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Abstract
Data lineage is the set of techniques that allow tracking data transformations along a data integration (DI)
workflow. Despite substantial research that has already been done on this topic, discovering missing or broken
links between database objects in large data repositories still remains challenging. In a data warehouse system,
objects like materialized views are created from other objects by means of SQL select-project-join queries. As a
result, dependencies between objects are complex, thus difficult to discover and maintain. Moreover, DI workflows
often create auxiliary temporary objects (e.g., temporary tables, global variables in a database programming
language) and they invoke codes (e.g., table functions, procedures with cursors) that produce volatile data. These
volatile data and data structures are used to build permanent data sets and structures, but they cease to exist
after terminating a given DI task. As a consequence, relationships between such objects cannot be automatically
recorded. This paper provides algorithms that discover relationships between data warehouse objects. We address
objects that were created by means of SQL projection-selection queries, where projection of at least one attribute
is performed via a linear function. In particular we contribute: (1) an algorithm that discovers the slope and
intercept of a linear function that was used in a project query and (2) an algorithm that recovers the selection
condition used in a select query.

Keywords
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1. Introduction

Data lineage (also referred to as data provenance [1, 2]) encompasses the systematic documentation
of the lifecycle of data. This documentation spans the data lifecycle from its origin in a data source,
through various transformations applied within data integration (DI) workflows, to its final destination,
which is typically a data warehouse (DW), data lake, or data lakehouse [3, 4, 5, 6]. Data lineage
techniques are fundamental to data management, governance, and compliance, as they provide insights
into data origins and processing logic. Consequently, data lineage is an indispensable instrument for
validating data quality, diagnosing processing anomalies, and providing regulatory bodies (especially in
the financial sector) with auditable evidence of data correctness and integrity.

While existing data lineage research primarily focuses on identifying and managing relationships
between individual data records, these relationships are fundamentally determined by the underlying
dependencies between database objects, such as tables, views, and materialized views. To the best
of our knowledge, the systematic discovery of these structural, object-level relationships remains an
underexplored area in the literature.

DI workflows often create auxiliary temporary objects (e.g., temporary tables in a staging area) and
they call predefined functions or user-defined functions (UDFs) that produce volatile tabular data (e.g.,
by table functions). Often, these volatile data and data structures are used to build permanent data sets
and structures. Typically, auxiliary temporary objects (temporary tables, table functions, procedures
with cursors and global variables) cease to exist after terminating a given DI task. As a consequence,
data lineage gets broken. To the best of our knowledge, the state-of-the-art research solutions for data
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lineage have not addressed the problem of a broken lineage [7, 8]. What is more, none of the commercial
or open-source DI engines allows for the discovery of the broken lineage. The broken lineage prevents
users from checking data quality and from managing dependencies between database objects, which in
turn increases system development costs.

This research work was motivated by a real problem of the broken lineage, faced by a company
in the financial sector. The company uses a DW that integrates data from multiple external systems
(mainly relational databases). New DW objects are created to meet the demand for new analytical
reports. These new objects are based on existing DW and source database objects. For instance, a DW
in the company IT architecture encompasses over 5,000 views and materialized views as well as over
11,000 stored procedures and functions, totaling more than 2 million lines of code. Remarkably, a DW
of this size is still classified as a small DW.

The problem addressed in this paper is aggravated by the fact that institutions typically maintain
multiple subject-oriented DWs. The vast number of DW objects and source objects used leads to
an overwhelming complexity of dependencies between them. This creates a significant challenge in
managing source-to-target relationships, as a single source object often feeds multiple targets across
multiple warehouses. Furthermore, objects in one DW may be derived from multiple source objects
and/or objects from other DWs.

In this paper, we introduce a method for discovering missing and broken lineage links between
database objects (Section 3). We focus on a frequent real-world scenario: a new relation is created to
store a specific subset (a selection) of data from a source table, but the values are transformed rather than
just copied. These transformations typically involve linear unit changes, such as converting currencies,
temperature scales, or time zones. For example, a database might have a raw_trades table recording
all stock exchange activity. To help analysts, a developer might create a large_trades_PLN table
that only includes transactions over 10,000 shares and converts prices from USD to PLN. Often, the
metadata or "context" columns are dropped during this process, making it difficult to prove where the
data actually came from. This creates the broken lineage problem.

The method presented in this paper is capable of solving the problem by discovering the slope and
intercept of the linear function used in the projection as well as recovering the selection criteria used.
In the stock market example, our approach would successfully identify the USD-to-PLN conversion
rate and the 10,000-share filter used to create the new table.

The experimental evaluation of the method is reported in Section 4. The results show the algorithms
performance w.r.t. to several distinct parameters and demonstrate that the selection-projection query is
reconstructed correctly. We conclude the paper with a short summary in Section 5.

2. Related work

Three fundamental solutions for managing data provenance in databases have been proposed, namely:
annotation-based, inversion-based, and lineage graphs. The annotation-based solutions annotate input
data with information about their origin. Then, these annotations are propagated by a database engine
through the entire data processing pipeline. Historically, first annotation-based solutions include
Polygen [5] and DBNotes [9]. More recent works using the same concept include [10, 11, 12]. A
common approach to annotation-based data provenance representation is the mathematical model
known as semiring [13, 14]. The inversion-based solutions invert queries trying to retrospectively infer
the original data that produced a given result, e.g., [15, 6]. Finally, in the lineage graph approach,
provenance is registered during query processing and is saved in the form of a graph for further analysis
[16].

[17] systematizes data lineage characteristics, such as (1) lineage type, (2) lineage granularity, (3)
types of tracked data transformations, and (4) the point in time where the lineage information is stored.
Paper [18] summarizes several most relevant works on data provenance.

Data science pipelines typically process data using scripting languages (e.g., Python, R) where data
provenance also needs to be maintained, e.g., [19, 20, 21]. Paper [22] proposes that a user expresses



provenance information need, independent of the instrumentation and tracing of scripts.
The standardization of provenance information was initiated in the Open Provenance Model (OPM)

was created [23]. OPM uses a directed acyclic graph to represent provenance information. The OPM
was replaced by the W3C standard PROV [24, 25], to facilitate provenance data exchange over the Web.

Query Reverse Engineering (QRE) is a related research area. State-of-the-art QRE techniques (e.g.,
[26, 27, 28]) primarily focus on synthesizing queries involving complex structural operations like joins
and aggregations. However, they lack the capability to discover algebraic data transformations that we
address in this paper.

3. Contribution

In [7], we presented an approach to detect whether there is a possibility that a column from one table
was derived from another table column via selection and linear transformation. Moreover, we provided
a method for estimating slope and intercept for the linear transformation under the assumption that
the slope is positive.

In this paper, we build upon the previous solution to provide the following improvements:

• significantly more accurate detection of slope and intercept w.r.t. the previous approach;
• the detection of negative slopes (the previous method allowed only for positive slopes);
• the reconstruction of selection conditions.

In Section 3.1, we establish the notation used in the subsequent discussion and formally define the
problem addressed in this paper. In Section 3.2, we provide an algorithm for determining the slope and
intercept. In Section 3.3, we provide the important component of this algorithm (a verification step). In
Section 3.4, we present an algorithm for reconstructing the selection conditions. Finally, in Section 3.5
we discuss the limitations of the current solution and provide topics for future work.

To the best of our knowledge, the only paper directly related to this problem is [7].

3.1. Notations and problem definition

Assume two relations 𝑆(𝑠1, 𝑠2, . . . , 𝑠𝑛, 𝑥) and 𝑇 (𝑡1, 𝑡2, . . . , 𝑡𝑚, 𝑦). For conciseness, we denote the set
of all 𝑠𝑖 attributes as 𝑆𝐴 and the set of all 𝑡𝑖 attributes as 𝑇𝐴. We say that there is a relationship between
𝑆 and 𝑇 if |𝑆| ≥ |𝑇 | and 𝑇 = Π𝑓1(𝑆𝐴) as 𝑡1,...,𝑓𝑚(𝑆𝐴) as 𝑡𝑚,𝑎𝑥+𝑏 as 𝑦(𝜎𝑐(𝑆)), where the functions 𝑓 𝑖 are
arbitrary and unknown, and the coefficient 𝑎 is non-zero. In other words, attributes 𝑡𝑖 may, or may not,
be computed from 𝑆𝐴 in an arbitrary manner. We assume that the selection condition 𝑐 is represented in
disjunctive normal form, where each clause is a conjunction of literals, and each literal is an inequality
of the form 𝑠𝑖{≤, >}𝑣, where 𝑣 belongs to the domain of 𝑠𝑖.

In this paper, we present algorithms to solve the following problem: given relations 𝑆 and 𝑇 as
defined above, find the slope 𝑎, the intercept 𝑏 and the selection condition 𝑐 if a relationship exists, or
return an indication that 𝑇 was not derived from 𝑆 otherwise.

3.2. Finding slope and intercept

Basic algebra yields, that given any two pairs of 𝑥 and 𝑦 values, e.g., (𝑥1, 𝑦1) and (𝑥2, 𝑦2), one can
easily derive the slope 𝑎 and intercept 𝑏 as:

𝑎 =
𝑦1 − 𝑦2
𝑥1 − 𝑥2

(1)

𝑏 = 𝑦1 − 𝑎𝑥1 = 𝑦2 − 𝑎𝑥2 (2)

Under the assumption that the relationship exists, every row in 𝑇 corresponds to some row in 𝑆. Thus,
in order to find the slope and intercept, it is sufficient to choose any two rows in 𝑇 , and treat attribute
the 𝑦 attribute values from these rows as 𝑦1 and 𝑦2. Finding 𝑥1 and 𝑥2 from the relation 𝑆 is more



challenging, since we do not know which rows were chosen by the selection condition 𝑐. Thus, we
need to map every 2-permutation (𝑥1, 𝑥2) of values in the 𝑥 attribute to the 𝑦1 and 𝑦2 values obtained
previously, compute 𝑎 and 𝑏 and verify whether, for each row in 𝑇 , some 𝑥 value in 𝑆 allows us to
compute 𝑦. If the verification is successful, the linear function parameters are found.

Unfortunately, the proposed solution, while accurate, is highly complex. There are 𝑂(|𝑆|2) pairs of
𝑥1 and 𝑥2. Moreover, for each such pair, a verification must be performed, which requires checking if
all 𝑦 values in 𝑇 are properly explained. Thus, the verification requires at least |𝑇 | steps. In fact, the
actual complexity of this verification step is even higher, as we show in Section 3.3. In order to mitigate
this problem, we propose the following solutions.

First, in [7] we have proposed to use two-sample Kolmogorov-Smirnov test to detect whether there
is a possibility that a relationship exists between the two tables. The complex approach should be used
only if such a possibility exists.

Second, the number of checked 2-permutations can be limited using the following approach. Choose
the extreme 𝑦 values as 𝑦1 and 𝑦2, i.e.:

𝑦1 = 𝒢𝑚𝑖𝑛(𝑦)(𝑇 ) (3)
𝑦2 = 𝒢𝑚𝑎𝑥(𝑦)(𝑇 ) (4)

Since a linear function is monotonic, the corresponding 𝑥1 and 𝑥2 should be the closest to the extreme
values in 𝑥 attribute as well (though not necessarily equal to them). Assuming the slope 𝑎 is positive, the
correct 𝑥1 corresponding to 𝑦1 will be the first row in this order that adheres to the selection condition
𝑐. Similarly, the correct 𝑥2 corresponding to 𝑦2 will be the last row in this order that adheres to the
selection condition 𝑐. Thus, searching for 𝑥1 and 𝑥2 should begin either at the start, or the end of the
sorted 𝑥 attribute. In case the slope 𝑎 is negative, this is reversed. The correct 𝑥1 corresponding to 𝑦1
will be found in the last row selected via the condition 𝑐 and the correct 𝑥2 corresponding to 𝑦2 will
be in the first row selected via the condition 𝑐. Since we do not know the actual sign of the slope, we
propose to choose consecutive 𝑥1 values in the outside-in order.

The above discussion is summarized in Algorithm 1. In line 1, the attributes 𝑥 and 𝑦 are extracted and
sorted into arrays 𝑋 and 𝑌 . We also assume that only unique values are retained. In line 2, the extreme
values of the 𝑦 attribute are retrieved as 𝑦1 (the smallest) and 𝑦2 (the biggest). In line 3, two pointers 𝑠
and 𝑒 are initialized. The pointer 𝑠 points to the start of the 𝑋 array, while the pointer 𝑒 points to the
end. The pointers are used to implement the outside-in order. Each iteration of the while loop (lines
4-19), corresponds to two 𝑥1 values stored in X at pointers 𝑠 and 𝑒. At the end of each iteration, the
pointer 𝑠 is incremented while the pointer 𝑒 is decremented (line 18). The while loop ends when 𝑠 > 𝑒.
A for loop, defined in lines 5-17, is responsible for iterating over these two pointers. In line 6, the value
𝑥1 is retrieved. Now, it must be paired with every other value in the 𝑋 array. This is performed by the
for loop in lines 7-16. To increase the chance of finding the correct 𝑥2 value as soon as possible, we start
from the end of the 𝑋 array if the 𝑠 pointer is used, or from the start of the array 𝑋 if the 𝑒 pointer
is used. The value 𝑥2 is retrieved in line 8. If 𝑥1 ̸= 𝑥2, the slope 𝑎 and the intercept 𝑏 are computed
(lines 10 and 11). Next, we verify if every value in 𝑌 can be computed based on some value in 𝑋 .

The verification algorithm is described in Section 3.3. If the verification is positive, then the computed
𝑎 and 𝑏 values are returned as a result (line 13). If no result was found and the while loop ends, then
there is no relationship between the tables 𝑆 and 𝑇 via attributes 𝑥 and 𝑦. The slope 𝑎 and intercept 𝑏
are returned as null values (line 20).

3.3. Verification

The verification step determines whether every value in attribute 𝑦 can be derived from values in
attribute 𝑥 using the current slope 𝑎 and intercept 𝑏. In general, this is a problem of verifying whether
one set is a subset of the other, complicated by floating point rounding errors.

Given that the arrays 𝑋 and 𝑌 are sorted, three algorithmic approaches are feasible: (1) a sorted
join-like approach (𝑂(|𝑋|+ |𝑌 |)), (2) iterative binary search (𝑂(|𝑌 | log |𝑋|)), and (3) hashing (𝑂(|𝑋|)



Algorithm 1 Full search for slope 𝑎 and intercept 𝑏.
1: 𝑋 ← 𝜏𝑥(Π𝑥(𝑆)), 𝑌 ← 𝜏𝑦(Π𝑦(𝑇 ))
2: 𝑦1 ← 𝑌 [0], 𝑦2 ← 𝑌 [|𝑌 | − 1]
3: 𝑠← 0, 𝑒← |𝑋| − 1
4: while 𝑠 ≤ 𝑒 do
5: for 𝑖1 ∈ {𝑠, 𝑒} do ◁ if 𝑠 ̸= 𝑒

for 𝑖1 ∈ {𝑠} do ◁ if 𝑠 = 𝑒
6: 𝑥1 ← 𝑋[𝑖1]
7: for 𝑖2 = |𝑋| − 1, |𝑋| − 2, . . . , 0 do ◁ if 𝑖1 = 𝑠

for 𝑖2 = 0, 1, . . . , |𝑋| − 1 do ◁ if 𝑖1 = 𝑒
8: 𝑥2 ← 𝑋[𝑖2]
9: if 𝑥1 ̸= 𝑥2 then

10: 𝑎← (𝑦1 − 𝑦2)/(𝑥1 − 𝑥2)
11: 𝑏← 𝑦1 − 𝑎𝑥1
12: if 𝑣𝑒𝑟𝑖𝑓𝑦(𝑋,𝑌, 𝑎, 𝑏, 𝜖) then ◁ Alg. 2
13: return a,b
14: end if
15: end if
16: end for
17: end for
18: 𝑠← 𝑠+ 1, 𝑒← 𝑒− 1
19: end while
20: return 𝑛𝑢𝑙𝑙, 𝑛𝑢𝑙𝑙

initialization plus 𝑂(|𝑌 |) verification). Regarding the complexities, it is also worth noting that they
represent a situation in which all values in the 𝑦 attribute find a match in the 𝑥 attribute. Since a single
𝑦 value without a match is sufficient to abort the verification, in most cases the cost of this step will
be much lower. We have experimentally evaluated the first two methods. Preliminary experiments
indicated that the sorted-join like approach was significantly slower than the binary search alternative.
Consequently, the experimental section reports results only for the binary search variant.

For clarity and reproducibility, we detail the binary search variant in Algorithm 2. The algorithm
requires the sorted arrays 𝑋 and 𝑌 (from Algorithm 1), the linear parameters 𝑎 and 𝑏, and a tolerance
threshold 𝜖. The tolerance parameter is crucial for handling floating-point inaccuracies. Two values are
considered equal if their absolute difference is less than or equal to 𝜖. The algorithm starts with the
initialization of the 𝑠𝑡𝑎𝑟𝑡_𝑖𝑑𝑥 variable, which represents the lower bound of the search range within
array 𝑋 . The main loop (lines 3-20) iterates through 𝑌 . In each iteration, we calculate the theoretical
value 𝑣 (line 4) and determine if a corresponding value exists in 𝑋 . Line 5, performs a binary search
within the range [𝑠𝑡𝑎𝑟𝑡_𝑖𝑑𝑥, |𝑋| − 1] to find the first insertion point for 𝑣 that maintains the sorted
order of 𝑋 . Lines 7-12 and 13-18 check if the values in 𝑋 at indices 𝑖𝑑𝑥 or 𝑖𝑑𝑥− 1 fall within 𝑣 ± 𝜖. If
neither satisfies the condition, the parameters 𝑎 and 𝑏 fail to explain the dataset, and the function returns
𝑓𝑎𝑙𝑠𝑒 (line 19). Conversely, upon a successful match, 𝑠𝑡𝑎𝑟𝑡_𝑖𝑑𝑥 is updated to the current position to
narrow the search space for subsequent iterations (lines 9 and 15). If all corresponding 𝑥 values are
found, the function returns 𝑡𝑟𝑢𝑒 (line 21).

3.4. Reconstructing selection conditions

For the purpose of the discussion, let us briefly assume that the 𝑥 attribute in relation 𝑆 stores unique
values. Let us also assume that the algorithm described in Section 3.2 has found the slope 𝑎 and the
intercept 𝑏.

In order to determine the selection condition 𝑐, we must first mark the selected rows. We need
to compute an additional attribute in 𝑆 such, that for each row it stores either 1 or 0, depending on



Algorithm 2 Verification of the slope 𝑎 and the intercept 𝑏
1: procedure 𝑉 𝑒𝑟𝑖𝑓𝑦(𝑋,𝑌, 𝑎, 𝑏, 𝜖)
2: 𝑠𝑡𝑎𝑟𝑡_𝑖𝑑𝑥← 0
3: for 𝑦 ∈ 𝑌 do:
4: 𝑣 ← (𝑦 − 𝑏)/𝑎
5: 𝑖𝑑𝑥← 𝐵𝑖𝑛𝑎𝑟𝑦𝑆𝑒𝑎𝑟𝑐ℎ(𝑣,𝑋, [𝑠𝑡𝑎𝑟𝑡_𝑖𝑑𝑥, |𝑋| − 1])
6: 𝑖𝑠_𝑚𝑎𝑡𝑐ℎ← 𝑓𝑎𝑙𝑠𝑒
7: if 𝑖𝑑𝑥 < |𝑋| then
8: if |𝑋[𝑖𝑑𝑥]− 𝑣| ≤ 𝜖 then
9: 𝑠𝑡𝑎𝑟𝑡_𝑖𝑑𝑥← 𝑖𝑑𝑥

10: 𝑖𝑠_𝑚𝑎𝑡𝑐ℎ← 𝑡𝑟𝑢𝑒
11: end if
12: end if
13: if ¬𝑖𝑠_𝑚𝑎𝑡𝑐ℎ and 𝑖𝑑𝑥 > 0 then
14: if |𝑋[𝑖𝑑𝑥− 1]− 𝑣| ≤ 𝜖 then
15: 𝑠𝑡𝑎𝑟𝑡_𝑖𝑑𝑥← 𝑖𝑑𝑥− 1
16: 𝑖𝑠_𝑚𝑎𝑡𝑐ℎ← 𝑡𝑟𝑢𝑒
17: end if
18: end if
19: if ¬𝑖𝑠_𝑚𝑎𝑡𝑐ℎ then return 𝑓𝑎𝑙𝑠𝑒
20: end for
21: return 𝑡𝑟𝑢𝑒
22: end procedure

whether the row was selected via the condition 𝑐 or not. Let us denote this attribute as 𝑑. Since we
assume that the 𝑥 attribute stores unique values, the rows can be selected via a simple join with the
condition 𝑎𝑥+ 𝑏 = 𝑦. Thus, the relation with the attribute 𝑑 can be computed as follows:

Π𝑠1,...,𝑠𝑛,1 as 𝑑(𝜎𝑎𝑥+𝑏=𝑦(𝑆 × 𝑇 )) ∪ Π𝑠1,...,𝑠𝑛,0 as 𝑑(𝑆 ∖ Π𝑠1,...,𝑠𝑛,𝑥(𝜎𝑎𝑥+𝑏=𝑦(𝑆 × 𝑇 ))) (5)

Note that the attribute 𝑥 is replaced by the new attribute 𝑑.
The subsequent step involves identifying the selection condition 𝑐. By framing this as a classification

problem, where 𝑠1, . . . , 𝑠𝑛 are the features and 𝑑 is the target label, we can employ a decision rule model.
Because this model’s representation closely resembles relational selection conditions, the disjunction of
the conditions of the rules yielding a positive classification (label 1) defines the selection condition 𝑐.

There are, however, several key differences that may cause standard classification algorithms to fail
to retrieve the correct selection condition. In standard methodology, a dataset is divided into at least
training and testing datasets. In our case, a testing dataset is unnecessary, as we only want to determine
how rows were selected when relation 𝑇 was created. We are not creating a model for future prediction.
Moreover, traditional classification models avoid overfitting by creating simple rules that are allowed
to cover a small number of examples contradicting the rule’s label. While we also seek simple and
non-redundant rules, they must exactly describe the training dataset. The rules must be pure.

In our initial experiments, the best results were achieved using a sequential covering algorithm
(e.g., [29]) featuring two additional rule-set post-processing phases: rule merging and redundant rule
subsumption. We do not claim novelty for these specific components, as the methods employed are
well-established in the literature: (1) rule aggregation is similar to the RISE algorithm [30], while (2)
rule subsumption is very similar to the last step of LEM2 procedure [31]. Nevertheless, we provide a
brief description of the rule induction algorithm here to ensure clarity and enable the reproducibility of
our results.

The main loop of rule induction is presented in Algorithm 3. It starts with the initialization of two sets:
𝑟𝑢𝑙𝑒𝑠, which is the set of generated rules, and 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔, which represents the set of examples not yet



covered by generated rules (lines 1,2). The algorithm generates all rules for a single label, and only after
all examples with that label are covered, it continues on to the next label. This order is represented by
the for loop (lines 3-9) iterating over labels and the while loop (lines 4-8) iterating until every example
with the current label is covered. In the inner loop, the rules for the current label are generated via the
𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑅𝑢𝑙𝑒 function (line 5, see Algorithm 4) and appended to the 𝑟𝑢𝑙𝑒𝑠 set (line 6). Finally, the
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 set is updated by removing all the examples covered by the newly created rule (line 7). This
initial step generates a set of rules that needs to be optimized. This optimization is performed via the
𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒𝑅𝑢𝑙𝑒𝑠 (line 10, see Algorithm 5) and 𝑃𝑟𝑢𝑛𝑒𝑅𝑢𝑙𝑒𝑠 (line 11, see Algorithm 6) procedures.

Algorithm 3 Rule induction
1: 𝑟𝑢𝑙𝑒𝑠← ∅
2: 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 ← all examples
3: for 𝑙𝑎𝑏𝑒𝑙 ∈ [1, 0] do
4: while there is example with 𝑙𝑎𝑏𝑒𝑙 in 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 do
5: 𝑟 ← 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑅𝑢𝑙𝑒(𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔, 𝑙𝑎𝑏𝑒𝑙) ◁ Alg. 4
6: 𝑟𝑢𝑙𝑒𝑠← 𝑟𝑢𝑙𝑒𝑠 ∪ 𝑟
7: Remove examples covered by 𝑟 from 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔
8: end while
9: end for

10: 𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒𝑅𝑢𝑙𝑒𝑠(𝑟𝑢𝑙𝑒𝑠) ◁ Alg. 5
11: 𝑃𝑟𝑢𝑛𝑒𝑅𝑢𝑙𝑒𝑠(𝑟𝑢𝑙𝑒𝑠) ◁ Alg. 6

Let us now describe the 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑅𝑢𝑙𝑒 function presented in Algorithm 4. The function starts with
initializing the new rule with an always-true condition (line 2). This rule’s condition is next updated
with additional inequalities (conjunctions) until it covers only examples with the current 𝑙𝑎𝑏𝑒𝑙 (while
loop in lines 3-6). The new inequalities are created in line 4. For simplicity, we do not provide the
pseudocode, as it would take a lot of space, however, we describe this process in the following. At this
step, multiple cuts (inequalities) are generated and the one with the best score is chosen. The score is
computed as purity (fraction of covered examples with the correct 𝑙𝑎𝑏𝑒𝑙) multiplied by a large weight
(109 in our implementation) plus the number of the covered examples. This means that in case two
of the cuts have the same purity, we prefer the cut covering more examples. The possible cuts are
generated for every feature, for every inequality operand (either ≤ or >) and for a subset of distinct
values of the current feature (see [32]).

The best cut algorithm returns the feature, operand, and threshold combination with the highest
score (which are appended to the rule in line 5) or indicates that no such result can be generated. In the
latter case, the rule creation is finalized and the resulting rule is returned (line 7).

Algorithm 4 Rule creation
1: function 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑅𝑢𝑙𝑒(𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔, 𝑙𝑎𝑏𝑒𝑙)
2: 𝑟 ← "if true then 𝑙𝑎𝑏𝑒𝑙"
3: while 𝑟 is not pure in 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 do
4: 𝑎𝑡𝑟, 𝑜𝑝, 𝑡ℎ𝑟 ← best cut; break if not found
5: add condition (𝑎𝑡𝑟, 𝑜𝑝, 𝑡ℎ𝑟) to 𝑟
6: end while
7: return 𝑟
8: end function

After rules covering every example are generated, they must be optimized. The first optimization step
is rule aggregation. We greedily aggregate rules while they still remain pure. This optimization step is
presented in Algorithm 5. The algorithm starts with the initialization of the boolean 𝑠𝑡𝑎𝑏𝑙𝑒 variable
which indicates whether the set of rules changed in the last iteration of the while loop (lines 3-15). This
loop iterates until no change is introduced to the rule set. While in this loop, for each combination of



two rules 𝑟1 and 𝑟2 with the same label (lines 5-14), we compute their union (line 7) and verify whether
the union remains pure (line 8). If it does, than the rules 𝑟1 and 𝑟2 are replaced by their union in the
rule set (line 9). The rule union is performed by taking the minimum of the two lower bounds and the
maximum of the two upper bounds for every feature. In case some of the bounds are not defined, they
are treated as −∞ or∞.

Algorithm 5 Rule aggregation
1: procedure 𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒𝑅𝑢𝑙𝑒𝑠(𝑟𝑢𝑙𝑒𝑠)
2: 𝑠𝑡𝑎𝑏𝑙𝑒← 𝑓𝑎𝑙𝑠𝑒
3: while ¬𝑠𝑡𝑎𝑏𝑙𝑒 do
4: 𝑠𝑡𝑎𝑏𝑙𝑒← 𝑡𝑟𝑢𝑒
5: for 𝑟1, 𝑟2 ∈ 𝑟𝑢𝑙𝑒𝑠 do ◁ All combinations
6: if 𝑙𝑎𝑏𝑒𝑙 of 𝑟1 equals 𝑙𝑎𝑏𝑒𝑙 of 𝑟2 then
7: 𝑟 ← union of the rules 𝑟1 and 𝑟2
8: if rule 𝑟 is pure then
9: 𝑟𝑢𝑙𝑒𝑠← 𝑟𝑢𝑙𝑒𝑠 ∖ {𝑟1, 𝑟2} ∪ {𝑟}

10: 𝑠𝑡𝑎𝑏𝑙𝑒← 𝑓𝑎𝑙𝑠𝑒
11: break
12: end if
13: end if
14: end for
15: end while
16: end procedure

The final rule optimization step is the removal of redundant rules, presented in Algorithm 6. The
algorithm starts with the initialization of the new rule set (line 2). Next, each rule, generated so far, is
checked for redundancy (for loop in lines 3-10). This is done by finding the set of examples covered
by the rule and the set of examples covered by all other rules with the same label (lines 4-6). If the set
of examples covered by the rule is not a subset of the examples covered by other rules (line 7) then it
is not redundant and is stored in the new, final, rule set (line 8). The set with non-redundant rules is
returned in line 11.

Algorithm 6 Rule pruning
1: procedure 𝑃𝑟𝑢𝑛𝑒𝑅𝑢𝑙𝑒𝑠(𝑟𝑢𝑙𝑒𝑠)
2: 𝑟𝑒𝑠𝑢𝑙𝑡← ∅
3: for 𝑟 ∈ 𝑟𝑢𝑙𝑒𝑠 do
4: 𝑅← rules ̸= 𝑟 with 𝑙𝑎𝑏𝑒𝑙 of 𝑟
5: 𝐸𝑟 ← examples covered by 𝑟
6: 𝐸𝑅 ← examples covered by 𝑅
7: if 𝐸𝑟 ̸⊆ 𝐸𝑟 then
8: 𝑟𝑒𝑠𝑢𝑙𝑡← 𝑟𝑒𝑠𝑢𝑙𝑡 ∪ {𝑟}
9: end if

10: end for
11: 𝑟𝑢𝑙𝑒𝑠← 𝑟𝑒𝑠𝑢𝑙𝑡
12: end procedure

We now return to the assumption regarding the uniqueness of values in attribute 𝑥 of relation 𝑆.
In general, this assumption does not hold. Consequently, multiple rows in 𝑆 may contain values in
𝑥 that correspond to a single value in attribute 𝑦. If only a subset of these rows was selected when
the relation 𝑇 was created, it may result in the inclusion of incorrect rows in the dataset used for rule
generation. In order to avoid this problem, examples corresponding to non-unique 𝑥 values should be
pruned beforehand.



3.5. Limitations and future work

In this section, we discuss the limitations of the proposed solution.
The first limitation is related to the possible ambiguity when finding the linear parameters 𝑎 and

𝑏. Consider a situation where relation 𝑆 has 5 rows with 𝑥 values in the set {−4,−1, 0, 1, 4}, while
relation 𝑇 has 3 rows with 𝑥 values in the set {1, 2, 3}. In such a case, the following functions would
pass verification:

• 𝑦 = 𝑥+ 2

• 𝑦 = −𝑥+ 2

• 𝑦 = 0.25𝑥+ 2

• 𝑦 = −0.25𝑥+ 2

The problem is that there are several mappings of 𝑦 values to 𝑥 values such that the relative distances
between consecutive 𝑥 and consecutive 𝑦 values are proportional. Algorithm 1 aborts the search
after the first 𝑎, 𝑏 pair passes verification successfully. However, it can be easily modified to continue
computations until all possibilities are exhausted. In order to determine which function is the original
one (in case many are found), expert analysis of the solution, as well as the reconstructed selection
conditions, might be needed. In the future, we plan on devising automatic methods that solve this
problem.

The second limitation stems from the problem already mentioned in Section 3.4. If values in attribute
𝑥 are not unique, then there might be a problem with choosing exemplary rows for rule induction. We
suggested to remove all rows corresponding to duplicate 𝑥 values from the training dataset. However,
if too many examples are removed, the reconstruction of selection conditions might become impossible.
In the future, we plan to investigate methods for preserving some of the examples that would otherwise
be removed.

The third limitation stems from the complexity of Algorithm 1, which requires 𝑂(|𝑆|2|𝑇 | log(|𝑆|) in
the worst case, i.e., in case where most verifications fail after checking a large portion of the 𝑌 array
and there is no solution, so all possibilities need to be exhausted. However, in the experiments we
noticed that verifications abort quickly, so the complexity is actually lower. Moreover, as mentioned
in Section 3.2, it is suggested to first perform the Kolmogorov-Smirnov test to determine whether
the solution can possibly exist before actually executing this algorithm. Finally, since many of the
computations are independent, it is possible to parallelize Algorithm 1. This will be the subject of our
work in the near future.

Unfortunately, even if a solution exists, numerous iterations of the outer loop in Algorithm 1 might be
needed before it is found. To solve this problem, in our future work we plan on adapting the approach
we presented in [7] to roughly estimate 𝑎 and 𝑏. Based on these estimations, it is possible to pinpoint the
corresponding indices 𝑖1 and 𝑖2 used in Algorithm 1, and start the search in their neighborhood. This
will allow us to find a solution faster if it exists, with dismissible degradation of performance otherwise.

The final limitation of our approach stems from the assumed selection condition 𝑐. As mentioned in
Section 3.2, condition 𝑐 is represented in disjunctive normal form, where each clause is a conjunction
of literals, and each literal is an inequality of the form 𝑠𝑖{≤, >}𝑣, where 𝑣 belongs to the domain of
𝑠𝑖. However, it is easy to imagine conditions that involve multiple attributes in a comparison, e.g.,
𝑠1 + 𝑠2 < 𝑠3. Unfortunately, the adopted rule induction algorithm cannot discover such conditions.
The final topic of our future work is therefore designing a new algorithm for selection condition
reconstruction, capable of finding conditions that compare linear combinations of attribute values with
an arbitrary threshold.

4. Experiments

To validate the proposed algorithms for slope and intercept estimation (Algorithm 1) and the recon-
struction of selection conditions (Algorithm 3), we performed a series of experiments using synthetic
data to simulate various transformation scenarios and logical conditions.



We begin with the slope and intercept estimation. As Algorithm 1 requires only attributes 𝑥 and
𝑦, only these were generated. The data generation process begins by initializing a source set 𝑆 with
the given number of values drawn from a uniform distribution, which are then sorted in ascending
order. A derived subset, 𝑇 , of cardinality 𝑐𝑇 is then constructed through a sampling process that strictly
enforces the inclusion of elements at both the lower bound index 𝑖1 and the upper bound index 𝑖2. The
remaining 𝑐𝑇 − 2 values are drawn randomly without replacement from the index interval (𝑖1, 𝑖2).
Following the selection, a linear transformation defined by the slope and intercept is applied to the
elements of 𝑇 . Subsequently, both datasets are independently shuffled to eliminate the ordinal structure
introduced during the initial phase.

As mentioned in Section 3.5, the complexity of Algorithm 1 with verification using Algorithm 2 is
𝑂(|𝑆|2|𝑇 | log(|𝑆|)). The |𝑆|2 term stems from the nested loops in Algorithm 1, while the |𝑇 | log(|𝑆|)
term represents the complexity of verification. Regarding the nested loops in Algorithm 1, the inner for
loop in almost every iteration of the outer while loop is executed completely. Thus, its processing time
depends primarily on |𝑆| and the verification cost. Total processing time depends on the number of
iterations of the outer loop. In the worst case, this number is equal to |𝑆|, which yields the aforemen-
tioned worst-case theoretical complexity. However, if a result is found earlier, the loop terminates. In
fact, the number of iterations of the outer loop depends on the position in the sorted 𝑥 attribute (array
𝑋) of the match for the first value in 𝑦 attribute (𝑦1 variable in Algorithm 1). This position corresponds
to the 𝑖1 parameter mentioned in the previous paragraph.

In order to verify the above analysis, we performed two experiments. In the first experiment we
tested performance of the inner loop. We varied |𝑆| in range 10000, 15000, . . . , 50000 and |𝑇 | was set
to 25%, 50%, and 75% of |𝑆|. The measured average processing times of the inner loop are shown in
Fig. 1. As can be observed, the processing time of the inner loop is linear w.r.t. the size of 𝑆, but the
size of 𝑇 does not influence it significantly. This is mainly due to the early exit mechanism during
verification. In our experiments, the verification for incorrect 𝑎 and 𝑏 failed almost immediately (after
first or second 𝑦 value to verify). This is confirmed by the results in Fig. 2, where we varied |𝑇 | for
several distinct values of |𝑆| and 𝑖1, observing that the total processing time (not just the average inner
loop time) remained constant.

The second experiment tested how the position 𝑖1 influences the total processing time for constant |𝑆|.
We performed the experiment for three distinct sizes of 𝑆 equal to 10000, 30000, and 50000 respectively.
Regardless of the size of 𝑆, |𝑇 | was kept constant and equal to 1000. For each series, we varied 𝑖1 in the
range [0; |𝑆| − |𝑇 |] with a step size of 2500 (adjusting the last step to account for |𝑇 |). The results are
presented in Fig. 3. Since 𝑖1 essentially determines the number of iterations of the outer loop, and the
inner loop processing time is constant for constant |𝑆|, the dependency is essentially linear. However,
one can easily see the pyramid-like shape of the curves in the figure. This shape can be easily explained
with the outside-in traversal order of the outer loop. Given this order, extreme values of 𝑖1 are processed
first (the least number of iterations, the shortest processing times), while values near the middle are
processed last (the highest number of iterations, the longest processing times).

Table 1
Example results of the reconstructing selection conditions algorithm

# Selection condition Discovered condition Decision

1 𝑎 < 25 ∨ 𝑏 > 58 𝑎 ≤ 25.04 ∨ 𝑏 > 57.95 ✓
2 𝑎 > 16 ∧ 𝑏 > 70 𝑎 > 16 ∧ 𝑏 > 70.01 ✓
3 (𝑎 < 26 ∧ 𝑏 > 80) ∨ 𝑐 > 50 (𝑎 ≤ 26.03 ∧ 𝑏 > 80) ∨ 𝑐 > 50.01 ✓
4 (𝑎 < 26 ∧ 𝑏 > 77) ∨ (𝑐 > 50 ∧ 𝑑 < 15) (𝑎 ≤ 25.95 ∧ 𝑏 > 77.02) ∨ (𝑐 > 49.96 ∧ 𝑑 ≤ 15) ✓
5 𝑎 < 26 ∨ 𝑏 > 77 ∨ 𝑐 > 50 ∨ 𝑑 < 15 𝑎 ≤ 26 ∨ 𝑏 > 77.38 ∨ 𝑐 > 49.57 ∨ 𝑑 ≤ 15 ✓

6 (𝑎 < 26 ∨ 𝑏 > 77) ∧ (𝑐 > 50 ∨ 𝑑 < 15)
(𝑎 ≤ 25.92 ∧ 𝑐 > 49.99) ∨ (𝑏 > 77.03 ∧ 𝑑 ≤ 15.04)
∨ (𝑎 ≤ 26 ∧ 𝑑 ≤ 15.04) ∨ (𝑏 > 77.03 ∧ 𝑐 > 51.27)

✓

7 𝑎+ 𝑏 > 70 A set of 38 disjuncts with a total of 77 inequalities ✗
8 𝑎 * 𝑏 < 1000 A set of 306 disjuncts, two inequalities each ✗
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Figure 1: Average internal loop processing time in relation to the size of source relation |𝑆|

We now discuss the evaluation of the selection condition reconstruction algorithm (Section 3.4). The
data generation procedure was designed to simulate a real-world scenario where a target relation 𝑇 is
derived from a source relation 𝑆 via the selection of tuples satisfying a specific condition, followed by
the projection of a chosen attribute using a linear function. For each test, a source relation 𝑆 consisting
of 𝑛 = 10000 tuples was generated. The number of attributes 𝑚 in relation 𝑆 varied from 3 to 5,
depending on the complexity of the tested condition. The structure of relation 𝑆 was defined as a set of
attributes {𝑠1, 𝑠2, . . . , 𝑠𝑚−1, 𝑥}, where 𝑠𝑖 act as conditional attributes, and 𝑥 is the attribute subject to
linear transformation. Attribute values were generated randomly according to a uniform distribution.
For conditional attributes 𝑠𝑖, the value range was set to [−100, 100), while for the attribute 𝑥, the range
was [−1, 1). The target relation 𝑇 was created in two steps: (1) selection of tuples from relation 𝑆
satisfying a defined condition, and (2) projection and transformation - for each selected tuple, the value
of attribute 𝑥 was transformed into value 𝑦 using a linear function.

To validate the effectiveness of the discussed method, in Table 1 we provide example outcomes by
contrasting the actual logical conditions with those recovered by the proposed approach. For clarity,
attributes in the table are denoted by letters 𝑎, 𝑏, 𝑐, . . . rather than the 𝑠𝑖 notation.

For selection conditions that adhere to the disjunctive normal form, the algorithm demonstrates very
high effectiveness. The algorithm correctly identifies the logical structure of the query, including nested
conjunctions (∧) and disjunctions (∨). This is evident in row 6, where the complex logical structure
was preserved in the discovered condition. Slight deviations in numerical values (e.g., 25 in the original
vs. 25.04 in the discovered condition in row 1) result from the nature of the algorithm, which searches
for "best cuts" between existing values in the dataset, as well as from floating-point precision issues.
These differences are negligible and do not alter the semantics of the selection. Finally, the correctness
of the recovered logical conditions serves as a validation for the first phase of our method, proving that
the slope and intercept were successfully identified.

The last two cases (rows 7 and 8) illustrate the algorithm’s behavior when encountering conditions that
involve multiple attributes simultaneously. In these scenarios, the algorithm attempts to approximate the
complex decision boundaries using a large number of disjuncts (and inequalities). While these selection
conditions may be technically correct, they are rather useless for human interpretation or meaningful
lineage tracking. However, it is crucial to emphasize, that these scenarios fall outside the scope of
the problem definition established in Section 3.1. The initial assumptions explicitly constrained the
selection conditions to disjunctive normal form. Therefore, rows 7 and 8 serve primarily to demonstrate
the necessity of these assumptions rather than a failure of the algorithm within its intended domain.

5. Summary

In this paper, we present an algorithm capable of discovering relations that were created via selection
and projection from source relations. The algorithm determines the linear function used to transform
an attribute as well as reconstructs the selection condition used.
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Figure 2: Total processing time as a function of the target relation size |𝑇 |
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Figure 3: Impact of the first match position (𝑖1) in the sorted source 𝑆 on the total processing time

Experimental results confirm the high accuracy of the reconstructed selection conditions (see Table 1),
and consequently the precise recovery of the linear function’s slope and intercept.

In future work, we plan to advance our research in two directions: (1) improving the performance
of the linear function discovery algorithm, and (2) expanding the complexity of recoverable selection
conditions. For details on future work, please refer to Section 3.5.
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