with dynamic 
restrictions. 

The contemporary researches [10] are indicative of the possibility of using the machine 
learning and deep neural networks for improving the results of optimization in complicated 
projects. The integration of a 3D assignment problem and digital project management platforms 
provide and advanced area of development. The real life is associated with problems where it 
is required to depart from the prerequisites of a classic assignment problem – one executor per 
one project stage and vice versa. Such a problem is given by the known combinatory problem 
on a system of different representatives [11]. In this type of problems, several executors have 
already to be assigned to one vacant position. A set of problems on assignment of executors 
with additional requirement or property (sex, age, experience, etc.) is of the same extent of 
importance. In addition to the conventional two properties (i,j), the candidate possesses a third 
one –(k). The assignment matrix  𝐶 = ‖𝐶𝑖𝑗𝑘 ‖n× 𝑛 × 𝑛 already becomes three-dimensional.  

The analysis of scientific publications shows a big attention that is paid to the problem of 
optimum allocation of resources in the project management. The 3D assignment problem is an 
important tool in solving such problems and its improvement is possible due to a combination 
of mathematic and intellectual methods. In view of this, it is reasonable to develop a model of a 
3D classic and generalized assignment problem and to provide their solution algorithms. 
Utilization of this model in the project management will facilitate the formation of the optimum 
network diagram and distribution of functions in the project team. Similar project management 
problems are considered in articles [12-14]. 

4. The research objective and tasks  

The objective of the paper consists in development and substantiation of optimization 
mechanisms based on a 3D assignment problem and improvement of the IT project resources 
management efficiency. The research provides for analysis of the existing approaches to solving 
an assignment problem, construction of a mathematic model for the optimum allocation of 
resources, tasks and time intervals, as well as development of algorithmic solutions with use of 
linear programming methods and heuristic algorithms. The expected result is given by 
improvement of the project teams efficiency and minimization of costs by means of 
implementing the proposed mechanisms in the projects planning and management process.  

For achieving the specified objective, the following tasks are to be realized: 
• Develop a mathematic model of a 3D problem on assignment of an IT project executors 

with account taken of restrictions attributable to the project management. 
• Propose optimization mechanisms for efficient allocation of resources, tasks and time 

intervals within the project processes. 
• Develop and test an algorithmic solution based on the proposed model for evaluation 

of its efficiency in real scenarios of IT projects management. 
4. A 3D classic and generalized assignment problem and its solution algorithm 
It is known that a two-index or a classic two-dimensional assignment problem is provided 

by a problem looking as follows: 
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where 𝐶 = ‖ 𝑐𝑖𝑗𝑘‖𝑛×𝑛×𝑛 - a matrix of assignment efficiency values, 𝑋 = ‖ 𝑥𝑖𝑗𝑘‖𝑛×𝑛×𝑛 - 

the assignment plan. 
The following problem can be called a classic 3D assignment problem: 
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where – 𝐶(𝑘−𝑐𝑜𝑛𝑠𝑡) = ‖ 𝑐𝑖𝑗𝑘‖𝑛×𝑛×𝑛. the matrix of assignment values, 𝑋 = ‖ 𝑥𝑖𝑗𝑘‖𝑛×𝑛×𝑛 - 

the assignment plan. 
Let us theoretically substantiate the solution of a 3D assignment problem (3) from the planar 

decomposition point of view. This means that a 3D matrix 𝐶(𝑘−𝑐𝑜𝑛𝑠𝑡) = ‖ 𝑐𝑖𝑗𝑘‖𝑛×𝑛×𝑛 is to be 

decompose into a set of 2D problems. Each simplified 2D problem is a result of planar section 

of a 3D matrix by rows and columns. The number of such sets depends on  and is equal to 

 of decomposed problems. Each such problem can already be solved by the Hungarian 

n
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method. The analysis of the pooled solutions obtained enables receiving a solution of the 3D 
assignment problem in general. 

Theoretic substantiation to the solution of a generalized assignment problem can be 
interpreted from the dynamic optimization problem point of view. As per the dynamic 
optimization concept, the whole problem solution chain can be divided into separate elementary 
stages. A simplified problem of the same type is solved at each of these stages. At the same time, 
this algorithm is constructed subject to the known R. Bellman principle. The R. Bellman 
principle is based on the statement that whatever the initial status of the system at an arbitrary 
current optimization stage, the next stage is chosen from the optimality condition relative to 
the previous status. This approach provides in solution chains not a locally optimal but the 
globally optimal solution for the process in general. 

The following problem can be called a 3D generalized (to depth h) assignment problem (4). 
In our case, the solution of a generalized assignment problem provides for fixing the previous 
optimal status by substitution of limiting values (big or small ones) depending on the problem 
meaning into the matrix C(k-const)=||cijk||n⨯ n⨯n. The next problem is solved by the canonic 
(Hungarian) method. Then the optimal positions of the already changed matrix C(k-const)=||cijk||n⨯ 

n⨯n are substituted again by limiting values and the problem is so solved. The number of 
iterations is equal to the maximum depth of the assignment problem generalization. Finally, the 
optimum plan is to be chosen. We proceed to apply the proposed approach to solving model 
problems. 

5. The algorithmic solution testing based on the proposed model  

5.1. Let us consider finding the optimum representation among three sets M (Managers / 
Directors), T (Tasks / Projects), W (Executors / Resources) with using a classic 3D assignment 
problem. The task consists in matching the couples (M, T, W) so that a certain target criterion 
(expenses, efficiency, execution time, etc.) is minimized or maximized (5). 

𝑊𝐼 =∑ ∑ ∑ 𝑐𝑖𝑗𝑘𝑥𝑖𝑗𝑘
3
𝑘=1

3
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3
𝑖=1 → 𝑚𝑖𝑛,      (8) 

At an IT company implementing several projects at the same time, and it is required to assign 
managers (M) to projects, teams of executors - to projects (T), executors (W) – to particular 
tasks within these projects. Solution of this problem enables the optimum allocation of 
responsibility and resources with account taken of the competences, work load, deadlines and 
other constraints. 

The company shall distribute IT projects among managers and executors. At the same time, 
the managers have a different level of experience and competence, the projects have a different 
level of complexity and budget, the executors have different skills and efficiency. The optimum 
assignment (M, T, W) is to be found so that the managers supervise respective projects, the 
executors receive tasks in accordance with their competences, and the expenses and projects 
implementation time are to be minimized. 



{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 ∑𝑥𝑖𝑗𝑘 = 1,   𝑗 = 1,… ,3,

3

𝑖=1

 𝑘 = 1,… ,3,

∑𝑥𝑖𝑗𝑘 = 1,   𝑖 = 1,… ,3,

3

𝑗=1

 𝑘 = 1,… ,3,

∑𝑥𝑖𝑗𝑘 = 1,   𝑘 = 1,… ,3,

3

𝑖=1

 𝑗 = 1,… ,3,

∑𝑥𝑖𝑗𝑘 = 1,   𝑖 = 1,… ,3,

3

𝑘=1

 𝑗 = 1,… ,3,

∑𝑥𝑖𝑗𝑘 = 1,   𝑘 = 1,… ,3,

3

𝑗=1

 𝑖 = 1,… ,3,

∑𝑥𝑖𝑗𝑘 = 1,   𝑗 = 1,… ,3,

3

𝑘=1

 𝑖 = 1,… ,3,

 

  𝑥𝑖𝑗𝑘 = 0 ∨ 1,  𝑖, 𝑗, 𝑘 = 1,… ,3, 
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𝛺𝐼:Application of a 3D assignment problem enables development of a compliance matrix among 
the managers, projects and executors where each combination has its value or efficiency. After 
solving, we obtain the optimum set of assignments. 

According to the formula (5) where  
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The chains for all modifications as per the procedure proposed are given below: 
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Red zeros indicate positions of the optimum solutions. The last conversion chains provide 
us with the optimum solutions by respective planar sections 𝐶(𝑘=1), 𝐶(𝑘=2), 𝐶(𝑘=3) 

( )1 ( 1)

6 3 0 0 1

: 0 2 0 1 0

3 3 1 0 0

0

0

0

k k

optC X
= =

   
   

→ =
   
      

, ( )2 ( 2)

0 5 0 0 1

: 0 6 0 1 0

4 5 1 0 0

0

0

0

k k

optC X
= =

   
   

→ =
   
      

,(13) 



( )3 ( 3)

6 5 1 0 0

: 3 0 0 0 1

4 5 0 1 0

0

0

0

k k

optC X
= =

   
   

→ =
   
      

.      (14) 

The analysis of these three pooled particular solutions enables obtaining the global optimum 
solution 
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A classic 3D assignment problem is a powerful tool for resources allocation in the project 
management. Its solution enables the optimum assignment of managers, projects and executors 
with account taken of constraints and business metrics to improve the project management 
efficiency. 

5.2. With application of a 3D generalized assignment problem, we model a situation when it 
is required to provide the optimum allocation of three types of resources among each other. For 
depth h = 2, we can consider the assignment in the form of interrelated levels: 

- Level 1 (Managers → Tasks): each manager is assigned a certain set of tasks. 
- Level 2 (Tasks → Executors): each task is allocated among the executors as per their 

competences. 
Therefore, the recourses allocation process has a two-level structure as it is necessary to 

assign managers for certain groups of tasks, as well as to assign separate executors for certain 
tasks within these groups. Solution of the problem facilitates the optimum allocation of 
resources in IT projects with minimization of expenses or time of execution. 

To a company supervising several simultaneous IT projects, each manager (M) can manage 
a restricted quantity, each project has a set of tasks (T) to be fulfilled, for each task, there are 
available executors (W) having different level of qualification and efficiency. It is required to 
find such an allocation (M → T → W) where the general expenses (time, budget) are minimized 
or the project team efficiency is maximized. 

Let us find a solution to a generalized 3D assignment problem (of depth h=2) (6) 
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Solution: The calculation for the generalized problem shall look as follows: 
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Red zeros indicate positions of the optimum solutions by respective planar sections 

С(𝑘=1) , 𝐶(𝑘=2), 𝐶(𝑘=3). Another step of modification is related to the problem generalization. 
Each row and each column of the optimum assignment matrix require to have not just one but 
two units. The respective conversions are given below: 
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The red letter mean a sufficiently big number that is not sensitive to subtracting the finite 
matrix numbers from it. 

The last conversion chains provide us with the optimum solutions by planar sections 
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const const
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0

0

0 0
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i j

− −

− −

     
     
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     
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   
   
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   
      
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The analysis of these three pooled particular solutions enables obtaining the global optimum 
solution 

.   (25) 
Depth h = 2 in a 3D assignment problem is indicative of a two-level hierarchy of resources 

allocation in the project management. This facilitates constructing efficient models of team 
management and reducing the risks of the key executors overloading. 

The correctness of solving generalized 3D assignment problems was checked in a Maple® 
software package environment. A fragment of the program source code is given below: 

zf:=add( add( add(A[i,j,k]*x[i,j,k],i=1..nr), j=1..nr ), k=1..nr); 
#~~~~~~~~~~ 
prhc:=2; 
############# 
for k to nr do 
eq[1,k]:=seq(add(x[i,j,k],j=1..nr)=prhc,i=1..nr); 
eq[2,k]:=seq(add(x[i,j,k],i=1..nr)=prhc,j=1..nr); 
………….. 
end do: 
end do: 
### 
X[optmin]=Aoptb,  X[optmax]=Aoptb1; 
W[min]=ss1[1],W[max]=ss1m[1]; 
The results have proven to agree through comparison of the computer and manual 

calculations. 

6. Conclusion 
The researchers have studied the optimization mechanisms designed on the basis of a 3D 
assignment problem and their application in the context of IT project management. They have 
analyzed the problem solution methods and possible criteria of optimization, particularly the 
minimization of expense and execution time, as well as the resources load balancing. 

The authors have proven a 3D assignment problem to efficiently model the process of 
managers, tasks and executors distribution to enable the following: 
- Ensuring the optimum correspondence between managers, IT projects and executors. 
- Minimizing the expenses owing to efficient load distribution. 
- Improving the efficiency through the optimum utilization of the project members qualification 
potential. 

- Reducing the IT projects implementation time through agreement of processes at several 
decision taking levels. 

The practical significance of the approach consists in the possibility of its integration into 
automatic systems of projects management to support the process of taking decisions as to 
allocation of resources at big organizations. Further researches can be aimed at adaptation of 
the model to dynamic conditions of management with variable project requirements or 
resources availability. 

opt ( 1) ( 2) ( 3)

min 3 3 3

1 1 0 1 0 1 0 1 1

 1 0 1 0 1 1 1 1 0

0 1 1 1 1 0 1 0 1

k k k

ijk opt opt optX x X X X= = =

 

     
     

= =   =  
     
          



The results obtained can be useful for project managers aiming at optimizing the tasks 
planning and fulfillment, as well as for developers of intellectual systems supporting the 
decision taking processes in the area of IT projects management. 

Declaration on Generative AI 

The author(s) have not employed any Generative AI tools. 
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