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Abstract
The paper proposes a modification of the multigrid method for solving the main classes of inverse heat  
and mass transfer problems, which belong to the class of ill-posed problems of mathematical physics, 
which in turn are of great importance for applied heat engineering research. The modification of the  
multigrid method is applied to direct heat and mass transfer problems, due to the fact that solving one 
inverse problem requires repeated solving of the direct problem, regardless of which optimizer is used to  
find the global extremum of the quadratic functional, which underlies the inverse heat and mass transfer 
problems. This approach allows formalizing the problem of parameter identification and ensuring the 
possibility of its solution by optimization methods of global multidimensional optimization. This paper 
also proposes numerical schemes based on difference approximations, which guarantee the stability of the 
computational process and the convergence of the obtained results. The effectiveness of the developed 
approach was tested on model examples, which showed its ability to significantly reduce the number of  
calculations to find a solution to a specific problem, while leaving the same error that arises  during 
approximate  calculations.  The  results  obtained  demonstrate  the  possibility  of  using  the  proposed 
approach for modeling and optimizing heat engineering processes in industrial and muffle furnaces, the 
mathematical model for which is used in work where high-precision control of temperature distribution is  
required. The practical significance of the study is to create a basis for the development of new systems  
for monitoring and controlling thermal regimes. This will ensure increased efficiency and reliability of 
energy technology processes. Also, the practical significance of the obtained results lies in the application  
of the developed methods, models and tools in the tasks of monitoring and diagnosing complex processes,  
including in the modeling and localization of environmental pollutants.
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1. Introduction

In the conditions of  rapid development of  modern information technologies and computing 
facilities,  the  demand  for  the  development  of  new and  modification  of  existing  methods  and 
algorithms for solving inverse problems in the optimization mathematical formulation has grown 
rapidly [1]. Such problems make it possible to automate the process of designing complex objects,  
their  systems and components  of  these systems in order  to  obtain reliable  systems in various  
difficult conditions of use. It should be noted that such problems make it possible to perform an  
analysis of existing physical objects in order to determine their residual service life.

Inverse problems are an important class of problems in applied mathematics and mathematical 
physics,  because  they  allow,  based  on  known  observations,  experimental  data  or  monitoring 
results, to restore unknown characteristics of the studied object, process or environment [1, 2].  
Unlike direct problems, in which the consequences are determined based on given parameters, 

1∗ ITTAP’2025: 5th International Workshop on Information Technologies: Theoretical and Applied Problems, October 22-24, 
2025, Ternopil, Ukraine, Opole, Poland
1Corresponding author.
† These authors contributed equally.

 allif0111@gmail.com (V. Khaidurov); yuzha31711@gmail.com (H. Yuzhakova); yuribula-ipt27@lll.kpi.ua 
(Y. Bulavintsev)

 0000-0002-4805-8880 (V. Khaidurov); 0009-0005-7547-5216 (H. Yuzhakova); 0009-0003-8532-5911 (Y. Bulavintsev)

© 2025 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0). 

CEUR
Workshop
Proceedings

ceur-ws.org
ISSN 1613-0073

published 2026-01-02

https://orcid.org/0000-0002-4805-8880
https://orcid.org/0009-0003-8532-5911
https://orcid.org/0009-0005-7547-5216


inverse problems are aimed at finding unknown input data from known output observations. This 
approach is of fundamental importance in science and technology, as it allows for the analysis and 
reproduction of those characteristics of objects that cannot be directly measured or observed. In 
modern  conditions,  inverse  problems  are  widely  used  in  many  industries:  from  technical 
diagnostics and non-destructive testing to medicine, environmental monitoring, and energy [2–4]. 
For example, using inverse problems, it is possible to restore the temperature distribution or heat 
flows in solids, determine the physical and mechanical properties of materials, detect defects in 
structures, track the state of energy infrastructure objects, or determine environmental parameters 
based on sensor system data [1, 5]. On the other hand, solving inverse problems is traditionally 
associated with a number of difficulties. Such problems belong to the class of incorrectly posed 
problems in the Hadamard sense, since even minor errors in the initial or experimental data can 
lead  to  significant  distortions  in  the  results  [1].  This  necessitates  the  development  of  special  
methods of regularization, stabilization and optimization, which would ensure the correctness of 
solutions and the stability of algorithms to errors and noise in the data. Therefore, mathematical 
models and algorithmic approaches for solving inverse problems require constant improvement, 
taking into account the latest achievements in the field of computational mathematics, optimization 
and intelligent information technologies [6].

This  paper  considers  a  special  example  of  the  application  of  methods  for  solving  inverse 
problems,  which  consists  in  the  analysis  and  optimization  of  operating  modes  of  muffle  and 
industrial furnaces, examples of which are given in Figure 1. Muffle and industrial furnaces are 
widely used in metallurgy, mechanical engineering, ceramic production and other industries where 
prolonged heating of materials to high temperatures under controlled conditions is required [5–7]. 
For such units, an important task is to maintain a uniform temperature distribution in the working 
volume of the furnace, which ensures the uniformity of the physical and mechanical properties of  
the  finished product.  The formulation of  the  problem in the  inverse  formulation allows us  to 
determine the optimal heat transfer parameters,  design characteristics of the muffle or thermal  
insulation, as well as energy supply modes to achieve the specified technological indicators.

      
Figure 1: Examples of industrial and muffle furnaces that are actively used in production

Industrial furnaces are characterized by high energy consumption and complex dynamics of  
thermal processes, so their modeling requires taking into account nonlinear equations of heat and 
mass transfer, convection and radiation [8, 9]. The use of inverse problems in combination with 
optimization methods allows you to identify thermal parameters, diagnose defects and increase the 
energy  efficiency  of  equipment.  In  particular,  thanks  to  modern  optimization  algorithms,  it  is 
possible  not  only  to  predict  the  condition  of  furnaces  and  the  residual  resource  of  their 
components, but also to provide adaptive control of heating processes in order to reduce energy 
consumption and improve the quality of the final product.

Modern  engineering  systems  and  technological  processes  are  characterized  by 
multiparametricity, nonlinearity and complex dynamics. Performing the analysis of such systems 
in direct formulation is resource-intensive and often impractical. Instead, formulating the problem 
in the form of an inverse problem allows you to determine the optimal parameters or structure of 



the object, focusing directly on the desired output characteristics. This opens up wide opportunities 
for building reliable and durable systems capable of operating in difficult operating conditions.

An equally important aspect is the use of inverse problem solving methods for analyzing the 
residual  resource  of  physical  objects  and  structures  [8–10].  In  modern  conditions,  when  a  
significant part of the infrastructure and industrial equipment is in operation for a long time, the 
task of predicting the residual resource acquires strategic importance. The use of identification 
methods and mathematical modeling based on experimental data allows not only to assess the 
current state of the object, but also to predict possible failures, prevent emergency situations and 
increase operational safety [1, 11, 12].

An important direction of modern research is the combination of classical optimization methods 
with the latest approaches of artificial intelligence and swarm algorithms (Figure 2) [10]. 

    

Figure 2: Examples of well-known current methods of global optimization in complex systems that 
have natural principles of operation

It  should be noted that in today's conditions,  the use of  genetic algorithms,  particle swarm 
methods,  ant  colonies,  differential  evolution  and  other  metaheuristic  algorithms  for  global  
optimization makes it  possible  to  significantly  expand the fields  of  science and technology,  in 
particular,  in  complex  design  problems,  combinatorial  optimization  problems,  etc.  [10].  Such 
methods  are  flexible,  avoid  getting  stuck  in  local  minima,  and  also  provide  high-quality 
optimization  results  even  in  cases  where  analytical  or  classical  numerical  approaches  become 
ineffective.

2. Technical problem statement

The technical task is to build a mathematical model for optimizing the operation of an industrial  
/ muffle furnace, which contains an object in the area G, which is located in a fixed position of the 
furnace itself.  In order to increase its  efficiency,  this  furnace contains heat  sources,  which are  
specified in the form of point heaters on an electric basis. Electric furnace heaters are also located 
in  the  furnace  in  predetermined  geometric  coordinates.  It  is  necessary  to  determine  what 
temperatures  need to  be  applied to these point  heaters  so  that  the temperature on the object 
furnace is as close as possible to the predetermined  Tactual.  The constructed mathematical model 
must be implemented programmatically, choosing an optimization method. Since the constructed 
mathematical  model  refers  to  inverse  models,  since  the  cause-and-effect  relationships  of  the 
temperature distribution in the industrial furnace are lost, it is reduced to the repeated use of the 
procedure for solving direct problems, which are described in the form of second-order partial  
differential  equations.  It  is  necessary  to  construct  an  additional  method for  solving  the  direct 
problem based on the multi-grid difference method in order to reduce the number of calculations 
required  to  obtain  a  solution  to  the  problem of  determining  the  optimal  temperatures  of  the 
furnace  heaters.  For  simplicity,  the  number  of  furnace  heaters  can  be  taken  as  fixed.  In  the 
following description, their number will be equal to six.



3. Mathematical formulation of the problem

The optimization problem is to find a global functional that has the classical form [8]:

(1)

The partial differential equation that describes the process of heat propagation has the form:

(2)

The calculation area in (2) is a rectangular area, which can be written as [0; A] ×[0; B], where A, 
B – dimensions of the heating area of the furnace. The process described by equation (2) has initial,  
boundary and internal conditions. 

(3)

The first two equalities in (3), which set the zero values of the derivative, indicate the thermal  
insulation of  the furnace on its  two opposite  walls.  There are  no heaters  on these walls.  The 
internal conditions for (2) are the temperatures that are supplied to the point electric heaters of the  
furnace. They can be given as:

(4)

To solve such a problem in this mathematical formulation, it is necessary to have sufficiently 
effective  methods  for  finding  numerical  solutions  to  second-order  elliptic-type  mathematical 
physics equations, as well as high-speed optimization methods to accelerate the search for optimal 
modes in heat and mass transfer processes. The next part of this article contains a description of 
these methods.

4. Discretization of the nonlinear equation describing the process of 
heat transfer in a furnace

Equation (2) will be considered in its full form. We will write a discrete representation for it, using 
the finite difference method for this. The first-order derivatives in spatial coordinates for any time 
instant, using the central difference scheme, look like [13–15]:



(5)

Taking into account (5), the expressions for the left-hand side of equation (2) are as follows:

(6)

Using the notations (6), we can write down the difference scheme for the terms of the left-hand 
side of equation (2). We will have:

(7)

Taking into account (7), we can write down the classical implicit difference scheme for equation 
(2). It will take the form:

(8)

It should be noted that in (8) a 5-point difference scheme is used. This difference scheme has a 
significant drawback. This drawback is manifested in the fact that when finding four values on a 
new time layer, data on one point from the previous time layer are used. The difference scheme is  
stable, but does not provide the necessary accuracy of calculations due to damping. To increase the 
accuracy of  calculations,  a  high-precision scheme is  used.  It  is  based  on  the  Crank-Nicholson 
difference scheme:



(9)

It can be seen from equation (9) that it contains factors of the form  ai,±0.5,j and  ai,j±0.5 .  These 
factors, as an option, can be approximately replaced by the following formulas:

(10)

After such a replacement in (10),  we solve the posed direct nonlinear direct heat and mass 
transfer problem using a difference scheme containing 8 points: 4 on the new (searched layer) and 
4  on  the  old  (known  layer).  But  the  resulting  system  of  equations  is  nonlinear.  For  its 
implementation,  we can use  Newton linearization  with  the  subsequent  application of  classical 
iterative methods for solving linear equations (for example, the conjugate or biconjugate gradient 
method). Let us proceed to the process of linearization of the terms of the nonlinear heat and mass  
transfer equation. To perform the procedure for linearization of functions, we take into account:

(11)

Then we will have

(12)

Let us assume that we need to find the temperature distribution at time (k+1). The procedure for 
obtaining this layer will be performed iteratively. To obtain this temperature distribution at layer 
(k+1), we use the iterative process (9) based on (11), taking into account (10). As a result, we obtain 
the following iterative formula:



(13)

After condition (11) is satisfied, the solution (13) is obtained T i , j
(m+1) accepted as wanted  T i , j

(k+1) 
The beginning of the iterative process is provided by the initial condition for equation (2). That is,  
for the desired values on the new time layer, the temperature distribution from the previous time 

layer  is  taken  (the  values  are  already  known)  –  ).  TheT i , j
(k ) above  technique  is  not  a  direct 

linearization, but this approach is often used when solving nonlinear equations in mathematical 
physics in general.
Let's return to equation (2):

The Crank-Nicholson difference scheme for this equation has the form:

(14)

The left-hand side of equation (14) can be rewritten as:

(15)



In (15) it is necessary to perform linearization for the first and third terms of the right-hand side. 
Linearization by Newton's method for any function f (x) is carried out according to the following 
formula:

(16)

Let ρ(T )=Σai
ρT i and C (T )=Σai

CT i. Then we will have:

(17)

Taking into account (17), we obtain an expression for the first nonlinear term on the right-hand 
side of equation (15).

(18)

Similarly to (18), linearization is performed for any function with the aim of constructing an 
efficient iterative process for solving equation (2).

5. Construction of optimization methods and algorithms

In the study of inverse heat and mass transfer problems, an important place is occupied by  
optimization  methods  aimed  at  restoring  unknown  parameters  or  boundary  conditions  from 
available  experimental  or  calculated  data.  The  most  common  approach  is  to  reduce  the 
identification  problem  to  the  problem  of  minimizing  the  quadratic  residual  functional,  which 
characterizes the difference between the calculated and experimentally measured temperature field. 
Such functionals have, as a rule, a strictly convex structure, which makes the use of deterministic  
optimization methods effective.

Classical deterministic methods include gradient methods (the method of steepest descent, the 
gradient design method), which are based on the use of the first derivative of the functional. Their 
effectiveness in heat and mass transfer problems is due to the relative simplicity of calculating 
derivatives,  in  particular  using  sensitivity  methods  or  the  adjoint  approach.  However,  such 
methods are often characterized by a slow convergence rate in conditions of poorly conditioned 
problems.



Second-order methods, in particular Newton's method and quasi-Newton approaches, are more 
efficient. They involve the use of information about the Hessian matrix of the functional or its 
approximation.  For  quadratic  functionals,  these  methods  guarantee  quadratic  convergence  and 
have proven themselves particularly well in restoring the parameters of thermophysical processes.

The necessary condition for the existence of a minimum of the functional (1) has the classical  
form:

(19)

It is obvious that all derivatives given in (19) must be given numerically based on approximation 
methods, for example, using the left difference scheme:

or using the left difference scheme:

The central difference scheme for (1) can be written as follows:

If second-order methods are used, for example, Newton's method and its modifications, it is  
necessary to use the Hessian matrix to approximate the second derivatives. Here it is better to use 



the central cutting scheme to approximate the second derivatives, in particular, the mixed second-
order derivatives will have the following form:

Similarly, we obtain expressions for specifying the second-order derivatives of the functional (1) 
with respect to the same variable:

In the last expression:

To obtain modifications of the methods, it is necessary to use the multi-grid principle, which 
allows obtaining faster solutions without loss of accuracy.

In  practical  applications  of  inverse  heat  and mass  transfer  problems,  iterative  deterministic 
algorithms  with  combined  strategies,  which  combine  gradient  information  with  regularization 
approaches, have become widespread. Such algorithms are reliable, have guaranteed convergence 
and relatively high speed of solving problems.



6. Modified  multigrid  method  for  solving  direct  problems  as 
components of inverse heat and mass transfer problems

When solving  inverse  heat  and  mass  transfer  problems,  it  is  necessary  to  solve  a  significant  
number of direct heat and mass transfer problems. Therefore, the proposed method will be applied 
specifically to solving direct heat and mass transfer problems, since they are the basis for solving 
inverse heat and mass transfer problems. For the sake of simplicity, let us consider a certain two-
dimensional domain in which the inverse heat and mass transfer problems are solved. The solution 
of a two-dimensional problem is represented as a table of values of the desired function at each  
point of a certain grid into which the computational domain is divided. Let the differential equation 
be solved in partial derivatives by the difference method L( y)=0 . A system of linear algebraic 
equations is solved by an iterative method. The main idea of the multigrid method is as follows. Let 
the initial condition for solving systems of equations be in the form

Here  T is the exact solution. Then the iterative procedure for finding a numerical solution is 
considered as a process of error reduction.

It is obvious that the components with a half-period equal to the grid step are destroyed most 
quickly, the slowest of all are the long-wave components with a half-period equal to the length of  
the entire calculation area. From solving the algebraic system of equations with respect to the  
values of the desired quantity, it is necessary to proceed to the system of equations with respect to  
the error.

Let AhT h=bh is a system of equations built on a grid with a step h, Th is its exact solution. It is 
clear that the exact solution of this system of equations can be represented in the form

where  uh
k is the result of the kth step of the iterative method and  errh

k is the error of this step, 

rh
k=bh−Ahuh

k its residual, then, substituting into the ratio AhT h=bh expression T h=errh
k+uh

k,  we 

get  Ah(errh
k+uh

k)=bh or ,Aherr
k=bh−Ahuh

k=rh
k that is, the equation for the error. Solving this 

equation, we find errh
k, and therefore . ThT h=errh

k+uh
ke next step is to choose the initial conditions 

for solving the system of equations. To calculate the error, we will use the system Ah(errh
0)=rh

0, 

where  rh
0=bh−Ahuh

0,  а  uh
0 is  the initial  condition.  The right-hand side of  the system must be 

related to the original problem. Therefore, the algorithm looks as follows. On a dense grid, we build 
a system of difference equations and perform several iterations. Based on the obtained result, we 
build a system of equations for the error. To suppress the long-wave components of the error, we 
project  the  system onto  a  sparse  grid,  solve  it,  and  obtain  a  solution  without  the  long-wave  
component of the error. We project the result onto a dense grid and solve the problem finally. After 
finding the error, we add it to the initial conditions and obtain a solution to the original problem.  
This  method  was  used  when  testing  the  following  stationary  direct  heat  and  mass  transfer 
problems.

Problem 1. Find a numerical solution to the following boundary value problem:

(20)

where G is the boundary of the computational domain. The numerical solution of problem (6) is  
given in Figure 3:



Figure 3: Numerical solution of problem (20): left – surface; right – contour lines

Problem 2. Find a numerical solution to the following boundary value problem:

(21)

The numerical solution of problem (7) is shown in Figure 4:

Figure 4: Numerical solution of problem (21): left – surface; right – contour lines

Below (Table 1) are the results of the multi-grid method based on the V-cycle according to the 
criterion of the number of iterations.

Table 1
Results of applying the V-cycle to solve problems (20) and (21). Calculation accuracy 1.0Е-07. Grid 
128x128 nodes. Number of calculation grids – 7

Task 
number

Number of iterations to obtain a solution 
to the problem using the Gauss-Seidel 

method

Number of iterations to obtain a solution to 
the problem by the multi-grid method using 
the Gauss-Seidel method

(20) 14534 iterations 1374 iterations(21) 105422 iterations 12587 iterations

Based on the results obtained, it can be stated that the application of multigrid methods to find a 
numerical solution of nonlinear inverse problems is a rational approach. Using multigrid methods,  
a numerical solution to the problem can be obtained tens of times faster compared to the time of  
solving  the  same problem by  classical  methods  on  the  same grid.  As  already  mentioned,  the 



multigrid method is used when solving direct heat conduction problems, which are not used once 
to solve one inverse heat conduction problem. Below in Table 2, the main results of modeling with 
and without the multigrid method described in the work are presented.

Table 2
The result of finding a numerical solution to problem (5) using the multi-grid method. Calculation 
accuracy 1.0E-07. Final grid 128x128 nodes. Number of calculation grids – 5

Grid Dimension Number of Iterations to 
Solve a Problem Using the 

Gauss-Seidel Method

Number  of  Iterations  to 
Solve  a  Problem  Using 
classic Multigrid Method

Number  of  Iterations  to 
Solve a Problem Using the 
Multigrid  Method  Using 
the Gauss-Seidel Method

64х64 7588156 iterations 236367 iterations 113212 iterations

128х128 57568581 iterations 984512 iterations 622242 iterations

256х256 230362607 iterations 3535545 iterations 1842324 iterations

Table 2 shows that the total number of iterations when using the modified multigrid method is 
reduced by a factor of 2–4. This is a significant result, considering that such problems as (20) and 
(21)  are  used  to  solve  a  problem  of  type  (1)  with  constraints  (2)  and  boundary  and  internal 
conditions (3) and (40), respectively.

Conclusion

The article builds a mathematical model for solving inverse heat and mass transfer problems 
based on the minimization of a quadratic functional that takes into account the differences between 
the  actual  and  model  temperature  fields.  To  find  optimal  modes,  the  basic  equation  that  
mathematically  describes  the  process  of  heat  propagation  in  an  industrial  /  muffle furnace  is 
discretized. A modification of the method for solving the main classes of inverse heat and mass  
transfer problems using multi-grid methods based on the already known V-cycle is proposed. The 
method is tested in comparison with the classical multi-grid V-cycle. The results obtained confirm 
the effectiveness of the proposed approach for modeling and analyzing heat engineering processes,  
which creates the prerequisites for further use of the developed methods in applied problems of  
energy and industrial heat and mass transfer. The obtained modification of the multi-grid method 
speeds up calculations for solving one direct problem by 2–4 times. This means that in practice, the  
number of calculations when solving a single inverse problem can be up to 10 times.

Declaration on Generative AI

The author(s) have not employed any Generative AI tools.

References

[1] Tanaka,  Masa,  and  A.  Kassab.  "Inverse  problems."  Engineering  Analysis  with  Boundary 
Elements 28, no. 3 (2004): 181. http://dx.doi.org/10.1016/s0955-7997(03)00048-1.

[2] Coleman,  Rodney.  "Inverse  problems."  Journal  of  Microscopy  153,  no.  3  (1989):  233–48. 
http://dx.doi.org/10.1111/j.1365-2818.1989.tb01475.x.

[3] Bunge,  Mario.  "Inverse  Problems."  Foundations  of  Science  24,  no.  3  (2019):  483–525. 
http://dx.doi.org/10.1007/s10699-018-09577-1.

[4] Romanov, V. G. "SOME GEOMETRIC ASPECTS IN INVERSE PROBLEMS." Eurasian Journal of 
Mathematical  and  Computer  Applications  3,  no.  1  (2015):  68–84. 
http://dx.doi.org/10.32523/2306-3172-2015-3-4-68-84.

[5] Kabanikhin, S. I., O. I. Krivorotko, D. V. Ermolenko, V. N. Kashtanova, and V. A. Latyshenko.  
"INVERSE  PROBLEMS  OF  IMMUNOLOGY  AND  EPIDEMIOLOGY."  Eurasian  Journal  of 



Mathematical  and  Computer  Applications  5,  no.  2  (2017):  14–35. 
http://dx.doi.org/10.32523/2306-3172-2017-5-2-14-35.

[6] Iwamoto,  Seiichi,  and  Takayuki  Ueno.  "INVERSE  PARTITION  PROBLEMS."  Bulletin  of 
informatics and cybernetics 31, no. 1 (1999): 67–90. http://dx.doi.org/10.5109/13481.

[7] Chu,  Moody  T.  "Inverse  Eigenvalue  Problems."  SIAM  Review  40,  no.  1  (1998):  1–39. 
http://dx.doi.org/10.1137/s0036144596303984.

[8] Zaporozhets A., Khaidurov V., Mathematical Models of Inverse Problems for Finding the Main 
Characteristics  of  Air Pollution Sources.  Water,  Air,  and Soil  Pollution,  2020. 231(12),  563.  
https://doi.org/10.1007/s11270-020-04933-z.

[9] Khaidurov V., Tsiupii T. Zhovnovach T. Modelling of Ultrasonic Testing and Diagnostics of 
Materials by Application of Inverse Problems. ITTAP’2021: 1nd International Workshop on 
Information Technologies: Theoretical and Applied Problems. ITTAP’2021: November 16–18, 
2021. Pp. 1–5. CEUR Workshop, 2021, 3039. http://ceur-ws.org/Vol-3039/short25.pdf

[10] Khaidurov V., Tatenko V., Lytovchenko M., Tsiupii T., Zhovnovach T.Methods and Algorithms 
of Swarm Intelligence for the Problems of Nonlinear Regression Analysis and Optimization of 
Complex  Processes,  Objects,  and  Systems:  Review  and  Modification  of  Methods  and 
algorithms. System Research in Energy, No. 3 (79), 2024. Pp. 46–61. ISSN 2786-7102 (Online),  
ISSN 2786-7633 (Print), https://doi.org/10.15407/srenergy2024.03.046

[11] Richter,  Mathias.  "Discretization  of  Inverse  Problems."  In  Inverse  Problems.  Springer 
International Publishing, 2016. http://dx.doi.org/10.1007/978-3-319-48384-9_2.

[12] Santosa,  Fadil.  Inverse  Problems  in  Nondestructive  Evaluations.  Defense  Technical 
Information Center, 1992. http://dx.doi.org/10.21236/ada261370.

[13] Friedman,  Avner.  Inverse  Problems  in  Wave  Propagation.  Defense  Technical  Information 
Center, 1995. http://dx.doi.org/10.21236/ada302229.

[14] Angell, T. S., and R. E. Kleinman. Inverse and Control Problems in Electromagnetics. Defense 
Technical Information Center, 1994. http://dx.doi.org/10.21236/ada292993.

[15] Colton,  David,  and  Peter  Monk.  Inverse  Scattering  Problems  for  Electromagnetic  Waves. 
Defense Technical Information Center, 1998. http://dx.doi.org/10.21236/ada337286.

http://dx.doi.org/10.21236/ada302229

	1. Introduction
	2. Technical problem statement
	3. Mathematical formulation of the problem
	4. Discretization of the nonlinear equation describing the process of heat transfer in a furnace
	5. Construction of optimization methods and algorithms
	6. Modified multigrid method for solving direct problems as components of inverse heat and mass transfer problems
	Conclusion
	Declaration on Generative AI
	References

