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Abstract

The paper considers the problem of formalizing the stability of a large language model to variations in the
formulation of a query as a property of its response space. A geometric-topological approach is proposed,
within which the set of responses is presented as a metric space of embedding vectors, and its structure is
analyzed using persistent homology. On this basis, an integral indicator of topological stability and a
system of partial indices are introduced, reflecting component integrity, topological complexity, and
sensitivity to query variations. A typology of the model's behavior modes is formulated, which connects
topological invariants with the nature of response generation. Experimental verification demonstrates
that the deterministic generation mode corresponds to a compact and topologically integral structure,
while stochasticity leads to its disorganization. It is established that semantic variations affect mainly the
geometry of the response space, while structural changes cause its fragmentation and a decrease in
topological stability. The results obtained demonstrate the possibility of quantitative analysis of LLM
behavior modes and create a basis for further research into their reliability.
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1. Introduction

Modern large language models (LLMs), including transformer-based architectures such as GPT,
PalLM, and LLaMA, achieve strong performance in text generation tasks but remain highly
sensitive to prompt formulation. Minor semantic or structural perturbations can induce substantial
changes in content, reasoning, and compositional structure, complicating the assessment of
robustness and reproducibility. Existing approaches to prompt sensitivity rely on embedding-based
similarity measures, statistical descriptors, and clustering techniques [1-3]. While these methods
provide local estimates of output variability, they fail to capture the global organization of the
response space, including its connectivity and higher-order structure, and remain sensitive to
metric choice and analysis scale. As a result, they do not identify invariant properties under
admissible perturbations. Topological data analysis (TDA) offers a principled framework by
modeling the response set as a geometric object with multi-scale structure. Persistent homology
enables the extraction of topological invariants, such as connected components and cycles, that are
stable under noise and local deformations [4-5].

This paper introduces a geometric-topological framework for analyzing LLM response stability
under semantic and structural prompt perturbations. The approach embeds the response set into a
metric space and applies persistent homology to characterize its organization. An integrated
stability index, defined via the persistence of homological features, together with partial descriptors
of connectivity and higher-order structure, enables quantitative assessment of regime-dependent
behavior and sensitivity to perturbation types..
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2. Problem statement

Modern large language models demonstrate high quality of text generation, however, their
behavior remains sensitive to variations in query formulation. Minor changes in the structure or
semantics of the prompt can lead to significantly different responses, which complicates the
assessment of the reliability and reproducibility of results. Existing approaches are mostly based on
local similarity metrics or heuristic estimates that do not account for the global organization of the
response space. The lack of generalized invariant characteristics limits the possibilities of
systematic analysis of the stability of models. In this regard, the task of building a formalized
approach that allows describing the structure of the response set as a geometrically and
topologically organized object, as well as determining quantitative indicators of its integrity and
sensitivity to query variations, arises.

3. Goal and objectives of the study

The goal of the study is to build a formalized model for quantitative analysis of the stability of the
response space of a large language model to semantic and structural variations of the query based
on geometric and topological invariants of embedding representations. It is intended to establish a
connection between the topological organization of the response set and the model generation
modes.

To achieve this goal, the following tasks are solved: to formalize the response space as a metric
structure; to introduce a consistent system of geometric characteristics; to apply persistent
homology to highlight stable topological features; to construct an integral indicator of topological
stability and a system of partial indices; to formulate a typology of the model behavior modes; to
carry out experimental verification and to assess the sensitivity of the proposed indicators to
different types of query variations.

4. Formalization of the problem and basic definitions

Consider the space of text queries Q and the space of answers Y. An element q € Q is interpreted
as a sequence of tokens from some dictionary X, i.e. [1]

q=(w1,...,wn),wi62. (1)
The language model is considered as an operator for generating an answer to a query given by
the mapping f:Q — Y where f (q) is the text answer generated by the model for the query q [2].
Thus, the operator f associates an element of the answer space Y with each query g € Q.

Each answer Y €Y is considered as an object of the semantic space for which a geometric
representation is allowed. For this purpose, a mapping

0:Y - R, (2)
is introduced that maps the text of the answer into a vector of embeddings of fixed dimension.
The further analysis concerns not a single answer f(q), but a set of answers that arise when
varying the formulation of the same query. Let q,€Q be the basic query. Then the set of
variations Q( q,) € Q is considered, which contains queries that correspond to the same task as q,

but differ in formulation or structure [3].
Accordingly, the set

Y(q,)={f(q):q€Q(q,)}, (3)

forms a family of model responses, the topological structure of which is the object of further
analysis.



In the following discussion, two types of query transformations are distinguished [4]. Semantic
transformations change the linguistic form of the query without modifying its content; they
include reformulation, lexical substitution, synonymous reconstruction, and other syntactic
transformations. Structural transformations change the compositional organization of the query, in
particular, the rearrangement of instructions, the decomposition of complex conditions, and the
addition or removal of service formulations or formatting elements [5].

Let T, <{T:Q — Q} be the set of semantic transformations of the query, i.e., such mappings
T that change the linguistic form of the query, but not its content, and T, <{T:Q — Q} let be

the set of structural transformations that change the compositional organization of the query
without changing its functional task. Then the set of variations of the basic query can be
represented as

Q(qo):[ T(q0)|T€TsemUTstr } (4)

Therefore, each element q € Q(qo) is obtained by applying an admissible transformation T to
the base query q,,.

Let the set of query variations Q(qo) be given an equivalence relation q; ~q;, which means
that queries q; and q; implement the same target problem and differ only in admissible semantic or

structural modifications. In such a case, it is natural to require that the model responses be
invariant with respect to such transformations [6].

Formally, the model is considered stable on the set Q(qo), if for equivalent queries q; ~q; the
condition is satisfied:

dy(fl(q.).fla,))<e, (5)

where dy is the distance in the response space Y; £>0 is the admissible deviation threshold.
Since the definition of the natural metric in the space of text responses Y is a non-trivial
problem, in the following we use the distance induced in the representation space:

dy(yi,y;)=lle(y]-o(y)l. (6)

where ¢:Y - R is the mapping of response embeddings [7].

Condition (6) specifies a local interpretation of stability, i.e. small changes in the formulation of
the query should not cause a significant shift in the response in the semantic space. However, even
with pairwise proximity of the responses, the set Y (q,) may have a complex global structure. In
particular, variations in the query may lead to the splitting of the response set into several
components of connectivity, the appearance of cavities or fragmentation of the structure.
Therefore, the paper considers the concept of stability, which refers to the preservation of the
topological organization of the response set. The key object of analysis is the topological structure
of the set @ (Y ( qo)) c R? that is formed under the action of semantic and structural variations of
the query. Therefore, the research task is to establish whether a large language model preserves the
topological structure of the set Y(qo) under small perturbations of the query, or whether such
perturbations cause its restructuring. To analyze this property, the persistent homology apparatus
is used further, which allows detecting and quantitatively describing the topological stability of the
response space.

5. Geometric representation of the LLM response space

To proceed to the geometric analysis of the response space, the embedding mapping ¢:Y — R*

introduced in (2) is used. Each response y; € Y refers to a representation vector [8]:



=¢(y;JeR". (7)

For a set of responses Y ( q, ), the set of their vector representations is considered:

d
Z:{Zi:(/)<yz‘)|yz‘EY(QO)}CR . (8)
The set Z (8) is interpreted as a finite set of points in the space R, representing the model

responses generated by semantic and structural variations of the basic query q,. The geometric
configuration of this set reflects the nature of the dispersion of responses, possible clustering, and
structural breaks in the response space [9].

For a quantitative analysis of the proximity of responses on the set Z, we introduce the metric

d:ZxZ - R,. For example, for in practical tasks for embedding-representations, Euclidean

distance
dE(Zi!Zj):HZi_Zj”Z: )
and cosine distance
zzy)
denl 202, =1 L T o

In the following, it is assumed that the selected metric is consistent with the geometry of the
embedding space and reflects the semantic proximity of the responses [10]. Under this assumption,
the pair (Z ,d) is considered as a metric space. On this space local neighborhoods, neighborhood
graphs, and topological complexes are further constructed, which are used for topological analysis
of the response set by the persistent homology method.

For the set of vector representations Z (8), it is advisable to introduce basic geometric
characteristics that describe the configuration of points in the representation space. These
quantities allow us to quantitatively assess the dispersion of responses, their local grouping, and
the differences between responses generated by different types of query variations.

The spatial dispersion of the set Z can be determined using the average pairwise distance:

d(z d(
(z)= N 0 1<§<N 2,2;) (11)

where d is the metric introduced in (9) - (10).
To describe the deviation of points from their average position, the center of the cloud is
introduced:

Z z., (12)

s=1

N =
and the corresponding dispersion
N

1 ,

= — -Z
vz

The quantity (13) characterizes the degree of concentration of points in the representation
space.

(13)

Local grouping of points is characterized by the intracluster compactness index. Let Z,  Z be

the subset of points that forms a local cluster, and ¢, is its center. Then the compactness of the
cluster is defined as:



C(2)=;

(14)

Z€EZ,

where Ck:ﬁ Z z [11].
k

z€2,

To compare the responses generated by different types of query variations, the distance
between the corresponding subsets is considered. Let Z,,, ©Z, Z . € Z be the subsets of points
corresponding to semantic and structural transformations. Then the intergroup distance can be
defined as the distance between their centers

Dinter(zsem’zstr>: || 2 -2Stl‘ || > (15)

2 % |zm 2

| Zsern | €7, Sy
The introduced characteristics (11)-(15) spemfy the basic geometric description of the
configuration of the points of the set Z. They are used as auxiliary indicators of the structure of the
response space before proceeding to further topological analysis.

where Z

6. Topological analysis of the response space

On the metric space (Z s d), introduced in section 2, a filtering of Vietoris-Rips complexes is
constructed, parameterized by the scale parameter >0 [12]. For each value ¢, a complex V R,(Z)

with a set of vertices Z is defined. For an arbitrary subset {Z,-O, Ziyenes Zik} c Z, a k-simplex belongs
V R,(Z) if and only if the condition is satisfied:

d(z;,z,)<e,0<r<s<k. (16)

Therefore, the complex V/ RE( Z ) encodes the proximity relation between the points of the set Z

on the scale €. Since for £, <€, holds the inclusion

VR,[Z]SVR,[Z], (17)

then the family {V RE(Z)}£>O forms filtration [13]. Accordingly, the multiscale construction
(16)-(17) is used to analyze the topological structure of the set Z.

For each complex V R, (Z ), topological invariants are introduced:

B.(e)=rank H,(VR.(Z)),k>0, (18)
where H, is the variable denoting the k-th homology group of the corresponding complex [14].

In the following analysis, the main attention is paid to the invariants 8, and J,. The number
ﬁo(é‘ ) determines the number of connectivity components and characterizes the degree of
fragmentation of the response space. The number Bl(e) corresponds to the number of one-
dimensional cycles and reflects the presence of cavities or closed structures in the configuration of
points. If necessary, the invariant ,32(8), which characterizes higher-order cavities, can also be
considered [15, 16].

However, the Betti numbers (ﬁo,ﬁl), calculated for a single value of ¢, give only a static

description of the structure. For multiscale analysis, persistent homology is used, which tracks the
emergence and disappearance of topological features along the filtration, i.e.:

VR,(Z)SVR,(Z)SSVR,(Z),e,<e,< - <e,. (19)



In this scheme, each topological feature of dimension k is characterized by the moment of birth
b and the moment of disappearance §, which determine the interval of its existence [b ,6).

The set of such intervals forms a barcode-representation. Each homologous class corresponds to
a horizontal segment of length

[=6-b, (20)
which is called the persistence of the corresponding topological feature.
An equivalent way of representation is a persistence diagram - a set of points

Dk:{(bi’6i)}1(n=kl’ (21)

where each point corresponds to one k-dimensional topological feature. The distance of a point
from the diagonal § =b characterizes the duration of existence of the corresponding homologous
class [17].

Thus, barcode and persistence diagrams allow separating persistent topological structures from
short-lived artifacts. Features with high persistence are interpreted as invariant features of the
geometry of the response space, while short intervals are usually associated with local fluctuations
or noise effects of the embedding-representation. Therefore, persistent homology provides a
multiscale description of the topological structure of a set Z and allows us to detect its persistent
geometric features induced by query variations.

The topological characteristics obtained from complex V RE( Z) filtering can be interpreted in
terms of the behavior of a large language model when the query formulation changes. If the [3,-
persistence contains one persistent connectivity component, this means that most of the responses
generated by changes in the basic query ¢, belong to a single topologically connected space, which
indicates the invariance of the model to local changes in the formulation. Instead, the appearance
of several persistent connectivity components indicates a splitting of the response space and may
mean that similar query formulations activate different generation modes. Topological features
with low persistence reflect local fluctuations in the space of embedding representations and
usually have no structural significance. The appearance of one-dimensional cycles, fixed through
[,-persistence, indicates a more complex organization of the response space and can be interpreted
as a manifestation of several similar, but not identical, generation modes. Thus, topological analysis
allows us to describe the structure of the response space and serves as the basis for the further
introduction of integral indicators of persistence [18].

7. Stability indicators and interpretation of topological regimes

To generalize the results of persistent analysis, it is advisable to introduce an integral indicator of
the topological stability of the response space. Let for k= {0,1} the set of persistence intervals have
the form:

Ik:{[b(rk],(s(k))}mk l(klzd(k)_b(kl, (22)

r r=1>"r r r

where | (rk’ is the duration of the existence of the corresponding topological feature.
The sets of lengths

Lo=(1")", L, ={1"}", (23)

r

characterize the stability of the connectivity components and one-dimensional cycles in the
filtering of complexes VRS(Z ). The quantities (23) allow distinguishing structurally significant
topological features from unstable local effects caused by fluctuations in embedding
representations.



The integral indicator of topological stability is defined as a functional

Stop:F(BO’Bl’LO’Ll)’ (24)

which aggregates the main characteristics of persistent homology and reflects the degree of
integrity of the response space induced by variations of the basic query g, [19]. Unlike individual

Betti ( Bo,ﬁl) numbers or individual persistence intervals, the quantity S,,, gives a generalized

top
quantitative assessment of the topological stability of the model.

The indicator is constructed so that it acquires large values in the presence of one dominant
long-lived component of connectivity and decreases with increasing topological disorganization of
the response space, in particular due to its fragmentation, the appearance of numerous short-lived
topological features, or increased cyclic complexity.

To quantitatively describe fragmentation, we order the By -intervals in decreasing order of their

lengths

(0], yl0) (0]
Then the relative mass of non-dominant components can be given by:

m,

>

P, . =—"*— n>0. (26)

If the response space is topologically complete, one component of connectivity dominates and
P4 — 0. In the case of the appearance of several stable components, this value increases,
reflecting the splitting of the response space.

Topological features with low persistence reflect local instabilities. For a given threshold 7>0,

we introduce the fraction of such features:

m m
1 - .
Prose= m,+m, ; 1{1‘,“‘<r}+; 1{1‘;‘<r} . (27)

The increase in the value (27) indicates that the topological structure of the set Z contains a
significant number of unstable elements sensitive to minor changes in the query formulation.

The complexity of the topological organization of the response space is primarily associated
with the appearance of one-dimensional cycles, which can be estimated through the normalized

total 3,-persistence [20]:

p =—s1 (28)

The increase in the value (28) means that the configuration of points in the representation space
acquires an increasingly complex, heterogeneous structure.
Taking into account the characteristics (26)-(28), the integral indicator can be given as:

Stop:eXp(_)\1Pfrag_)\2Pnoise_}\3Pcomp)’)\1’)\2’)\3>0!Stop€(01 ]-] (29)



If S,,,~1, then the response space is topologically coherent; a decrease S,,, indicates an

top
increase in fragmentation, local instability, or structural multimodality. Thus, S,,, is interpreted as
an integral assessment of the model's stability to query variations.

It is advisable to detail the integral indicator S,,, through a system of partial indices that reflect

various aspects of the topological organization of the response space. Within the framework of this
work, three indices are considered: component stability, topological complexity and sensitivity to
query variations.

Let for k €{0,1] be given a set of persistent intervals (22) with corresponding interval lengths
l‘rkj. To separate structurally significant features, a threshold 7>0 is introduced; features with
l‘rk) >1 are considered as stable. The component stability index characterizes the degree of

topological integrity of the response space. For this, we introduce the number of stable connectivity
components:

mU
() _
ny _Z 1{1‘,‘)‘21}‘ (30)
r=1
Then the index is defined as
1
Leomp=—77> (31)
n

0

where values close to unity correspond to the presence of one dominant component, and a
decrease in the indicator reflects the fragmentation of the response space.

The index of topological complexity refers to the role of one-dimensional cycles and is
determined through the normalized total 3,-persistence:

Icompl:LJn>0' (32)

The growth of the index (32) indicates the complexity of the topological structure and the
presence of several competing generation modes. The sensitivity index reflects the difference
between the topological structures generated by semantic and structural variations of the query
[21].

Let D;" and D;", k€{0,1}, then:

I .= do( D", DY) +(1-a) dy DY, DY), a€[0,1]. (33)

Small values I, correspond to topologically similar configurations, while the growth of the
index indicates an increased sensitivity of the model to the type of variations of the query.

Thus, the index I, characterizes the integrity of the response space, I, characterizes its
topological complexity and I, characterizes the differential response of the model to different
types of perturbations. Together, these indices give a structured description of the stability of the
LLM and can be used both separately and as components of the integral indicator S,,,.

The introduced indicators S,,,» L eomps Lcomprs Lsens allow us to move from describing individual
topological characteristics to classifying the behavior modes of the model in the response space.
The classification is based on three agreed aspects: the integrity of the response space, the level of
its topological complexity, and the sensitivity to the type of query variations.

Let the threshold values be given



0<8<6"<1,0<6,"<6;,0<6 <0, (34)

S

where Q[C” , 922) are threshold levels of the component stability index I
2)

comp> S€parating the regions

of high, intermediate and low integrity of the response space; 9&”, 95 are threshold values of the

topological complexity index I which determine the transition from simple to complex

compl>

topological organization; 9?],9‘52] are thresholds of the sensitivity index I, which distinguish

weak, moderate and high dependence of the topology on the type of query variations.
Then three typical regimes are distinguished.

1. Stable regime, characterized by the conditions:

I >0Y T

(1] (1)
comp c complggl ’I sges ) (35)

sen.

and corresponds to high values of S,,,.
2. Moderately sensitive regime, characterized by the conditions:

(2) pl1) (2)
07,0, <I,,.<07, (36)

sens —

(2] (1) pl1)
ec SIcomp<9c ’91 <Icompls
and which is characterized by the appearance of additional structures, limited fragmentation

and moderate difference between topological representations.

3. Topologically unstable regime, characterized by the conditions:

I,,<02.1,. >021,.>67, (37)

comp c >+ compl 1 > " sens s

and corresponds to low values of S,,,.

Thus, the proposed typology interprets topological characteristics as operational features of
LLM behavior: a stable mode corresponds to invariance, moderately sensitive to limited
dependence, and topologically unstable to structural splitting of the response space.

8. Description of the experiments

The experiment is aimed at assessing the stability of the geometric and topological structure of
the response space of the language model under different types of query variations. Three
categories of queries are considered: informational, logical, and instructional. The study included
three stages: (1) comparison of deterministic and stochastic generation modes; (2) analysis of
semantic query variations obtained by paraphrasing and lexical-syntactic changes; (3) analysis of
structural variations associated with changing the order of instructions and the formulation of
conditions. For each query variant, model responses were generated and converted into embedding
vectors. Based on them, pairwise cosine distances were calculated, Vietoris-Rips complexes were
constructed, and topological characteristics were determined, in particular the number of stable
components H and the topological stability indicator S,,,. The obtained indicators were used to
compare the impact of different types of query variations on the structure of the model's response
space.

9. Results of the experiments

This section presents the results of experimental verification of the proposed approach. To analyze
the model response space, two generation modes are compared. The first is a deterministic mode
without random sampling (temperature ~ 0), in which repeated model responses for the same
query should be as similar as possible. The second is a stochastic mode using temperature
sampling, which allows for variability in formulations [22]. Such a comparison allows us to assess



how the geometric and topological structure of the response space changes depending on the level
of stochasticity of generation.

To assess the basic geometry of the model response space, aggregated matrices of pairwise
cosine distances between the embedding representations of responses generated in the
deterministic and stochastic modes were constructed. The results are shown in 1.
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Figure 1: Pairwise embedding distances of LLM responses under different generation regimes

1 displays the aggregated matrices of pairwise cosine distances between the embedding
representations of the model responses for the two generation modes. In the deterministic mode,
most of the distances are in the interval of approximately 0.005-0.03, which indicates the
compactness of the response space and high consistency of repeated generations of the same query.
In the stochastic mode, the spread is much larger: the distance values reach approximately
0.04 —0.16, which reflects the increase in the variability of text formulations. At the same time,
there are no clear block structures on the heat maps that could indicate the formation of separate
response clusters. Therefore, even under stochastic generation, the response space remains globally
connected, which is consistent with the results of further topological analysis.

In order to quantitatively compare the response space in different generation modes,
generalized metrics were calculated that describe their geometric dispersion and topological
stability. The results are shown in 2.

Mean pairwise distance Max HO lifetime Stability surrogate
0.14 1 3 deterministic [ deterministic 101 [ deterministic
[ stochastic B stochastic [ stochastic
0.12 1 04+ 0.8
0.10 A
031 0.6
0.08 A
0.06 | 0.2 1 0.4
0.04 -
0.1 0.2 1
0.02 A

factual logical instructive factual logical instructive factual logical instructive

Figure 2: Response Space Geometry and Topology Across Generation Regimes

2 presents a comparison of three quantitative indicators characterizing the geometry and
topological properties of the model response space: the average pairwise cosine distance between



embedding vectors, the maximum lifetime of the connectivity component H, in persistent
homology, and the stability indicator. In the deterministic mode, the average pairwise distance
remains small and lies within approximately 0.009—0.024 which corresponds to the compact
placement of responses in the space of embedding representations. In the stochastic mode, the
values of this metric increase noticeably and reach approximately 0.047 —0.102, which reflects the
greater variability of the formulations. A similar trend is observed for the component H  lifetime:
in the stochastic mode, it is about 0.28 —0.46, while in the deterministic mode it is in the interval
0.17—-0.24. At the same time, the stability indicator is significantly higher for the deterministic
mode (approximately 0.65—0.74) and decreases to 0.09—0.10 in the stochastic mode, which
indicates a greater geometric dispersion of the response space in the presence of stochastic
sampling.
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Figure 3: Pairwise embedding distances of LLM responses under semantic prompt variations

3 shows the aggregated matrices of pairwise cosine distances between the embedding vectors of
responses for the three categories of queries. For actual queries, most of the distances remain low
(mostly d=~0.01—0.05), which indicates a compact geometry of the response space and high
stability of the result under semantic variations of the formulation. For logical and instructive
queries, a larger spread of values (up to d~0.20—0.24), which indicates an increased sensitivity of
the model to changes in the query formulation. At the same time, the matrices do not demonstrate
clearly separated block structures, which means the absence of stable subclusters of responses and
the preservation of the overall connectivity of the response space even in the presence of semantic
perturbations of the query.
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Figure 4: Response Space Geometry and Topology Across Semantic Prompt Variations

4 shows a comparison of three indicators characterizing the geometric and topological
properties of the model’s response space under semantic variations of the query. The smallest value
of the average pairwise cosine distance is observed for factual queries and is about 0.03, while for
logical and instructive queries it increases to approximately 0.12—0.13. This indicates that the



responses to factual queries remain more compact in the space of embedding representations,
while logical and instructive formulations exhibit higher sensitivity to semantic paraphrasing. The
number of stable connectivity components H, in all three categories remains close, within
approximately 6.5—7.5, which does not give grounds to speak of a sharp fragmentation of the
response space. At the same time, the values of the integral indicator of topological stability change
slightly and lie within 0.21—0.23. This gives grounds to believe that semantic variations of the
query noticeably affect the geometric compactness of the responses, but do not cause a significant
violation of their global topological integrity.
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Figure 5: Pairwise embedding distances of LLM responses under structural prompt variations

As shown in 5, structural variations in the prompt lead to a significant change in the geometry
of the response space. For information retrieval prompts, the values of pairwise cosine distances
mostly remain relatively small and mostly do not exceed approximately 0.07—0.08, which
corresponds to a more compact configuration of the embedding space. For logical prompts, the
distances increase and reach approximately 0.15—0.17, while for instruction-following prompts
they can exceed 0.25, which indicates a much greater dispersion of responses. This difference in
values means that structural modifications of the prompt can significantly change the geometric
configuration of the model's response space, with the effect being most pronounced for more
complex cognitive types of prompts.
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Figure 6: Geometric and topological metrics of the response space under structural prompt
variations

As can be seen from 6, structural variations in the query lead to a gradual increase in the
geometric dispersion of the response space. The average pairwise cosine distance increases from
approximately 0.05 for information-seeking prompts to approximately 0.11 for reasoning prompts
and approximately 0.16—0.17 for instruction-following prompts. Similarly, the number of stable
components H increases: from approximately 7 to approximately 9, which indicates a gradual
fragmentation of the embedding representation space. At the same time, the integral indicator of



topological stability S,,, shows the opposite trend and decreases from approximately 0.22 to 0.17.
The combination of these indicators shows that structural changes in the query formulation
noticeably affect the topological configuration of the model's response space, and the effect is most
pronounced for instructional tasks.
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Figure 7: Response-space sensitivity to semantic and structural prompt perturbations

As can be seen from 7, structural variations in the query formulation on average cause a greater
geometric dispersion of the response space than semantic paraphrasing. In particular, for
instruction-following prompts, the average pairwise cosine distance increases from approximately
0.12 in the case of semantic changes to approximately 0.16—0.17 for structural modifications. A
similar trend is demonstrated by the number of stable components H,, which increases from
approximately 6.5 to 9, which indicates an increase in the fragmentation of the embedding space.

At the same time, the values of the integral indicator of topological stability S, for structural

top
variations decrease (from approximately 0.23 to 0.17—0.18), which is consistent with the
assumption of a greater sensitivity of the model to changes in the instruction structure than to

semantic paraphrasing.

Table 1
Response-Space Geometric and Topological Statistics Across Categories and Regimes

Prompt Regime d Sd(dcos) H, Sd(Ho) S Sd(stop) AS

cos top top
category

factual control 0.01 0.001 1.0 0.000 0.66 0.002 0.0
factual semantic 0.03 0.004 7.5 0.707 0.21 0.015 -0.45
factual structural ~ 0.05 0.022 7.0 1.414 0.22 0.035 -0.43
logical control 0.01 0.002 1.0 1.414 0.74 0.339 0.0
logical semantic 0.13 0.091 7.5 2.121 0.21 0.049 -0.52
logical structural 0.1 0.081 8.0 1.414 0.20 0.031 -0.53

instructive control 0.02 0.006 5.0 1.414 0.29 0.059 0.0

instructive semantic 0.12 0.031 6.5 0.707 0.23 0.016 -0.05

instructive structural 0.17 0.033 9.0 0.000 0.18 0.001 -0.11




Note. d., — mean cosine distance between response embeddings; H,— number of persistent

connected components; S,,, - topological stability indicator; AS,,, — change relative to control.

1 contains the generalized values of the geometric and topological characteristics of the model’s
response space for three query categories and three perturbation regimes. In the control regime,
the response space is characterized by low geometric scatter (d.,,=0.008-0.024) and minimal
fragmentation (H ;=1 for factual and logical queries). In the case of semantic variations, the mean
cosine distances increase to 0.032—0.130, and the number of stable components increases to
H,~6.5—-7.5, which indicates the appearance of additional structures in the response space.
Structural variations lead to a further increase in geometric scatter (to d ,,=0.166) and the number
of stable components (H; — 9). At the same time, the value of the topological stability indicator

S.p decreases relative to the control regime (4S,,,<0), with the largest deviations observed for
logical queries. The results obtained are consistent with the assumption of a greater sensitivity of
the response space topology to structural changes in the query formulation compared to semantic

variations.

10. Conclusions

The results establish practical guidelines for LLM development and deployment. Model design
should account not only for local performance metrics but also for the global structural stability of
the response space, which can be quantified using topological indicators. Semantic perturbations
primarily affect geometric compactness, whereas structural perturbations induce fragmentation
and regime shifts; thus, maintaining prompt structure is critical for stable generation. The proposed
indicators provide a basis for reliability assessment and detection of unstable operating regimes.

The approach represents the response set in an embedding space, enabling its treatment as a
metric structure where geometric characteristics capture dispersion and local clustering. Persistent
homology provides a multi-scale description of topology and identifies stable invariants under
perturbations.

An integrated topological stability index S, , defined via the persistence of homological

top?
features, aggregates information on component structure, local instabilities, and cyclic
organization. Complementary partial indices decompose this measure into interpretable
components of model behavior.

Experimental results demonstrate the discriminative capacity of the proposed indicators.
Deterministic generation yields compact and topologically coherent structures, whereas

stochasticity increases dispersion and reduces S,,. Semantic perturbations primarily affect

top*
geometry without substantial topological change, while structural perturbations induce
fragmentation, increase the number of persistent components, and degrade topological stability.
The resulting regime typology is consistent with empirical observations: stable regimes
correspond to topologically coherent and invariant response structures, whereas unstable regimes
are characterized by fragmentation and sensitivity to structural perturbations. The proposed
framework thus provides a quantitative basis for analyzing LLM stability and identifying critical

behavioral regimes..
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