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Abstract
Real-world data are often inconsistent. Although a substantial amount of research has been done on
measuring inconsistency, this research concentrated on knowledge bases formalized in propositional logic.
Recently, inconsistency measures have been introduced for relational databases. However, nowadays,
real-world information is frequently represented by graph-based structures which offer a more intuitive
conceptualization than relational ones. In this paper, we explore inconsistency measures for graph
databases with regular path constraints [1], a class of integrity constraints based on a well-known
navigational language for graph data. We discuss several inconsistency measures dealing with specific
elements contributing to inconsistency in graph databases. Then, we investigate the data and combined
complexity of the calculation of all the measures as well as the complexity of deciding whether a measure
is lower than, equal to, or greater than a given threshold. It turns out that for a majority of the measures
these problems are tractable, while for the others different levels of intractability are exhibited.
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1. Introduction

Graph databases, and more generally data and knowledge graphs, have gained increasing
attention in recent years as a promising formalism to integrate and exploit data and knowledge
from diverse sources on a large scale [2, 3, 4]. Data models such as graph databases have become
popular as they allow for the effective representation and access to data mainly consisting of
entities from the domain of interest (represented by nodes), and relationships between them
(represented by edges). The importance of graph data models stems from the fact that there are
a variety of domains (such as social networks, transport networks, biological pathways, citation
networks, and kinship networks) for which graph-based representations offer a more intuitive
conceptualization than relational ones. Therefore, graph databases are preferred over relational
databases in several applications where the topology of the data is as important as the data
itself, as for instance in the above-mentioned domains [5, 2, 3].

However, data are mostly obtained from large-scale data extraction pipelines, which are
notoriously brittle and can introduce errors and inconsistencies in these graphs [6, 7, 8], analo-
gously to what happens for traditional relational data [9]. This has lead to an extensive body
of work on handling inconsistent data. For instance, approaches for dealing with inconsistent
relational databases include consistent query answering frameworks [10, 11], inconsistency
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management policies [12], interactive data repairing and cleaning systems [13, 14, 15], as well
as interactive data exploration tools [16, 17]. In fact, handling conflicting information has a long
research history in the field of relational data. Given the increasing widespread use of graph data,
witnessed by an unprecedented growth of interconnected data [18], several issues concerning
data quality have become of fundamental importance for graph data as well [19, 20, 21].

An important drawback of relying on data of poor quality is that it can significantly limit the
implementation of effective AI solutions [9, 22], such as in typical statistical relational learning
tasks (e.g., link prediction, community search, community and anomaly detection) where data
are in the form of a graph consisting of nodes (entities) and labelled edges (relationships between
entities) [23]. So, having information on the quality of data used in machine learning and data-
driven approaches is crucial, as poor quality data can have serious adverse consequences on the
quality of decisions made using AI [24]. Measuring inconsistency [25, 26] is a well-understood
approach that can be used towards assessing data quality, as it provides ways to quantify
the severity of the inconsistency and thereby help in understanding the primary sources of
conflicts and devising ways to deal with them. In this regard, inconsistency measurement has
been extensively investigated for propositional knowledge bases (e.g., [27, 28, 29, 30, 31, 32], to
mention a few) ever since the idea of measuring inconsistency was introduced more than 45 years
ago in [25]. It has been explored in other settings such as software specifications [33], relational
databases [34, 35, 36, 37, 38, 39, 40, 41, 42], and ontologies [43, 44], among others [45, 46].

However, despite data quality being an important issue in graph data, to the best of our
knowledge, the problem of measuring inconsistency in graph databases has not been addressed
so far. In this paper, we explore inconsistency measures for graph databases (GDBs) consisting
of edge-labelled directed graphs [47, 48, 49, 5], a simple yet powerful graph data model that is
widely adopted in practice where, for example, it forms the basis of the Resource Description
Framework (RDF) standard used for encoding machine-readable content on the Web [5, 3].
Many online social networks can be viewed as edge-labeled directed graphs. For instance, users
of a social network may correspond to vertices and an edge from user 𝑢 to user 𝑣 may exist
with a friend label if 𝑢 friended 𝑣 (and 𝑣 accepted), a pfriend label if 𝑢 friended 𝑣 but was not
accepted, and a host of labels endorsed-t if 𝑢 endorsed 𝑣 w.r.t. topic 𝑡 and not_endorsed-t if
𝑢 was given the option of endorsing 𝑣 for topic 𝑡 but did not do so. Likewise, other kinds of
relationships between persons may be considered, such as kinship ones, e.g. child_of , sister_of ,
and so on. Moreover, a social network may also consider companies and employers to be vertices,
universities and schools to be vertices, and place edges between persons and such vertices
labeled with relationships like employs or alumnus_of with the obvious meanings [50]. It is
worth mentioning that other graph data models, such as property graphs [51], can be translated
to/from edge-labelled directed graphs without loss of information [52, 3]. In fact, although
edge-labeled directed graphs have a simple structure, they can encode complex information.

As in the relational case, the notion of consistency in GDBs is related to the expectation
that data comply with a set of integrity constraints expressing some semantic properties of the
represented world. These properties can be formally expressed by relying on a query language.
In particular, GDBs are commonly queried through navigational languages, such as regular
path queries (RPQs) that can capture pairs of nodes connected by paths whose labels satisfy
some regular expression [48, 53, 54]. For instance, the RPQ endorsed-GDB+ specifies all paths
consisting of a sequence of one-or-more directed edges whose label is endorsed-GDB (each



representing the fact that a user endorsed another one w.r.t. the topic GDB), expressing the
transitive endorsed-GDB relationship. The result of evaluating such a query over a GDB is the
set of pairs of nodes, corresponding to pairs of users, such that the former transitively endorse
the latter w.r.t. the considered topic. The need for RPQs in graph databases has been long
discussed [55] and they have been implemented in various systems. For instance, RPQs form the
conceptual core of property paths in the SPARQL standard [56], which have been implemented
in several SPARQL engines. Likewise, in Cypher [57], one can find RPQ-like features [5].

A well-known class of integrity constraints that are based on RPQs is that of regular path
constraints (RPCs) [58, 59]. Intuitively, an RPC imposes the constraint that the evaluation of
an RPQ is contained in the evaluation of another RPQ. As an example, the RPC child_of ⊆
son_of | daughter_of , intuitively states that every child is a son or a daughter.

In this paper, we investigate inconsistency measures for GDBs with RPCs. The inconsistency
measures measure the inconsistency by blaming elements in the GDB (i.e., nodes, labels, and
edges) from which conflicts originate due to not complying with the integrity constraints. We
investigate the combined and the data complexity [60, 61] of four natural problems concerning
the inconsistency measures we conceive for the considered setting. The interested reader can
find more details, proofs of the results stated, as well as additional results, e.g., compliance of
inconsistency measures w.r.t. rationality postulates, in the full version of this paper [1].

2. Preliminaries

A graph database (GDB) is a finite edge-labeled directed graph [47, 48, 49, 5]. Let Σ be a finite
alphabet (i.e., a set of symbols, also called labels). A GDB 𝐺 = (𝑉,𝐸) over Σ consists of i)
a finite set 𝑉 of vertices (or nodes), and ii) a set of labeled edges 𝐸 ⊆ 𝑉 × Σ × 𝑉 . A tuple
(𝑢, ℓ, 𝑣) ∈ 𝐸, where 𝑢, 𝑣 ∈ 𝑉 and ℓ ∈ Σ, denotes an edge from node 𝑢 to node 𝑣 whose label is ℓ.
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Figure 1: Graph database 𝐺𝑒𝑥.

The labels indicate the different types of rela-
tionships between vertices; multiple labeled
edges between the same pairs of vertices are
possible. An example of graph database 𝐺𝑒𝑥

consisting of 7 vertices is shown in Figure 1.
For 𝐺 = (𝑉,𝐸) and 𝐺′ = (𝑉 ′, 𝐸′) over

alphabet Σ, we say that 𝐺 is a subgraph of 𝐺′

(denoted as 𝐺 ⊆ 𝐺′) iff 𝑉 ⊆ 𝑉 ′ and 𝐸 ⊆ 𝐸′.
We write 𝐺 ⊂ 𝐺′ if 𝐺 ⊆ 𝐺′ and 𝐺 ̸= 𝐺′.

The size of 𝐺 is |𝐸|+ |𝑉 |.
Given GDB 𝐺 = (𝑉,𝐸), a path 𝜋 in 𝐺

from vertex 𝑣0 to vertex 𝑣𝑛 is a sequence
of edges of the form: 𝜋 = (𝑣0, ℓ1, 𝑣1)
(𝑣1, ℓ2, 𝑣2) . . . (𝑣𝑛−1, ℓ𝑛, 𝑣𝑛), where 𝑛 ≥ 0
and for all 𝑖 ∈ [0..𝑛− 1], (𝑣𝑖, ℓ𝑖+1, 𝑣𝑖+1) ∈ 𝐸.
The label of 𝜋, denoted 𝜆(𝜋), is the string ℓ1ℓ2 . . . ℓ𝑛 in Σ*, where Σ* is the set of all strings
of finite length consisting of labels in Σ, including the empty string. Observe that 𝜆(𝜋) is the
empty string 𝜖 if 𝑛 = 0, that is, if 𝜋 = (𝑣0, 𝜖, 𝑣0) is the empty path.



A regular path query (RPQ) 𝑄 is a regular expression [62] defined over the set Σ of edge
labels [48]. In our context, a regular expression specifies all paths whose edge labels, when
concatenated, form a string in the language of the regular expression.

The evaluation 𝑄(𝐺) of an RPQ 𝑄 over a graph database 𝐺 = (𝑉,𝐸) is the set of pairs (𝑢, 𝑣)
of vertices in 𝑉 for which there is a path 𝜋 in 𝐺 from 𝑢 to 𝑣 such that the label 𝜆(𝜋) satisfies
the regular expression 𝑄, that is, 𝜆(𝜋) is in the language defined by 𝑄. If 𝑄 does not mention
the Kleene-star (i.e., if 𝑄 defines a finite language) then 𝑄 is said to be non-recursive.
Example 1. For the graph database 𝐺𝑒𝑥 shown in Figure 1, RPQ 𝑄1 = son_of.son_of* specifies all
paths formed from a sequence of one-or-more edges with the label son_of . Thus 𝑄1 expresses a tran-
sitive relationship in the graph of Figure 1. The evaluation of𝑄1 over𝐺𝑒𝑥 is the set of pairs of vertices
of 𝐺𝑒𝑥 that are connected by such a path, that is, 𝑄1(𝐺𝑒𝑥) = {(David,Bryan), (Bryan,Alice)
(David,Alice)}. As another example, for RPQ 𝑄2 = child_of.(brother_of|sister_of), we have that
𝑄2(𝐺𝑒𝑥) = {(David,Clara), (Ester,Clara), (Frank,Clara), (Grace,Bryan)}.

Graph database constraints based on the class of RPQs are known as regular path constraints
(RPCs) [58, 59]. An RPC over Σ is an expression of the form 𝑄1 ⊆ 𝑄2, where 𝑄1 and 𝑄2 are
RPQs over Σ. A word constraint is an RPC in which both 𝑄1 and 𝑄2 are words, i.e. simply
sequences of labels. An RPC 𝑄1 ⊆ 𝑄2 imposes the constraint that the evaluation of RPQ 𝑄1 is
contained in the evaluation of RPQ 𝑄2. That is, a GDB 𝐺 satisfies the RPC 𝑄1 ⊆ 𝑄2, denoted
as 𝐺 |= 𝑄1 ⊆ 𝑄2, iff 𝑄1(𝐺) ⊆ 𝑄2(𝐺) (otherwise, we say that 𝐺 does not satisfy or violates
𝑄1 ⊆ 𝑄2 and write 𝐺 ̸|= 𝑄1 ⊆ 𝑄2).
Example 2. For the GDB 𝐺𝑒𝑥 shown in Figure 1, let Γ be the set of the following RPCs:
𝐶1: child_of ⊆ son_of|daughter_of , meaning that a child is a son or a daughter; 𝐶2:
child_of.(brother_of|sister_of) ⊆ nephew_of|niece_of , meaning that a child of a brother or
a sister is a niece or a nephew; 𝐶3: child_of.child_of ⊆ grandson_of|granddaughter_of , meaning
that a child of a child is a grandson or a granddaughter; 𝐶4: son_of.child_of ⊆ grandson_of , i.e.,
a son of a child of a person is a grandson of that person.

Considering the first constraint, 𝐶1, there are four cases where an edge with label child_of does
not also have the label son_of or daughter_of , that is, the pairs: (Frank,Bryan), (Ester,Bryan),
(Grace,Clara), and (Clara,Alice). Therefore, 𝐺𝑒𝑥 violates 𝐶1, and we write 𝐺𝑒𝑥 ̸|= 𝐶1. On the
other hand, it can be easily checked that the fourth constraint is satisfied, that is 𝐺𝑒𝑥 |= 𝐶4.

As for the second constraint, the RPQ on the left-hand side of 𝐶2 specifies paths consisting
of two edges: the first one labeled with child_of , and the second one labeled with brother_of or
sister_of . Hence, there are three paths in 𝐺𝑒𝑥 that violate 𝐶2: 𝜋1 = (David, child_of,Bryan)
(Bryan, brother_of,Clara); 𝜋2 = (Ester, child_of,Bryan) (Bryan, brother_of,Clara); 𝜋3 =
(Grace, child_of,Clara) (Clara, sister_of,Bryan). In fact, all need an edge with label nephew_of
or niece_of from the first to the third vertex. That is, 𝐺𝑒𝑥 violates 𝐶2 since the pairs (David,Clara),
(Ester,Clara), and (Grace,Bryan) belong to the answer of the RPQ on the left-hand side of 𝐶2 but
not to the answer of its right-hand side.

As for the third constraint, there are two paths that violate 𝐶3: 𝜋4 =
(Ester, child_of,Bryan)(Bryan, child_of,Alice) and 𝜋5 = (Frank, child_of,Bryan)
(Bryan, child_of,Alice). Both need an edge with label grandson_of or granddaughter_of .
Therefore, 𝐺𝑒𝑥 violates 𝐶3 because the pairs (Ester,Alice) and (Frank,Alice) that belong to the
answer of the RPQ on the left-hand side but not to the answer of the right-hand side of 𝐶3.



Given a (finite) set Γ of RPCs, we use 𝐺 |= Γ to denote the fact that for each RPC 𝑄1 ⊆ 𝑄2

in Γ, 𝐺 |= 𝑄1 ⊆ 𝑄2. A GDB 𝐺 is said to be consistent w.r.t. Γ iff 𝐺 |= 𝒞; otherwise, 𝐺 is said to
be inconsistent (w.r.t. Γ). In Example 2, 𝐺𝑒𝑥 is inconsistent w.r.t. Γ = {𝐶1, 𝐶2, 𝐶3, 𝐶4}, that is,
𝐺𝑒𝑥 ̸|= Γ. Except for the examples where Γ is given explicitly, we assume that Γ is a given set of
RPCs for Σ. The size of Γ is the sum of the sizes of the RPQs occurring in the constraints in Γ.

3. Inconsistency Measures for Graph Databases

Let 𝒢 be the set of all finite GDBs. We fix an alphabet Σ and a set Γ of RPCs over Σ and write
𝒢Γ
Σ for the set of all such finite GDBs over Σ. A function 𝐼 : 𝒢Γ

Σ → R≥0
∞ is an inconsistency

measure (IM) iff the following condition (called Consistency) holds for all 𝐺 ∈ 𝒢Γ
Σ: 𝐼(𝐺) = 0

iff 𝐺 |= Γ. Thus, an IM assigns to every GDB either a nonnegative number or infinity. This
number must be 0 iff the GDB is consistent.

Let 𝑄 be an RPQ over Σ. We call every pair (𝑢, 𝑣) obtained in the evaluation of 𝑄 over 𝐺 an
answer pair. So 𝑄(𝐺) is the set of answer pairs for 𝑄 in 𝐺. An answer pair is obtained from a
path 𝜋 that satisfies 𝑄 where 𝑢 is the starting vertex and 𝑣 is the ending vertex. We call such a
path an answer path and write Paths(𝑄,𝐺) for the set of all answer paths for 𝑄. There may be
several answer paths that correspond to the same answer pair. For every answer path 𝜋, we
indicate the answer pair associated with 𝜋 as (𝑢, 𝑣)𝜋 .

The inconsistency of a GDB is caused by the RPCs. Recall that every RPC in Γ has the
form 𝑄1 ⊆ 𝑄2 for some RPQs over Σ. Let (𝑢, 𝑣) ∈ 𝑄1(𝐺) ∖ 𝑄2(𝐺) for some 𝑄1 ⊆ 𝑄2 ∈ Γ.
We call such a pair problematic and write ProblematicPairs(𝐺) for the set of problematic
vertex pairs. All other vertex pairs are said to be free. If 𝜋 ∈ Path(𝑄1, 𝐺) such that (𝑢, 𝑣)𝜋 ∈
ProblematicPairs(𝐺) then 𝜋 ∈ ProblematicPaths(𝐺). A path that is not problematic is free.

Example 3. Continuing with Example 2, the problematic pairs are (Frank,Bryan), (Ester,Bryan),
(Grace,Clara), and (Clara,Alice) (due to violations of 𝐶1), and (David,Clara), (Ester, Clara), and
(Grace,Bryan) (due to 𝐶2), and (Ester,Alice) and (Frank,Alice) (due to 𝐶3).

Using 𝑒 for an edge, we slightly abuse notation by writing 𝑒 ∈ 𝜋 if 𝑒 is one of the edges of 𝜋;
moreover, we write ℓ ∈ 𝜋 if ℓ is a label of an edge in 𝜋, and 𝑣 ∈ 𝜋 if 𝑣 is a vertex for an edge in
𝜋. This way we define additional problematic sets as follows:
∙ ProblematicEdges(𝐺) = {(𝑣, ℓ, 𝑣′) | ∃𝜋 ∈ ProblematicPaths(𝐺) and (𝑣, ℓ, 𝑣′) ∈ 𝜋}.
∙ ProblematicLabels(𝐺) = {ℓ | ∃𝜋 ∈ ProblematicPaths(𝐺) and ℓ ∈ 𝜋}.
∙ ProblematicVertices(𝐺) = {𝑣 | ∃𝜋 ∈ ProblematicPaths(𝐺) and 𝑣 ∈ 𝜋}.

The problematic edges (resp., labels, vertices) are the edges (resp., labels, vertices) that appear
on some problematic path. The edges, labels, and vertices that are not problematic are free.

Example 4. ProblematicEdges(𝐺𝑒𝑥) = {(Frank, child_of,Bryan), (Ester, child_of,Bryan),
(Grace, child_of,Clara), (Clara, child_of,Alice), (David, child_of,Bryan), (Bryan, brother_of,
Clara), (Clara, sister_of,Bryan), (Bryan, child_of,Alice)}, ProblematicLabels(𝐺𝑒𝑥) =
{child_of, brother_of, sister_of}, and ProblematicVertices(𝐺𝑒𝑥) = {Frank, Ester, Grace,
Bryan, Clara, Alice, David}.



Finally, let 𝜋1 and 𝜋2 be distinct paths. We write 𝜋1 ⊂ 𝜋2 iff 𝜋1 is a proper subsequence of
𝜋2. We write 𝜋 ∈ MinimalProblematicPaths(𝐺) iff 𝜋 ∈ ProblematicPaths(𝐺) and there is no
𝜋′ ∈ ProblematicPaths(𝐺) such that 𝜋′ ⊂ 𝜋.

Example 5. With a little effort, it can be checked that MinimalProblematicPaths(𝐺𝑒𝑥) =
{(Frank, child_of,Bryan), (Ester, child_of,Bryan), (Grace, child_of,Clara), (Clara, child_of,Alice),
and (David, child_of,Bryan)(Bryan, brother_of,Clara)}.

Definition 1 (GDB Inconsistency Measures). For any GDB 𝐺 (and set Γ of RPCs), the
inconsistency measures 𝐼𝐵 , 𝐼𝐶 , 𝐼𝑃 , 𝐼𝐸 , 𝐼𝐿, 𝐼𝑉 , and 𝐼𝑆 , are as follows: 𝐼𝐵(𝐺) = 1 iff
𝐺 is not consistent (0 otherwise); 𝐼𝐶(𝐺) = |{𝐶 | 𝐶 ∈ Γ and 𝐺 ̸|= 𝐶}|; 𝐼𝑃 (𝐺) =
|ProblematicPairs(G)|; 𝐼𝐸(𝐺) = |ProblematicEdges(G)|; 𝐼𝐿(𝐺) = |ProblematicLabels(G)|;
𝐼𝑉 (𝐺) = |ProblematicVertices(G)|; 𝐼𝑆(𝐺) = |MinimalProblematicPaths(G)|.

In Definition 1, we start by defining the drastic measure 𝐼𝐵 , which simply differentiates
between consistent and inconsistent GDBs. Next, we define one IM, 𝐼𝐶 , that considers only the
violated constraints and counts them. Then, we define IMs that deal with problematic elements:
𝐼𝑃 counts the number of problematic pairs; 𝐼𝐸 , 𝐼𝐿, and 𝐼𝑉 count the number of problematic
edges, labels, and vertices, respectively; 𝐼𝑆 counts the number of minimal problematic paths.
Observe that, although the set 𝑉 of of vertices is finite, in the presence of recursion, arbitrarily
long paths may be problematic. In such a case the number of problematic paths is infinite.
Infinity is allowed as the value of an IM. The disadvantage of using a measure that counts the
number of problematic paths is that it cannot distinguish between the case where infinity comes
from a single recursion or multiple recursions or finitely many additional problematic paths to
one or more recursions. Instead, we use 𝐼𝑆 that counts the minimal problematic paths. This is a
finite number even if there are infinitely many problematic paths.

Example 6. For the GDB 𝐺𝑒𝑥 and Γ of Example 2, we have that 𝐼𝐵(𝐺𝑒𝑥) = 1 because 𝐺𝑒𝑥 is
inconsistent; 𝐼𝐶(𝐺𝑒𝑥) = 3 because 3 constraints in Γ are violated; 𝐼𝑃 (𝐺𝑒𝑥) = 9 because there
are 9 problematic pairs, as shown in Example 3; 𝐼𝐸(𝐺𝑒𝑥) = 8 because there are 8 problematic
edges, as shown in Example 4; 𝐼𝐿(𝐺𝑒𝑥) = 3 because there are 3 problematic labels (cf. Example 4);
𝐼𝑉 (𝐺𝑒𝑥) = 7 because there are 7 problematic vertices (cf. Example 4); and 𝐼𝑆(𝐺𝑒𝑥) = 5 because
there are 5 minimal problematic paths, as stated in Example 5.

As the RPCs involve subsets, the situation for inconsistency measures is nonmonotonic. That
is, the addition or deletion of information may decrease or increase an inconsistency measure.

Example 7. Consider a GDB 𝐺 over Σ = {parent_of, grandparent_of} such that there is a
single RPC in Γ: parent_of.parent_of ⊆ grandparent_of . Let 𝑉 = {Ann,Bob,Carol}, and 𝐸 =
{(Ann, parent_of,Bob), (Bob, parent_of,Carol), (Ann, grandparent_of,Carol)}. The GDB 𝐺 =
(𝑉,𝐸) is consistent (w.r.t. Γ) and so has inconsistency measure 0 for every IM. But if the edge
(Ann, grandparent_of,Carol) is deleted, the database becomes inconsistent and must have a positive
measure for all IMs.

We now introduce the concept of a monotonic subgraph. The idea is that a monotonic subgraph
does not have an inconsistency that is not also in the graph. Let 𝐺′ be a subgraph of 𝐺. We
say that 𝐺′ is a monotonic subgraph of 𝐺 iff ProblematicPaths(𝐺′) ⊆ ProblematicPaths(𝐺).



We write 𝐺′ ⊆𝑚 𝐺 iff 𝐺′ is a monotonic subgraph of 𝐺. So in Example 7, the subgraph 𝐺′

with the edge (Ann, grandparent_of,Carol) deleted, is not a monotonic subgraph. It is clear
from the definitions that ⊆𝑚 is a transitive relation on subgraphs. We say that 𝐺′ is a minimal
inconsistent monotonic subgraph (MIMS) of 𝐺 iff 𝐺′ ⊆𝑚 𝐺, 𝐺′ is inconsistent, and there is no
inconsistent 𝐺′′ such that 𝐺′′ ⊆𝑚 𝐺′ and 𝐺′′ ̸= 𝐺′. We write MIMS(𝐺) for the set of all MIMSs
of 𝐺.

Example 8. MIMS(𝐺𝑒𝑥) consists of the following subgraphs: 𝐺1 = ({Frank,
Bryan}, {(Frank, child_of,Bryan)}), 𝐺2 = ({Ester,Bryan}, {(Ester, child_of, Bryan)}), 𝐺3 =
({Grace,Clara}, {(Grace, child_of,Clara)}), 𝐺4 = ({Clara,Alice}, {(Clara, child_of,Alice)}),
𝐺5 = ({David,Bryan,Clara}, {(David, child_of,Bryan), (Bryan, brother_of,Clara)}).

The next inconsistency measure, 𝐼𝑀 , counts the number of minimal inconsistent monotonic
subgraphs thinking of each such subgraph as representing one inconsistency.

Definition 2 (GDB IMs (cont.)). For any GDB 𝐺 (and set Γ of RPCs), 𝐼𝑀 (𝐺) = |MIMS(𝐺)|.

In our example, 𝐼𝑀 (𝐺𝑒𝑥) = 𝐼𝑆(𝐺𝑒𝑥) = 5. For every GDB 𝐺, 𝐼𝑀 (𝐺) ≤ 𝐼𝑆(𝐺), and it is
possible to have 𝐼𝑀 (𝐺) < 𝐼𝑆(𝐺) [1].

For the case of propositional logic knowledge bases there is an inconsistency measure usually
called the “repair measure” that counts the minimal number of formulas that need to be deleted
to make the knowledge base consistent [63]. For GDBs, both vertices and edges may be deleted
and, because of nonmonotonicity, the addition of edges may restore consistency. So there are
three measures analogous to the repair measure, as the addition of isolated vertices cannot
restore consistency. For a database 𝐺 = (𝑉,𝐸), let 𝐸′ ⊆ 𝐸 (resp., 𝑉 ′ ⊆ 𝑉 ). We use the
notation 𝐺 − 𝐸′ (resp., 𝐺 − 𝑉 ′) for the subgraph 𝐺′ of 𝐺 such that 𝐺′ = (𝑉,𝐸 ∖ 𝐸′) (resp.,
𝐺′ = (𝑉 ∖ 𝑉 ′, 𝐸′) where 𝐸′ ⊆ 𝐸 is the subset of edges not adjacent to 𝑉 ′). Finally, let 𝐸′ be a
set of edges whose vertices are in 𝑉 . We write 𝐺+ 𝐸′ for the graph (𝑉,𝐸 ∪ 𝐸′).

Definition 3 (GDB Inconsistency Measures (continued)). For any GDB 𝐺 (and set Γ of RPCs),
𝐼𝐸−(𝐺) = min{|𝐸′| | 𝐺 − 𝐸′ is consistent}, 𝐼𝐸+(𝐺) = min{|𝐸′| | 𝐺 + 𝐸′ is consistent}, and
𝐼𝑉−(𝐺) = min{|𝑉 ′| | 𝐺− 𝑉 ′ is consistent}.

Example 9. 𝐼𝐸−(𝐺𝑒𝑥) = 5 because the following problematic edges must all be deleted to
restore consistency: (Frank, child_of,Bryan), (Ester, child_of,Bryan), (Grace, child_of,Clara),
(Clara, child_of,Alice), (Bryan, brother_of,Clara). Also, 𝐼𝐸+(𝐺𝑒𝑥) = 9 and 𝐼𝑉−(𝐺𝑒𝑥) = 3.

4. Complexity

We investigate the combined and the data-complexity [60, 61] of the following problems.

Definition 4 (Lower (LV), Upper (UV), and Exact Value (EV) ). Let 𝐼 be an IM. Given a GDB
𝐺 and a set Γ of RPCs, and a positive value 𝜈 ∈ N>0, LV𝐼(𝐺,Γ, 𝜈) is the problem of deciding
whether 𝐼(𝐺) ≥ 𝜈. Given 𝐺 and a non-negative value 𝜈 ′ ∈ N≥0, UV𝐼(𝐺,Γ, 𝜈 ′) is the problem of
deciding whether 𝐼(𝐺) ≤ 𝜈 ′, and EV𝐼(𝐺,Γ, 𝜈 ′) is the problem of deciding whether 𝐼(𝐺) = 𝜈 ′.



Table 1
Complexity of Lower Value, Upper Value, Exact Value, and Inconsistency Measurement problems. For a
complexity class 𝒞, 𝒞-c means 𝒞-complete, while 𝒞 means membership in 𝒞. (𝐶𝑁𝐿 is a class from the
counting polynomial hierarchy [64]; see [65] for details on complexity classes).

Lower Value Upper Value Exact Value Inc. Measurement
FLV LV FUV UV FEV EV FIM IM

𝐼𝐵 , 𝐼𝐶 , 𝐼𝑃 , 𝐼𝐸 , 𝐼𝐿, 𝐼𝑉 𝑁𝐿 𝑃 𝑁𝐿 𝑃 𝑁𝐿 𝑃 𝐹𝑁𝐿 𝐹𝑃

𝐼𝐸−, 𝐼𝑉−, 𝐼𝐸+ 𝑐𝑜𝑁𝑃 -c 𝑁𝑃 -c 𝐷𝑝-c 𝐹𝑃𝑁𝑃 [log𝑛]-c

𝐼𝑆 , 𝐼𝑀 𝐶𝑁𝐿 𝑃𝑃 𝐶𝑁𝐿 𝑃𝑃 𝐶𝑁𝐿 𝑃𝑃 #𝑃 -c

When the input consists of a GDB and a value only (i.e., the set Γ of RPCs is fixed) we refer
to these problems as Fixed Lower (FLV), Fixed Upper (FUV), and Fixed Exact Value (FEV)
problems. Hence these problems will be denoted as FLV𝐼(𝐺, 𝜈), FUV𝐼(𝐺, 𝜈 ′), and FEV𝐼(𝐺, 𝜈 ′).

Definition 5 (Inconsistency Measurement (IM) problem). Let 𝐼 be an inconsistency measure.
Given a GDB 𝐺 and a set Γ of RPCs, IM𝐼(𝐺,Γ) is the problem of computing the value of 𝐼(𝐺).

Also for the inconsistency measurement problem, if the input consists only of the GDB 𝐺, we
refer to this problem as the Fixed Inconsistency Measurement problem, denoted as FIM𝐼(𝐺).

Theorem 1 ([1]). For any GDB 𝐺 and a set Γ of RPCs, the complexity of the problems defined in
Definitions 4 and 5, and of their “Fixed” versions, is as given in Table 1.

Table 1 shows that we found three distinct groups of measures from the computational
standpoint. The first group, the largest one, consists of the measures 𝐼𝐵 , 𝐼𝐶 , 𝐼𝑃 , 𝐼𝐸 , 𝐼𝐿, and
𝐼𝑉 , that are tractable; in particular, they are in 𝑁𝐿 under data complexity, which is the typical
complexity evaluation carried out for databases since the integrity constraints are usually fixed.
Most of the measures in this group count elementary elements of the graph database, such as
edges and (pairs of) vertices, that are problematic as they contribute to some conflict. The second
group of measures consists of the repair-based ones, namely 𝐼𝐸−, 𝐼𝑉−, and 𝐼𝐸+, for which
we provide tight complexity bounds for the first level of the polynomial hierarchy [65], even
under data complexity (it can be also shown that the considered results still hold for restricted
classes of RPCs, that is word constraints and non-recursive ones [1]). Also, these measures
count elementary elements of the graph database, but they focus on sets of elements needed for
addition and deletion that can restore consistency, which turn out to be computationally more
involved. Finally, the third group consists of the two measures that count complex objects such
as minimal problematic paths and minimal monotonic inconsistent subgraphs, and they turn
out to be the most intractable ones [66, 64]. Still, they are less costly than several inconsistency
measures for indefinite relational databases [41] and propositional knowledge bases [30].
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