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Abstract

The concepts and methods of mathematical logic find wide application in computer science and
programming. Among them, modal logics are of particular importance as they are used to model dynamic
systems, in artificial intelligence, expert systems and for program specification and verification. This
paper explores new classes of program-oriented logical formalisms of modal type — pure first-order modal
logics of partial ambiguous quasiary predicates. Modal logics of quasiary predicates combine the
expressive capabilities of traditional modal logics with those of the logics of quasiary predicates. The most
important class of these logics is transitional modal logics (TML), which allow us to describe the evolution
and dynamics of subject domains. At the core of TML lies the notion of a transitional modal system
(TMS). Two variants of TML based on logics of partial ambiguous (multi-valued) qua31ary predicates of
relational type, or R-predicates, are proposed: pure first-order general TMS (GMS?) and pure first-order
multi Sle expert modal systems with dominance. This work describes the specific semantic features of
GMS™ of R-predicates and demonstrates the connection between TML of R-predicates and four-valued
modal logics based on Belnap's logic. The second type of the proposed TMS is pure first-order multiple-
expert modal systems of R-predicates (MEMS ). On the set of experts, a transitive dominance relation is
introduced. Differing from known multiple-expert modal systems, which are oriented towards preserving
truth under dominance, the proposed MEMS™~ preserve both truth and falsity under dominance. To avoid
inconsistencies in dominance, a separate dominance relation is proposed: an expert may be directl 31
dominated by at most one other expert. The languages of pure first-order MEMS, referred to as MEMS™,
are formally defined. On the set of formulas s gemfled by both experts and states, a number of loglcal
consequence relations are 1ntroduced In MEMS™ of P-predicates, we specify consequence relations |=pg, |=1,
|=p and |=7p while in B MEMS® of R- predicates, there remains a single non-degenerate relation "|=1r A
further study of the proposed logics is planned for future work.
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1. Introduction

The concepts and tools of mathematical logic are widely used to describe and model various subject
domains, as well as in information and software systems (see, for example, [1-3]). Among them,
modal logics have found broad application in practical areas [4, 5], especially temporal logics [6]
and epistemic logics [7]. Temporal logics are used for dynamic systems modelling, program
specification and verification; epistemic logics are applied in artificial intelligence systems,
knowledge bases and expert systems (see, e.g., [1-3, 5, 7]).

The capabilities of traditional modal logics and logics of partial quasiary predicates [8] are
combined in composition nominative modal logics. The most important class of such logics is
transitional modal logics (TML) of partial quasiary predicates. These logics allow describing the
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evolution and change of subject domains. TML have been studied in a number of works. In
particular, [9,10] investigate pure first-order TML without monotonicity condition on quasiary
predicates; these logics are referred to as TMLZ. The main focus of those works is on TML? with
predicates of strong equality and weak equality; the corresponding classes of logics are denoted as
TML® and TML®".

The concept of TML is based [9, 10] on the notion of a transitional modal system (TMS). Pure
first-order TMS are called TMS2. Common varieties of TMS include general TMS (GMS), temporal
TMS (TmMS), and multimodal TMS (MMS). Works [9, 10] focus on GMS, though similar techniques
can be applied to study other TMS variants. Pure first-order GMS are referred to as GMS®.

The modal systems explored in [9, 10] were based on logics of single-valued quasiary predicates,
or P-predicates, which were described, for example, in [8].

The aim of this work is to investigate new classes of program-oriented logical formalisms of
modal type, which are not restricted by conditions of predicate single-valuedness and
monotonicity. In this paper, we begin studying modal logics of ambiguous (multi-valued, non-
deterministic) quasiary predicates of relational type, or R-predicates. Such predicates are described,
for example, in [8]. We consider two variants of pure first-order TMS: the GMS? of R-predicates,
and special multiple-expert modal systems with dominance (MEMS®), which may be viewed as a
specific type of epistemic logic.

In the second part of the work, we focus on MEMS. Let us examine this in more detail.

Epistemic logics (logics of knowledge and belief) are characterized by the presence of
knowledge experts, or intelligent agents. Each of these experts may be in a certain situation (that
is, a state of the world). For each expert, a binary relation is defined on the set of such possible
situations (states), called the transition relation (or accessibility relation). The accessibility relation
>, for an expert (intelligent agent) a is interpreted as follows: o>, means that in state (situation)
a, expert a considers state (situation) P to be possible. Each expert may have their own opinion
about a given situation. If an expert’s opinion is independent of others, conflicting situations may
arise in multiple-expert systems. Hence, the problem of making a final decision emerges. To
address this, a dominance relation is introduced on the set of experts. The notion of truth then
depends on the dominance relation between experts: in a given possible situation, it may differ for
different experts. Accessibility relations between possible situations may also vary across experts.
Multiple-expert modal models of the propositional level with a dominance relation are described in
[11]. If expert a dominates expert b and believes a statement S is true, then b must also accept S as
true. Similarly, if a considers situation f to be possible from o (i.e., a>,f), then b must also
consider f} possible from a (i.e., o> ). This means that the multiple-expert modal models in [11]
are designed to preserve truth under dominance, and are thus studied basing on relational models
of propositional intuitionistic logic. For such relational multiple-expert models, equivalent many-
valued modal models are constructed based on Heyting algebra.

The interaction of knowledge experts (intelligent agents) is studied in [12-14]. The problem of
reaching the consensus by a group of communicating intelligent agents is examined in [14].
Notably, the ordering of agents by sharpness of perception in [14] is opposite to the ordering
considered in [11].

In this paper, we consider multiple-expert modal systems based on logics of pure first-order
quasiary predicates. The truth values of such logics are true and false, denoted T and F. We require
that truth values be preserved under dominance, that is, both T and F must be preserved. This
means: if expert a dominates b and considers statement S to be true, then » must also consider S to
be true; if a considers statement S to be false, then b must also consider S to be false. The
dominance relation is assumed to be transitive. If an expert is directly dominated by more than one
expert, a conflict can arise: for instance, dominant expert @ may require S to be true, while another
dominant expert b may require S to be false. Note that such a conflict cannot arise in the models
from [11], since dominance there only requires preservation of truth, not falsity. In a multiple-
expert system based on the logic of quasiary predicates, such inconsistency can be avoided by



restricting the dominance relation, requiring that an expert may be directly dominated by only one
expert.

The modal logical formalisms proposed in this work can be applied to the adequate modeling of
complex information and software systems that require accounting for partiality, ambiguity and
incompleteness of information. In particular, multiple-expert modal systems based on quasiary
predicates may be used in artificial intelligence systems and expert systems to model the
interaction between experts (intelligent agents).

We will follow the notation used in works [8-10]. Concepts that are not defined here are
interpreted in the sense of [8-10].

2. Transitional Modal Systems of R-predicates

We specify a V-A-quasiary predicate as a partial ambiguous (non-deterministic) function
Q: 'A— {T, F}, where VA is the set of V-A-nominative sets (V-A-NS), V is the set of subject names
(variables), A is the set of subject values, {T, F} is the set of truth values. V-A-NS is formally defined
[8] as a single-valued function of the form d: V — A.

In this paper we interpret ambiguous (multi-valued) V-A-quasiary predicates as
correspondences (relations) between YA and {T, F}. Therefore, we consider R-predicates [8].

Each R-predicate Q is determined by two sets:

— the truth domain T(Q) = {dE"A| TEQ(d)};

— the falsity domain F(Q) = {de’A | FEQ(d)}.

The single-valuedness condition for an R-predicate Q is TIQ)NKQ) = <. Single-valued quasiary
predicates are referred to as P-predicates [see 8]. Thus, we obtain a P-predicate, provided that
condition TIQ)NK Q) = J holds for an R-predicate Q.

We will denote by PrR"* and PrP"* the classes of V-A-quasiary R-predicates and V-A-quasiary
P-predicates, respectively.

For an R-predicate Q, the set Q(d) of values that Q can take when applied to d="A, can be one of
the following sets: &, {T}, {F}, or {T,F}. These values will be denoted by T, T, F, and TF,
respectively. For a P-predicate Q, the set Q(d) can be one of the following: &, {T}, or {F}; this will be
denoted by Q(d)1, Q(d) = T, and Q(d) = F, respectively.

Pure first-order TMS, or TMS®, is defined [9, 10] as the object M = ((St, R, Pr, C), Fm, Im), where

— St is the set of states of the world; we specify states as algebraic systems (structures) of the
form a = (A, Pr), where A, is the set of basic data of state o, Pr, is the set of quasiary predicates
VAu —{T, F}, called predicates of state ;

— Ris a set of relations of the form R C St x St, interpreted as transition relations on states;

— Pris a set of predicates of the system M;

- Cis a set of compositions on Pr;

— Fm is a set of formulas of the TML? language;

— Im is an interpretation mapping for formulas of the language on states of the world.

The set Pr consists of state predicates and global predicates; global predicates have the form
"A—{T,F}, where A= U A,.

=

The set C is defined by basic logical compositions =, v, R;’i, dx, Ez, and basic modal
compositions.

As noted above, one can define [9,10] the following classes of TMS: General TMS (GMS),
Temporal TMS (TmMS), and Multimodal TMS (MMS).

GMS® is a TMS®? with R = { >} and a basic modal composition [].

TmMS? is a TMS® with R = { >} and basic modal compositions [1, and L,.
MMS? is a TMS? with R = {r>,| i€} and corresponding basic modal compositions M;, i€L.



Epistemic MMS? (EpMSQ) is a MMS? with finite sets of same-type relations 1>, .

In the next section of the paper, we propose multiple-expert modal systems with dominance,
which may be seen as a special type of epistemic logic systems. In this section, we restrict our
attention to GMS®.

Let us describe a language of a GMS?. The alphabet: a set V of variables (subject names), a set Ps
of predicate symbols, a set of basic logical compositions’ symbols {-, V,R;’Z,Elx; Ez}, a set Ms = {1}
of basic modal compositions’ symbols.

The set Fm of language formulas is given as follows:

Fa) PsC Fm; formulas of the form pEPs will be called atomic;
F) ®EFm = - OE&Fm;

F) ®,WEFm = vOWYEFm;

Fr) PEFm = R/ O EFm;

F,) ®EFm = AxPEFm;

F ) ®EFm = LIOEFm.

Formulas that contain symbols of modal compositions (in our case, the symbol []), are called
modalized.

Formulas that do not contain modal composition symbols are called non-modalized.

The symbols Ez of predicates-indicators (see [8,10]) form the set Frs of singular formulas of the
language: Frs = {Ez | zEV'}. Such symbols are not components of complex formulas and may only
appear as elements of sets of formulas of the language. The predicates-indicators are special 0-ary
compositions; they are used for quantifier elimination (see [8, 10]).

The set Fr = Fm U Frs will be called the extended set of formulas.

So far we have defined formulas in prefix notation. Going forward, the traditional infix notation
and the symbols of derived compositions —, &, Vx, and ¢ will be used (see [8,10]). In particular,
the formulas ~3x-® and =[J-® will be abbreviated as Vx® and O®, respectively.

Note that from a syntactic point of view, the languages GMS? of R-predicates and GMS? of P-
predicates are identical. The difference lies in the different classes of semantic models and different
interpretation mappings.

The distinction of certain classes of quasiary predicates induces the distinction of the
corresponding interpretation classes, or semantics. We consider the general class of R-predicates,
within which a subclass of single-valued R-predicates, or P-predicates, is identified. Therefore, in the
context of GMS®, we may further refer to R-semantics and P-semantics.

Let us specify an interpretation mapping for formulas on states of the world of GMS®.

We start by defining Im: Psx St— Pr, where it must hold that Im(p, o) € Pr.. Therefore, basic
predicates are states predicates. Composition symbols are interpreted as the corresponding logical
or modal compositions. The mapping Im: Psx St — Pr is extended to a full interpretation mapping
Im: Fmx St — Pr as follows:

I-) Im(=®,a) = = (Im(D, o).
Iv) Im(v®¥, o) = v(Im(D, o), Im(W, a)).
IR) Im(RY|®,a) = RYT (Im(D, ).
13) Im(AxD, o) = Ax(Im(D, a)).
I0) dETIm(L®, a)) < there exists BESt: o >P; and for any dE St we have:
o >0 =dET(Im(P,d));
deEFIm(L®, o)) < thereexists 0ESt: a >0 and dEF(Im(P,d)).

We will abbreviate the predicate Im(®, a) as ..

Statement 1. The clauses I-, Iv, IR, and I3 can be reformulated in terms of the truth and falsity
domains of the respective predicates as follows:



[=q) T((=®).) = F(P.);
F((=®).) = T(D.).

Ivg) T((v@W).) = T(P)UF(D.);
F((vOW),) = F(®)NF (D).

IRy T(RYI®),)={dE A| rI[(d)ET(@,)k
F((R}{®),)={dE"A| ri’ (d)EF(®,)}.

X,

3, T(@x®),) = U {d|d|, U x> aET(@,));
aEA,

F(Ax®),)= N {d|d]|_, U x—>aEF®,)}.
aEd,

Statement 2. For the negations of membership in the truth and falsity domains of the predicate
(LI®),, we have:

LO) d&T(O®).) < there doesn't exist BESt: o>,
or there exists € St: o> 8 and dET(D;);
dER(O®),) < for any OESt we have: a > 8= dE F(D;).

The algebra of partial ambiguous quasiary predicates of relational type (R-predicates) is
isomorphic [15] to the algebra of total single-valued predicates of Belnap’s 4-valued logic [16].
Therefore, R-predicates can be modelled as predicates of Belnap’s 4-valued logic with the set of
truth values {1, T, F, TF}.

Thus, for R-predicates we have:

Od) = T, if TEQ(d) and FEQ(d);

Qd) = E if TEQ(d) and FEQ(d);

O(d) = TF, if TEQ(d) and FEQ(d);

Qd) =1, or QA)T, if TEQ(d) and FEQ(d).

Note that the algebra of total single-valued predicates of Kleene’s strong 3-valued logic and the
algebra of partial single-valued quasiary predicates (P-predicates) are also isomorphic [15],
therefore, P-predicates can be modelled as predicates of Kleene’s strong 3-valued logic with the set
of truth values {1, T, F}.

Hence, modal logics of quasiary P-predicates can be modelled as 3-valued modal logics based on
Kleene’s strong 3-valued logic, and modal logics of quasiary R-predicates can be modelled as 4-valued
modal logics based on Belnap’s 4-valued logic.

Statement 3. The clauses I-, Iv, and IR can be presented as follows:

T, if ®,(d)=F;
F, if & (d)=T;
=p) () (d) =1 7p q)aa((;) - TF;
T, if &, (d)=".
T,if ®,(d)=TorW¥W,(d)=T or
(®,(d)=TF and ¥ (d)=") or (®,(d) =1 and W (d) =TF);
F, it ® (d)=F andW¥ (d)=F;
Ivg) (v®W), (d)=]TF, if (®,(d)=TF and ¥ (d)=TF) or
(®,(d)=TF and ¥ (d)=F) or (®,(d)=F and W (d) = TF);
T, if (@,(d)=1 and W (d)=1) or
(@, (d)=1 and W (d)=F) or (P, (d)=F and ¥ (d) =1).
T, if @,y (d)=T;
F, if @,(r7(d)=F;
TF, if @, (r}'(d)) = TF;
toif @,(rgi(d)=1.

IRy) (RLID), (d) =



Similar concretizations of the interpretation mapping in the style of Belnap’s 4-valued logic can
be made for the clauses I3 and IL], basing on the following theorems.

Theorem 1. For any ®EFm, aESt, and a, b, cEA, and dEVA, we have:

1) @x®).(d) = T < dET((@xP),) and dEF(AxP).) < D (d|_, Uxt+>a)=T for some aEA, or (
®,(d]_, Ux>c)=TF for some c€A.and ®_(d|_ U x> b)=" for some bEA);

2) Ax®).(d) = F < d&T((3xP),) and dEF(AxP),) & D (d ||, Ux > a)=F forany aEA;

3) (@Ax®).(d) = TF < dET((AxP).) and dEF((AxP),) < P (d||_, Ux>a)=TF for some aEA,
and for any bEA. we have (@ (d|_, Ux>b)=TF or ®_(d|_, Uxt>b)=1);

4) (AxD).(d) = | < dET((AxD).) and dZF((AxP).) < for any bEA, we have
(P, (d|.,Ux=>b)=F or ®_(d|_ Uxt>b)=")and ®_(d|_, Ux+>b)=" for some aEA..

Theorem 2. For any ®EFm, and «, f, 0ESt, and dEVA, we have:

1) O®(d) = T< deT(dD,) and dZF (D) <
< there exists : a >, and for any 8 (a>& = ®(d) = T);

2) dd(d) = F= d&T([Od,) and dEF(LD,) <
< there exists 0 (a>8 and ®(d)=F) or (there exists  (a>8 and ®(d)=1) and p (o >P and
®(d) = TF));

3) Ud(d) = TF < deT(Hd,) and dEF(LD,) =
< there exists 0 (a > 8 and ®,(d) = TF), and for any 8 (a > = ®,(d) = T or ®,(d) = TF);

4) 00 (d) =1 < d&T([OD,) and dEF (LD, <
< there doesn’t exist B:o >p, or (there exists 0 (a>8 and ®(d)=1) and for any 0 (ab>d=
= ®(d)=T or D(d)=1)).

Corollary. The clauses I3 and IL] can be presented in the following manner:

I3g) (AxP).(d) =
T, if ®,(d|_, Uxt+>a)=T for some aEA,, or
@, (d]_, Uxt>c)=TF for some cEA, and @ (d|_, U xt>b)=1 for some bEA_;

F, if ® (d|_, Uxt>a)=F forany a€A;
=JTF, it ®_ (d||_, U xr>a)=TF for some aEA_, and

(@, @, Uxt—>b)=TFor® (d|_, U x+>b)=F) forany bEA_;
T, if (@,d|_,Ux=>b)=For®,(d|_, Uxrb)=")forany bEA,, and
| D, (d]_, Uxr>a)=" for some aEA,.
I0p) L®.(d) =
T, if there exists : o >f, and for any 8 (o >d= Dy (d) =T);

F, if there exists 0 (>0 and ®(d) = F),
or there exists 8 (o >d and ®4(d) =1) and B (o> and P, (d) = TF);
= TF, if there exists O (o >d and @ (d) = TF), and
for any 8 (a0 = P (d) =T or ®,(d) = TF);

1, if there doesn't exist f: o B>f3, or (there exists d (a.p>0 and @ (d)=1), and

forany 0 (>0 = P (d) =T or Py(d) =1)).

For modal logics of quasiary P-predicates, a similar concretization of the interpretation mapping
can also be made in the style of Kleene’s strong 3-valued logic.

Thus, modal logics of quasiary R-predicates can be described in terms of 4-valued modal logics
based on Belnap’s logic, and vice versa; modal logics of quasiary P-predicates can be described in
terms of 3-valued modal logics based on Kleene’s strong 3-valued logic.

Depending on the properties of the accessibility relation >, one can define different classes of
GMS®. This can be done in the same way as for GMS of P-predicates (see [9, 10]).

Depending on how the value of ®,(d) is assigned under the condition d"A,, one can distinguish
(see [9]) TMS with a strong condition of definedness on states and TMS with a general condition of



definedness on states. For GMS? of R-predicates, the general condition of definedness on states is
preferable, since the strong condition of definedness imposes unnecessary constraints on semantic
models. The general condition of definedness means that state predicates & respond only to
components with basic data aEA..

Therefore, for non-modalized formulas, under the condition d$VAﬁ, we assume that
®,(d) = D(d). Here d, denotes the nominative set [vi>aEd| aEA, ].

The semantic properties of GMS® that are not related to modalities are, in general, analogous to
the corresponding properties of the logic of quasiary R-predicates; properties related to the
interaction of modal compositions with renominations and quantifiers also hold in GMS® (see
(9, 10]).

On the set of formulas of the GMS? language specified with states, one can define a number of
logical consequence relations. In the case of GMS® of R-predicates, we do this in the same way as
for GMS? of P-predicates (see [9,10]). First, we define the relations of IR-consequence, T-
consequence, F-consequence, and TF-consequence within a specific GMS; then, based on this, we
specify the corresponding logical consequence relations for a given class M of such GMS. For
GMS? of P-predicates, we obtain four non-degenerate logical consequence relations: M=, M|=1, M|=p,
and M|=1, they correspond to the analogous relations P|= R P|=T, P|= 5 and P|=TF in the traditional logics
of quasiary predicates (see [8]). However, in the case of GMS® of R-predicates, there is a single non-
degenerate relation MR|=TF, which is analogous to the relation R|=TF in logics of quasiary predicates.

The non-modal properties of the relation MR|=TF repeat the corresponding properties of the
relation R|=TF for sets of formulas in the traditional logic of quasiary predicates (for more details, see
[8 - 10]). The properties related to modal compositions (e.g., carrying modal compositions through
renominations and elimination of modalities) are analogous to the corresponding properties for
GMS® of P-predicates (see [9]).

3. Multiple-Expert Modal Systems of Quasiary Predicates

We define multiple-expert modal system (MEMS) as an object M = ((Ex,>, St,>, Pr, Cm), Fm, L),
where:

— Ex is a finite non-empty set, which we interpret as a set (group) of experts;

- > C Exx Exis a relation of immediate dominance on the set of experts;

- Stis a non-empty set interpreted as the set of possible states of the world, or situations;

- > CExxStx St is an accessibility relation > between possible states (situations), which
depends on the expert being considered; instead of (e, o, B)E >, we will shortly write o>, f3;

— Pris a set of predicates of the system M;

- Cm is a set of compositions on Pr;

- Fm is a set of formulas of the MEMS language;

— Iy: Psx Exx St —{T, F} is an interpretation mapping for atomic formulas; I); depends on the
state and expert being considered.

The reflexive-transitive closure of the relation > will be denoted by >>.

Instead of > (e, g) and > (e, g), we will usually write e> g and e>> g.

For the first-order MEMS, we specify the set St as a set of algebraic structures o =(A, Pr),
where A, is a set of basic data of the state a, Pr. is a set of quasiary predicates YA, — {T, F}. Such

predicates will be called predicates of the state a.. The set A= U A, is called the set of basic data of
aES

the system M. The predicates YA — {T, F} will be called global.

Pure first-order MEMS M = ((Ex,>, St,>,Pr,Cm),Fm,I)y) will be shorter denoted by
M = (Ex, >, St,>, A, I)).

The previously described GMS can be interpreted as 1-expert MEMS with a trivial dominance
relation.



The accessibility relation > C Ex x St x St is connected to the domination relation > C Ex x Ex
in the following way: o>, and e>h = a>,p.

Informally, if expert e considers that situation f} is possible relative to the situation a (i.e., state
B is accessible from state o), then any expert h over whom e dominates must also acknowledge
this.

The dominance relation in MEMS must preserve both T and F: if expert a dominates b and
considers statement (predicate) S to be true, then » must also consider S to be true; if a considers
statement S to be false, then b must also consider S to be false. Therefore, a conflict can emerge
when an expert is directly dominated by two or more experts. For instance, expert e is directly
dominated by experts a and b, and a assumes predicate S on a data d to be true (i.e., S(d) = T), while
b requires S to be false (i.e., S(d) = F). Hence the question arises: how expert e should evaluate S(d)?

Thus, for MEMS, it is appropriate to consider the following restriction on the dominance
relation: only one expert may directly dominate any given expert. This means that the relation
> must be injective: for each eE€Ex, there exists at most one gEEx such that g>e. An injective
relation > C Ex x Ex can be represented as a forest of trees with vertices from Ex.

The reflexive-transitive closure of the injective relation of immediate dominance will be called
the relation of separate dominance.

From now on, we will concentrate on the case of MEMS with a separate dominance relation.

Further study of MEMS, particularly the properties of dominance relations and accessibility
relations is planned in future papers.

Let us describe the language of pure first-order MEMS, or MEMS2.

From a syntactic point of view, the languages GMS? and MEMS® are identical. The difference
lies in their semantic models. Thus, in the MEMS? language the set of formulas Fm is defined
according to the clauses Fa, F, F,, Fg, F,, Fy (see Section 2).

We distinguish modalized formulas (that include symbols of modal compositions) and non-
modalized formulas (that do not include such symbols).

The set of non-modalized formulas in a MEMS® language coincides with the set of formulas of
its basic logical language.

Let us define the interpretation mapping Iy of formulas on states of the world and experts.

First, we specify Iy : Ps x Ex x St — Pr, where Ly (p, e, o) € Pr..

The mapping Iy : Ps x Ex x St — Pris extended to the mapping Iy;: Fm x Ex x St — Pr as follows:

I-) Iy (=D, e, ) = = (I (D, e, ).
Iv) Iy (vOW, e, a) = V(I (D, e, a0), [ (D, e, a0)).
IR) IM (R;j_ (q))s 6,(1) = jo_ (IM ((I),e,a)).
13) [y AxD, e, o) = Ax(Ly (P, e, at)).
I00) dETy (LD, e, a0)) < there exists BESt: a 1>, f; and for any gE Ex and §ESt we have:
ex>>gandar, d = dET(I,(P,g,9));
deF(Iy (LD, e,a)) < there exists 8ESt: a>, 0 and dEF(I,,(D,e,0)).

Then Iy (P, e, a) is the predicate that represents the value of the formula ® for expert e on
state o.

We will also denote the predicate Iy (P, e, o) briefly as MCI)Z, and also as @; if M is taken by
default.
Statement 4. For formula abbreviations of the form O ®, we have:
I0) dET (I (O D, e, 1)) < there exists 3ESt: ab>, d and dET(I,,(D,e,0));
dEF (I (0D, e,0)) < there exists ESt: o, f,
and for any g€ Ex and €St we have: e>g andap, & = dEF(I,(P,g,9)).
This follows from the clause IL] and the following:



AET(I (0D, e, a0)) < dET(Iy(--D, ¢, 0)) < dEF Iy ((1-D, e, 0)) and
dEFR Iy (O, e, o0)) < dEF I (--D, ¢, ) < dET(I(LI-D, ¢, v)).

We consider the general class of R-predicates and its subclass of single-valued R-predicates, or P-
predicates. The distinction between them induces the corresponding distinction between
interpretation classes, or semantics: R-semantics and P-semantics, respectively. For the MEMS®
language, this is done in the same way as for the GMS? language and the corresponding basic
logical language of the logic of quasiary predicates (see [8]).

On the set of formulas of the MEMS® language specified with experts and states, we introduce
consequence relations and logical consequence relations. These relations are defined analogously
to the corresponding relations in the logics of quasiary predicates (see [8]).

A formula specified by expert and state names has the form @ . Here, ® is a formula of the
MEMS® language, e€E and aE€S, where E is a set of expert names and S is a set of states of the
world names.

Let X be a set of formulas specified with expert and states, with sets of experts’ and states’
names E and S, respectively.

We say that the set £ is consistent with MEMS® M = (Ex,>, St,>, A, Iy), provided that injections
from E into Ex and from S into St are defined.

By using the notation I jJ=-A, we assume by default the consistency of sets of specified
formulas I' and A with MEMS M.

For sets of specified formulas I' and A of the MEMS® language let us define the following
consequence relations in a fixed MEMS M = (Ex, >, St,>>, A, Ij): these are the traditional relations of
irrefutability (IR), truth (7), falsity (F), and strong (TF) consequence.

Let I" and A be sets of specified formulas of the MEMS? language.

A is an IR-consequence of I' in a consistent with them MEMS? M (denoted T M=rA), if for any
d="A we have

e,o 7.8
dET(,,®;)forany ® €I = d&F(,,¥%) for some y e @
A is a T-consequence of I in a consistent with them MEMS® M (denoted T M=rA), if for any devA
we have
e,a .0
dET(,, ;) forany® €EI = dET(,,P§) for some w e (T)
A is an F-consequence of I' in a consistent with them MEMS? M (denoted T M=rA), if for any
d="A we have
dEF(,,¥¥) for any v en = dEF(,,P) for some o T, (F)
A is a TF-consequence of I in a consistent with them MEMS? M (denoted T M=mA), if T p=rA

and T’ M|=F A.
In the case of MEMS of P-predicates, the conditions (I), (T), and (F) can be presented as follows:

4 P(d) =T forany @ €T = |, WE(d) = F for some v’ en, (Ip)
L ®(d)=T forany ®"“ €T = , W (d) =T for some ¥*" EA. (Tr)
v 5 (d) =F for any v e > @ (d) = F for some @ €T (Fp)

The relations of logical IR-, T-, F-, and TF-consequence for sets of specified formulas I" and A
with respect to a MEMS® of a certain type are specified according to the following scheme (o
denotes either IR,T, F, or TF).

A is a logical o-consequence of I" with respect to a MEMS? of a type M, if T" =, A for any MEMS
MEM; it will be denoted by I'M|=, A, and also by I'|=, A, provided that M is taken by default.

According to the definitions, we have: ' M|=pA < T'M|=rA and I M|=pA.

In the case of MEMS of P-predicates, we obtain non-degenerate consequence relations P|= Rs P|=T,
P|= £ and P|=n:, which correspond to the analogous relations P |=1r, P |=1 P |=p and P |=7r in the traditional



logics of quasiary predicates (see [8]). In the case of MEMS of R-predicates, a single non-degenerate
consequence relation R|=TF remains, and it is analogous to the relation R|=TF in logics of quasiary R-
predicates.

As in the case of the traditional logics of quasiary predicates and GMS?, in MEMS? we have the
following relationships between the introduced logical consequence relations:

Theorem 3. N=+C =1, |=rC " |=rC 1= =7 C 1=, C =i F|=1# " )=r

P|=F, P|=Tp, and R|=TF in MEMS® repeat the
corresponding properties of the relations “|=p, P |=1 P |=p P |=15 and R|=n: for sets of formulas of the
traditional logic of quasiary predicates (see [8]). The general properties related to modal

The non-modal properties of the relations P|=IR, P|=T,
I

compositions are analogous to the corresponding properties for GMS? of P-predicates (see [9, 10]).

4. Conclusion

The paper investigates new classes of program-oriented logical formalisms — pure first-order
transitional modal systems (TMS) of partial ambiguous (non-deterministic) quasiary predicates. We
propose two varieties of these TMS: pure first-order General Transitional Modal Systems (GMS9),
and pure first-order Multiple-Expert Modal Systems with dominance (MEMS®). These systems are
based on logics of R-predicates — partial ambiguous (multi-valued) quasiary predicates of relational
type. The work describes the semantic features of GMS® and shows the connection between modal
logics of quasiary R-predicates and four-valued modal logics based on Belnap’s logic. The proposed
MEMS preserve both true and falsity under dominance as we introduce a transitive relation of
separate dominance on the set of experts which guarantees that no expert can be directly
dominated by more than one other expert. The languages of MEMS? are described. On the set of
formulas specified with both experts and states, a number of consequence relations in MEMS and
logical consequence relations are defined.

In the future works, we will focus on studying MEMS with different properties of the dominance
and accessibility relations, investigating logical consequence relations in MEMS, and constructing
sequent-type calculi for MEMS.
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