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Abstract
Ontologies formulated in description logics are widely used to formalise knowledge and terminologies in domains
such as medicine and biology. One central reasoning task for ontologies is to decide whether one concept is
subsumed by the other. While modern reasoners can efficiently determine the subsumptions of large-scale
ontologies, they offer little insight into the reasoning process itself. Concept interpolation addresses this by
computing an intermediate concept in a user-specified vocabulary that witnesses the subsumption. Concept
interpolation can be used to solve a range of problems in KR, including explaining reasoning, extracting explicit
definitions, and learning concepts from examples. Despite its relevance, no practical methods for concept
interpolation in description logics have been developed. Furthermore, to be used for concept learning, an
interpolation method needs to support nominals, which are known to make the interpolation problem harder. In
this project, we will develop practical methods for deciding the existence and computing concept interpolants in
different logics of the ℰℒ and 𝒜ℒ𝒞 families. If they exist, we want to find the “optimal” interpolant based on
specific criteria, and compute approximations otherwise.
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1. Introduction

Ontologies formulated in description logics (DLs) are a central formalism for representing and reasoning
about knowledge in many application domains, including biology, medicine, healthcare, knowledge
graphs and AI [1, 2, 3]. The standard language for building ontologies is OWL [4], whose logical
foundation is based on DLs [1], a family of decidable fragments of first-order logic. Prominent large-
scale ontologies such as SNOMED CT [5], which contains around 370,000 axioms, and the Gene
Ontology [6] are actively maintained and used by automated reasoning systems to derive implicit
knowledge. A central reasoning task for ontologies is subsumption testing: determining whether
𝒪 ⊧ C ⊑ D, meaning that every instance of concept C is also an instance of D under the ontology
𝒪. Modern reasoners can solve this task efficiently even for very large ontologies [7]. However, the
result of reasoning is increasingly insufficient on its own. In high-stakes domains, users need to
understand why a subsumption holds, not just that it holds. Two common approaches to this problem
are justifications and proofs. Justifications [8] return a minimal set of axioms that together entail the
subsumption, but offer no concept-level explanation of the reasoning. Proofs provide a derivation tree
of the subsumption, but such trees can be lengthy and involve many intermediate reasoning steps,
making it difficult for users to identify the essential parts of the reasoning. At the same time, the
development and maintenance of ontology content remains a largely manual and labour-intensive
process. Automatically generating ontology content is challenging, as extracted knowledge is often
noisy and requires principled structuring [9]. As we will show, concept interpolation can address both
challenges: it can provide concept-level explanations for subsumptions, and it can be used to learn new
concepts, thereby supporting automated ontology construction.

The notion of Craig interpolation originates in classical logic: given two formulas 𝜙 and 𝜓 such that
𝜙 ⊨ 𝜓, a Craig interpolant is a formula 𝐼 satisfying 𝜙 ⊨ 𝐼 and 𝐼 ⊨ 𝜓, where 𝐼 uses only the non-logical
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symbols occurring in both 𝜙 and 𝜓 [10, 11]. We apply this idea to DLs, thereby introducing the notion
of concept interpolation. Here, a signature Σ is a set of concept names, role names, and individual names.
For a DL ℒ, an ℒ(Σ) concept is a concept expressible in ℒ using only non-logical symbols from Σ.

Definition 1.1 (ℒ(Σ)-interpolant). [12, Chapter 15] Let ℒ be a DL, C,D be ℒ concepts, 𝒪 an ℒ
ontology and Σ a signature. Then, an ℒ(Σ)-interpolant for C and D under 𝒪 is anℒ(Σ) concept I that
satisfies 𝒪 ⊨ C ⊑ I and 𝒪 ⊨ I ⊑ D. A Craig interpolant is anℒ(Σ)-interpolant for C and D under 𝒪1∪𝒪2,
where Σ = (sig(𝒪1) ∪ sig(C)) ∩ (sig(𝒪2) ∪ sig(D)).

Interpolants do not always exist. The Craig Interpolation Property (CIP) guarantees the existence of
the special case of Craig interpolants, but not every DL has this property: for example, 𝒜ℒ𝒞 has the
CIP, while 𝒜ℒ𝒞𝒪 does not. If a DL has the CIP, one can reduce the existence problem of interpolants
to a subsumption testing problem. Concept interpolation can serve multiple purposes: it can remove
irrelevant symbols and isolate the essential information behind a subsumption, thereby providing
explanations; it can restrict attention to a smaller vocabulary, a form of forgetting; and it can be used
to compute explicit definitions, useful for ontology engineering [12, Chapter 15]. Further applications
include separating examples [13] and concept learning [14, 15].

Example 1.1 (Pizza Ontology). Consider the ontology 𝒪 containing the following axioms:

∃hasTopping.⊤ ⊑ Pizza Pepperoni ⊑ Meat Meat ⊑ ¬Vegetarian
VegetarianPizza ≡ Pizza ⊓ ∀hasTopping.Vegetarian NonVegetarianPizza ≡ Pizza ⊓ ¬VegetarianPizza
AmericanPizza ⊑ Pizza ⊓ ∃hasTopping.Pepperoni ⊓ ∃hasTopping.Tomato ⊓ ∃hasTopping.Mozzarella

This ontology entails AmericanPizza ⊑ NonVegetarianPizza. An 𝒜ℒ𝒞(Σ1)-interpolant for this subsump-
tion, where Σ1 = {hasTopping, Pepperoni}, is ∃hasTopping.Pepperoni. The interpolant intuitively pinpoints
the central reason why the pizza is not vegetarian. If the user is not familiar with pepperoni and instead pro-
vides Σ2 = {hasTopping,Meat}, the interpolant becomes ∃hasTopping.Meat,which explains at a higher level
of abstraction: it is non-vegetarian because it has a meat topping. To contrast, if we explain the subsumption
with a justification, a widely used explanation method, we would use the set 𝒪 ∖ {∃hasTopping.⊤ ⊑ Pizza}:
five axioms that are jointly responsible for the subsumption, which provides a much less concise explanation.

Beyond explaining subsumptions, concept interpolants can also be used to compute explicit definitions.
Through the closely related notion of (projective) Beth definability, concept interpolation can determine
whether a concept name A is definable in terms of a given signature Σ and, if so, produce a concept C
over Σ such that 𝒪 ⊧ A ≡ C [16, 17]. To illustrate, if we add the following axioms to the above example:

Pizza ⊑ ∀hasTopping.(Fish ⊔Meat ⊔ Vegetarian) Fish ⊑ ¬Vegetarian

such an explicit definition for NonVegetarianPizza in the signature sig(𝒪) ∖
{NonVegetarianPizza,VegetarianPizza,Vegetarian} is

NonVegetarianPizza ≡ Pizza ⊓ ∃hasTopping.(Fish ⊔Meat),

which may help in understanding the concept better.
Concept interpolation can also be used for concept learning. Given sets of positive and negative

examples (denoted by Pos and Neg, respectively), the goal is to find a concept that describes all positive
and excludes all negative examples [18]. This supports tasks such as describing query results, finding
concept definitions from data, and extracting interpretable representations of subsymbolic models [19].
For a separating concept to exist, the positive and negative examples must be disjoint, and can be
expressed as a subsumption in DLs with nominals.

𝒪 ⊧ ⨆{{𝑎} ∣ 𝑎 ∈ Pos} ⊑ ⨅{¬{𝑎} ∣ 𝑎 ∈ Neg}

A concept interpolant for this subsumption is directly a separating concept. In fact, strict concept
learning and concept interpolation are interchangeable in DLs with nominals [20].



2. Problem Statements and Related Work

Despite the range of applications outlined above, concept interpolation in DLs remains largely theoretical.
We identify four research challenges that motivate this project.

Challenge 1: Only few DLs enjoy the CIP. The CIP has been established for ℰℒ and ℰℒ with
role hierarchies [21, 22]. However, it has been shown that none of the remaining classical extensions of
ℰℒ enjoy the CIP [23]. For the more expressive 𝒜ℒ𝒞, any extension with transitive roles, inverse
roles and functionality restrictions has the CIP [17]. However, 𝒜ℒ𝒞𝒪 (𝒜ℒ𝒞 with nominals) and
𝒜ℒ𝒞ℋ (𝒜ℒ𝒞 with role hierarchies) and their extensions with transitive roles, inverse roles, and
functionality restrictions do not enjoy the CIP [17]. This means that in these logics, one cannot reduce
the existence of interpolants to a subsumption test. Moreover, deciding the existence is usually one
exponential higher in DLs without the CIP. For more expressive DLs, Lyon and Karge [24] recently
introduced sequent calculi for ℛℐ𝒬 and established the concept-based Beth definability property, a
weaker variant that only restricts concept names (not role names) in the interpolant. However, this
does not entail that ℛℐ𝒬 enjoys the CIP.

Challenge 2: Existing algorithms are not practical. For the DLs that do enjoy the CIP, algorithms
for computing interpolants have been proposed, but none have been implemented for realistic ontologies.
Fortin et al. [23] give algorithms and optimal complexity bounds for the ℰℒ family, and ten Cate et
al. [17] propose a tableaux-based algorithm for 𝒜ℒ𝒞 that constructively computes interpolants. For
settings where the CIP fails, Jung et al. [25] recently gave the first elementary algorithms for constructing
𝒜ℒ𝒞 interpolants under 𝒜ℒ𝒞ℋ and 𝒜ℒ𝒞𝒬 (𝒜ℒ𝒞 with qualified number restrictions) ontologies,
but with double- to triple-exponential complexity. However, a naive implementation of these algorithms
will likely not work well in practice, since real-world ontologies can contain hundreds of thousands of
axioms [26]. Craig interpolation is closely related to the notion of uniform interpolation (forgetting),
for which tools have been developed [27, 28, 29, 30]. While uniform interpolation can also be used to
compute concept interpolants, its complexity is even higher and practical methods do not scale well.
Furthermore, many DLs that enjoy the CIP do not enjoy the uniform interpolation property. Uniform
interpolation also has a formal connection to abduction, which computes hypotheses whose addition to
a knowledge base would entail a given observation [31, 32, 33]: the negation of a Σ-uniform interpolant
can serve as a logically weakest abductive hypothesis over Σ [34, 35, 36]. However, both uniform
interpolation and abduction operate on the entire knowledge base, whereas Craig interpolation targets
a specific subsumption, making it more suitable for explaining individual subsumptions and providing
concept-level explanations.

Challenge 3: Concept learning requires nominals, which are often incompatible with the
CIP. Concept learning, the most promising application of concept interpolation, requires nominals
to separate positive and negative examples. However, nominals are often incompatible with the CIP:
as noted in Challenge 1, adding nominals to ℰℒ or 𝒜ℒ𝒞 destroys the CIP [23, 20], and there is
no decidable extension of 𝒜ℒ𝒞𝒪 that enjoys the CIP [37]. This creates a fundamental tension: the
application that most needs interpolation is precisely the setting where the CIP fails. In DLs with
nominals, one must first decide whether an interpolant exists at all, which is 2ExpTime-complete for
𝒜ℒ𝒞𝒪 [20], and then compute it if it does.

Challenge 4: Optimising interpolants for different criteria. Even within the same sig-
nature, multiple interpolants can exist, and not all are equally useful. Under Σ3 =
{Pizza, hasTopping,Meat,Pepperoni}, the following are all 𝒜ℒ𝒞(Σ3)-interpolants:

1. ∃hasTopping.Pepperoni (concept size 2)

2. ∃hasTopping.Meat (concept size 2)



3. Pizza ⊓ ∃hasTopping.Pepperoni ⊓ ∃hasTopping.Meat (concept size 7)

Arguably, the last one is less preferable as it is longer. Indeed, it adds information (Pizza, Meat) that is
already implied. One may also argue that the first one is more useful as an explanation than the second,
as it is more specific. This illustrates that rather than just computing some interpolant, we would often
want to find one that optimises some criterion, which may depend on the application at hand. Even
for the simplest ℰℒ, in the worst case, interpolants can be exponential in size with respect to the
input [23], making it essential to select smaller ones for a given criterion. Works on optimising proofs
for DL subsumptions [38, 39] suggest that similar techniques could be applied to compute interpolants,
but no work for computing optimal interpolants for a given signature currently exists.

3. Research Plan

This project addresses all four challenges through three research problems:

Problem 1: Concept Interpolation for ℰℒ Family. While ℰℒ itself enjoys the CIP, most of its
extensions do not. Our main theoretical reference for this research question is [23], which provides an
algorithm for computing Craig interpolants in extensions of ℰℒ and ℰℒℐ when they exist, together
with optimal complexity bounds, though the complexity can be quite high in the worst case. There are
several possible implementation strategies, and we will initially focus on a proof-theoretic approach,
using Maehara’s method [40], in analogy with the treatment of interpolants for classical propositional
logic and modal logic K [12, Chapter 4,5]. We aim to extract concept interpolants from derivations by
finding or designing a sequent calculus with the rule interpolation property. We will build on existing
sequent systems for DLs [41, 24], and use proof libraries for Java such as Evee [42] to support proof
search. Besides the proof-theoretic approach, we may also look at other methods. For example, we may
use canonical models as introduced in [43] and construct derivation trees following [23]. We may also
take inspiration from existing implementations of uniform interpolation in DLs [27, 28, 29, 30]. For
cases where the CIP fails in ℰℒ𝒪, we will explore approaches such as repair to compute approximate
interpolants, though the main treatment of nominals is deferred to Problem 3, where we adapt our
methods to DLs with nominals for concept learning.

Problem 2: Concept Interpolation for Expressive 𝒜ℒ𝒞 Family. Since 𝒜ℒ𝒞 is more expressive
than ℰℒ, the implementation is likely to be more difficult. For this problem, we will use [17] as
our main theoretical reference. Still, we can build on the results of Problem 1 and first try a proof-
theoretic approach. We will look at existing proof systems and, if needed, develop our own system with
the rule interpolation property, so that interpolants can again be computed from proof trees. As an
alternative direction, we may study reduction to modal logic. Subsumptions in 𝒜ℒ𝒞 can be reduced to
subsumptions in modal logic K, and then we can reuse existing techniques for computing interpolants
in K [12, Chapter 4].

Problem 3: Interpolation-Based Concept Learning with Nominals. For this problem, we want
to use our interpolation methods to implement a practical system for learning concept expressions from
examples. The first challenge is scalability: applying interpolation methods to large sets of examples will
require specialised data structures and indexing techniques. The second, more fundamental challenge is
that concept learning typically requires the use of nominals, and they are often incompatible with the CIP.
To address this lack of CIP, one possible strategy is to repair interpolation by allowing interpolants in a
richer logic [12, Chapter 15]. However, there is no decidable extension of 𝒜ℒ𝒞𝒪 that enjoys CIP [37].
Other possible approaches include changing the signature or working with suitable approximation
formulas.



Year 1 Year 2 Year 3 Year 4

Problem 1
Problem 2
Problem 3

Figure 1: Research timeline.

Problem 1 and Problem 2 address Challenges 1, 2 and 4 for the ℰℒ and 𝒜ℒ𝒞 families respectively,
including both practical computation and optimality criteria. Problem 3 addresses Challenge 3 by
extending and adapting interpolation methods for DLs with nominals to enable concept learning from
examples. Figure 1 shows the planned timeline for this project.

4. Current Progress

We are currently addressing the problem for the ℰℒ family. Our approach to computing concept
interpolants is proof-theoretic. Sequent calculus is a simple and versatile formalism, widely used to
define proof systems for modal and non-classical logics [44]. Maehara’s method [40] is a classical
technique that extracts an interpolant from a sequent calculus proof by defining an interpolation
property for each inference rule, propagating partial interpolants from premises to conclusion. This
method has been used to establish the CIP of classical propositional logic and the minimal modal logic
K [12, Chapter 4,5]. Inspired by this approach, our goal is to extract concept interpolants directly from
proofs in ℰℒ by finding or designing a calculus that admits the rule interpolation property. We have
investigated several calculi for ℰℒ towards this goal.

Hofmann’s Calculus We first considered Hofmann’s calculus [41], which closely resembles a sequent
calculus. For this calculus, we defined a deterministic procedure that computes exactly one Craig
interpolant of the conclusion from the Craig interpolant(s) of the premise(s). We proved that this
method is sound and complete, in the sense that whenever a subsumption holds, we can compute a Craig
interpolant for it. Since ℰℒ enjoys the CIP, the existence of an ℰℒ(Σ)-interpolant can be reduced to a
subsumption problem in ℰℒ. Specifically, the following two statements are equivalent for any DL ℒ:

• there is an ℒ(Σ)-interpolant for C and D under 𝒪;

• there is a Craig interpolant for C andDΣ under 𝒪∪𝒪Σ, where 𝒪Σ andDΣ are obtained respectively,
by renaming all symbols not in Σ uniformly to fresh symbols [12, Chapter 15].

Moreover, whenever 𝒪 ∪ 𝒪Σ ⊧ C ⊑ DΣ holds, the CIP guarantees that a Craig interpolant exists, and
such an interpolant is an ℒ(Σ)-interpolant for C and D under 𝒪.

Following this reduction, our method can be adapted to compute ℰℒ(Σ)-interpolants. However,
Hofmann’s calculus has not been implemented in practice, and there is currently no efficient way to
extract ℰℒ(Σ)-interpolants using this approach. Nevertheless, the results we have for this calculus
confirm that the proof-theoretic approach is viable in principle, and the interpolation procedure we
defined serves as a blueprint for the practically implemented calculi discussed next.

Practically Implemented Calculi To bridge this practicality gap, we turned to calculi that already
have working implementations, such as the calculus from the DL textbook [1] and the calculus underly-
ing the ELK reasoner [45]. The key advantage of these calculi is the availability of the proof library
Evee [42], which can generate proofs of subsumptions and allows us to search through the space of
proofs. This is beneficial for our purposes, since different proofs may give different interpolants, and
we aim to find the “best” one. Evee implements several calculi, which have been compared in [46].
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Figure 2: Rule interpolation for calculus from [1]

For these calculi, we also revised our interpolation strategy in an important way. The classical
Maehara method computes a single interpolant per inference rule. Moreover, it has been shown that
applying Maehara’s method to cut-free sequent calculi for classical propositional logic is incomplete
up to logical equivalence: it cannot produce all interpolants of a given subsumption [47]. Instead, our
approach computes all possible interpolants for each inference rule, and at each rule step, selects the best
one according to a given signature and a specified optimality criterion, such as minimising concept size.

Figure 2 shows the rule interpolation we defined for the textbook calculus. The interpolant formula(s)
above each subsumption in the premises represent an arbitrary interpolant for that subsumption. In
the conclusion, except for CR1, we list multiple red formulas: these are all the candidate interpolants
one may choose from. Note that a finite conjunction of interpolants, or a conjunction of an interpolant
with ⊤, is also an interpolant of the subsumption. These trivial combinations are omitted here.

5. Conclusion

In this paper, we outlined a research project on practical methods for concept interpolation in realistic
ontologies, identifying four challenges: the limited scope of the CIP, the lack of practical algorithms,
the incompatibility of nominals with the CIP, and the need for optimising interpolants. We proposed
three research problems across the ℰℒ and 𝒜ℒ𝒞 families, leading to an interpolation-based concept
learning system.

We presented a proof-theoretic approach for the ℰℒ family, defining rule interpolation procedures
for Hofmann’s calculus and the textbook calculus, the latter supported by the proof library Evee. Unlike
the classical Maehara method, our approach computes all possible interpolants at each inference step,
enabling optimisation for a given criterion. Current work focuses on completing the implementation,
proving the completeness of the methods, and evaluating them on ontology benchmarks. Key challenges
ahead include extending to 𝒜ℒ𝒞, where negation and disjunction introduce additional complexity,
and supporting nominals for concept learning, where the CIP fails and new strategies are needed.
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