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Abstract

A new tool for modeling uncertainty in educational programs in the form of phase categories is proposed.
Uncertainty naturally exists in the reflections between the topics, outcomes, and competencies of
educational programs. A review of the literature exploring the formalization and evaluation of
educational programs is conducted. A diagram of the relationships between the elements of the model
within an educational program is provided. Approaches to applying category theory to describe
educational programs in the form of a rigorous mathematical structure are described, where objects are
interpreted as topics or outcomes, and morphisms are interpreted as logical dependencies between them.
A number of approaches to the reasonable determination of the values of weight coefficients of mutual
influences between functor mappings are proposed. Several lemmas are formulated and proved, which
mathematically justify the authors' proposed toolkit for modeling uncertainty. Examples of the
application and interpretation of the described phase models are given. The prospects for further research
and the possible development of uncertainty modeling in educational programs using phase-category
tools are considered.
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1. Introduction

The higher education system in Ukraine is undergoing profound reforms related to the transition
to a competency-based approach and the updating of state standards. The new standards no longer
define program learning outcomes (PLOs), but only outline integral competencies and a list of
general and professional competencies. The formulation of SLOs is entrusted directly to the
developers of educational programs, which, on the one hand, increases the autonomy of
educational institutions, but on the other hand, creates the challenge of ensuring transparent and
reasonable correspondence between SLOs and the competencies defined by the standards.

In such conditions, the content of educational disciplines becomes crucial. Disciplines are
carriers of knowledge and skills that, through the formation of SLOs, ensure the achievement of
graduate competencies. Gaps or duplications in course topics or imbalances in their structure
directly affect the quality of training, even if formally the program covers all the necessary PRN
and competencies. In this regard, it is important to find formalization tools that can assess the
quality of educational content not only at the level of an individual course, but also in the context
of the entire educational program.

Traditional tools, such as knowledge graphs and ontological models, effectively model semantic
relationships, but are limited in expressing compositional and complex transformations between
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elements of the educational process. Category theory, which emerged as a mathematical apparatus
for describing abstract structures and relationships, is increasingly being used in computer science,
logic, and system modeling. Its potential lies in its ability to formalize compositions, mappings
between structure levels, and consistent transformations, making this approach promising for the
educational sphere. The use of the categorical apparatus opens up opportunities for accurate
modeling of dependencies between the topics of the educational component, program learning
outcomes, and competencies, as well as for identifying critical nodes and gaps in the educational
content.

2. The current state of research on the problem

The issues of formalization and evaluation of educational programs are actively researched in
education, computer science, and applied mathematics. Modern approaches use network models,
ontologies, and knowledge graphs, which allow structuring educational content and reflecting the
connections between its components [1, 2]. Such tools provide visualization of educational
programs and partial quantitative analysis, but they are limited in expressing compositional and
multilevel representations between learning outcomes, program outcomes, and competencies.

The use of mathematical methods for modeling and structuring educational content is one of
the leading areas of contemporary research. Examples include the analysis of educational programs
through network models [3], the development of curricular analytics for quantitative program
evaluation [1], and the construction of models for formalizing the interaction between educational
content and student learning trajectories [2]. Although most of the work focuses on mathematics
education, similar approaches are beginning to be actively implemented in the field of information
technology [4, 5], in particular for evaluating the effectiveness of courses using Bayesian networks
[6] and optimizing the integration of IT into digital education [7].

TAD CLO PLO Comp

Figure 1: 1907 Franklin Model D roadster. Photograph by Harris & Ewing, Inc. [Public domain],

The following abbreviations are used in Figure 1: TAD is an academic discipline topic; CLO is a
learning outcome; PLO is program learning outcome; Comp is competency.

In this context, ontological models and knowledge graphs, which have proven to be effective
tools for organizing educational content [8, 9], play an important role. They allow formalizing the
conceptual apparatus of a discipline, reflecting hierarchical and semantic relationships between
concepts, and creating visual knowledge maps for navigation and search. In modern research, these
approaches are used to build domain ontologies of courses [10], model curricula and syllabi [11],
support educational processes [12], and integrate educational materials into knowledge graphs
[13].

Despite this, in the context of a competency-based approach, ontologies and knowledge graphs
reveal a number of limitations. They are mostly declarative and do not describe the procedural
aspect of the formation of results and competencies, nor do they take into account the sequence or
alternatives of educational trajectories. Graph structures do not provide a strict compositional
logic, which makes it impossible to formally describe educational paths. The relationships between
the different levels of the educational structure, shown in Figure 1, are established by experts and
cannot be verified for consistency at. In addition, ontologies do not have built-in mechanisms for
quantitative assessment of program coverage or balance.

These limitations necessitate the use of more formalized models capable of describing
compositional relationships and mappings between different levels of the educational process. Such
possibilities are provided by category theory, which provides a rigorous mathematical apparatus
for modeling structures and relations. Its fundamental principles are set out in the classic works of
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Mac Lane [14] and Awodey [15]. In computer science, the categorical apparatus is actively used to
formalize programming languages and data types [16]. Further research [17, 18] emphasizes that
categories provide a natural way to describe compositional structures, which creates the basis for
their application in educational processes.

The key constructs of category theory—categories, functors, and natural transformations—allow
for the systematic modeling of multilevel educational structures. Subjects can be interpreted as
objects, logical dependencies between them as morphisms, and reflections in learning outcomes
and competencies as functors. Natural transformations, in turn, open up opportunities for
comparing different teaching strategies or learning scenarios.

Of particular importance is the concept of Olog [19, 20], which demonstrates how knowledge
can be represented as a category with morphisms corresponding to semantic relations and form
mappings between different ontological structures. This brings the categorical approach closer to a
tool for modeling educational content.

Thanks to this, category theory expands the possibilities of analysis: it allows not only to
formally describe the structure of educational content, but also to quantitatively assess the
coverage of competencies by topics, identify duplications or gaps, and explore the variability of
educational trajectories. Thus, the categorical approach emerges as a promising direction for
systematic assessment of the quality of training at the level of disciplines and educational
programs.

3. Application of category theory to describe educational programs

We will apply category theory to describe educational programs in the form of a strict
mathematical structure, where objects are interpreted as topics or results, and morphisms as logical
dependencies between them. This approach allowed the authors to perform a formal check of the
consistency and coverage of the programs. Despite its novelty, this model operates exclusively with
binary relations: the presence or absence of a connection. It does not take into account the
variability of influences inherent in the real educational process.

To account for the fuzziness in modeling educational systems, methods based on fuzzy set
theory are gaining increasing attention [21]. In pedagogical analytics and educational research,
they are used to describe uncertainty in student knowledge assessments, in the formulation of
learning outcomes, and in the construction of individual educational trajectories [22, 23]. However,
these approaches usually remain at the level of individual fuzzy logic methods and are not
integrated into the overall structural model of the educational program.

A promising direction for combining structural and fuzzy approaches is the use of fuzzy
categories. The idea was first proposed in works that generalize classical category theory by
introducing degrees of membership for morphisms [24, 25]. In computer science, phase categories
are used to model fuzzy databases, intelligent systems, and formalize uncertainty in algorithms [ 26,
27]. Such models allow you to simultaneously preserve composability and introduce a quantitative
measure of the strength of the connection.

Despite the existence of developments in the field of mathematics and computer science, there
have been no attempts to apply phase categories directly to the modeling of educational programs
[28]. This creates a scientific gap: there is no formalized toolkit that would simultaneously take into
account both the multilevel structure of the educational process and the fuzziness of the
connections between its elements.

Thus, analysis of the literature shows that:

1. Classical categorical models provide a rigorous apparatus for describing educational
structures, but do not take into account uncertainties.

2. Fuzzy logic methods allow working with fuzzy estimates, but do not integrate into the
structural description of programs.
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3. Phase categories have the potential to combine both approaches, creating a generalized
model for analyzing educational programs.

3.1. Basic definitions

Category. A category is a fundamental structure of category theory that generalizes the concepts
of sets and functions, focusing on the relationships between elements [29, 30]. It allows modeling
systems where not only individual components are important, but also the ways they interact. In
an educational context, a category can represent the structure of a discipline: topics as objects, and
logical or educational dependencies between them as morphisms. This makes it possible to
formalize the sequence of studying the material, identify cycles or alternative paths, which is
critical for a competency-based approach where the emphasis is on the integration of knowledge.
Definition 1. Category C consists of:

1. A set of objects Obj(C)

2. A set of morphisms Hom(A, B) for each pair of objects A, BE Obj(C)

3. The composition operation of morphisms: c:Homc(B,C)xHomc(A,B)—Homc(A,C)
4. Identity morphisms idi € Homc(A,A) nns koskaoro AeObjo.

These elements satisfy the axioms:

1. Associativity: for all feHom(A,B), geHom(B,C), heHom(C,D): ho(gof)=(hog)-f.
2. Unity: for every feHom(A,B): idsof=f=fcid,.

In a pedagogical context, objects of a category are interpreted as topics or modules of a
discipline, and morphisms as logical or educational dependencies between them. The composition
of morphisms reflects the possibility of constructing educational trajectories through the sequential
mastery of topics.

For example, let’s imagine a simple category for the discipline “Mathematics™ objects—
“Arithmetic,” “Geometry,” “Algebra”; morphisms—“dependency: Arithmetic — Algebra” (because
basic operations are necessary for equations). Composition allows us to create the trajectory
“Arithmetic — Geometry — Algebra,” which models logical progress in learning. This approach
helps to identify “critical nodes”—topics on which many others depend—and optimize the program
to avoid gaps.

4. Theoretical foundations of phase categories

Classical category theory operates with objects and morphisms that either exist or do not exist.
This ensures rigor, but in the case of educational programs, it proves insufficient: the influence of a
subject on learning outcomes cannot always be described as binary. For example, one topic may
almost completely shape a certain outcome, another may only partially shape it, and a third may
shape it indirectly.

4.1. Phase sets

To describe such situations, the apparatus of fuzzy sets [21] is used, in which each element is
assigned a degree of membership py€ [0,1]. In a pedagogical context, p can reflect the strength of
influence or the level of reliability of an expert assessment.

4.2. Fuzzy category

The phase category Crgeneralizes the classical category by introducing a degree of membership for
each morphism. Thus, instead of the statement “there is a morphism from A to B,” we have “there
is a morphism from A to B with degree p.
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Example 1. Interpretation in education.

1. Objects: subject topics, learning outcomes (CLO), program outcomes (PLO), competencies
(Comp).

2. Morphisms: relationships “provides,” “contributes,” “corresponds,” with an attached degree
p showing the intensity of influence.

4.3.  Composition of morphisms

Composition in the phase-category preserves the logic of the classical category, but takes into
account weaker links. A typical method is the minimum rule: p(fe g)=min(u(f), j1(g)).

This means that the contribution of a topic to competence through intermediate results cannot
exceed the weakest link in the corresponding chain.

Example 2. If the topic “Agile methodologies” with an intensity of y=0.9 forms the CLO “uses
Scrum/Kanban,” and this CLO with an intensity of pu=0.7 corresponds to PLO;, then the total
contribution of the topic to PLO;; is 0.7.

4.4.  Consistency with the classical model and composition axioms in phase
categories

Phase category C;generalizes the classical category by allowing morphisms to have degrees of
membership y € [0,1]. If all u € {0,1}, the phase category reduces to the classical category, where
morphisms are binary (either present or absent). However, to guarantee the rigor of the phase-
categorical approach, it is necessary to prove that the composition of morphisms in phase
categories satisfies the axioms of a category: associativity and unity. In this subsection, we formally
prove these axioms using the composition rule p(fog)=min(u(f), p(g)), and illustrate their application
in an educational context.

Assessing the quality of educational programs in modern higher education is a complex, multi-
level process that involves verifying the compliance of programs with state standards, professional
requirements, and stakeholder expectations. To formalize the relationships within education, we
will apply category theory according to the scheme shown in Figure 1.

This model allowed us to present educational content in the form of a rigorous mathematical
structure and enabled a quantitative analysis of its consistency.

However, this approach has limitations related to the binary nature of representations: each
relationship between elements of the educational program was interpreted as either present or
absent. In real life, relationships are rarely so clear-cut. The impact of a single subject on learning
outcomes can be significant or only partial; the formulation of outcomes often contains elements of
uncertainty; expert assessments of the alignment of program outcomes with competencies are
subjective and vague. As a result, the classical categorical model does not fully reflect the
complexity and variability of the educational process.

To overcome this limitation, the article proposes using fuzzy categories, which generalize
classical categories by introducing degrees of membership of relations p& [0,1].

In such a model, each morphism is assigned not only the fact of existence, but also a numerical
indicator of the strength or reliability of the connection. This allows formalizing the fuzziness
inherent in both the description of learning outcomes and expert assessments of their achievement.

The purpose of this work is to develop a phase-categorical model for evaluating educational
programs that:

1. Preserves the compositional and rigorous nature of the categorical approach.
Takes into account the vagueness and unevenness of the connections between educational
elements.

3. Creates a basis for the development of software with support for analytics and
visualization.
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4.4.1. Definition of a phase-category

Let C; be a phase-category consisting of:

1. A set of objects Obj(C; ), which in an educational context are interpreted as topics (C),
learning outcomes (CLOj), program outcomes (PLO,,), or competencies (Comp,).

2. The sets of phase morphisms Homc(A,B)< [0,1] for each pair of objects A,BE€ Obj(C;), where
u(f)€ [0,1] is the degree of membership of the morphism f: A— B.

3. Morphism composition operations: for f: A— B, g: B— C, the composition go f: A— C is
defined as p(ge f)=min (u(f).p(g))-

4. Identity morphisms: for each A€ Obj(C;), there exists idi:A— A with p(id,) = 1.

These elements must satisfy the axioms of the category: associativity of composition and unity
of identity morphisms.
Lemma 1: Associativity of composition. For any morphisms f: A—B, g: B—C, h: C—D in
the phase category Cj the following holds
ho(gef)=(hog) f,
ie.
pu(he (go f)=p((ho g) f).
Proof: Consider the composition of morphisms in a phase category. According to the
composition rule:
p(ge P=min (u((g)).
Then for the left side of the axiom:
he (ge f):A—D, p(he (ge f))=min (u(h).u(ge f))=min (u(h), min (u(f).u(g))).
Since the min operation is associative on [0,1], we have:
min (u(h), min(u(f), p(g)))=min (min (u(h), u(g)), u(f).
For the right side:
(he g)e ffA—D, p((he g)o fl=min (u(he g)u(f))=min (min (u(h), u(g)), u(f))-
Since both sides are equal in terms of associativity min, then:
pu(he (g° f))=p((h g)e f).
Therefore, the associativity axiom is satisfied.
Example 3 in a pedagogical context: Let the objects in category Cryis be topics of the
discipline “Software Product Development Technology” (C:: Software Life Cycle, C; Development
Methodologies, Cs: Architectural Solutions), and the morphisms be:

f: Ci— C,, u(f)=0.9 (the life cycle strongly influences methodologies).

g: C,— Cs, p(g)=0.7 (methodologies partially determine architecture).

h: Cs— Cy, pu(h)=0.8 (architecture affects documentation).

Composition ge f:C;— Cs, p(ge f)=min (0.9,0.7)=0.7.

ho (go f):C;— C,, p(ho (go f))=min (0.8, 0.7)=0.7.

(ho g)o f:Ci— Cy p(ho g)=min (0.8, 0.7)=0.7, u((ho g)o f)=min (0.7, 0.9)=0.7.

A

The equality p(ho (go f))=p((he g)o f)=0.7 confirms associativity, and the value p=0.7 shows that the
strength of the relationship is limited by the weakest link (methodology — architecture).
Lemma 2: Uniqueness of identical morphisms. For any morphism ff A— B in phase
category Cj, the following holds
idgo f=f, foida=f,
that is
p(idse f)=p(f), p(fe ida )=p(f)-
Proof: By definition, p(ids) = 1 for any A € Obj(C;). Consider the composition:
p(idse f)=min (u(ids), p(f)=min (Lu()=p(f).
Similarly:
p(fe ida )=min (u(f), p(ida))=min (u(f), 1)=p(f).
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Since p(idge f)=p(f) and p(fo ida )=p(f), the unity axiom is satisfied.

Example 4 in a pedagogical context: Let in category Cco objects are learning outcomes
(CLO:: Applies Scrum/Kanban, CLO; Develops technical specifications), and the morphism f:
CLO,—CLO., p(f)=0.6 (Scrum partially affects technical specifications). Then:

idcroz0 f: CLO;—CLO,, p(idCLO2e f)=min (1, 0.6)=0.6=u(f);

foideor : CLO; —CLO,, p(fe idero: )=min (0.6, 1)=0.6=p(f).

This confirms that identical morphisms act neutrally, preserving the degree of connection.

4.4.2. Consistency with the classical model

If p(f)€ {0,1} for all morphisms, then:

1(f)=1 corresponds to the presence of a connection (classical morphism)

1(f)=0 corresponds to its absence.

The composition p(gof)=min (u(f), u(g)) reduces to the classical one: if p(f)=1, u(g)=1, then
u(gof)=1; if at least one p=0, then p(gof)=0. Identical morphisms with p(ida )=1 correspond to
classical ids. Thus, the phase category is a generalization of the classical one, preserving its axioms.

5. Phase-categorical model of the educational process

The proposed model aims to formalize the relationships between subject topics, learning outcomes,
program outcomes, and competencies, taking into account the vagueness and unevenness of their
influences. It generalizes the previous categorical model by using phase categories, which allows
describing not only the structure but also the strength of the relationships.

5.1. Different levels of the model

The model is constructed as a sequence of four categories:

Crypics—category of discipline topics.

Ccro—ategory of course learning outcomes.

Cpo—category of program learning outcomes.

Ceomp—category of competencies defined by higher education standards.

The objects in each category correspond to specific elements of the curriculum, and morphisms
describe their internal dependencies (for example, logical transitions between topics or
interrelationships between competencies).

5.2. Phase functors

To establish correspondences between the levels of the model (described in subsection 4.1: Crops,
Ccro, Crro, Ceomp), phase functors are introduced, which generalize classical functors by taking into
account the degrees of membership u € [0,1] for each mapping. This allows modeling fuzzy
relationships, such as the partial contribution of a topic to the learning outcome or the subjective
reliability of the program outcome’s correspondence to competence. Phase functors preserve
composability and category axioms (associativity and unity), as proven in subsection 3.4, but add a
quantitative measure of the strength of the relationship.

Definition of a phase functor. Let Ciand Dibe two phase categories. The phase functor Fy
C— Dyis defined as:

1.  Mapping of objects: for each object A€ Obj(C;), F(A)& Obj(Dy).
Morphism mapping: for each morphism f: A— B with u(f)€ [0,1], there exists a morphism
F(f): F(A)—F(B) with u(F; (f))€[0,1], where u(F; (f)=u(f) (or another function that preserves
order, but in our model - direct transfer for simplicity).

3. Composition preservation: for f A—B, g B—C, pF(gof))=min(u(F(f)), u(F(g)))
=min(u(f).u(g))-
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4. Preservation of identity morphisms: (F f(idA))= ,u(ide(A))= 1.

Three phase functors are introduced in our model:

1. Fy Cropis— Ccao, which reflects the topics of disciplines in the learning outcomes of
disciplines (CLO).

2. Fi: Cao— Cuio, linking learning outcomes to program outcomes (PLO).

3. F: Cpo—> Ccomp Which reflects program outcomes in competence (Comp).

Each mapping F; is assigned a degree of membership p(Fi(f)) € [0,1], which characterizes the
strength or reliability of the corresponding relationship. For example, if the topic “Agile
methodologies” strongly influences the CLO “uses Scrum/Kanban” (u=0.9), but the CLO only
partially corresponds to the PLO “project management” (u=0.7), then the composition is limited to
min (0.9, 0.7)=0.7.

5.3. Proving the preservation of axioms for phase functors

Phase functors preserve category axioms, as shown in Section 3.4 for composition of morphisms.
Here we prove that the phase functor F; preserves associativity and unity under transfer.

Lemma 3: Preservation of associativity. Let f A— B, g:B— C, h: C—> D in C;.

Then F(he (g° f)) - F((h> )° f).

Proof:

On the left side: p(Fy(he (go f)))=p(he (go f))=min (u(h), min(u(g), p(f)))=min(u(h), pu(g), p(f)). From
the right: similarly, min(min(u(h), p(g)), p(f))=min(u(h), u(g), p(f)). The equality holds by the
associativity of min.

Lemma 4: Preservation of unity. Let f: A— B.

Then Fqidge f)=F(f) and F(fo id,)=F({).

Proof:

WEF(idgo f)) = min (1,p(f)) = p(f) = p(F«(f)). Similarly, for fo id. m

These proofs confirm that phase functors are a correct generalization of classical ones,
preserving mathematical consistency.

Example 5 of application in an educational context. Consider the phase functor Fy: Cropics—
Cero for the discipline “Software Product Development Technology.” Objects: topics C; (Software
Life Cycle), C, (Development Methodologies); CLO: CLO; (Understanding the Life Cycle),
CLOAApplying Agile). Morphism f: C,—C, p(f)=0.8 (the life cycle partially determines the
methodologies). Then Fy(f): CLO,—CLO., u(Fy(f))=0.8, which reflects a fuzzy influence.

5.4. Diagram of functor mappings

To visualize phase-functor mappings, a diagram is provided (Figure 2), where edges with weights p
illustrate the strength of connections between model levels. The diagram shows the complete chain
from topic C, to competency SC;, via CLO and PLO, with composition p(F)=min(u(F,), p(F:), p(F)).

Figure 2 illustrates phase-functor mappings between model levels. Each functor F; is labeled
with a weight p indicating the strength of the link (e.g., p(Fo) = 0.9 for a strong influence of the
topic on CLO). The composition F(dotted arrow) shows the overall path from topic C, to
competency SC,o, where (F)=0.7 is limited by the weakest link (F,. This allows for visual analysis
of imbalances; for example, if p(F;)<0.5, then the entire chain is considered weak, signaling a gap in
the program.
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F=FysFqsFg, u=0.7

Co—{CLO;. CLO} {CLO;. CLOL—PLO; PLO:— 5Cyy

Figure 2: Phase-functor mappings between model levels

Phase functors provide flexibility to the model, allowing for the integration of expert
assessments or automated calculations of p (e.g., based on NLP analysis of syllabi).

5.5.  Weight coefficients of interactions between functor mappings

Determining the weight of edges is a separate important and complex task. Its solution requires the
use of different approaches or the development and justification of new methods. Various
approaches can be proposed to determine the weight of edges:

Expert

A posteriori

Test

Axiomatic

Combined—as a justified combination of the four approaches mentioned above.

A S

We will briefly describe the content and directions of research related to the above approaches
to determining the numerical values of weight coefficients of mutual influences between functor
mappings, schematically shown in Figure 2.

The expert approach is the most acceptable today, since this area of research is insufficiently
developed and the best tool in such cases is expert judgment and adequately developed expert
technologies [31].

The a posteriori approach consists in a posteriori determination of the level of influence on
Comp competencies through CLO and PLO based on the known results of applying the phase-
categorical model of the educational process proposed by the authors to specific educational
programs implemented in specific higher education institutions [32].

The test approach can be applied to already implemented and operating educational programs by
testing students who have mastered the relevant programs and formally received documentary
confirmation of this [33, 34].

Note: Testing of students can be carried out both during their studies and for graduates of
higher education institutions [35]. Testing can be applied to students of different courses and
different levels of academic achievement. In this case, it is necessary to apply clustering methods
[36] to preliminarily reduce the dispersion when analyzing the results obtained.

The axiomatic approach is based on the a priori use of expert judgments and consists in the
preliminary determination of the level of influence depending on the “weight” of the components,
i.e., the number of results, disciplines related to the educational program in force at the higher
education institution [37].

The combined approach is a reasonable combination of the four approaches mentioned above, or
the use of only some of these four.
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5.6. Interpretation of phase reflections

1. If p is close to 1, the relationship almost completely determines the correspondence
between the elements (for example, the topic directly shapes a specific learning outcome).

2. If p has an intermediate value, the relationship is partial or depends on additional
conditions (e.g., the topic contributes to the outcome only in combination with others).

3. Ifpislow (e.g., p < 0.3), the influence is weak or indirect.

5.7. Composition in the phase model

Thanks to the compositional nature of the categories, it is possible to trace the contribution of
topics to the final competencies through all intermediate levels. The corresponding degree of
belonging is calculated as a minimum across all links:
Liopic—>Comp= min(/l:opic—»CLo, HcrLo—rLos ﬂPLO—»Camp)~

This reflects the principle that “the strength of a chain is determined by its weakest link.” Thus,
even if the connection between the topic and the learning outcome is strong, but the subsequent
reflection in competence is weak, the overall contribution of the topic to competence will be
limited.

5.8. Weight maps

The result of building the model is a set of “weight maps” between all levels of the educational
process. They can be represented as adjacency matrices with weights p or as graphical diagrams
where the thickness of the edges is proportional to the strength of the connection. Such maps
provide a transparent visualization of the coverage of competencies and allow you to identify:

1. the topics with the greatest contribution to competencies.
2. critical “weak spots” in the program.
3. duplication or imbalance in the structure of learning outcomes.

6. Example of the application of the phase-categorical model

To demonstrate how the phase-categorical model works, let us consider the program learning
outcome PLO;; of the educational program “Computer Science.” In the classical category model,
this outcome is linked to a number of subject areas through learning outcomes (CLO). However,
the links are interpreted as binary—either present or absent. The use of phase categories allows
each link to be given a numerical assessment of its strength of influence.

6.1. Initial data
The model uses three subject areas that are part of different educational components (EC):

1. EC, "Agile methodologies.”
2. ECj; “Software Documentation.”
3. ECs; “Requirements Engineering.”

Each topic is reflected in the corresponding learning outcomes (CLO), which in turn are linked
to PLO;. For each reflection, experts determined the degree of relevance p, which reflects the
strength of influence.

6.2.  Assignment of weighting coefficients

1. Topic “Agile methodologies” — CLO “applies Scrum/Kanban” (u=0.9).

142



Topic “Software Documentation” — CLO “develops technical specifications” (u=0.6).
Topic “Requirements engineering” — CLO “specifies requirements” (=0.8).

CLO “uses Scrum/Kanban” — PLO;; (u=0.7).

CLO “develops technical specifications” — PLO;; (u=0.5).

CLO “specifies requirements” — PLO (u=0.9).

ANl

6.3.  Calculation of phase compositions

The total contribution of the topic to PLO;; is determined as the minimum of the values p on the
path “topic — CLO — PLO;,”. Results obtained:

1. Agile methodologies: min (0.9, 0.7)=0.7.
2. Software documentation: min (0.6, 0.5)=0.5.
3. Requirements engineering: min (0.8, 0.9)=0.8.

Thus, the topic “Requirements engineering” has the greatest contribution to the formation of
PLO;,;, while “Software documentation” plays a supporting role.

6.4. Reflection in competence

Next, we will consider the reflection of PLO;; in the competence of the educational program. For
example, PLO;; can form:

1.  SCy “Ability to apply software engineering methods” (u=0.8).
2. SC;s “Ability to engage in project activities” (u=0.6).

Then the contribution of topics to competence is calculated using the same logic:

Agile methodologies — SC;o: min (0.7, 0.8)=0.7.
Agile methodologies — SC;s: min (0.7, 0.6)=0.6.
Software documentation — SCy,: min (0.5, 0.8)=0.5.
Software documentation — SC;s: min (0.5, 0.6)=0.5.
Requirements engineering — SCyo: min (0.8, 0.8)=0.8.
Requirements engineering — SCs: min (0.8, 0.6)=0.6.

A

6.5. Visualization

To illustrate the results, a “phase map” was constructed in the form of a weighted graph, where the
nodes correspond to topics (C), learning outcomes (CLOj), program outcomes (PLO;), and
competencies (SCy, SCis), and the thickness of the edges is proportional to p (Figure 3). An
alternative representation is an adjacency matrix, where the cells reflect the strength of the
connection.

7. Analytical results

Testing the phase-categorical model using the example of PLO;; allowed us to draw a number of
important analytical conclusions that cannot be identified in the classical binary model.

7.1. Identification of critical topics

The calculated membership values showed that the topic “Requirements Engineering” has the
greatest contribution to the formation of PLO;; and related competencies (1=0.8). This information
is valuable for curriculum design, as it allows us to identify the disciplines and topics that play a
key role in achieving the target results.
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Figure 3: “Phase map” in the form of a weighted graph

7.2. Identification of weakly related elements

The topic “Software Documentation” showed a weak influence on PLO;; (p=0.5), which may
indicate the auxiliary nature of this content block. In the classical model, this connection would be
marked as “present,” but the phase approach allows us to record its low intensity and classify it as
secondary.

7.3.  Balance analysis

Comparing the weight contributions between topics allows us to assess the balance of the program.
It was found that PLO;; is formed mainly due to the topic “Requirements Engineering,” while other
topics have a less pronounced influence. This indicates an imbalance, which can be both positive
(focus on key competencies) and negative (risk of underestimating auxiliary skills).

Table 1 shows the adjacency matrix for the discipline “Software Product Development
Technology,” which quantitatively describes the relationships between topics, CLOs, PLOs and
competencies. For example, the value y=0.8 for C,—SC,, indicates a strong contribution of the topic
“Requirements Engineering” to the competency “Software Engineering Methods,” while p=0.5 for
C5;—SCyy reflects a weaker connection for “Software Documentation.” In both cases, the model
allows for a clear identification of strong and weak contributions, which is the basis for analyzing
balance and identifying gaps in the program (see subsection 6).

7.4. Gap analysis

The aggregated values of p for competencies showed that some of them have low total coverage
(<0.5). This indicates potential gaps in the program that need to be addressed by introducing
additional topics or revising existing learning outcomes. For example, in the case of SC;; (“Ability
to engage in project activities”), the value p=0.5-0.6 indicates insufficient development of this
competency.
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Table 1
Adjacency matrix for the discipline “Software Product Development Technology,” which
quantitatively describes the relationships between topics, CLOs, PLOs and competencies

Non-English or Math C. C C; CLO;, CLO; CLOs; PLO; SCiy SCss
C,: Agile methodologies - 0 0 0.9 0 0 0 0.7 0.6
Cs: Software documentation 0o - 0 0 0.5 0 0 05 05
C4: Requirements Engineering 0o 0 - 0 0 0.8 0 08 0.6
CLO:: Uses Scrum/Kanban 0 0 0 - 0 0 0.7 0 0
CLO;: Develops technical 0 0 0 0 - 0 0.5 0 0
specifications
CLOs: Analyzes requirements 0 0 0 0 0 - 0.8 0 0
PLO:;: Project Management 0 0 0 0 0 0 - 08 0.6
SCu: Software engineering 0 0 0 0 0 0 0 - 0
methods
SCis: Project activities 0 0 0 0 0 0 0 0 -

7.5. Comparison with the classical model

In the classical categorical-binary model, all three topics are equally considered to “ensure” PLO;..
In contrast, the phase model showed a qualitatively different picture:

1. it identified a theme with a dominant influence.
2. it showed weak and secondary connections.
3. it made it possible to quantitatively assess the balance and identify gaps.

This confirms that the phase-categorical model is a significant improvement on the classical
approach and allows for more accurate and relevant analytics to ensure the quality of educational
programs.

8. Discussion

The proposed phase-categorical model creates new opportunities for the analytics of educational
programs, combining the rigor of the categorical approach with the flexibility of fuzzy set theory
[38, 39]. The use of degrees of connection intensity eliminates the limitations of binary models,
which is especially important for programs where individual topics have different weights in the
formation of competencies. Compositional structure makes it possible to trace the influence from a
topic to a competency through several levels of generalization without losing information about
weak links. At the same time, the model remains compatible with classical categorical logic, which
guarantees the preservation of formal rigor.

However, the use of phase categories is associated with a number of challenges. The key issue is
the subjectivity of expert assessments when assigning weight coefficients, as different experts may
interpret the significance of topics or results differently. Also, the lack of uniform methodological
recommendations for scaling within the interval [0,1] can lead to ambiguous results. An additional
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limitation is the complication of computational procedures as the number of elements increases,
which requires the creation of effective algorithms and specialized visualization tools.

The software implementation of the model has particular promise. Its architecture may include
modules for collecting data from syllabi and curricula, a database of weighting coefficients, an
algorithmic block for calculating phase compositions, and means of visualizing the results in the
form of graphs, heatmaps, or adjacency matrices. In addition to expert input of coefficients, it is
possible to automatically determine their values using NLP analysis of syllabi or statistics on
student academic performance. In this form, the model can be integrated into education quality
management systems, accreditation platforms, and intelligent learning systems.

An important area of application is the support of adaptive learning. If weight coefficients are
updated based on individual student performance, it becomes possible to form personal educational
trajectories aimed at strengthening poorly developed competencies. This opens up the prospect of
using phase categories not only in the context of auditing educational programs, but also in the
design of adaptive learning technologies [40-43]. Thus, the proposed approach combines
theoretical rigor, analytical flexibility, and practical significance, forming a promising direction in
the development of educational analytics tools.

9. Conclusions

The article presents a generalization of the categorical model of educational programs through the
application of phase categories. The proposed approach allows for the consideration of the
vagueness and varying intensity of the connections between topics, learning outcomes, program
outcomes, and competencies.

The study showed that:

1. Phase categories provide a formalized apparatus for describing uncertainty in
representations of the educational process, while preserving the compositional and rigorous
nature of classical categorical logic.

2. Using the example of the PLO;; program outcome, it was demonstrated that the model
allows identifying critical topics with the greatest contribution to the formation of
competencies, revealing weak and secondary connections, and performing gap analysis.

3. A comparison with the binary categorical model confirmed that the phase approach
provides a much more accurate and flexible representation of the educational program.

4. The developed model creates a basis for practical implementation in the form of software
that can support the audit of educational programs, visualization of competency coverage,
and the construction of adaptive educational trajectories.

Further research directions include:

1. Developing algorithms for automated determination of weighting coefficients based on
student performance statistics and NLP analysis of syllabi.

2. Integration of the model into learning management systems (LMS) and accreditation
platforms.

3. Conducting comparative studies of different educational programs and international
standards to assess the universality of the approach.
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	Definition of a phase functor. Let Cfand Dfbe two phase categories. The phase functor Ff: Cf→ Df is defined as:
	Three phase functors are introduced in our model:
	Each mapping Fi is assigned a degree of membership μ(Fi(f)) ∈ [0,1], which characterizes the strength or reliability of the corresponding relationship. For example, if the topic “Agile methodologies” strongly influences the CLO “uses Scrum/Kanban” (μ=0.9), but the CLO only partially corresponds to the PLO “project management” (μ=0.7), then the composition is limited to min (0.9, 0.7)=0.7.
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	These proofs confirm that phase functors are a correct generalization of classical ones, preserving mathematical consistency.
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	5.4. Diagram of functor mappings
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	Phase functors provide flexibility to the model, allowing for the integration of expert assessments or automated calculations of μ (e.g., based on NLP analysis of syllabi).
	5.5. Weight coefficients of interactions between functor mappings

	Determining the weight of edges is a separate important and complex task. Its solution requires the use of different approaches or the development and justification of new methods. Various approaches can be proposed to determine the weight of edges:
	We will briefly describe the content and directions of research related to the above approaches to determining the numerical values of weight coefficients of mutual influences between functor mappings, schematically shown in Figure 2.
	The expert approach is the most acceptable today, since this area of research is insufficiently developed and the best tool in such cases is expert judgment and adequately developed expert technologies [31].
	The a posteriori approach consists in a posteriori determination of the level of influence on Comp competencies through CLO and PLO based on the known results of applying the phase-categorical model of the educational process proposed by the authors to specific educational programs implemented in specific higher education institutions [32].
	The test approach can be applied to already implemented and operating educational programs by testing students who have mastered the relevant programs and formally received documentary confirmation of this [33, 34].
	Note: Testing of students can be carried out both during their studies and for graduates of higher education institutions [35]. Testing can be applied to students of different courses and different levels of academic achievement. In this case, it is necessary to apply clustering methods [36] to preliminarily reduce the dispersion when analyzing the results obtained.
	The axiomatic approach is based on the a priori use of expert judgments and consists in the preliminary determination of the level of influence depending on the “weight” of the components, i.e., the number of results, disciplines related to the educational program in force at the higher education institution [37].
	The combined approach is a reasonable combination of the four approaches mentioned above, or the use of only some of these four.
	5.6. Interpretation of phase reflections
	5.7. Composition in the phase model

	Thanks to the compositional nature of the categories, it is possible to trace the contribution of topics to the final competencies through all intermediate levels. The corresponding degree of belonging is calculated as a minimum across all links:
	μtopic→Comp= min(μtopic→CLO, μCLO→PLO, μPLO→Comp).
	This reflects the principle that “the strength of a chain is determined by its weakest link.” Thus, even if the connection between the topic and the learning outcome is strong, but the subsequent reflection in competence is weak, the overall contribution of the topic to competence will be limited.
	5.8. Weight maps

	The result of building the model is a set of “weight maps” between all levels of the educational process. They can be represented as adjacency matrices with weights μ or as graphical diagrams where the thickness of the edges is proportional to the strength of the connection. Such maps provide a transparent visualization of the coverage of competencies and allow you to identify:
	6. Example of the application of the phase-categorical model
	To demonstrate how the phase-categorical model works, let us consider the program learning outcome PLO11 of the educational program “Computer Science.” In the classical category model, this outcome is linked to a number of subject areas through learning outcomes (CLO). However, the links are interpreted as binary—either present or absent. The use of phase categories allows each link to be given a numerical assessment of its strength of influence.
	6.1. Initial data

	The model uses three subject areas that are part of different educational components (EC):
	Each topic is reflected in the corresponding learning outcomes (CLO), which in turn are linked to PLO11. For each reflection, experts determined the degree of relevance μ, which reflects the strength of influence.
	6.2. Assignment of weighting coefficients
	6.3. Calculation of phase compositions

	The total contribution of the topic to PLO11 is determined as the minimum of the values μ on the path “topic → CLO → PLO11”. Results obtained:
	Thus, the topic “Requirements engineering” has the greatest contribution to the formation of PLO11, while “Software documentation” plays a supporting role.
	6.4. Reflection in competence

	Next, we will consider the reflection of PLO11 in the competence of the educational program. For example, PLO11 can form:
	Then the contribution of topics to competence is calculated using the same logic:
	6.5. Visualization

	To illustrate the results, a “phase map” was constructed in the form of a weighted graph, where the nodes correspond to topics (Ci), learning outcomes (CLOj), program outcomes (PLO11), and competencies (SC10, SC15), and the thickness of the edges is proportional to μ (Figure 3). An alternative representation is an adjacency matrix, where the cells reflect the strength of the connection.
	7. Analytical results
	Testing the phase-categorical model using the example of PLO11 allowed us to draw a number of important analytical conclusions that cannot be identified in the classical binary model.
	7.1. Identification of critical topics

	The calculated membership values showed that the topic “Requirements Engineering” has the greatest contribution to the formation of PLO11 and related competencies (μ=0.8). This information is valuable for curriculum design, as it allows us to identify the disciplines and topics that play a key role in achieving the target results.
	7.2. Identification of weakly related elements

	The topic “Software Documentation” showed a weak influence on PLO11 (μ=0.5), which may indicate the auxiliary nature of this content block. In the classical model, this connection would be marked as “present,” but the phase approach allows us to record its low intensity and classify it as secondary.
	7.3. Balance analysis

	Comparing the weight contributions between topics allows us to assess the balance of the program. It was found that PLO11 is formed mainly due to the topic “Requirements Engineering,” while other topics have a less pronounced influence. This indicates an imbalance, which can be both positive (focus on key competencies) and negative (risk of underestimating auxiliary skills).
	Table 1 shows the adjacency matrix for the discipline “Software Product Development Technology,” which quantitatively describes the relationships between topics, CLOs, PLOs and competencies. For example, the value μ=0.8 for C4→SC10 indicates a strong contribution of the topic “Requirements Engineering” to the competency “Software Engineering Methods,” while μ=0.5 for C3→SC10 reflects a weaker connection for “Software Documentation.” In both cases, the model allows for a clear identification of strong and weak contributions, which is the basis for analyzing balance and identifying gaps in the program (see subsection 6).
	7.4. Gap analysis

	The aggregated values of μ for competencies showed that some of them have low total coverage (<0.5). This indicates potential gaps in the program that need to be addressed by introducing additional topics or revising existing learning outcomes. For example, in the case of SC15 (“Ability to engage in project activities”), the value μ=0.5–0.6 indicates insufficient development of this competency.
	Non-English or Math
	C2
	C3
	C4
	CLO1
	CLO2
	CLO3
	PLO11
	SC10
	SC15
	C2: Agile methodologies
	-
	0
	0
	0.9
	0
	0
	0
	0.7
	0.6
	C3: Software documentation
	0
	-
	0
	0
	0.5
	0
	0
	0.5
	0.5
	C4: Requirements Engineering
	0
	0
	-
	0
	0
	0.8
	0
	0.8
	0.6
	CLO1: Uses Scrum/Kanban
	0
	0
	0
	-
	0
	0
	0.7
	0
	0
	CLO2: Develops technical specifications
	0
	0
	0
	0
	-
	0
	0.5
	0
	0
	CLO3: Analyzes requirements
	0
	0
	0
	0
	0
	-
	0.8
	0
	0
	PLO11: Project Management
	0
	0
	0
	0
	0
	0
	-
	0.8
	0.6
	SC10: Software engineering methods
	0
	0
	0
	0
	0
	0
	0
	-
	0
	SC15: Project activities
	0
	0
	0
	0
	0
	0
	0
	0
	-
	7.5. Comparison with the classical model

	In the classical categorical-binary model, all three topics are equally considered to “ensure” PLO11. In contrast, the phase model showed a qualitatively different picture:
	This confirms that the phase-categorical model is a significant improvement on the classical approach and allows for more accurate and relevant analytics to ensure the quality of educational programs.
	8. Discussion
	The proposed phase-categorical model creates new opportunities for the analytics of educational programs, combining the rigor of the categorical approach with the flexibility of fuzzy set theory [38, 39]. The use of degrees of connection intensity eliminates the limitations of binary models, which is especially important for programs where individual topics have different weights in the formation of competencies. Compositional structure makes it possible to trace the influence from a topic to a competency through several levels of generalization without losing information about weak links. At the same time, the model remains compatible with classical categorical logic, which guarantees the preservation of formal rigor.
	However, the use of phase categories is associated with a number of challenges. The key issue is the subjectivity of expert assessments when assigning weight coefficients, as different experts may interpret the significance of topics or results differently. Also, the lack of uniform methodological recommendations for scaling within the interval [0,1] can lead to ambiguous results. An additional limitation is the complication of computational procedures as the number of elements increases, which requires the creation of effective algorithms and specialized visualization tools.
	The software implementation of the model has particular promise. Its architecture may include modules for collecting data from syllabi and curricula, a database of weighting coefficients, an algorithmic block for calculating phase compositions, and means of visualizing the results in the form of graphs, heatmaps, or adjacency matrices. In addition to expert input of coefficients, it is possible to automatically determine their values using NLP analysis of syllabi or statistics on student academic performance. In this form, the model can be integrated into education quality management systems, accreditation platforms, and intelligent learning systems.
	An important area of application is the support of adaptive learning. If weight coefficients are updated based on individual student performance, it becomes possible to form personal educational trajectories aimed at strengthening poorly developed competencies. This opens up the prospect of using phase categories not only in the context of auditing educational programs, but also in the design of adaptive learning technologies [40–43]. Thus, the proposed approach combines theoretical rigor, analytical flexibility, and practical significance, forming a promising direction in the development of educational analytics tools.
	9. Conclusions
	The article presents a generalization of the categorical model of educational programs through the application of phase categories. The proposed approach allows for the consideration of the vagueness and varying intensity of the connections between topics, learning outcomes, program outcomes, and competencies.
	The study showed that:
	Further research directions include:
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