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Abstract

Graph identification problems have been widely studied for their applications, ranging from fault diagnosis to
network monitoring. A central issue in this domain is the identifying code, which seeks a subset of vertices whose
neighborhoods uniquely identify every vertex in the graph. In this paper, we explore a generalization of this
concept through watching systems, a more flexible identification framework that allows each vertex (watcher) to
probe arbitrary subsets of its closed neighborhoods. We focus on a constrained variant called the 3-Watching
System problem, where each vertex can probe at most 3 subsets. This restriction models practical limitations in
monitoring capacity and introduces new computational challenges. We formally define the S-Watching System
problem, establish its relationship to classical identifying codes, and investigate its structural and algorithmic
properties. Our main contributions include: new computational complexity for finding optimal S-watching
systems; a (2log n + 1)-approximation algorithm for general graphs; an exact polynomial-time algorithm for
computing optimal S-watching systems on trees.
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1. Introduction

In a wide range of network applications, including fault diagnosis, network verification, and surveillance,
it is essential to uniquely determine the status or location of entities using limited resources. This need
motivates the study of identifying codes, which aim to select a subset of vertices that can uniquely
distinguish vertices in a graph based on their proximity to the probes.

The identifying code problem is a well-established topic within the broader domain of identification
problems in graphs. The objective is to select a set of nodes I in a graph G such that the closed
neighborhoods of all vertices have distinct and nonempty intersections with /. This ensures that every
vertex in GG can be uniquely identified based on its intersection with /. Such a set I, which is both
dominating and identifying, is typically referred to as a code in the literature [13].

Let G = (V, E) be an undirected graph. We denote by n = |V'| and m = | E| the number of vertices
and of edges of G, respectively. For each v € V, we denote by Ng(v) = {u € V | (u,v) € E} the

open neighborhood and by N¢[v] = N¢(v) U {v} the closed neighborhood of v. We omit the subscript
G whenever the graph is clear from the context.

Definition 1 (Identifying System). Given a finite set X and a family S of subsets of X, the S-identifying
set (or S-code) of an element x € X is defined as:

Cs(z)={SeS|xeS}
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The family S is called an identifying system of X if all S-codes are non-empty and distinct.

First introduced by Karpovsky, Chakrabarty, and Levitin in 1998 [13], identifying codes are Identifying
Systems in which X is the set of vertices of an undirected graph and S is the set of all the closed
neighbourhoods of the vertices of the graph.

Definition 2 (Identifying Code). An Identifying Code (IC) of a graph G = (V, E) is a subsetC C V
such that the family { N[v] | v € C} forms an identifying system of V. Equivalently, C must satisfy:
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« Domination: Vv € V, N[v]NC # )
« Separation: Vu,v € V withu # v, N[u] N C # N[v]NC

Identifying codes have been extensively studied in a variety of settings. Depending on the type of
domination considered, the identification criteria applied, and the structural properties of the underlying
graphs, several variations of the identifying code problem have been proposed and investigated under
different names [7, 8, 9, 12, 14, 16, 17]. These variations enhance the applicability of the concept across
a wide range of graph classes and practical scenarios.

1.1. Watching systems

Watching systems have recently been introduced in [1] as a more flexible framework with respect to
identifying codes. In a watching system, a subset of neighbor vertices (watching zone) can be selected
instead of the whole closed neighborhood of a vertex. It is also possible to place several watchers at the
same location, with distinct watching zones.

Definition 3 (Watching System). A watching set in G = (V, E) is a collection W = {(z;, Z;)}f_,
where each z; € V is a location and Z; C N|z;|. W is a watching system if {Z1,..., Zy} forms an
identifying system of V.

A vertex v € V is covered by a watcher w = (2, Z) € W if v € Z; the code Cyy (v) of v is the set of
watchers covering v. The identifying condition requires that

Cw(v) # 0 and Cyy (v) # Cy(u) for all u # v.

We notice that an Identifying Code C = {v1,va,...,vp} is a watching system with ¢ watchers

(vi, N[v;]) for each v; € C. However, while it is well known that only twin-free graphs admit an
Identifying Code', any graph G admits a watching system. Indeed, since v; € N|[v;], one can always
consider the trivial solution W; = {(v1,{v1}), ..., (vn,{vn})}.
Moreover, as noticed in [1], the size of a watching system can be dramatically smaller than that of an
optimal identifying code. In particular, watching systems give much better bounds than identifying
codes in graphs with a large degree, the simplest example being a star graph, where any identifying
code has size n — 1 while a set of [log n] watchers located in the center vertex of the star suffice.

The first detailed analysis of watching systems was presented in [1], where fundamental properties
were established and the concept of the watching number, defined as the minimum number of watchers
needed to construct a watching system for a given graph, was introduced. Subsequent research has
investigated various properties of watching systems, including structural characteristics and bounds on
the watching number across different graph classes [2, 3, 10, 11, 15].

1.2. The S-WATCHING SYSTEM problem

We are interested in a constrained version of watching systems, where locations cannot be overloaded:
a single vertex cannot be used as the location of a watcher for an indefinite number of times.

Definition 4 (5-Watching System). For a watching system W, define oy (v) = {w € W |
v isw’s location}|. A B-Watching System satisfies oy = max,cy ow (v) < S.

Of particular interest is the case 8 = 1, called a single-location watching system (1-Watching System),
where each vertex serves as a watcher location at most once. Given a 1-Watching System W, to simplify
the notation, the code of any vertex v will be Cyy (v) = {z |v € Z,(2,Z) € W}.

We study the following computational problem:

B-WATCHING SYSTEM (3-WS)

'A vertex v is a twin of another vertex u if N[v] = N[u]. A graph G is called twin-free if no vertex has a twin.



Input: A graph G = (V, E)) and an integer k.
Question: Does G admit a S-WATCHING SYSTEM W of size |IW| < k?

The corresponding optimization problem, Min 3-WS, seeks to find a 5-WATCHING SYSTEM of minimum
size.

1.3. Our Contributions

This paper provides the first systematic study of the -WaTcHING SYsTEM problem. Our main contribu-
tions are threefold:

« Strong complexity bounds for 1-WATcHING SysTEM: NP-hardness on bounded-degree graphs,
exclusion of subexponential-time algorithms, and parameterized intractability (Section 2).

« An (2logn + 1)-approximation algorithm for general S-WATCHING SYSTEM (Section 3).

« An exact polynomial-time algorithm for 3-WATCHING SYSTEM on trees (Section 4).

2. Lower Bounds

Auger et al. have shown that the WATCHING SYSTEM problem is NP-hard [1]. In this section, we present
stronger hardness results for the 5-WATCHING SYSTEM problem.

2.1. The A-hierarchy

Parameterized complexity is a refinement to classical complexity theory in which one takes into account
not only the input size, but also other aspects of the problem given by a parameter p. A problem @
with input size n and parameter p is called fixed parameter tractable (FPT) with respect to parameter p,
if it can be solved in time f(p) - n¢, where f is a computable function only depending on p and c is a
constant. The inherent computational difficulty of solving many parameterized problems with even
small parameter values has suggested that certain parameterized problems are not fixed-parameter
tractable, which has motivated the theory of fixed-parameter intractability. The W -hierarchy | J,~, W [t]
has been introduced to characterize the inherent level of intractability for parameterized problems
FPT =W][0] CW][1] C W]2] C ---. However, a large number of parameterized problems have been
proved to be hard or complete for various levels in the ¥ -hierarchy. Hence, a W[1]-hard problem
is not fixed-parameter tractable (unless FPT=W[1]) and one can prove W[1]-hardness by means of a
parameterized reduction from a W{[1]-hard problem.

A fpt-reduction from a parameterized problem @) to a parameterized problem @’ is an algorithm A
that transforms each instance (z, p) of Q into an instance (2, g(p)) in time f(p)|z|°(), where f and g
are computable functions, such that (z,p) € @Q if and only if (z/, g(p)) € Q'

Flum, Grohe, and Weyer [6] introduced the ept-reduction. An fpt-reduction is an ept-reduction from
a parameterized problem @ to a parameterized problem @’ if it transforms an instance (z, p) of @ to an
instance (', p') of @’ in time 2°0)| |90 with ' = O(p + log ||) such that (z, p) € Q if and only if
W p) € q.

According to the ept-reduction, in [5] it was introduced the A-hierarchy (J,~, A[t], where A[1] =
W 1] (the class of problems FPT solved in time 2°P)n¢) and A[t] C W[t]. Many completeness results
for the W-hierarchy can be transferred to the A-hierarchy. For example, HITTING SET and DOMINATING
SET are A|[2]-complete under ept-reductions [6].

2.2. An EPT-reduction
We prove that 1-WS cannot be solved in time 2°(*)n¢, unless FPT= A[2] C W[2].

Theorem 1. 1-WS is A[2]-complete under ept-reductions.



Proof. The proof is based on an ept-reduction from DOMINATING SET (DS). We recall that, given graph
G = (V, E) and an integer k, DS asks if there exists D C V such that |D| < k and D N N(v) # () for
eachv € V'\ D.

Starting from an instance (G, k) of DS, the ept-reduction described below gives an instance (G’, k')
of 1-WS in linear time and &' = k + [log, A| + 1, where A is the maximum degree of any vertex in G.
Since DS is A[2]-complete under ept-reductions, the theorem will follow.

We describe and analyze the desired ept-reduction. Let (G = (V, E), k) be an instance of DS. Let A
be the maximum degree of any vertex of G and let 29~ < A < 29 (i.e,, a = |logy A| + 1). In the
following, we assume that A > 3 since when G is a path or a cycle (i.e. A < 2), the dominating set of
G can be immediately obtained. We construct a graph G’ = (V', E') with |V'| = |V| + a + 2% — 1.
Namely, V' = VU AU B where A is a set of a independent vertices and B contains 2* — 1 independent
vertices. The graph G’ = (V' E) is then obtained starting from G and connecting each vertex in the
independent set A with each vertex in the independent set B, and connecting each vertex in V' to each
vertex in A. Formally,

VI=VUAUB, E' =FEU{(u,v) |ueV,ve Ayu{(v,w)|ve A we B}.

We show now that for any k
(G, k) is a YES-instance of DS iff (G’, k' = k + a) is a YES-instance of 1-WS. (1)

Assume first that D is a dominating set of G of size at most k. W.lo.g. we assume |D| > 2. For any
vertex v € V' \ D choose any neighbor of v in D and denote it with d,,. For each vertex u € D, let
L(u) = {v € Ng(u) \ D | u = d,}. Now, we define the desired watching system for G'.

For each vertex v € D, let S, = AU {u} U L(u).

Let A = {v1,v9, - ,v,} and let B = {wy,wa, -+ ,woa_1}.

For each v; € A,

- let B(v;) be the subset of B consisting of all the vertices w; € B such that the value of bit 7 in the
binary representation of j is 1;

—foreachu € D, let L(u) = {z1,- - , %y, }. Define L(v;,u), the subset of L(u) consisting of all the
vertices x; such that the value of bit ¢ in the binary representation of j is 1 (recall n,, < A < 29).
Wesset S, = {v; }UB(v;)UU,cp L(vi, v). We claim that W = {(u, Sy) |u € D}U{(v;, Sy,) | v; € A}
is a 1-Watching System for G. First of all, notice that |IW| = |D| + |A| < k + a. By construction, each
vertex v in G’ has code Cyy (v) # (. Indeed,

{v} ifve D,
{v}UuD ifveA,
Cr () = {v; € A| the value ofjt)it i in't.he binary | @)
representation of j is 1} ifv=w; € B,
{dv} U{v; € A|ifv = z; € L(dy), the value of bit ¢
in the binary representation of j is 1} ifv € V' \ D.

Now we prove that for each pair of vertices v, v’ in G, it holds Cyy (v) # Cy (V').
-v,v" € B. Let v = w; and v' = wj. Since the binary representation of j and j' are different, we have
Cw (v) # Cw (V).
-v € Aand v’ € B. Since D C Cy(v) and D N Cyy (v') = 0, we have Cyy (v) # Cy (V).
-v,v" € A. We have Cyy (v) \ D = {v} # {v'} = Cw (V') \ D.
-v € Aand v € D. We have v € Cyy(v) and v ¢ Cyy (V).
-v€ Aand v € V' \ D. Since |D| > 2, |Cw(v) N D| > 2and |Cyw (v') N D| = [{dy}| = 1.
-v,v" € D. Cy(v) ={v} # {V'} = Cw (V).
—v€Vandv' € B. Cyw(v) N D # 0 and Cyy (v) N D = ) (recall Cyy (v') C A).
—v€Dandv € V\D.Cw(v')NA#Dand Cyy(v)NA=0.




-v,v" € V\D.Ifd, # d,, then the claim holds since d, € Cyy (v)\Cw (v) and d,y € Cy (v")\ Cw (v).
Otherwise, let v and v’ be dominated by the same vertex d,, € D (that is, v, v’ € L(dy)). Let v = z;
and v’ = x; with j # j/, and let ¢ be a bit in which j and j’ differ. W.Lo.g., assume the value of bit 7 in
the binary representation of j is 1. Hence, by (2) v; € Cy(v) \ Cw (v'), and the claim holds.

Let W be a 1-Watching System for G with |W| < k + a; that is, W locates at most k + a watchers
each in a different vertex. We first claim that all the a vertices in A are locations of watchers to allow
that the codes Cyy (w), for w € B, are non-empty and distinct. Assume that at most a — x vertices of
A, for x > 1, are locations of watchers. Let X be the subset of vertices of A that are not the location of
watchers. In this case, at most 2°7* — 1 vertices in B can have non-empty and distinct codes thanks
to the watchers located in A. Since the vertices in A are the only neighbors of vertices in B, and the
vertices in B are independent, we have that at least (2 — 1) — (2% — 1) > z (recall A > 3 and then
a > 2) vertices in B need to be locations of watchers.

Hence, if x watchers located in the vertices of B are substituted with x watchers located at the =
vertices in X so that all the remaining vertices in B have non-empty and distinct codes, we have that
all the a vertices in A are locations of watchers. This implies that the 2¢ — 1 codes Cyy (w) for w € B
match with all the 2* — 1 non-empty subsets of the locations of watchers in A.

By the above, we have that at most & locations of watchers are in V' and that the codes Cyy (v), Cyy (V')
of any two vertices v,v’ € V, must contain at least a vertex in V that is a location of a watcher.
Therefore, denoted by D the set of locations in V' and considering that Cyy(v) C Nv] for each v € V,
we have Cyy (v) N D # () for each v € V. Hence, D is a dominating set of G. O]

Corollary 1. 1-WS cannot be solved in time 2°*)n¢, unless FPT= A[2] C W2].

2.3. No subexponential algorithms for 1-WS
In this section, we prove the following result.

Theorem 2. Unless ETH fails, the 1-WS problem does not admit an algorithm working in time
O* (20(n+m) ) .

We present a linear reduction from 3-SAT to 1-WS.

Let ¢ be a 3-CNF boolean formula with r variables x1, s, - ,x, and s clauses Cy,Cs,--- , Cs

where each clause is of length exactly three. We construct an instance (G, k = 3r + 2s) of 1-WS. The
graph G, is constructed as follows.
— For each variable x;, with i € [r], we introduce a variable gadget X; that is obtained by first considering
a complete bipartite graph in which each of the two vertices in the independent set A; = {a;1, a;2} is
connected to each of the three vertices in the independent set B; = {b;1, b2, bi3} and to the vertices
corresponding to x; and ¥;; and finally adding an edge connecting x; and ;. See Figure 1 on the left.
— For each clause Cy, with ¢ € [s], we introduce a clause gadget C, that is a complete bipartite graph
in which each of the two independent vertices in the set A; = {ag1, a42} is connected to each of the
three independent vertices in the set B, = {b,1, b2, g3} and to the vertex x; (resp. T;) if x; (resp. T;)
appears in the clause Cj. See Figure 1 on the right.

It is easy to see that the construction of G4 can be done in linear time.

Claim 1. ¢ is satisfiable iff (G, k = 3r + 2s) is a YES-instance of 1-WS.

Proof. Let { f1, fa,- -+ , fr} be a satisfying assignment for ¢, where f; corresponds to the truth value of
the variable x;. We construct a 1-Watching System W for V(G ) as follows:
—Foreach ¢ € [r], if f; is true, then include the pair (z;, N¢g o [x;]) in W, otherwise include (Z;, N¢g o [Zi]).
—Foreachi € [T’], include the pairs (ail, {ail, bi1, bia, x4, @}),(aig, {aig, b;a, bzg}) inW.
- For each ¢ € [s], include the pairs (aq1, {aq1, bq1,b42}), (aq2, {ag2, bg2, bgz}) in W.

It is easy to see that the codes of the vertices of G are the following and they are all distinct:
Cw (b)) = {ain}, Cw(bi2) = {as1, aie}, Cw(biz) = {as},
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Figure 1: On the left, the variable gadget X; for the variable z;, i € [r]. On the right, the clause gadget C, for
the clause C; = (x; VT, V x1), q € [s].

a1, T if f; is true, i, T if f; is true,
Cw(an) = {{ 1,i} J Cw(ai2) = {{ 22} f

{a;1,7;} otherwise, {a;2,7T;} otherwise,
{z;} if f; is true,

{ZTi,a;1} otherwise

{z;} if f; is false,

{zi,a;1} otherwise,

C’W(:ch) = { Cw(fl) = {

Cw (bg1) = {aq1}, Cw (bg2) = {aq1, ag2}, Cw (bgs) = {age},
Cwlaq) ={ag} U{zi|z; € Cy and f;is true} U {Z; | Z; € C; and f; is false},
Cwl(aq) = {agp} U{z; |z, € C; and f;istrue} U {7; | T; € C, and f; is false}.
Notice that the set {z; | x; € C; and f; is true} U{Z; | T; € C; and f; is false} # () since at least one
of the literals in C}; is true for each ¢ € [s].

Assume, now that W is a solution for the instance (G, k = 3r + 2s) of 1-WS.
If two watchers are used to have a different code for each vertex in B; (resp. B,), then they are located
at the two vertices of A; (resp. A,). (Notice that if W is such that three or more watchers are used to
cover the vertices in some B; (resp. B;), then we can rearrange such a solution by moving the location
of two watchers to the vertices of A; (resp. A;) and one watcher to one vertex in N(A;) \ B; (resp.
N(A,) \ By)). However, the two watchers in A; (resp. the two watchers in A,) are able to generate
at most three non-empty codes - one for each vertex in B; (resp. one for each vertex in B;)). Hence,
at least a vertex in N(A;) \ B; and at least a vertex in N(4,) \ B, must be a location of a watcher
(to be sure that each of the vertices in A; has a distinct code, and each of the vertices in A, has a
distinct code). Since the total number of watchers in W' is 3r + 2s, then there are r watchers located in
( Uiep NV (4i) \Bi) U ( Ugers) IV (4g)\ B,). If there are at least 2 watchers located in N (4;) \ B;, then
there are at least an ¢’ € [r] with i’ # ¢ such that no watcher is in N(A;/) \ By, and this is not possible.
Hence, there is exactly 1 watcher located in N(A4;) \ B; for each i € [r|; moreover, among these r
watchers at least one is also in N (A,) \ By, for each ¢ € [s]. This means that there is at least a literal,
w.Lo.g. let say x;, in each clause Cy, locating a watcher, i.e. z; € N(A4,) \ By. Since z; € N(A4;) \ B;
and at most one watcher is located in N (A;) \ B;, we have Z; does not locate a watcher. Hence, giving
value true to the literals whose vertices locate a watcher, we have a satisfying assignment for ¢. O

Since the reduction from 3-SAT is linear (that is, the output instance has size bounded by O(r + s)),
if 1-WS admits an algorithm with running time 2°(/l), where I is the size of the input instance, then
composing the reduction with such an algorithm would yield an algorithm for 3-SAT running in time
20(r+5) which contradicts ETH, so completing the proof of Theorem 2.

It is easy to see that the lower bound given in Theorem 2 is tight. Indeed, given an instance
(G, k) of 1-WS, we could try each subset A of V(G), with |A| < k, to locate watchers and then,
removing all the edges in E(G) that are not incident on A, so obtaining a set of edges E 4, we could
try each subset B of edges in E 4 to identify the subset of neighbors S, for each vertex u € A, i.e.,
Sy ={v|v € Nglul], (u,v) € B}. Finally, we check if W = {(u, Sy,) | u € A} is a watching system



of GG.

2.4. Graphs of bounded degree

We prove now that 1-WS remains NP-hard even when the degree of the input graph is bounded. We
establish the hardness by a reduction from the variant of 3-SAT in which each clause is of length exactly
3 and each variable occurs exactly twice unnegated and twice negated. This variant was shown to be
NP-complete by Darmann and Décker in [4].

Consider any 3-CNF boolean formula ¢ with r variables z1, 2, - - , 2, and s clauses C, Co, - - - , Cs
such that each clause is of length exactly three, and each variable appears twice unnegated and twice
negated, and use the same construction given in Theorem 3. The vertices in the sets A4;, B; in gadget
A; for all i € [r] have degree at most five and the vertices in the sets Ay, By in gadget Cg, for g € [s],
have degree at most six. Furthermore, since each literal appears in exactly 2 clauses, it is easy to see
that the maximum degree of G is seven. Also, the construction of G4 can be done in linear time.

Following the proof of Theorem 3, we can prove that ¢ is satisfiable iff (G4, k = 37 4 2s) is a
YES-instance of 1-WS. Hence, we have the theorem.

Theorem 3. 1-WS is NP-hard even on graphs with maximum degree seven.

3. An O(logn)-approximation algorithm the 5-WATCHING SYSTEM
problem

Before describing the algorithm, we make the following observation: Given a watching set W for a
graph G, if all vertex codes are distinct but a vertex v has the empty code (Cyy (v) = 0)), we can easily
construct a watching system by adding an extra watcher w = (v, {v}). For the sake of simplicity, in
this section, we allow the presence of empty codes, as resolving them requires adding at most one
additional watcher, thus increasing the size of the watching system by at most one.

For a graph G = (V, E), let W the set of all the possible f-Watching System, we define a function
f:W — N, as follow:

Consider a watching set W = {w1, wa, ..., wi} € W where each wj is a couple w; = (v;, Z;), v; is
a vertex and Z; C N[v;]. We denote by M, (W) = {u € V | Cy(v) = Cw(u)} the set that comprises
all the vertices having the same code of v according to the watching set W.

We denote by m,, (W) = | M, (W)| the cardinality of M, (W), that is, the number of times the code
associated with vertex v is repeated across all vertices in the graph. Analogously, for each code ¢ € 2"V
we denote by ny(W) = [{u € V' | Cyy(u) = £}| the number of times the code / is repeated across all
vertices in the graph.

For any possible set of watchers W let

FOWV) =n> = my(W) (3)

veV

We notice that Z my (W) = Z ne(W)?, that is, the sum of the squares of the multiplicities of

veV le2w
each code.

Lemma 1. The following properties of f hold:

(i) f is integer valued;

(i) f(0) = 0;

(iii) f is non-decreasing;

(iv) For every watching set W € W, f(W) < n? — n. Moreover, f(W) = n? — n if and only if all codes
are distinct.



Proof. (i) trivially hold by definition of f.

To prove (ii), we notice that if W = (), then the same code (the empty one) is shared by all the n
vertices and, consequently, f((})) = n? —n? = 0.

To prove (iii), it suffices to show that for each v € V' and for each watching set W and each watcher
w ¢ W, we have M,(W N{w}) C M,(W) and consequently the function m, () is non-increasing.
Indeed, each time we add a new watcher w = (2, Z) ¢ W, we have thatif ) # Z N M, (W) C M, (W)
then M, (W U{w}) C M,(W). Otherwise M, (W U {w}) = M,(W).

Consider now (iv). Let W be a watching set. Since every vertex receives a code, we have
> vev My(W) > n and thus n? — n is the maximum value of the function f.

The maximum value f(W) = n? — n is achieved if and only if each vertex has a unique code—i.e.,
all codes are distinct. For example, the trivial watching set W; = {(vi,{v1}),..., (vn,{vn})} € W
assigns a distinct code to each vertex, achieving f(W;) = n? — n.

Conversely, if at least one code is repeated, then there exist at least two vertices sharing the same
code. In that case, Y,y my(W) > (n — 2) + 2 + 2 and consequently f(W) < n? — n. O

Lemma 2. The function f, given in (3), is submodular.

Proof. Recall that a function f : W — N is submodular if for all Wy, Wy € W with W; C W5 and for
all w ¢ Wo, the inequality f(Wa U {w}) — f(Wa) < f(W1 U{w}) — f(W1) holds.

Recalling that the class of submodular functions is closed under non-negative linear combinations, it
suffices to show that, for each v € V, the function —m,, (W) is submodular, that is. That is, we need to
verify the inequality:

my(Wa) — my(Wa U {w}) < my(W1) — my (W1 U{w}). (4)

for all Wy, Wy € W with Wy C Wy and w ¢ Wo.

To prove this, consider a watching set W, a watcher w = (z, Z) ¢ W and any vertex v. There are
two cases to consider, depending on the relation between v and Z.

Assume first that v ¢ Z. In this case, we have:

M, (W U{w}) = M,(W)\ Z.

Hence,
my (WU {w}) = m,(W) = [2 0 My(W)],
or equivalently
My (W) — my,(W U {w}) = |Z N M, (W)]|.

Using this relation on both sides of inequality (4), we obtain:
|Z 0 M, (Wa)| < |Z 0 My(Wh)|.

Noting that M, (Ws) C M, (W) (see proof of (iii) above), we have that the inequality (4) holds.
The case v € Z is proved with the same arguments, using Z = V' \ Z in place of Z. Ul

Theorem 4. MIN-3-WS can be approximated in polynomial time by a factor of 2logn + 1.

Proof. Let A denote the natural greedy strategy which starts with W = () and iteratively adds to W
the element w ¢ W that maximizes the marginal gain f(W U {w}) — f({w}), until f(W) = n? —nis
achieved. By a classical result of Wolsey [18], this greedy algorithm A is a (In(max,, f({w})) + 1)-
approximation algorithm for the Watching System problem. Noticing that using a single watcher w we
can have only two codes ({0, {w}}). Hence,

F{w}) =n = " ng(W)? = n® — (ng({wh)? + nguy ({w})?) = n* = (a® + (n — a)?)

Le2w



for some 1 < a < n — 1. The maximum of this function is obtained for a = n/2 and consequently, for
each watcher w, we have

F{w}) <n? — (n?/4+n?/4) = n?/2.
Hence the approximation provided by the algorithm A is

In(n?/2) + 1 < log(n?/2) + 1 = 2logn.

Additionally, since the final solution may still include a vertex associated with the empty code, we may
need to add one extra watcher to obtain a watching system. This increases the approximation ratio by
at most 1, yielding a final approximation factor of 2logn + 1. O

It is worth mentioning that, to identify the watcher w that maximizes the marginal gain at each step,
the algorithm considers all the vertices z € V' as the location of a new watcher w, excluding those
that have already been used /3 times. For each candidate location z, the maximal marginal gain can be
computed in polynomial time based on the following observations:

« Assigning the new code ¢/ = ¢ U {w} to a vertex having code ¢ does not affect the value of the
function f for all the vertices having a different code. Therefore, the vertices can be grouped by
their current codes, and each group can be analyzed independently.

« Within a group of vertices sharing the same code ¢, updating any subset of them to receive the
new code ¢ = ¢ U {w}, has the same effect on f, regardless of which specific vertices are chosen.
As a result, it is sufficient to determine, for each group, how many vertices should be updated,
rather than which ones.

Hence, once the location z of the watcher is fixed, the optimal subset Z C N|z] that maximizes the
marginal gain can be computed as follows. For each code ¢ appearing among the vertices in N|[Z],
define:

« ¢ =|{u € N[Z] | Cw(u) = ¢}| : the number of vertices in N[Z] with code ¢,
« C=|{u eV |Cw(u) =L} :the total number of vertices in the graph with code /.

The objective is to choose a value 1 < x < ¢, representing how many vertices in the group should have
their code updated from ¢ to ¢ = £ U {w}, in a way that maximizes the increase in f. Since maximizing
the increase in f corresponds to minimizing the function g(z) = 22 + (C — z), which is convex and
minimized at z = C/2, the optimal number of updates is + = min{c, |C/2]}.

Thus, for a fixed location z, an optimal subset Z C N|[z] can be computed in O(|N|[z]|) time. Since
this procedure is repeated for each candidate vertex z, the overall time complexity for identifying the
locally optimal watcher w at each step is O(m).

4. An Algorithm for Trees

In this section, given a watching set W, with a slight abuse of notation, we refer to a vertex v as a
watcher if v is the location of at least one watcher in W.

We give a dynamic programming algorithm, which, exploiting the structure of the input graph (a
tree), enables us to solve the MIN-3-WS problem.

Before proceeding with the description of the algorithm, the following observation should be noted.

Observation 1. Given a graph T = (V, E) and a watching set W. If a node v is covered by at least two
watchers in W, then its code Cyy (v) is unique.



Given a tree T' = (V, E), we root it at an arbitrary vertex r, and define T'(v) as the subtree of vertex
v, for any v € V. We denote by V(T'(v)) the vertex set of T'(v). Moreover, for each v # r, we denote
by p(v) the parent of v and by Ch(v) the set of children of v in T'.

The algorithm processes the vertices in a postorder manner, so that all children’s vertices are always
visited before their parent.

Fix a vertex v € V and consider the tree T'(v). In order to be able to recursively reconstruct the
solution, the algorithm calculates partial solutions W, associated with 7'(v), under different hypotheses,
based on the following considerations.

The vertex v can be either a watcher (cases a, b, ¢) or not (cases d, e, f). If v is a watcher, then it is
necessary to distinguish three cases: (a) The watching set W, associated with T'(v), is a watching
system for the nodes in V' (7'(v)) plus the parent node p(v) (that is, it enables to identify all the nodes
in V(T(v)) U{p(v)}); (b) The watching set W, associated with T'(v), is a watching system for the
nodes in V(T (v)); (c) The watching set W, associated with T'(v), is a watching system for the nodes
in V(T (0))\ {v}.

In the case v is not a watcher, it is necessary to distinguish three additional cases: (d) The watching
set W, associated with T'(v), is a watching system for the nodes in V' (7'(v)); (e) The watching set 1,
associated with T'(v), is a watching system for the nodes in V' (T'(v)) \ {v} and at least one child of
v is a watcher; (f) The watching set I, associated with 7'(v), is a watching system for the nodes in
V(T()\ {0}

Hence, the following cases are considered:
Case: v is a watcher: We consider three sub-cases:
Case a: The watching set W, associated with T'(v), satisfies the inequality
elog(cd(v) +3) < ow(v) < B, if no children of v is a watcher
elog(d(v) +2) < ow(v) < 3, if at least one children of v is a watcher

where ¢/(v) denotes the number of children of v that have only a single watcher in their
neighborhood—namely, v itself.

According to Observation 1, only the children that have a single watcher require distinct
codes, provided by v, since no other watcher helps distinguish them. The additional 3 codes
account for the following: the empty code is not permitted, one code must be assigned to v
itself (this is not needed if at least one child of v is a watcher), and one code may be reserved
for the parent p(v), in case it is needed. That is, the watching set W, associated with T'(v),
is a watching system for the nodes in V' (7'(v)) plus the parent node p(v).

Case b: The watching set W, associated with 7'(v), satisfies the inequality
elog(c(v) +2) < ow(v) < B, if no children of v are watcher
elog(cd(v) +1) < ow(v) < B, if at least one children of v is a watcher

meaning it is a watching system for the nodes in V(T'(v)).

Case c: The watching set W, associated with T'(v), satisfies the inequality

elog(¢/(v) + 1) < ow(v) < B,
meaning it is a watching system for the nodes in V(T'(v)) \ {v}.

We notice that if at least one child of v is a watcher, cases b and ¢ coincide.

Case v is not a watcher: We consider three sub-cases:

Case d: The watching set W, associated with 7'(v), is a watching system for the nodes in
V(T(v)). This occurs when v has at least two watchers among its children, or one child
can provide an additional distinct code (see Case a).

Case e: The watching set W, associated with 7'(v), is not a watching system in V' (7'(v)), and
there exists a child u € Ch(v) such that u is a watcher (i.e., v is covered by one watcher).



Case f: The watching set W,, associated with 7'(v), is not a watching system in V' (T'(v)).

We notice that for cases a, b, d we have that all the vertices in T'(v) have a distinct code, and
consequently, they enable us to identify a S-Watching System. The other cases are auxiliary and will be
used to reconstruct the solutions related to the tree, rooted in v, starting from the solutions of the trees
rooted in each of its children.

Definition 5. Let T = (V, E) be a tree of n vertices. For eachv € V, we denote by S[v, x| the size of
an optimal partial solution W', such that all the vertices in V (T'(v)) \ {v} have a distinct code and case
x €{a,b,c,d,e, f} occurs.

According to Definition 5, the size of an optimal 3-Watching System for 7" is

We compute all the values S[v, z], for = € {a,b,c,d, e, f} and for each v € V, using a bottom up
approach. In particular, for each leaf ¢ we have,

Sit.] = {2 if 3> 2

oo Othewise,
S[t,b] = S[¢, ] =1,
S[t,d] = S[¢, e] = o,
St f]=0.

For each internal vertex v, we consider first the cases where v is a watcher.
Let 0, the number of children of v, we denote u; the i*" children of v. We are going to build another
auxiliary table to compute the optimal solution of internal nodes.

Definition 6. Let T = (V, E) be a tree of n vertices. For eachv € V, and 1 < q < p < §,, we denote by

« F[v,p,q,0] the size of an optimal partial solution W for the forest T'(uy), T(u2), ..., T(up) such
that at most q vertices among u1, U2, . . . , U, are not covered by any watcher while none of them is a
watcher.

« Flv,p,q,>1] the size of an optimal partial solution W for the forest T'(u1), T (u2), ..., T (up) such
that at most q vertices among w1, us, . . ., u, are not covered by any watcher and there is at least
one watcher among the vertices u, ua, . . ., Up.

We denote by F'[v, p, q] = min{F'[v,p,q,0], F[v,p,q,>1]} the size of an optimal partial solution
W for the forest T'(u1), T(u2), ..., T (up) such that at most ¢ vertices among u1, us, . . ., u, are not
covered by any watcher.

We have

Flv,1,4,0] = minge (g {Slur, 2]} ifi=0
P ) minxe{d,e,f}{s[ul’x]} ifi =1
Forall1 < j < 0y,

F[Uaj - 17Z - 17 O] + minxe{d,e,f}{s[uﬁm]} if i :.7

F 7.7‘702 . F 7'_1).7 .z e ] 9 . . . .
v, 3,3,0] min v ‘] Z 0] + minge (4.} {STuy, o]} otherwise (i.e., i < j)
Flv,j—1,i—1,0] + S[u;, f]

For the table F'[-, -, -, >1], we have

Flv,1,i,>1] = I{nl? }{S[ul,z]} fori =0,1.
reqa,b,c



Forall 1 < j < 4,,

F[U J_l 1 —1, >1]+m1nx€{def}{8[ujv ]}
F[U,j,i,Zl] = F[ -1 Z] +m1nx€{abc}{8[u]a ]}
min ¢ Flv, j — 1,4, >1] + mingeq 3 {S[uy, =]} otherwise (i.e., i < j)
| Fg— 1,0 1,>1] + S[uy, f]

Exploiting the table F', we are able to compute the values for S. We have,

ming<;<.{F[v, oy, %, 0] + [log(i + 3)]}, where z < §, and [log(z + 3)] < 3

Slv,a] =minq ,
ming<;<.{F[v, 6y,7, >1] + [log(i + 2)]}, where z < §, and [log(z +2)] < 8

(5)
S[v,b] = mi ming<i<.{F[v, dy,1,0] + [log(i + 2)]}, where z < §, and [log(z + 2)] < 8
B ming<;<,{F'[v, 0y, 7, >1] + [log(i + 1)]}, where z < ¢, and [log(z +1)] < 8
(6)
S[v, ] = min {F[v, dy,1] + [log(i + 1)]}, where z < 4, and [log(z +1)] < (7)

0<i<z

We notice that S[v, a] > S[v,b] > S]v, ¢|. From now on, we consider cases where v is not a watcher.
We have,

Slv, d] = min {m?nwl,wge(}h(v){s[wla b] + S[wa, b] + ZueCh(v)\{wl,wg} minge g, gy Slu, 7]} @®
minyecn(w) {SW, a] + 3 con) fw} Mise{s,d} S, 7]}
Slv,e] = Hélgl Slw,b] + Z Slu, d] 9)
weCh(v) weCh(v)\{w}
> Slu,d. (10)
ueCh(v)

Theorem 5. Let T = (V, E) be a tree of n vertices. We can compute a solution for the instance (T, ) of
the MIN-(3-WS problem in time O(nA3), where A is the maximum degree of any vertex in T.

Proof. By induction on the tree, we can prove that the recursive formula presented in (5)—(10) coincides
with the definition of S[-, -|; hence, the algorithm described above is correct.

For each v € V the table F[v, -, -, -] comprises O(A?) values, which can be computed recursively in
time O(A?2). Given the table F[v, -, -, ], the computation of S[v, -] comprises O(1) values, which can
be computed in time O(A). Hence, the optimal value, which corresponds to

min{S|r, a], S[r, b], S[r, d]}

can be computed within O(nA?) time. An optimal watching system W* can be computed within the
same time by a standard backtracking technique. O

Declaration on Generative Al

The authors have not employed any Generative Al tools.
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