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Abstract
This paper gives a bijection between two classes of lattice paths in an n x n grid. This bijection is crucial for
identifying short cycles in simple bipartite graphs. We also give an algorithm for generating such paths with the

an

complexity of O (nl 7 ) The proposed work lays the groundwork for counting cycles of length from gto 2g — 2 in
bipartite graphs, where g is the girth of the graph. which has broader implications on Error correcting codes,
cryptography etc.
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1. Introduction

The computational challenge of counting cycles in graph structures represents a persistent research fron-
tier, particularly given its #P-complete problem. This complexity has driven specialized investigations
into graph classes with practical applications. Among these, bipartite graphs hold significant importance
due to their role in communication systems, where they form Tanner graphs for error-correcting codes
like LDPC codes [1, 2]. There are works in counting short cycles in a bipartite graph [3, 4, 5, 6].

Recently, in 2020, Dehghan and Banihashem [3] proposed an algorithm to calculate the multiplicity
of short cycles of lengths g, g + 2, and g + 4, where g denotes the girth of an undirected bipartite
graph. They used a combinatorial approach to design an algorithm for enumerating short cycles. In
this approach, they identified specific patterns within a modified BES tree, as illustrated in Figure 1 and
Figure 2, corresponding to cycles of lengths g + 2 and g + 4, respectively. Building on this, our work
extends the idea of pattern generation in bipartite graphs, aiming to develop a more general algorithm
to count cycles of lengths g, g + 2, up to 2g — 2 in bipartite graphs. These patterns can be represented
as paths in an n x n grid, from (0, 0) to (n,n), as shown in Figure 3.

We map these patterns as lattice paths in the n x n grid. The set of all integer vectors in the d-
dimensional space can be written as: 7% = {(x1, %y, ..., xXg) | x; € Z}. A lattice path K in 74 of length k is
a sequence (vp, vy, ... , V), where v; € 7%, such that each consecutive difference v; — vi_1 lies in $, where
S is the set of step vectors [7]. L,,(a — e; $|R) represents the set of all lattice paths from point a to e that
follows a defined restriction R while taking steps that belong to S [8].

In this paper, we focus on counting and enumerating grid paths (2-dimensional lattice paths) of length
2n that start at a = (0,0) and end at e = (n, n), using the set of steps $ = {(0, 1), (1, 0)}. For simplicity,
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Figure 1: The BFS tree and the corresponding patterns for cycles of length g + 2, as presented in [3].
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Figure 2: The BFS tree and the corresponding patterns for cycles of length g + 4, as presented in [3].

we omit § from the notation of L. The set of such paths subject to given restrictions R is denoted by
Ly,(a —e|R).

2. Defining the Special Constrained Path

In this section, we define special lattice paths motivated by the patterns described in [3]. The motivation

for such patterns is that some are impossible in the modified BFS tree. We denote the it level of this

modified BFS tree by ;. For example, in Figure 5, the two vertices v, and v; at level Is_, have a length
2

path % — 3 from the source v. Thus, the cycle v — vy — v; — vhas length 2(% —3)+2=g—-4< g which
contradicts the girth condition. Therefore, the path is invalid.

This translates to a restriction we call Right-Then-Up: a path cannot go down and then up above the
line I (see Figure 5). Since our work rotates this grid (see Figure 3), our path cannot go “Right-Then-Up”

abové the line y = x. We will define this formally in Definition 3.

Definition 1 (Lattice Paths). We use the notation L,,(a — e | R) to denote all lattice paths from point a to
point e with restrictions R. If the starting point a, the ending point e, and the length m are not explicitly



Figure 3: Equivalent representation of the Type 3 pattern shown in Figure 2 in a 2 x 2 grid.

e(4,4)

Figure 4: Lattice path in 4 x 4 grid

provided, they are assumed to be (0,0), (n,n), and m = 2n, respectively.
L(R) = Ly,((0,0) — (n,n) [ R)

Definition 2 (x + 2 Constrained Paths). An x + 2 constrained path, as illustrated in Figure 6, is a lattice
path such that x; + 2 > y; for all points v; = (x;, y;) along the path. This constraint ensures that the path
stays on or below the line y = x + 2 throughout its traversal. The set of all such paths is denoted by:

P=L(x;+2>y vie{0,1,...,2n})

Definition 3 (Right-Then-Up Constrained Paths). For every consecutive pair of steps, if the step from
v;_1 tov; is a right step (1,0), and v; = (x;, y;) satisfies y; > x; + 1, then the next step from v; to vi,; must

also be a right step (1,0). The set of Right-Then-Up Constrained Paths is denoted by:
H=L(v—v_1=0,0andy; >x+1=v,—v =(1,0), Vie{l,2,...,2n—1}) (1)
It can be observed that these paths form a specific “inverted L-shaped” structure above the line y = x,
as illustrated in Figure 7a.
3. Bijection between Paths

In this section, we show that there exists a bijection between the x + 2 constrained paths (P) and the
Right-Then-Up constrained paths (H). Before this, we first define a few notations and a supporting
lemma.



Figure 5: This pattern represents a possible cycle of length g + 8 in the modified BFS tree. However, such
a cycle is invalid or does not exist because there is a vertex located above level [, /, that has two connected
vertices, which could form a cycle shorter than the girth g. This contradiction renders the pattern invalid, refer

[3]. Consequently, this condition is used as a constraint for Right-Then-Up Constrained paths.

(0,0)

Figure 6: Examples of x + 2 constrained paths

Definition 4. A subpath of a lattice path K = (vy, vy, ..., Vo) s a contiguous subset of points in K, denoted
by SPk(a,b), where a and b are the indices of the endpoints:

Definition 5. We define a function T
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SPx(a,b) = (Vg Vgy1s .o

(Vos V1, ..., Vo) € H, we apply a function f:

Alternatively, this function fcan be defined in terms of the index of the point. Since K starts at (0, 0)
and consists of only single steps in either direction, we can observe that for any point v; = (x;, 3;) in K,

T(K) = (f(w), f(v1), ..., f(van))s

where f : Z? — 72 is defined for a point v = (x,y) as

f) = El

ifx+2>y,
) ifx+2<y.

x+y—1

v

: H — P such that, for each lattice point in the path K =



1 1 1

1 1 1 4
1 1 1

1

1 (g

1 1

1 1

1 1

LS : LA

T ’j/l e [ I__.%_/-(____T____I

1 s | 1 1 1 1 1 1

|//| 1 1 |//| 1 1

", 1 1 1 [ 1 1 1

et et R R

©.9 0,0

(a) Valid path (b) Invalid path

Figure 7: Comparison of valid and invalid Right-Then-Up constrained paths.

we have i = x; + y;. Thus, we can rewrite fas follows:

v ifx; +2>y,

fw) = (15| 22]) ifx+2<m

We can easily verify that f(v;) lies on or below the line y = x + 2, thus T(K) € P. From this point
onward, we denote v; as the i" point in K € H.

Lemma 1. Ifv; lies on or above the line y = x + 2 (i.e., y; > x; + 2), then f(v;) will lie either on the line
y=x+tlory=x+2.

Proof. Ifiis odd, leti = 2m + 1. Then f(v;) = (m,m + 1), which lies on the line y = x + 1. If i is even, let
i = 2m. Then f(v;)) = (m — 1,m + 1), which lies on the line y = x + 2. Hence, in both cases, f(v;) lies
eitherony=x+1lory=x+2. O

Lemma 2. If f(v;) lies on or below the line y = x, then f(v;) = v;
Proof. This follows from Definition 5 O
Theorem 1. A bijection exists between H and P, given by T.

Proof. First, let us prove the injectivity of the function T. Let K;, K, € H such that T(K;) = T(K5). Let
vl and v denote the ith points in K; and Kj, respectively.

Consider any point vjl € Kj such that it lies on the line y = x + 1. If both vjl_l and vj1+1 lie on the line

¥y = x + 2, then we have vjl - v}f1 = (1,0) (i.e., the path moved to the right), and vjl+1 - vjl =(0,1) (i.e.,

the path moved up). Since y; = x; + 1, this contradicts the restrictions of H. This implies that at least
one of vjl_l or vj1+1 must lie on the line y = x. Denote such a point by v;.

As v,i lies below the line y = x + 2, we know that f(v,i) = Vlg' Since f(vlg) = f(v,f), it follows that
v,i = f(v,f), which means f(v,f) lies on the line y = x. From Lemma 2, we conclude that f(v,f) = v,?.

The last two equations imply that v,i = v]f . Therefore, v,f also lies on the line y = x. Now, since vjz is

adjacent to vZ, it must lie below the line y = x + 2. This implies f(vjz) = vjz. Given that f (vjl) = f(vjz),
and vjl lies on the line y = x + 1, it follows that f(vjl) = vjl, hence vjl = vjz. Thus, we have shown that
the points on the line y = x + 1 are the same for both K; and K.

Let the indices of points that lie on the line y = x + 1 be ag, ay,ay, ..., a;. Consider the subpaths

SPx (a;, ai11) and SPx,(a;, a;11). To show that K; = K, it is sufficient to prove that

vie{0,1,...s =1}, SPk (a,a;11) = SPk,(a;, a;41),



along with
SPk,(0,a9) = SPx,(0,ay) and SPg (a5, 2n) = SPg,(as, 2n).

This would complete the proof of the injectivity of T.

We note that the subpaths mentioned above cannot cross or touch the line y = x + 1; they must lie
entirely either above or below this line, except at the endpoints. Let us denote one such pair of subpaths
as SPk, (a,b) and SPx, (a, b). We first prove that these subpaths lie on the same side of the line y = x + 1.

Assume, for the sake of contradiction, that SPy, (a,b) and SPx,(a,b) lie on opposite sides of the
line y = x + 1, and without loss of generality, suppose SP, (a,b) lies above the line. Then, for all
j€fa,a+1,...,b}, we have yjl > le +1and yjz < sz + 1. Since yjl > le + 2, we use the definition:

- (544520

This means f(vjl) lies above the line y = x + 1. On the other hand, f(vjz) = vjz lies below the line
¥y = x + 1, which contradicts the assumption that T(K;) = T(K;). Hence, both subpaths must lie on the
same side of the line y = x + 1. Next, we show that all the points in the corresponding subpaths of K;
and K coincide.

o First case: Both subpaths lie above the line y = x + 1. There exists only one unique inverted
L-shaped path’ from v, to v, that satisfies the constraints of H. Hence,

SPKl (a, b) = SPK2 (a, b)

« Second case: Both subpaths lie below the line y = x + 1. Since f(v) = v for points below the line
y = x + 2, we have:

T(SPk,(a,b)) = SPx,(a,b) and T(SPx,(a,b)) = SPx,(a,b).
Given that T(K;) = T(Ky), it follows that:
T(SPk,(a,b)) = T(SPk,(a,b)) = SPx,(a,b) = SPg,(a,b).

Therefore, T is injective.

Now, let us prove the surjectivity of the function 7. We aim to show that for any path K; € P (a path
constrained below the line y = x + 2), there exists a path K; € H (a Right-Then-Up constrained path)
such that T(K,) = K;. We will prove this by explicitly constructing K, from K.

Let K; be a lattice path in P. Suppose ¢, ¢y, ..., ¢; are the indices of the points on K that lie on the
line y = x+ 1, where the point immediately before lies on y = x. Similarly, let d;, ds, ..., d; be the indices
of the points on Kj that lie on y = x + 1, where the point immediately after lies on y = x. In Figure 8a,
the first set of indices (the c-values) indicates “entry” into the region y > x + 1 (blue lines), while the
second set (the d-values) indicates “exit” from this region (orange lines).

As the path starts from (0, 0), which lies outside the region y > x + 1, it must first enter the region
before it can exit. Therefore, the following inequality holds:

0<ClSd1<C2Sd2<“'<CSSdS<2n. (2)

We will refer to the set of corresponding subpaths determined by the indices in the above equation as
the zig-zag partition, denoted by ZP, because one can observe zig-zag paths between the lines y = x + 1
and y = x + 2, as illustrated in Figure 8a.

!For any subpath SPy(a, b) lying above y = x + 1, it must make R = x, — x, right steps and U = y, —, up steps. The restrictions
of H do not allow an up step after a right step. Therefore, the subpath must make all U up steps first, followed by all R right
steps, forming a unique inverted L-shaped path.



For each subpath of K; corresponding to the “zig-zag partition,” we construct the corresponding
subpath of K,. After the construction, to prove that T(K;) = Kj, it will be sufficient to show that for all
subpaths SP, (a,b) € ZP, we have

T(SPy,(a,)) = SPk, (a,b).

This will establish that T is surjective. We observe that, due to the way we defined the partition, each
subpath is either entirely on or above the line y = x + 1 (i.e., inside the region y > x + 1), or entirely on
or below the line y = x + 1 (i.e., outside the region y > x + 1).

We will construct the subpaths of K, using the following two cases.

« First case: For subpaths below the line y = x+ 1 in the “zig-zag partition,” we retain these subpaths
in K; as they are. That is, for all SPg (a,b) € ZP that lie below y = x + 1, we set

SPKZ(CZ, b) = SPKl(a, b)
Since the subpath SPg (a, b) lies entirely below y = x + 1, it follows from the definition of fthat
T(SPg,(a, b)) = SPk,(a,b) = SPg (a,b).

» Second case: For each subpath SPg (a,b) € ZPthat lies on or above the line y = x+1, the endpoints
will always be on the line y = x + 1. In this case, we construct a “reverse L-shaped” subpath in
K, as shown in Figure 8b in teal. Specifically, SPx,(a,b) is given by:

a+1 a—1 a+1 a—1 a+1 b-1 a+1 b—-1 b+1 b-1
SPKZ(a’b):< 27 2 )( 2 72 +1)< 272 )( 2 1 2 )( 2 72 )

This subpath lies entirely above the line y = x + 1 and forms a valid Right-Then-Up path, as
required by the constraints of H.

We now verify that T(SPx,(a,b)) = SPx,(a,b) for such subpaths. Note that for any point v on
or above the line y = x + 1, the image f(v) also lies on or above the line y = x + 1. Thus, both
T(SPk,(a, b)) and SPk (a,b) lie entirely above y = x + 1.

However, since both must also lie below or on the line y = x + 2, and because there is a unique
subpath between two endpoints v, and v, such that all intermediate points satisfy x+1 < y < x+27,
we conclude that

T(SPy,(a,b)) = SP, (a,b).

For any path K; € P, we have explicitly constructed a path K, € H such that T(K,) = K;. Thus, Tis
surjective. 0

4. Cardinality of Right-Then-Up Constrained Paths

In the previous section, we established a bijection between x + 2 constrained paths and Right-Then-Up
constrained paths. Thus, to compute the cardinality of Right-Then-Up constrained paths, it suffices to
determine the cardinality of x + 2 constrained paths.

We apply a coordinate transformation from (x, y) to a new coordinate system (x’, y’) such that:

x'=x+2 and y =y.
Under this transformation, the number of paths
|L2,((0,0) > (n,n) | x; + 2 > y;, Vi €{0,1,...,2n})|

is equivalent to
|L2n((2,0) - ((n+2,n) | x| >y, vie{o, 1,...,2n})|.

We will use the following theorem for counting such paths:

*If a point lies on y = x + 1, then the next step must be an up-step; if a point lies on y = x + 2, then the next step must be a
right-step. This enforces a unique “zig-zag” structure.
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Figure 8: (a) lllustration of Partition points (b) Construction of K,

Theorem 2 ([8]). Letr > p ands > q. The number of all lattice paths from (p, q) to (r,s) that stay weakly
below the line y = x is given by:

vt ()

Applying this theorem to
|L2n(V0 - v2n | xl 2 YI’ Vl € {03 1’ (KR 2n})| 5

with vy = (2,0) and v, = (n + 2, n), we obtain:
2n 2n
|]P|=|]H|=|L((2,0)—>(n+2,n)|x2y)|= I e | (3)

5. Algorithm for Generating Right-Then-Up Constrained Paths

In this section we will propose an algorithm to generate Right-Then-Up constrained path in an nxn grid.
The core idea of the algorithm is to generate paths that are entirely below y = x + 2 and then apply the
construction mentioned in the surjuctive proof above. Theorem 1 will ensure that we will generate all
paths with one-to-one correspondence. Algorithm 4 generates paths that are below y = x + 2. While
Algorithm 3 using Algorithm 1,2 transform those paths to Right-Then-Up constrained paths.

Algorithm 1 computes the zigzag partition of a given path by identifying specific points within the
input path that satisfy the condition mentioned for indices in Equation 2. If a point satisfies these criteria,
its index i is added to an array partitionPoints, which contains the indices of all partition points. These
points divide the path into distinct segments represented by indices ¢; < dj < ¢y < dy < - < ¢ < dg,
where [, d;] denotes the boundaries of the partitions. The path within each alternate interval exhibits
a zigzag structure, hence the term zigzag partitions. Algorithm 2 transforms each “zigzag partition into
an inverted L-shape, as shown in Figure 8b

Algorithm 4 is an recursive algorithm that takes three inputs: currPath, the path traversed so far;
Paths, a collection of all generated paths; and n, the grid size. It checks the position of last point



Algorithm 1 Computing Zigzag-Partition of a Path

in: A path zigzagPath is an array of coordinates, where v,(x;, y;) is an ith coordinate
out: An array partitionPoints containing points of partitioning

1:
2
3
4
5:
6
7
8
9

function Z1G6zAG-PARTITION(zigzagPath)

Initialize partitionPoints < []
for i « 2 to size(zigzagPath) — 1 do
if Point v(x;, y;) lies on the line y = x + 1 then
if v_; — v is an Up step then
Append i to partitionPoints
if v, > v, ; is an Right step then
Append i to partitionPoints

return partitionPoints

Algorithm 2 Transform Partition of a Zigzag Path

in: A path zigzagPath is an array of coordinates, where v;(x;, ;) is an ith coordinate.
in: /and r are indices of the start and end points of the portion to be transformed.
out: The transformed zigzagPath.

oo w e

: function TRANSFORM-PARTITION(zigzagPath,l,r)

fori<—I[l+1to|(+r)/2]—1do
zigzagPathli] « zigzagPathl[i — 1] + (0, 1)
fori< |(I+r)/2]tor—1do
zigzagPathli] « zigzagPathli — 1] + (1,0)

Algorithm 3 Apply Transformation to a x + 2 Constrained Path

in: A path constrainedPath is an array of coordinates.
out: The transformed constrained Path pattern.

1: function APPLY-TRANSFORMATION(constrained Path)

2:
3:
4:

partitionPoints < Z1GZAG-PARTITION(constrained Path)
for i < 0 to |partitionPoints| — 1, stepi =i+ 2 do
TRANSFORM-PARTITION(constrained Path, partitionPoints|i|, partitionPoints[i + 1])

Algorithm 4 Generate x + 2 Constrained Paths for an n x n grid

in: CurrPath refers to the path that has been traversed until now, Patterns contains x + 2 constrained
paths from (0, 0) to (n,n), n is the dimension of our square grid.

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

function GENERATEPATHS(curr Path, Paths, n)

length « |currPath|

la,b] < currPath[length]

ifa > norb > nthen
return

if a=nand b = nthen
Append currPath to Paths

if (a + 1,b) lies on or below the line y = x + 2 then
NewPath < copycurrPath
Append (a + 1,b) to NewPath
GENERATEPATHS(NewPath,Paths,n)

if (a,b + 1) lies on or below the line y = x + 2 then
NewPath < copycurrPath
Append (a,b + 1) to NewPath
GENERATEPATHS(NewPath,Paths,n)




in currPath and terminates the branch if it is outside the grid, if the point reaches the destination,
currPath is appended to Paths, and then the branch terminates. Otherwise, the algorithm branches
to two potential moves: a right step or an upward step , provided the new point lies on or below the
line y = x + 2. For each valid move, a copy of currPath is created, the new point is appended, and the
function is called recursively with the updated path. This process ensures that all valid x + 2 constrained
paths are generated and stored in Paths. To convert these paths to Right-Then-Up constrained paths, we
call the Algorithm 3 for each path in Paths. The total number of x + 2 constrained path, |P|, is given by

P2

\ﬁms/z'

The cost of generating a single path is ©(n). Thus, the overall time complexity for generating all paths

is
4n 4n
O(P|-n) = @<n3/2 -n) = @(nl/z).

Since the transformation of each path (Algorithm 3) also requires O(n) time, the overall complexity for
generating Right-Then-Up constrained paths remains

471
()

Using asymptotic approximations,

[P ~

6. Conclusion

In this paper, we introduced an algorithm to generate a class of special lattice paths within a grid n x n,
which is particularly useful to identify and analyze short cycles in undirected bipartite graphs. A central
contribution of this work is to establish a bijection between x + 2 constrained paths and Right-Then-Up
constrained paths. We demonstrated that the generation and transformation processes for these paths
n‘f—;). These paths are equivalent
to patterns that are used to find cycles in bipartite graphs [3]. This work can be used to extend the
algorithm to find short cycles over a wider range of lengths. This study establishes a solid foundation
for further exploration of lattice path transformations and their utility in solving complex combinatorial
problems.

can be accomplished with an overall computational complexity of @(
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