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Abstract
Information Retrieval (IR) effectiveness metrics typically assume that a relevant document fully satisfies the
user’s information need. However, this assumption becomes inadequate when such information need are faceted
or comprise multiple subtopics, addressing only a subset of them. Additionally, ranked lists may contain multiple
documents focusing on the same subtopics, leading to content redundancy while neglecting other aspects of the
information. Search results that present top-ranked documents covering diverse subtopics are generally more
desirable than those offering overlapping content on limited facets. The Multi-Dimensional Cumulated Utility
(MDCU) metric, introduced by Järvelin and Sormunen, addresses this issue by incorporating content overlap
into the evaluation of novelty and diversity. While their work demonstrated MDCU’s conceptual foundation
and illustrated it with a simplified example, its empirical application has yet to be explored. In this study, we
empirically evaluate the practical stability of MDCU using publicly available TREC test collections. Moreover, we
examine its relationship with the well-established 𝛼-nDCG metric and present a Python implementation of MDCU
to support its adoption in future evaluation settings. Our experimental results reveal a strong positive correlation
between MDCU and 𝛼-nDCG, indicating that both metrics consistently capture similar performance trends across
IR systems. Moreover, compared to 𝛼-nDCG, MDCU demonstrates greater statistical power, identifying up to
nine times more statistically significant differences between system pairs.
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1. Introduction

Traditional Information Retrieval (IR) evaluation metrics, such as those in the Cumulated Gain family [2],
are based on mono-dimensional relevance judgments that assume queries are mono-thematic and focus
solely on topical relevance. This abstraction supports efficient offline evaluation but fails to capture
the complexity of real-world information needs, which often span multiple subtopics and involve
factors such as novelty, redundancy, and document accessibility [3, 4, 5]. To address these limitations,
multi-dimensional evaluation measures have been proposed [6, 7].

A recent development in this area is the Multi-Dimensional Cumulated Utility (MDCU) [7], which
accounts for thematic diversity, content overlap, and document-level attributes (e.g., language, complex-
ity, recency). MDCU operates under four assumptions: i) An information need might be multi-thematic,
and documents might satisfy one, many, or none of such themes; ii) The relevance of a document to
each sub-theme of the information need can be multi-graded; iii) When crossing the ranked list of
documents, the user experience decreasing gain proportionally to the information accrued up to that
point: i.e., a partially relevant document inspected after a highly relevant one contributes less to the
user’s total gain; iv) The contribution of the document to the user’s utility gain depends on its attributes,
e.g., the language, complexity, recency [8]. While the theoretical foundations of MDCU have been
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established, its empirical performance remains unexplored. In this work, we operationalise MDCU as
a practical evaluation metric, apply it to TREC Web Diversity Track collections, compare it with the
established 𝛼-nDCG [6], and release a public implementation1.

2. Background on Multi-Dimensional Evaluation Measures

Assume an IR system has produced a ranked list of documents 𝒟 = {𝑑1, ..., 𝑑𝑘} for a given information
need. We consider multi-theme information needs, meaning each information need can be split into
themes 𝑡 ∈ 𝒯 . Therefore, the relevance judgement for the document 𝑑𝑖 is a vector (𝑟𝑖,1, ..., 𝑟𝑖,|𝒯 |) were
element 𝑟𝑖,𝑡 describes the relevance of 𝑑𝑖 to theme 𝑡. The 𝑟𝑖,𝑡 value can be binary or graded.

The Multi-Dimensional Cumulated Utility (MDCU) framework introduced in [7] assesses cumulative
gain by considering multi-dimensional relevance judgments and usability attributes of the documents
retrieved by the system in an IR search task. Therefore, document 𝑑𝑖 is associated with a vector of
usability attributes (𝑎𝑖,1, . . . , 𝑎𝑖,𝑚), (𝑎𝑖,𝑗)1≤𝑗≤𝑚 ∈ [0, 1]. The algorithm takes as input the ranked list of
search results, denoted as 𝒟, and a discounting parameter 𝑏, accounting for the overlap. The cumulated
relevance vector 𝑐 is initialized as the 0-vector of length |𝒯 |. For each document 𝑑𝑖 ∈ 𝒟, MDCU defines
the attribute factor 𝑎 =

∏︀𝑚
𝑗=1 𝑎𝑖,𝑗 that describes its usability. After each document’s inspection, the

cumulated relevance vector 𝑐 is updated considering the multi-dimensional relevance of the document
𝑑𝑖. The contribution of the 𝑖-th document combines its relevance to the various sub-themes and weighs
it by the usability attribute. Furthermore, the contribution on theme 𝑡 is discounted by the cumulated
contribution 𝑐𝑡 accrued until that point. The MDCU is the sum of all cumulated contributions 𝑐𝑡 across
the relevance themes 𝒯 .

3. Challenges and Solutions of the MDCU

Collections for Computing MDCU. Identifying a suitable test collection to validate empirically
MDCU represents a preliminary experimental challenge. As noted by Järvelin and Sormunen [7], no
collection contains document annotations for multi-theme relevance and usability. We stress that, at
the moment of the experiments, the literature lacks a suitable benchmark test collection that assesses
both multi-dimensional relevance themes and usability attributes. Consequently, we focus on the
multi-theme evaluation, leaving the investigation of the role of the usability attributes, e.g., score that
simulate the credibility, virality or sensitivity analysis of retrieved documents, as future work. We
remark that, as noted in the seminal MDCU paper by Järvelin and Sormunen [7], not considering
the usability attributes in the MDCU analysis means that the measure only accounts for the impact
of the themes’ relevance, and each document is used equally by the user. In detail, we consider the
TREC Web collections spanning 2009 to 2012 and use MDCU to evaluate systems submitted to the Web
Diversity cat-B task [9, 10, 11, 12]. Within the Web Diversity challenge, relevance judgments for the
documents are provided considering distinct subtopics relevant to the queries, thus representing themes’
relevance. The objective of the diversity task was to produce a ranked list of pages that collectively
offer comprehensive coverage for a query, minimizing excessive redundancy.

Normalizing The MDCU Score. As noted by Clarke et al. [6], determining the optimal run to
normalize 𝛼− 𝑛𝐷𝐶𝐺 in the multi-theme scenario is an NP-hard problem. The same challenge holds
for the MDCU computation. Indeed, finding such run would require evaluating all possible ranking
permutations to find the one that maximizes the final MDCU score. Specifically, for a list of 𝑘 documents,
this entails considering the 𝑛!(𝑘 − 1)! rankings. To make the problem computationally tractable and
avoid heuristics that might lead to inconsistent values, we propose two strategies to project MDCU
scores in standard intervals: Z-Score standardization and MinMax normalization. These approaches
have been demonstrated to map the values of a stochastic variable in equivalent intervals in [13].

1https://github.com/Kekkodf/MDCUEval

https://github.com/Kekkodf/MDCUEval


We follow Webber et al. [14] to apply Z-score standardization. In detail, given 𝒮 the set of systems
to evaluate, a query 𝑞, and called 𝑀𝐷𝐶𝑈𝑠,𝑞 the MDCU score for the system 𝑠 ∈ 𝒮 on query 𝑞, to
standardize the MDCU values we compute across the systems under evaluation the observed mean
MDCU 𝜇𝑞 =

∑︀
𝑠∈𝒮 𝑀𝐷𝐶𝑈𝑠,𝑞/|𝒮| and standard deviation 𝜎𝑞 = stdev({𝑀𝐷𝐶𝑈𝑠,𝑞,∀𝑠 ∈ 𝒮}). The

standardized MDCU score of system 𝑠 on query 𝑞 is computed as:

𝑀𝐷𝐶𝑈𝑍𝑆𝑐𝑜𝑟𝑒(𝑠, 𝑞) = (𝑀𝐷𝐶𝑈𝑠,𝑞 − 𝜇𝑞)/𝜎𝑞. (1)

To map the values of the MDCU in the interval [0, 1], we employ the MinMax normalization. Thus, for
a query 𝑞, we first compute the minimum and maximum MDCU scores observed for that query across
the retrieval systems as 𝑚𝑖𝑛𝑞 = min𝑠∈𝒮 𝑀𝐷𝐶𝑈𝑠,𝑞 and 𝑚𝑎𝑥𝑞 = max𝑠∈𝒮 𝑀𝐷𝐶𝑈𝑠,𝑞 . The MinMax
normalized MDCU for a system 𝑠 on query 𝑞 is computed as:

𝑀𝐷𝐶𝑈𝑀𝑖𝑛𝑀𝑎𝑥(𝑠, 𝑞) =
𝑀𝐷𝐶𝑈𝑞 −min𝑞
max𝑞 −min𝑞

(2)

4. Experimental Evaluation

We compare 𝛼-nDCG and MDCU when evaluating the systems submitted to the TREC Web Diversity
cat-B track. To compute 𝛼-nDCG, we use the pyndeval package of the ir_measure Python library2.
The 𝛼 value has been maintained as the default specified in the package, i.e., 𝛼 = 0.5. To ensure
transparency and reproducibility, we provide the MDCU code and results in the online repository.

Assessing the MDCU Stability. We present the analysis concerning the stability of MDCU compared
to 𝛼-nDCG on the TREC Web Diversity cat-B3. For the comparison cut-off points 𝑘, we select 𝑘 = 5
and 𝑘 = 20, which correspond to the measurement standard adopted in the original challenges of
the Web Diversity track [9, 10, 11, 12]. For space limitations, we discuss here only the results for
𝑘 = 5, but a more comprehensive discussion is provided in the paper [1] and in the repository. We
analyze the correlation and agreement between different runs by computing Pearson’s 𝜌 and Kendall’s
𝜏 correlation coefficients [15, 16] for pairs of evaluation measures. The ideal outcome of the stability
analysis is to ensure that 𝛼-nDCG and MDCU positively correlate —indicating that the two measures
are related— but they capture distinct aspects of the multi-dimensional evaluation, testified by the
absence of pathologically high correlation.

Measuring the MDCU Statistical Power. In addition to the stability analysis of the MDCU frame-
work, we conduct the ANalysis Of the VAriance (ANOVA) [17] and Siegel-Tukey’s test [18] using
the Pingouin package [19] to assess the concordance between 𝛼-nDCG and MDCU, as proposed
in [20, 21, 22]. In detail, the concordance measures proposed by [20, 21, 22] consider pair-wise compar-
isons of systems carried out in different experimental settings—in our case, using different measures.
Such measures consider two aspects of a system-system pair-wise comparison: “statistical significance”
and “directional agreement”. The first dimension categorizes system pair comparisons as Active (A) if
both evaluation measures detect statistically significant differences between the systems, Mixed (M) if
only one measure identifies significance, and Passive (P) if neither measure finds a significant difference
between systems. The second axis assesses whether the measure yields consistent rankings, classifying
them as Agreements (A) when both measures consider the same system to be better and Disagreements
(D) when rankings conflict. Combining these dimensions results in the following six concordance
measurements: Active Agreement (AA), Mixed Agreement (MA), Passive Agreement (PA), Active
Disagreement (AD), Mixed Disagreement (MD), and Passive Disagreement (PD), each capturing
different relationships between pairs of systems analysed. Moreover, we employ the Conclusion Bias4 to
2https://github.com/terrierteam/ir_measures
3Here, we show the results for Pearson’s and Kendall’s correlation on the runs of the Web Diversity‘12 [12]. The results on
the other collections are reported in the repository.

4Ferro and Sanderson [22] call this score Publication Bias, as it would lead to different outcomes being published.

https://github.com/terrierteam/ir_measures


Table 1
Statistical Concordance Analysis between 𝛼-nDCG@5 and Normalized MDCU@5 for the systems.

𝛼-nDCG@5 vs MDCU𝑀𝑖𝑛𝑀𝑎𝑥@5

Collection Pairs MDCU
Stat.Diff.

𝛼-nDCG
Stat.Diff.

Agreements Disagreements Agreements
Ratio 𝐴𝐴+𝑃𝐴

𝑃𝑎𝑖𝑟𝑠

Mixed
Ratio 𝑀𝐴+𝑀𝐷

𝑃𝑎𝑖𝑟𝑠

Disagreements
Ratio 𝐴𝐷+𝑃𝐷

𝑃𝑎𝑖𝑟𝑠

Conclusion Bias
1− 𝐴𝐴

𝐴𝐴+𝐴𝐷+𝑀𝐴+𝑀𝐷
2AA MA PA AD MD PD

WebDiversity’09 231 72 47 15 37 119 7 38 15 0.580 0.325 0.095 0.748
WebDiversity’10 45 28 10 6 14 13 3 6 3 0.423 0.444 0.133 0.684
WebDiversity’11 378 145 32 29 85 211 0 34 19 0.635 0.315 0.050 0.672
WebDiversity’12 300 39 8 8 15 236 0 16 25 0.813 0.103 0.084 0.660

𝛼-nDCG@5 vs MDCU𝑍𝑆𝑐𝑜𝑟𝑒@5
WebDiversity’09 231 73 47 16 37 118 7 37 16 0.580 0.320 0.100 0.733
WebDiversity’10 45 31 10 6 16 9 3 7 4 0.333 0.511 0.156 0.707
WebDiversity’11 378 162 32 31 94 198 0 38 17 0.606 0.349 0.045 0.680
WebDiversity’12 300 64 8 8 27 208 0 29 28 0.720 0.187 0.093 0.778

quantify the proportion of conflicting outcomes discovered where the two evaluation measures lead to
opposite findings, i.e., assessing instances where one measure identifies a model as the statistical best.
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Figure 1: Correlation on the WebDiversity 2012 collection.

MDCU Stability Analysis. Figure 4 shows the results of the different runs considering the average
𝛼-nDCG and normalized MDCU on the Web Diversity‘12 cat-B collection at 𝑘 = 5. The correlation
analysis results indicate a Pearson’s correlation of 0.96 for both normalization methods concerning the
𝛼-nDCG. On the other hand, Kendall’s 𝜏 is 0.81 for 𝑀𝐷𝐶𝑈𝑍𝑆𝑐𝑜𝑟𝑒, increasing to 0.83 in the MinMax
normalization. However, the correlation between the measures remains within a non-pathological
range. This ensures that while the measures are related, they still capture different aspects of retrieval
performance. Since only the top 5 retrieved documents are considered in the evaluation, there is a
limited opportunity for the documents to overlap themes, leading to a higher correlation.

MDCU Statistical Power. Table 1 presents the concordance results for 𝑘 = 5. The normalized
MDCU measure demonstrates a stronger ability to identify statistically significant differences between
system pairs. Moreover, the number of ADs, representing the most undesirable outcome in the analysis,
consistently remains the lowest, indicating that the two measures rarely produce conflicting rankings
between systems. Notably, the agreement ratio, i.e., the sum of active and passive agreements, shows
strong concordance between the system rankings found in all four collections. Finally, the Conclusion
Bias highlights that the use of MDCU or 𝛼-nDCG emphasises their differing evaluation perspectives.

5. Conclusion

In this paper, we propose the implementation of the MDCU framework and evaluate its effectiveness
using the 𝛼-nDCG measure as the baseline to assess novelty and diversity with overlapping themes in
system search results. We also performed a statistical analysis of the results obtained in four TREC
collections, investigating the concordance between these two measures. Our findings indicate strong
positive correlations among these metrics at a cut-off of 5, which exhibits a slightly lower positive
correlation at a cut-off of 20 due to the higher number of distinct relevance aspects assessed, considering
a larger pool of documents. One study limitation is the absence of an analysis of the documents’ usability
attributes. Since the literature lacks a suitable benchmark, we intend to develop ad hoc collections. The
usability attributes may be derived by employing LLMs to generate the usability aspects of the systems’
retrieved documents, thus simulating, for example, the virality and credibility of the texts.
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