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Abstract

A mathematical model for synthesizing an algorithm for parallel solving of interconnected organizational
problems is proposed. According to this model, the synthesis process consists of two stages. In the first stage,
the main solution options for the entire set of problems are formed as graph structures. Also, for the main
variants that use intermediate results of solving other problems, additional variants are formed based on the
separation of the corresponding vertices. Then the expected execution time of the algorithms is calculated
using the PERT method. In this case, the optimistic and pessimistic times are specified by fuzzy linguistic
estimates, and the Golenko B-distribution is used to calculate the most probable time. In the second stage, the
option with the minimum time expenditure is selected. For this purpose, a graph of primary and additional
options is formed, and the selection problem is reduced to finding the shortest path in this graph.
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1. Introduction

Organizational tasks represent a set of management and coordination activities that arise in the
functioning of organizations and their structural units [1]. They cover activity planning, resource
allocation, coordination of performers’ work, monitoring of task execution, and integration of the
obtained results into a unified managerial decision. A distinguishing feature of such tasks is their
complexity and interdependence, which necessitates the application of methods for their efficient
solution [2].

In general, the process of solving an organizational task includes the formulation of the initial task
by a manager, its decomposition into subtasks, the distribution of subtasks among performers, their
parallel solution, and the integration of results into a single decision [3]. This approach is characteristic
both for the entire organization and its individual structural units.

A key aspect of this process is the parallel solution of subtasks. Independent subtasks can be solved
simultaneously by different performers, whereas interrelated subtasks require coordination of results
or adherence to a specific execution order. At the same time, the nature of the parallel solution process
depends on the type of interdependencies involved. Subtasks may be linked either by their final results
or by intermediate results.
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To formalize the process of parallel subtask solving, graph models are widely used [4, 5]. At present,
there exist many approaches (methods) to distributed/parallel graph computation, which can be
grouped as follows:

e Parallelism and load balancing. This group of methods focuses on the efficient allocation of
computational resources among system nodes and reducing workload imbalance. The founda-
tion lies in graph partitioning algorithms that ensure an even distribution of vertices and edges
across processes while minimizing interprocessor communications [6, 7].

e Parallel libraries and data structures. Methods of this group aim to simplify the development
of parallel graph algorithms by providing ready-to-use high-level abstractions and efficient
data structures. The core idea is to supply developers with libraries that conceal the low-level
details of parallelism (task distribution, load balancing, synchronization) while ensuring high
performance [8-10].

e Distributed algorithms. These algorithms are designed for performing graph computations in
distributed environments, where graphs are too large for a single node or require processing
at the scale of clusters. They provide graph partitioning across nodes, result synchronization,
minimization of communication overhead, and workload balancing [11-13].

In addition, one can note the vertex separation method [4, 14], which consists in partitioning the
set of graph vertices into subsets in such a way that the internal connections within each group are
preserved, while the intergroup connections are minimized or eliminated. This allows parallel task
solving within each group using resources of different structural units or computing systems. The
dependencies between groups then determine the order of combining partial solutions into an overall
result.

Summarizing, the mentioned groups of methods are characterized by different strategies of scaling
graph computations, which are mainly focused on solving problems linked by final results, while tasks
connected by intermediate results have received comparatively little scholarly attention.

This article proposes a mathematical model for one possible approach to parallel solutions for
interrelated organizational problems, which may be linked by both final and intermediate results. This
approach also further develops the ideas behind the vertex separation method in graph models, which,
overall, will reduce the time it takes of receiving decisions and create the preconditions for improving
the efficiency of management processes.

2. Problem statement of algorithm synthesis for solving organizational
tasks

One of the characteristic features of organizational tasks is their informational interdependence at the
level of both final and intermediate results of their solution. Based on this, the essence of the problem
of determining an algorithm for solving the tasks of an organizational structure lies in selecting such
an algorithm for solving the entire set of tasks, taking into account the interrelations between them,
so that the overall execution time of their solution is minimized.

At present, the most common methods for solving problems of this class are graph theory methods.
In the terminology of this theory, the given problem can be formulated as follows.

Let S={s;|i=1, N} be the set of tasks of the organizational structure, E;={e; j | j=1,n;} - the set of

basic solution variants for the i-th task, and A:”aiir — the information dependency matrix between

. ”
the solution variants of different tasks (i # i'). I{I]ere, a basic algorithm is defined as a standard
procedure independent of the solutions of other tasks.

Let each set E; be represented by a directed graph G;(X;,Y;)), where Xi={xil|l=rni} is the set of
vertices representing information-processing operations of the solution variants of task s;, and
Yi:{yuk|k:1,_mi} is the set of edges that determine the execution order of these operations. Each
variant e;; corresponds to a path in graph G;, which is associated with an execution time denoted as
tij. The objective is to identify, in each graph G;, such a path e; that the total execution time T of their

combination E=(eq, e, ..., ey) is minimized:



T=min L), t;,

where t; is the execution time of the chosen variant of task e;.

At the same time, a constraint is imposed on the choice of variants. If any variant of task s; is
connected with several variants of task s;, then when solving task i by this variant, exactly one of the
variants of task i’ associated with it must also be selected. That is,

lfa’”’]]’ ¢0&eu EE,thenei’j’ EE (1)

Thus, the solution of this problem is carried out in two stages: first, a graph structure of solution
variants of tasks is constructed, taking into account their interdependencies, and then, in this graph
structure, the shortest path is found, which determines the algorithm for solving the organizational
tasks.

3. Construction of the graph structure

At the beginning, for each problem s;, algorithms (options) for its solution are determined e;; (=1, n).
Such variants can be constructed efficiently using the method [15], which is a development of
Glushkov’s predictive graph method.

Next, using the (PERT) method [16], a network schedule for its implementation is constructed for
each option. First, the execution time t;; of variant e;; is determined as:

ijik
ti]: ;cl=1 te (2)

where téj * is the expected execution time of the k -th operation, and n is the number of operations
in variant e;; .
The expected time is defined as:

! * n
ik tijit4tije +tijk (3)
te = —,
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where t;;; is the optimistic estimate of the execution time, t; jk is the most probable estimate, and
t{jk is the pessimistic estimate.

The optimistic estimate is the minimum execution time under the most favorable conditions,
whereas the pessimistic estimate is the maximum execution time under the least favorable conditions.
The most probable time corresponds to the median of the probability distribution (cumulative
probability 0.5).

Practical experience with network planning demonstrates that it is generally difficult to reliably
estimate the minimum (maximum) execution time of a task in conditions of uncertainty, and even
more so to provide a reliable estimate of the most probable time. In order to improve the objectivity
of such estimates, the following approaches are proposed.

3.1. Determination of minimum and maximum time

We will define the minimum and maximum time for completing the job using fuzzy statements of the
type “the time for completing the job is approximately in the range from a to b,” which are natural for
a person under conditions of uncertainty. The above statement represents a fuzzy trapezoidal number
(a,b,a,p), where o and P are fuzziness coefficients that define the boundaries of the possible
execution time interval, i.e., the minimum and maximum time.

The fuzziness coefficients are calculated approximately using the formulas [17]:



where k ~ 2.55, and b(a) and b(b) are the distances between the transition points for numbers
approximately equal to a and b. The error of the approximate calculation A<0.5, which is fully
acceptable in practice.

To calculate the distances between transition points, the mechanism proposed in [18] is used. This
mechanism is based on expert data, which allows, for numbers approximately equal to N € [1,99], to
compute the distances between their transition points (see Table 1).

Table 1
Calculation of Distances Between Transition Points
Numeric Distance calculation formula
x b(x) between the transition points for the
number x
1,2,3,4,6,7,8,9 0,46 x
10, 20, 30, 40, 60, 70, 80, 90 (0,357-0,00163 x) x
35, 45, 55, 65, 75, 85, 95 (0,213-0,00067 x) x
5 2,8
15 6,48
25 6,75
50 24
For other numbers 1

E(b (1] 10+5) b (x-[] 10))

Using this table, for numbers N>99, the distance between their transition points is calculated
according to the following algorithm.

Let the least significant digit of the number N have order q. Let 1;; be the least significant digit of
this number, and 7,4 be its digit whose order is one higher than the order of 7;. Define classes of
numbers My, d € {0, 1, 2}, where d=q mod 3. Then:

1. IfN € My, then b(N)=b(x) - 1092, where x=1y - 10-and b(x) is calculated from Table 1.
2. If N € My, there are two possible cases:

a) if 74,1=0, then (N)=b(x) - 109, where x=1,;

b) if 74,4 # 0, then b(N)=b(x) - 1091, where X=Tg.1 - 10+75.
3. If N € M,, there are also two possible cases:

a) if r4,1=0, then x=7;; - 10; b(N)=b(x) - 107%;

b) if 75,1 # 0, then x=r,,; - 10+7,; b(N)=b(x) - 107,

As a result, the value b(N) is obtained.

Let's consider an example illustrating this approach.

Example. Let's represent the statement "the completion time for the k-th work is approximately in
the range from 90 to 120 minutes" as a fuzzy trapezoidal number. As noted, a fuzzy trapezoidal number
has the form (a, b, a, 3), where in this case a=90, b=120, and o and p are the minimum and maximum
work completion times, which are calculated using formulas (1). According to these formulas, we need
to find b(90) and b(120). Since 90<99, b(90) is found from Table 1: b(90) = (0.357 - 0.00163 90) 90 = 19.
For the number 120, the value of b(120) is calculated by the algorithm.

For the number 120 we have g=2, 14=2,7q:1=1, d=2mod3=2, i.e. its class is M,. Then, according to
point 3(b), we have x=12, b(120) = b(12)-10. According to the table:

b(12) =1 (b ([ﬁ] : 10+5) +b (12- - 10)) = 2(6.48+0.92)=3.7, and b(120) = 37.

Then, according to (1), a =65.8, B =167.2. As a result, the fuzzy trapezoidal number has the form
(90,120, 65.8, 167.2). Then the optimistic and pessimistic estimates of the time to complete the k-th
work are equal to 65.8, 167.2.




3.2. Determination of the most probable time

Let t;=[t{x t{ji] e the estimate of the execution time of the k -th operation of variant e;;, where
tijkstiji is the optimistic and pessimistic time. Since any value within the given interval can be
considered a possible execution time, a probability P(t) is introduced that the operation will be
completed by time t (t;j <t < t{;; ).

The most probable time ¢; jkis then taken as the median of the probability P(t) distribution over
the given interval, i.e., P(t;jk)=0,5.

To describe random variables that are bounded within a finite interval, the beta distribution is
typically used. Various stochastic network models have been developed [19-21]. Among them, the
simplest is the model by D. Golenko [21]. This model requires specifying two estimates: an optimistic
estimate (a) and a pessimistic estimate (b) of the task duration.

The Golenko model is based on the beta distribution over the interval [a, b] with parameters a=2
and =3, having the probability density function:

12

W . (t-a) (b-t)z

f(tla, b)=

and the cumulative distribution function:

1
FO=5550 ¥ (9)?dy,

where B(2,3)= foly - (1-y)?dy is the beta function, and x=;-_—z is the scaled variable (0 < x < 1)
[22]. Since B(2,3)= 1—12, it follows that

F(D)=12 [y - (1-y)* dy.
Thus, the most probable execution time of an operation is
t=F1(0.5).

As aresult, each variant e;; is represented by a network graph G;;, in which the vertices correspond

j’
to operations 1;j; with their execution times t;j, and the edges define the order of their execution.
Figure 1 shows an example of a network schedule e;; variant of solving task s;.

Figure 1. Network graph G;; of variant e;; for solving task s;

In the constructed network graph G;;, the execution time t;; of variant e;; is determined using the
critical path method. The critical path is calculated from the initial vertex of the network to the



terminal vertex using the formula ¢;j,=maxt;j,+t;;;}, where k is the current vertex 7;x, and [ is the
set 1;j; of vertices that have a direct connection to 7;j;. The longest path e in the corresponding graph
G;j determines the execution time t;; of the entire set of operations: t;;=max Z;Zl tijk, where n, is
the number of vertices in the path e.

As noted, the interdependence of tasks may occur at the level of final results as well as intermediate
results of other tasks. Such results can be considered as alternative sources of information, and their
use represents additional solution variants for the tasks. To account for the possibility of using
intermediate results of task solutions s;, an information linkage between the solute on variants e;; is
performed. For this purpose, each operation 7;j is described by an aggregate:

Wijie="1jk Vijio tijie)-

ijk _ ijk ijk ijk  ijk ijk .
where V; jk:(vlu , 1721] Yoo v,ll]i].) and W; jk:(wlU ,WZU ,...,errjlijk) are vectors of input and output

data of the operation, the elements of which are represented by the corresponding information
categories, and t; jk 18 the execution time of the k -th operation.

Next, the input and output categories Uéj * and W[? n (i # g) are considered. If the names of these
categories coincide and the execution of operation 7,,; completes earlier than operation 7;j, ie.,
tgni<tiji, then a connection is established from the source vertex ryp; in the graph Ggp, to the
consumer vertex 7;jy in the graph G;;.

The presence of such a connection can be considered as the possibility of reusing intermediate
results from another task, i.e., as an alternative information source for operation r; ik This, in turn,
leads to an additional solution variant e;;s for task s;. The formation of this variant is based on the
separation of the consumer vertex [22].

Let 7jj be the consumer vertex in graph G;;. The separation of this vertex is performed by
introducing a new vertex 7;;, into the graph G;;, which represents the operation of obtaining input
data from an alternative information source. The new vertex 1;;; is then connected to the source
vertex Tgp, as well as to vertices 7;j; and to the vertex that immediately precedes the preparation of
input data for 17, (see Fig. 2). Fig. 2 shows the separation of the consumer vertex 7;;.

Figure 2. Separation of the consumer vertex r;;

As a result of linking task variants and separating consumer vertices, additional solution variants
eij for the task s; are formed, for which the execution times are also determined. As a result, the

main and additional options for solving organizational problems are represented by a set of
interconnected graphs of their solution (Fig. 3).
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Figure 3. Graph structure of task solution algorithms

In the figure, the connections between variants based on the use of final results are labeled as “A,”
while those based on the use of intermediate results are labeled as “B.”

3.3. Finding the shortest path in the graph structure

In the given graph structure, finding the shortest path using conventional algorithms is not directly
possible. Therefore, the structure is first transformed into a standard form graph G. The construction
of such a graph is carried out as follows [22].

Let E;=(€1, €i2, - -, €in;) be the vector of solution variants for task i.

Step 1. The vectors ELT are ordered according to the task numbers. The elements of the vectors E lT
correspond to the vertices of the graph G. Fig. 4 shows an example of vector ordering.
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Figure 4. Arrangement of task solution variants

Step 2. According to the graph structure (see Fig. 3), the connectivity matrices M; j=||mgh ” of the
solution variants e;4 and ejy for tasks s; and s; (including unconnected tasks) are constructed. Next,

adjacent tasks s; and ;.1 (=1, N-1) are considered, and based on the corresponding matrices M. 1),
connections between their variants are established. Additionally, connections are created between all
variants e;; of task s; and the main variants e, 1), of task S;,1, as well as between unconnected

additional variants e;, 1y’ of task s;,; and all main variants e;; of task ;. An example of linking
solution options for related problems is shown in Fig. 5.

Task s Task s

€i3
Qi
€i5

Cig

Figure 5. Linking solution variants of adjacent tasks

Step 3. The graph constructed in this way is supplemented with initial and terminal vertices, which

are connected to all variants of tasks S; and Sy, respectively. Figure 6 shows an example of such a
graph for three problems.

Step 4. Each edge u;ji;, which connects variants e;; and ey, is assigned a weight (corresponding
to its execution time t;; for the variant e;;). Edges connecting the initial vertex H are assigned zero
weight, whereas edges leading from variants ey, ; to the terminal vertex K are assigned weights t;, .



Task s4 Task s> Task s3

9‘
i
A
| %"?\‘\
)
@3@
Y/
(
A
©) €

-t G- o
> 5 _Or—0 -0

S - .
==

Figure 6. Graph of solution variants for three tasks

Since the graph G has a standard structure, the minimum path E={e;}, where  is the task number
and j is the algorithm for solving it, can be found using known algorithms. This path will be an
algorithm for solving the entire set of tasks of the organizational system, taking into account their
interrelations. For example, in the graph in Figure 6, such a path could be (€14, €;5, €33). That is, task
S is solved by algorithm e4 4, task S, by algorithm e,s, and task S3 by algorithm e33.

Declaration on Generative Al

While preparing this work, the authors used the Al programs Grammarly Pro to correct text grammar
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Conclusions

A mathematical model for synthesizing an algorithm for parallel solution of interconnected
organizational problems is considered. According to this model, the main solution options for the
entire set of problems are first generated as graph structures. For the main options, which use
intermediate results other problems, additional options are generated based on the separation of the
corresponding vertex of the graph. The expected execution time for all algorithms is then calculated
using the PERT method. Moreover, the optimistic and pessimistic completion times for each task are
specified by fuzzy interval linguistic estimates, which are natural for humans under uncertainty. The
Golenko B-distribution, which uses such estimates, is used to calculate the most probable time. The
option with the minimum time expenditure is then selected. The problem of choosing such an option
is equivalent to finding the shortest path in a graph. If a variant of one task is related to a variant of
another task, both variants are selected. In general, the approach considered does not claim to be
complete and can be used as a pilot for creating algorithms for optimal solutions to organizational
problems, and the given examples of its main stages demonstrate the practical feasibility of the
proposed model.
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