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Abstract
Ontology-based query answering is a problem that takes as input an ontology ℛ (typically expressed by existential
rules), a set ℱ of facts, and a Boolean conjunctive query (CQ) 𝑞, and asks whether ℛ,ℱ |= 𝑞. This problem is
undecidable in general, and a widely investigated approach to tackle it in some cases is query rewriting: given
some “rule query” ⟨ℛ, 𝑞⟩, we compute a Boolean query 𝑞ℛ such that, for any fact set ℱ , it holds that ℛ,ℱ |= 𝑞
if and only if ℱ |= 𝑞ℛ. Previous work has mostly focused on output queries 𝑞ℛ expressed as union of Boolean
conjunctive queries (UCQs), and an effective algorithm that computes such a query 𝑞ℛ whenever it exists has
been proposed in the literature. However, UCQ rewritability is not a very general notion and many real-world
interesting rule queries do no admit UCQ rewritings. This raises the question whether such a generic algorithm
can be designed for a more expressive target language, such as datalog. We solve this question by the negative,
by studying the difference between datalog expressibility and datalog rewritability. More precisely, we show that
query answering under datalog expressible rule queries is undecidable.
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1. Introduction

Efficiently accessing data is an important step in many real-world applications. Ontologies have been
identified as an important tool to help a user to express their information needs, allowing them to use a
vocabulary they are familiar with, while enabling a system to perform automated reasoning, leading to
more complete answers. Ontology-based query answering (OBQA) is a core problem therein, where a
set of facts is queried while taking into account the domain knowledge expressed in an ontology. These
ontologies may be expressed in a variety of formalisms, such as Description Logics or existential rules.
The OBQA problem is typically framed as follows: given a fact set ℱ , an ontology ℛ, and a Boolean CQ
𝑞, check if ℱ ,ℛ |= 𝑞, where |= denotes the classical first-order logic entailment.

This problem is undecidable when the ontology can range over any set of existential rules. Thus,
a lot of research has focused on finding decidable and even tractable classes of rule sets; see [1] for
an introduction to these. Particularly relevant to us are classes based on the so-called query rewriting
approach. Given an ontology ℛ and a Boolean CQ 𝑞, one computes a Boolean UCQ 𝑞ℛ such that for any
fact set ℱ , it holds that ℱ ,ℛ |= 𝑞 if and only if ℱ |= 𝑞ℛ. As most data is stored in relational databases,
which have been designed to efficiently process CQs, most research has focused on rewriting the output
query 𝑞ℛ as a UCQ. A natural question is then, given an ontology ℛ and a BCQ 𝑞, is there a UCQ
rewriting 𝑞ℛ for ℛ and 𝑞? In other words, is that true that the rule query ⟨ℛ, 𝑞⟩ is UCQ expressible? This
does not always hold, and it is actually undecidable to check whether it is the case [2]. However, there
exists an effective algorithm that computes a UCQ rewriting when given as input a UCQ expressible rule
query [3]. In other words, the UCQ expressibility of every rule query (the existence of a UCQ rewriting)
in a class and UCQ rewritability of that class (the computability of UCQ rewritings for all rule queries
in that class) are two notions that coincide, which possibly explains why they have not been introduced
separately in the literature.
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Source Language Target Language Arbitrary Query Sig. Implemented Reference

𝒮ℋℐ𝒬 disj. dat. × ✓ [9]
𝒮ℋℐ𝒬𝑏𝑆 disj. dat. × × [10]

Horn-𝒜ℒ𝒞ℋ𝒪ℐ𝒬 datalog × ✓ [11]
Horn-𝒮ℛℐ𝒬 datalog × ✓ [12]

Bounded Detph rules datalog × × [13]
Frontier guarded rules datalog ✓ × [14]
Nearly Guarded Rules datalog ✓ × [15]
Guarded disj. rules disj. datalog × × [16]
Guarded rules datalog ✓ ✓ [17]
Warded rules datalog ✓ ✓ [18]

Linear non rec. dat. × × [19]
Sticky(-join) non rec. dat. × × [19]

Table 1
Summary of datalog rewriting approaches applicable for fact entailment

Syntactic conditions such as linearity [4] or stickiness [5] guarantee the existence of UCQ rewritings
for any BCQ. Moreover, there is also DL-Lite [6], which is a widely used Description Logic that can be
translated into existential rules. However, the expressivity of these languages is too limited for many
real-world ontologies. A natural task is to consider a more expressive target query language for the
rewritings. It is known that considering first-order queries and conjunctive queries have the same
expressive power for rewriting existential rule queries [7]. We then focus on another classical language,
namely datalog. Note that all UCQ expressible rule queries are also datalog expressible but the converse
is not true.

As discussed in Section 2, there are many known and interesting classes for which specific datalog
rewriting algorithms have been designed. However, no generic algorithm, such as in the case of UCQ
expressibility, is known so far. The contribution of this paper is to show that, unfortunately, no such
algorithm exists. This is done by proving that the problem of checking ℛ,ℱ |= 𝑞 under the assumption
that ⟨ℛ, 𝑞⟩ is datalog expressible is undecidable, contradicting the existence of a rewriting algorithm
for datalog expressible queries. We prove the result by reduction from the halting problem of Turing
machines to OBQA, where the difficulty lies in ensuring that rule queries produced by the reduction are
datalog expressible.

An extended version of this work with fully detailed proofs can be found in [8].

2. Related Work

Let us first point out that there are several variations around the notion of datalog rewriting. A first
dimension is that, rather than rewriting a specific rule query ⟨ℛ, 𝑞⟩, one can wish to rewrite ℛ into a
datalog rule set ℛ′, and use ℛ′ to compute answers for a class of queries. Another variation is focused
on the fact sets on which the rewriting should output the same answer as the original rule query. In
this paper, we consider the strong version where answers should be the same on every fact set over the
signature used in the rewritings. Quite often, defined datalog rewritings only preserve answers over
fact sets on the original signature – this allows one to introduce fresh predicates which are known not
to belong to fact sets on which the datalog program is to be evaluated. There are cases for which there
exist datalog rewritings of rule queries for this relaxed definition but not for our restricted one; this
is a consequence of Theorem 3 in [20]. Our undecidability result implies undecidability of this more
relaxed notion.

The use of datalog as a target language for rewritings has been studied over the last 15 years. The
goal was to reduce reasoning task over expressive ontologies towards query answering over datalog,
for which optimization techniques have been developed in the database community. This is even more



important today, as a variety of efficient datalog reasoners have been implemented [21, 22]. Such an
approach has been proposed for providing disjunctive1 datalog rewritings for 𝒮ℋℐ𝒬 for fact entailment
over the original signature [9], later generalized to 𝒮ℋℐ𝒬𝑏𝑆 [10]. More recently, such reductions for
Horn description logics have been implemented and evaluated [11, 12]. Such datalog rewritings have
also been studied for existential rules, for guarded [17], nearly guarded [15], warded [18] and shy [24]
rule sets.

Beyond these fragment-specific reductions, the limits of datalog rewritability have been explored. In
[13], it is shown that whenever rule queries have bounded depth (meaning that if they are entailed, they
are entailed by a portion of the chase that uses only Skolem terms of bounded depth), they are datalog
rewritable. This result applies for all syntactic fragment for which the chase is known to terminate [25],
but datalog rewritability is not guaranteed (and not always possible) for rule sets having terminating
restricted chase [26] – this is proven by a data complexity argument.

Another question of interest is the size of the obtained rewritings. In [16], the authors provide
polynomial (disjunctive) datalog rewritings for (disjunctive) guarded rules queries. Non-recursive
datalog has also been studied: while it does not increase the expressivity with respect to UCQs, the
re-use of predicates allows to significanlty reduce the size of rewritings, reaching polynomiality in some
cases [19, 27].

All of these contributions are summarised in Table 1.

3. Future Work

To conclude, we discuss two distinct lines for future research, which naturally follow from our work.

Answer Expressible Rule Sets We intend to study an even more restrictive class of rewritable rule
sets: a rule set ℛ is answer datalog expressible if, for every CQ 𝑞[𝑥⃗], the rule query ⟨ℛ, 𝑞[𝑥⃗]⟩ admits
some datalog rewriting that preserves all answers. That is, a datalog query ⟨ℛ′, 𝑞′[𝑥⃗]⟩ such that, for every
fact set ℱ and every list 𝑎⃗ of constants occurring in ℱ , we have that ⟨ℛ,ℱ⟩ |= 𝑞[𝑥⃗/𝑎⃗] if and only if
⟨ℛ′,ℱ⟩ |= 𝑞[𝑥⃗/𝑎⃗]. With this definition in place, we consider the following problem:

Open Problem 1. Consider a knowledge base 𝒦 = ⟨ℛ,ℱ⟩, a CQ 𝑞, and a list 𝑎⃗ of constants occurring in
ℱ . Is there a procedure to check if 𝑎⃗ is an answer of 𝑞 with respect to ⟨ℛ,ℱ⟩ that is sound, complete, and
terminating if ℛ is answer datalog expressible?

The above question is quite relevant for our field of research, where we often study the theoretical
properties of classes of rule sets and not of rule queries.

At the moment, we believe that the answer to this open problem is negative, which would yield a
result strictly stronger than the one of this paper. However, a different proof strategy is required to
show this since there are rule sets in the range of the reduction used for this result that are not answer
datalog-rewritable.

Alternative Rewriting Languages In this paper, our primary focus is on datalog; in the future, we
plan to study alternative query languages for rewritings. For instance, one could consider unions of
Boolean conjunctive regular path queries (UBCRPQs) [28] and then consider the following problem:

Open Problem 2. Is the class of all UBCRPQ expressible queries is UBCRPQ rewritable? Is there a procedure
to check if a knowledge base ⟨ℛ,ℱ⟩ entails a BCQ 𝑞 that is sound, complete, and terminates if the rule
query ⟨ℛ, 𝑞⟩ is UCRPQ expressible?

We can instantiate different versions of this open problem by considering different output rewriting
languages. For instance, we could consider as unions of (non-conjunctive) regular path queries, monadic

1For disjunctive existential rules and datalog, the reader is invited to consult [23]



datalog, query languages based on context-free grammars [29], or any of the query languages considered
by [30].

As a closing remark, note that the answers to the first and second questions in Open Problem 2 might
be negative and positive, respectively. That is, it is possible that we can solve entailment for UCRPQ
expressible rule queries even if we cannot effectively compute rewritings for these. This is an exciting
possibility that may lead us to the discovery of a novel kind of reasoning procedure for this expressive
class of rule queries. Or perhaps future research will just result in another undecidability result, which
would again be strictly stronger than the main result of this paper. Either way, we look forward to
researching (and hopefully settling!) these questions.
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