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Abstract

Explainable Al has received significant attention in recent years. Machine learning models often operate as
black boxes, lacking explainability and transparency while supporting decision-making processes. Local post-
hoc explainability queries attempt to answer why individual inputs are classified in a certain way by a given
model. While there has been important work on counterfactual explanations, less attention has been devoted to
semifactual ones. In this paper, we discuss the local post-hoc explainability queries for semifactual reasoning
recently proposed in [1], analyze their computational complexity across different classification models, and
examine the associated preference-based framework for semifactual and counterfactual explanations.
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1. Introduction

The extensive study of counterfactual ‘if only’ thinking, exploring how things might have been different,
has been a focal point for social and cognitive psychologists [2]. Consider a negative event, such as
taking a taxi and due to traffic arriving late to a party. By analyzing this situation, an individual (e.g.
Alice) might engage in counterfactual thinking by imagining how things could have unfolded differently,
such as, ‘if only Alice had not taken the taxi, she would not have arrived late at the party’. This type of
counterfactual thinking, where an alternative scenario is imagined, is a common aspect of daily life. In
such a case the counterfactual scenario negates both the event’s cause (antecedent) and its outcome,
presenting a false cause and a false outcome that are temporarily considered as true (e.g., Alice took the
taxi and arrived late).

Counterfactual thinking forms the basis for crafting counterfactual explanations, which are crucial in
automated decision-making processes. These explanations leverage alternative scenarios, aiding users
in understanding why certain outcomes occurred and how different situations might have influenced
decisions. Counterfactual explanations empower users to grasp the rationale behind decisions, fostering
transparency and user trust in these systems. Several definitions of counterfactual explanations exist
in the literature [3]. According to most of the literature, counterfactuals are defined as the minimum
changes to apply to a given instance to let the prediction of the model be different [4].

While counterfactual explanations have received much attention in Al, semifactuals—based on
“even if” reasoning—remain underexplored, though well-studied in cognitive science [5]. Whereas
counterfactuals identify input changes that alter an Al system’s decision, semifactuals highlight changes
that leave the outcome unchanged. Returning to the earlier example, a semifactual scenario would state:
“Even if Alice had not taken the taxi, she would still have arrived late to the party.”

Sharing the same underlying idea of counterfactuals, we define semifactuals as the maximum changes
to be applied to a given instance while keeping the same prediction. Indeed, the larger the feature
differences asserted in the semifactual, the better (more convincing) the explanation [5]. Semifactual
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Figure 1: Binary classification model M: step(x - [—2,2,0] + 1) of Example 1. The binary feature f; (resp., f2
and f3) represents part-time employment contract (resp., salary lower than 5K$, and on site-working) [1].

explanations incorporating more feature changes offer several benefits, including improved decision-
making and enhanced interpretability. For decision-makers, understanding the extent of changes that
do not affect the outcome can aid in optimizing processes. For instance, in resource allocation, knowing
the maximum allowable changes helps in making adjustments without compromising results. Such
explanations provide a comprehensive understanding of a model’s decision boundary by revealing how
the model processes information and identifying which input aspects are critical for maintaining the
decision. Semifactuals indicate which feature-sets are not relevant for classification, as they can be
changed without altering the outcome. Also, considering a large number of feature changes in the
semifactual intuitively captures the desire of an agent to have more flexibility and favorable conditions
(represented by features changed), while keeping the (positive) status assigned to it by the model.
Consider the following hiring scenario.

Example 1. Consider the binary and linear classification model M : {0,1}® — {0,1} shown in
Figure 1, where M is defined as step(x - [-2,2,0] + 1) and the input x = [z1,x2, z3] denotes an
applicant (also called user) defined by means of the following three features: (i) f; = “part-time job”;
(i1) fo = “requested (monthly) salary < 5K$”; (ii7) f3 = “on-site job”. For any instance x € {0,1}3
we have that M(x) = 0if x = [1,0,1] or x = [1,0,0], and M(x) = 1 otherwise. Intuitively, this
means that the company’s Al model does not approve the application only when the user applies for a
part-time job and the requested salary is no less than 5K$.

Consider a user x; that applies for a full-time and on-site job, and the requested salary is lower than
5K$ (i.e., x1 = [0, 1, 1]), we have that y; = [0,0,0] and y2 = [1, 1, 0] are semifactual of x; w.rt. M at
maximum distance (i.e., 2) from x; in terms of number of features changed. Intuitively, y; represents
the fact that ‘the user x; will be hired even if (s)he had requested for a remote job and the requested
salary was greater than or equal to 5K$’°, while y9 represents ‘the user x; will be hired even if (s)he had
applied for a remote and part-time job’. O

Counterfactuals and semifactuals are strongly connected and they should be considered together
in eXplainable AI (XAI) as they describe which changes to feature-inputs of a black-box Al system
result in changes to or confirmation to a decision-outcome, that is both contribute in understanding the
presence of a decision boundary in the classification process. Taking for instance our running example,
whose feature-values are shown in Figure 1, where edges represent changes of a unique feature value,
the decision boundary can be described by considering both counterfactuals and semifactuals.

As highlighted in the previous example, multiple semifactuals can exist for each given instance. In
these situations, a user may prefer one semifactual to another, by expressing preferences over features
so that the best semifactuals will be selected, as shown in the following example.

Example 2. Continuing with Example 1, suppose that the user x; looks for another opportunity and
prefers to change feature f5 rather than f; (irrespective of any other change), that is (s)he prefers
semifactuals with f, = 0 rather than those with f; = 1. Thus, (s)he would prefer to still get hired by
changing the salary to be greater than or equal to 5K$ (obtaining y1); if this cannot be accomplished,
then (s)he prefers to get it by changing the job to part-time (i.e. y2). ]



Contributions. In this paper, we discuss our recent in semifactual reasoning for XAI [1]. Our main
contributions are as follows. We define semifactual explanations for three model classes—perceptrons,
free binary decision diagrams (FBBDs), and multi-layer perceptrons (MLPs)—as local post-hoc queries
under even-if reasoning. We analyze the computational complexity of related interpretability problems,
showing they are no harder than those for counterfactuals. We also introduce a preference-based
framework allowing users to prioritize certain features in explanations, covering both semifactuals and
counterfactuals. Finally, we study the complexity of finding best explanations under preferences and
identify tractable cases with corresponding algorithms.

2. Preliminaries

A (binary classification) model is a function M : {0,1}" — {0, 1}, specifically focusing on instances
whose features are represented by binary values. Constraining inputs and outputs to booleans simplifies
our context while encompassing numerous relevant practical scenarios. A class of models is just a way
of grouping models together. An instance x is a vector in {0, 1}" and represents a possible input for a
model. We recall 3 significant categories of ML models that will be the ones we will focus on.

A Binary Decision Diagram (BDD) M = (V, E, Ay, Ag) [6] is a rooted directed acyclic graph (V, E)
where leaves are labeled 0 or 1, and internal nodes are labeled via Ay with valuesin {1, ..., n}. Each
internal node has two outgoing edges labeled by Ag as 0 and 1. An input x = [z1,...,z,] € {0,1}"
defines a unique path px in M, following the edge matching x; at each node labeled i. The size | M| is
the number of edges. A BDD is free (FBDD) if no path visits the same variable twice. A decision tree is
an FBDD with a tree structure.

A multilayer perceptron (MLP) M with k layers is defined by weight matrices W), ..., W(*) biases

b® ..., b®) and activation functions a), . . ., a(¥). For input x, let h(® = x and compute recursively
h(®) = ¢ (h(-DW® 4+ b)), The output is M(x) = h(¥). We assume rational weights and biases.
Hidden layers are those with i < k, and we focus on ReLU activations for a(!), ..., a(*~1) and the step

function for a¥), defined as step(x) = 1if z > 0, else 0.

A perceptron is an MLP with no hidden layers (i.e., & = 1). That is, a perceptron M is defined by a
pair (W, b) such that W € Q"*! and b € Q, and the output is M(x) = step(x W + b). Because of
its particular structure, a perceptron is usually defined as a pair (w, b) with w = W a rational vector
and b a rational number. The output of M(x) is then 1 iff x - w + b > 0, where x - w denotes the dot
product between x and w.

Boolean functions F mapping strings to strings whose output is a single bit are called decision
problems. We identify the computational problem of computing F (i.e., given an input string = compute
F(x)) with the problem of deciding whether F(z) = 1.

3. Even-if Explanations

We illustrate our framework on three classes of boolean models and associated explainability queries,
aiming to compare their interpretability. We begin by revisiting counterfactuals—central to the ‘if only’
reasoning—and their known complexity results [4]. To formalize the comparison between instances
x,y € {0,1}", we use the Hamming distance, defined as d(x,y) = > ;" ; |x; — y;|, which counts the
number of differing features.

Definition 1 (Counterfactual). Given a pre-trained model M and an instance x, an instance y is
said to be a counterfactual of x iff i) M(x) # M(y), and ii) there exists no other instance z #y s.t.
M(x) # M(z) and d(x,z) <d(x,y).

Example 3. Continuing with our running example illustrated in Figure 1, for y3 = [1, 0, 1] we have
that xo = [0,0, 1] and x3 = [1, 1, 1] are the only counterfactuals of y3 w.r.t. M (herein, d(y3,x2) =
d(ys3,x3) = 1). Intuitively, this encodes the fact that user y3 (that applied for a part-time and remote
job, and a salary greater than or equal to 5K$) will be hired if only (s)he would change the employment
contract to be full time (obtaining x5) or the requested salary to be lower than 5K$ (obtaining x3). [



The natural decision version of the problem of finding a couterfactual for x is the following.

Problem 1 ([4]). [MiNtmum CHANGE REQUIRED (MCR)| Given a model M, instance x, and k € N, check
whether there exists an instance’y with d(x,y) < k and M(x) # M(y).

Theorem 1 ([4]). MCR isi) in PTIME for FBDDs and perceptrons, and ii) NP-complete for MLPs.

We adopt a standard view linking interpretability to computational complexity [4]: a model class
is more interpretable if post-hoc queries can be answered more efficiently. Under this view, Theorem 1
shows that perceptrons and FBDDs are strictly more interpretable than MLPs, as their related queries
are computationally easier. This formally supports the common belief that linear models are more
interpretable than deep networks in the context of counterfactual explanations.

An open question, which we consider in this discussion, is whether similar results extend to post-hoc
queries grounded in the ‘even-if” thinking setting, i.e., to semifactual explanations. To this end, we first
recall the formal definition of semifactuals.

Definition 2 (Semifactual). Given a pre-trained model M and an instance X, an instancey is said to be
a semifactual of x iff i) M(x) = M(y), and ii) there exists no other instance z#Yy s.t. M(x) = M(z)
and d(x,z)>d(x,y).

Similar to counterfactuals, the following problem is the decision version of the problem of finding a
semifactual of an instance x with a model M.

Problem 2. [MaxiMum CHANGE ALLOWED (MCA)| Given a model M, instance x, and k € N, check
whether there is an instance y with d(x,y) > k and M(x) = M(y).

Although semifactuals and counterfactuals appear to be similar, their mathematical definitions are
different. Indeed, while counterfactuals minimize the changes in order to have a different outcome,
semifactuals maximize the changes while keeping the same outcome. Notably, the two problems are not
interchangeable - we do not see how to naturally reduce one to the other; however, a (possibly complex)
reduction may exist as our complexity results presented in Theorem 2 below do not rule this out. For
instance, considering Example 1 and the two semifactuals y; and y2 of x;, they do not correspond to
the counterfactuals of the counterfactuals of x;, that are [0, 0, 1] and [1, 1, 1].

Theorem 2. MCA is i) in PTIME for FBDDs and perceptrons, and ii) NP-complete for MLPs.

It turns out that, under standard complexity assumptions, computing semifactuals under perceptrons
and FBDDs is easier than under multi-layer perceptrons. Moreover, independently of the type of the
model, computing semifactuals is as hard as computing counterfactuals. Thus, perceptrons and FBDDs
are strictly more interpretable than MLPs, in the sense that the complexity of answering post-hoc
queries for models in the first two classes is lower than for those in the latter.

Preferences over Explanations. The problem of preference handling has been extensively studied in
Al Several formalisms have been proposed to express and reason with different kinds of preferences [7,
8,9, 10, 11]. In our work [1], we propose a framework to express and reason about user preferences over
counterfactual and semifactual explanations, drawing inspiration from Brewka et al’s work [12] on
preference logic. We define preferences as rules over input features, where a rule ranks feature literals
(e.g., fi = —f2) either unconditionally or conditioned on other literals. A model with preferences
(termed BCMP) is then a pair consisting of a binary classifier and a set of such preference rules. The
semantics is based on a degree function d(y, ) that quantifies how well an explanation y satisfies a
preference rule . This allows us to define a partial order _J over explanations and identify the best ones
according to the user-specified preferences. We formally define what it means for an explanation to be
the best under this ordering, and then analyze the complexity of verifying whether a given explanation



is optimal (denoted cB-MCR for counterfactuals and cB-MCA for semifactuals). We prove that this
problem is in coNP for perceptrons and FBDDs, and coNP-complete for MLPs. We also consider a
simpler setting with linear preferences, where only one rule with an empty body is used. In this case,
we show that best explanations can be computed in polynomial time for perceptrons and FBDDs, and
provide a dedicated algorithm for this purpose [1].

4. Related Work

The pursuit of transparency and interpretability in Al has led to several explanation paradigms in
XAI [13]. Factual explanations clarify why a model produced a certain prediction [14, 15, 16, 17],
while counterfactual explanations explore how minimal changes to inputs could lead to different
outcomes [18, 19, 3, 20]. Semifactual explanations [21, 5, 22, 23] sit between these two, identifying input
changes that do not alter the decision.

Despite significant progress in methods, the computational complexity of these explanations has
received limited attention [4, 24, 25]. Notably, prior work on semifactuals [21] proposes a heuristic
solution to an NP-hard problem. Our approach differs in three key ways: (i) it adopts a different notion
of semifactual (not based on maximal distance), (ii) incorporates user preferences, and (iii) provides
exact rather than heuristic methods.

5. Conclusions and Future Work

We discussed a recent advancement in formal XAI [1], which analyzes the complexity of local post-hoc
interpretability queries related to semifactuals across three model classes, and introduces a preference-
based framework for personalizing semifactual and counterfactual explanations. Future directions
include extending to counting problems, non-binary features, constraints [26], other classes of models
(e.g. graph neural networks [27]) and preference structures.
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