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Abstract

This paper presents an application of physics-informed neural networks (PINNs) to the classical one-
dimensional heat equation, a fundamental model for describing thermal diffusion processes relevant to
climate systems. Using synthetically generated data, we demonstrate the effectiveness of PINN in accurately
approximating analytical solutions and incorporating observational information, thus laying the foundation
for their application to more complex climate modeling scenarios. Our approach specifically investigates the
impact of a balanced multi-component loss function and a hybrid data-collocation strategy on the model's
accuracy and physical consistency in the presence of noise.
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1. Introduction

The precise representation of the climate system and the forecast of its future states are two central
tasks in climate science, both of which rely on accurately capturing the complex interactions among
mass, momentum, and energy, typically described by nonlinear partial differential equations (PDE)
and solved numerically in climate models [1]. Common numerical methods -by which these PDEs are
discretized over space and time - include finite difference methods, finite volume methods, where
spatial derivatives are approximated using values at grid points or control volumes, and spectral
methods [2, 3, 4]. These numerical methods form the basis for dynamic weather and climate
modeling, allowing a physically consistent modeling of atmospheric processes in complex terrain and
over time, as well as sensitivity analysis, integrated forecasting, and quantification of uncertainty,
which are necessary for reliable forecasting in chaotic systems. However, numerical modeling has a
significant computational cost, is highly sensitive to initial conditions, and often depends on
incomplete representations of physical processes, particularly when fine resolution is needed to
capture local climate dynamics [5, 6].

To address these limitations, machine learning (ML) has emerged as a powerful tool in climate
science. ML offers a flexible framework for analyzing large climate datasets, learning predictive
representations directly from data, and complementing or accelerating traditional numerical models
in both forecasting and climate modeling tasks [7, 8]. ML approaches can supplement these
traditional methods by offering data-driven alternatives or hybrid models that aim to balance
computational efficiency with predictive accuracy. In particular, physics-informed neural networks
(PINNs) have garnered considerable attention for their novel integration of physical laws directly
into the architecture of neural networks [9]. Unlike conventional data-driven models that
approximate mass and momentum conservation using predefined basis functions, PINNs incorporate
physical constraints into the training process, including the Navier-Stokes equations and
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thermodynamic principles. This approach reduces the amount of training data required while
improving the physical consistency and generalizability of the predictions [10, 11].

PINNs present a compelling solution to the inherent limitations of traditional PDE solvers,
particularly in cases where observational data is sparse, incomplete, or prohibitively expensive to
collect, a common scenario in climate modeling [10]. Furthermore, PINNs are naturally suited for
solving both forward (predictive) and inverse (parameter estimation) problems, making them
powerful tools for simulating climate dynamics and inferring unknown physical parameters from
available data [12].

This paper provides a focused study of PINNs applied to the classical one-dimensional heat
equation, a fundamental model for describing thermal diffusion processes relevant to climate
systems. While the application of PINNs to simple PDEs is established, our work contributes by
systematically evaluating a strategy for integrating sparse and noisy synthetic observations within a
structured loss function. The novelty of our approach lies in:

1. The implementation and analysis of a composite loss function that carefully balances the PDE
residual, initial/boundary conditions, and observational data loss, which is crucial for stable
convergence when data is imperfect;

2. A hybrid collocation strategy that uses uniformly sampled points for physics enforcement and
a separate, sparser set of noisy spatial-temporal points for data assimilation, mimicking real-
world data scarcity;

3. A demonstration of how this framework maintains physical consistency while fitting noisy

data, providing a foundation for future applications to real climate data inversion and
parameter estimation problems.

Using synthetically generated data, we demonstrate the effectiveness of PINNs in accurately
approximating analytical solutions and incorporating observational information, thereby laying the
foundation for their application to more complex climate modeling scenarios.

2. Problem formulation: 1D heat equation

We consider the transient one-dimensional heat equation in the domain x €[0,1],t €[0,1]:

aT(x,t)_ OT(x,t)

dt =k x* +Qlxt), W

where T(x,t) denotes the temperature (in °C), k>0 is the constant thermal diffusivity, and Q(x,t)
represents an external heat source. In this study, we set Q(x,t)=0 so that an analytical reference
solution is available; specifically, when the initial condition is chosen as T,(x)=sin(nx), the exact

solution is
km

T, (x,t)=e ™ sin(nx).

exact
Homogeneous Dirichlet boundary conditions are imposed at x=0 and x=1,
T(0,t)=0,T(1,t)=0,t €[0,1],
and the initial temperature profile is prescribed by
T(x,0)=sin(nx),x €[0,1].

Under these conditions, the one-dimensional heat equation admits a closed-form solution that
serves as the basis for generating synthetic observations. Collocation points are uniformly sampled



on [0,1]x[0,1] to enforce residual PDE through automatic differentiation in the PINN framework.
The residual at each collocation point (x,t) is defined by

oT T
R(X,t):E(X,t)—kg(X,t), (2)

and the corresponding PDE-loss term is the mean squared residual over all collocation points. The
initial and boundary conditions are enforced by minimizing the mean squared error between
T(x,0) and sin(nx) for x €[0,1], as well as between T(0,¢),T(1,t) and zero for t €[0,1].

3. PINN model architecture
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Figure 1: Physics-Informed Neural Network’s architecture for the 1D heat equation.

We define a neural network T (x,t) that approximates the solution. The loss function includes the
following components:

e PDE Residual: Enforces the heat equation. The core idea behind PINNSs is to embed physical
laws directly into the training process. For the 1D heat equation, this is done by minimizing the
residual of the governing PDE at a set of collocation points (x;,t;) sampled from the spatial-
temporal domain. Specifically, we use the definition in Equation (2). During training, the
network adjusts its parameters to minimize the mean squared error ofR(x,t)at all the location
points, ensuring that the learned solution adheres to the physics of the heat equation [12].

e Initial Condition Loss: Fits T(x,0). To correctly model the heat equation, it is necessary to
enforce the initial temperature distribution at time ¢t=0. The initial condition is specified as

T(x,0)=T,(x), (3)

where T,(x) is a known temperature profile in the spatial domain. In the PINN framework, we
enforce this by minimizing the mean squared error (MSE) between the predicted temperature
T(x ,0) by the neural network and the true initial condition T,(x). The loss of the initial condition is
defined as

Ny

L= 2 (P (0= To[x)f

IC =1

where [xl}fvzl are the points sampled in the spatial domain at the time of initial sampling. In practice,

this is implemented by:

- Setting the temporal input t=0.



- Passing (x,0) into the neural network to predict T(x,0).
- Calculating the MSE between T(x,0) and the true initial condition values T,(x).

This approach ensures the consistency of the network with the known physical state of the
system at the start of the simulation [9].

¢ Boundary Condition Loss: Fits T(0,t) and T(1,t). Boundary conditions play a vital role in
ensuring the physical precision of PINNs. For the one-dimensional heat equation, Dirichlet
boundary conditions are imposed at the locations x=0 and x=1. The loss function for the
boundary conditions can be expressed as the mean squared error between the predicted
temperatures and the known boundary values.

N, N,
L= 3 F0.0 7+ 1.0 @
b\ i=1 i=1

where N, represents the number of boundary points sampled at different times t;. Karniadakis et al.
(2021) emphasize that strict enforcement of boundary conditions is crucial to ensure the stability and
physical consistency of PINNs [10].

e Observation Loss: Fits real NOAA temperature data. To ensure that PINNs generate
physically plausible solutions that also align with empirical evidence, the integration of
observational data is paramount. This is achieved through the observation loss term, which
acts as a direct constraint, guiding the network to learn solutions that not only satisfy the
governing physical laws but also accurately reproduce available measurements. The
observation loss is defined as:

Lobs =

Nob)
Nl Z(T(Xi’ti)_Tobs,i)z' (5)
obs i=1

Integrating observational data into the PINN framework not only enhances the accuracy of the
model but also provides a mechanism for correcting potential biases or inaccuracies inherent in
the physics-based residuals. This approach has been demonstrated in various studies, such as the
work by Liu et al. [13], where a PINN-based method was employed for temperature field inversion in
heat-source systems, effectively integrating observational data to improve prediction precision.

4. From formulation to implementation: Data integration

Having defined the model architecture and loss components, the next step involves generating and
integrating the data needed for training. Synthetic observations are generated by evaluating the exact
solution T . (x;,t;) on a uniform grid of points {(x;t;)}<[0,1]x[0,1]}. To emulate realistic
measurement uncertainty, independent Gaussian noise €; ~ N (0, 02) is added to each value:

Tobs(xi’tj):Texact(xi)tj)+€ij'

A subset of these noisy evaluations is then chosen as the observation set for PINN training; the
remaining points (without noise) serve as a validation set to quantify the predictive error against the
exact solution. Because all spatial and temporal coordinates lie in [0,1], no further normalization is
required for the input of the neural network, and the observed temperatures T, are used directly in
degrees Celsius. To simulate realistic conditions, synthetic observations were generated in tabular
form, including geographic coordinates, date, and corresponding surface temperature. A subset of the
dataset is shown in Table 1. All data points are fixed in space and span daily measurements,



representing a typical midlatitude winter pattern.

During training, the PINN minimizes a composite loss consisting of four components: (i) the
residual loss of PDE over the collocation points, (ii) the loss of initial condition enforcing
T(x,0)=sin(nx), (iii) the loss of boundary condition enforcing T(0,t)=0 and T(1,t)=0, and (iv) the
term of observation loss in Equation (5), where {(Xk,t k,Tobs,k)} are noisy temperature samples selected
from the synthetic grid. By combining these loss terms, the PINN is guided to produce a solution that
respects the heat- equation physics, honors the prescribed initial and boundary conditions, and
aligns with the noisy observations. After training converges, the performance is assessed in the
validation set by computing the relative L2 error between T (x,,t,) and T o ( X,,t;), confirming that the
PINN has learned the true dynamics of the heat equation under measurement noise.

Table 1
Sample of synthetic observational dataset used in training

Latitude Longitude Date Temperature (°C)

43,0 76.9 2023-01-01 5.2
43.0 76.9 2023-01-02 -438
43.0 76.9 2023-01-03 -3.5
43.0 76.9 2023-01-04 ~2.1
43,0 76.9 2023-01-05 04

43,0 76.9 2023-01-06 12

43.0 76.9 2023-01-07 0.8

43.0 76.9 2023-01-08 -0.5
43.0 76.9 2023-01-09 -1.3
43,0 76.9 2023-01-10 97

Temperature values represent daily surface temperature in °C at a fixed location.

5. Results and performance analysis

Using the methodology described above, the PINN was trained to solve the one-dimensional heat
equation under prescribed initial and boundary conditions, with additional synthetic temperature
observations. The training process used a stochastic optimizer to minimize the loss of the composite
until convergence. In the experiment, collocation points were sampled from the interior of the
spatial- temporal domain to enforce the residual of the PDE, while the boundary and initial condition
points ensured adherence to the physical constraints. A subset of the analytical solution was used to
emulate the observational data.

The PINN rapidly learned the dynamics of the system, accurately reproducing the analytical
solution across the domain. The predicted temperature field exhibited smooth spatial and temporal
behavior consistent with heat diffusion, and the relative error L> remained on the order of 1073. The
boundary and initial conditions were satisfied to within the precision of the machine, and the
inclusion of noisy observations improved the generalization of the model without compromising the
physical consistency.

The evolution of the predicted temperature field over space and time is visualized in the
contour plot in Figure 2, which clearly shows the decaying nature of the initial sinusoidal
temperature profile, as expected from the heat equation. In addition, the predictive accuracy of the
network over time is confirmed by the time series trace at x=0.5 in Figure 3, where the PINN
maintains fidelity even beyond the training interval, demonstrating a strong extrapolation capability
under physical constraints.



Extrapolated T(x.t) (Contour up to t=1.5)
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Figure 2: Predicted temperature field T(x,t) up to t=1.5. The model captures the characteristic
behavior of heat diffusion, with temporal decay of the sinusoidal initial condition.
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Figure 3: Time-series prediction at x=0.5, showing accurate temporal decay of the temperature
profile, consistent with the heat equation solution.

6. Discussion

The application of a physics-informed neural network (PINN) to the 1D heat equation
demonstrates both its promise and current limitations for climate modeling. Our results show that
PINNs can learn a physically consistent solution that respects the governing PDE and boundary
conditions, even while incorporating noisy observational data. The model achieved high
accuracy (relative error ~ 10~°), highlighting its potential as a high-fidelity surrogate in scenarios
where analytical solutions are not available. The successful implementation of our balanced loss
function and hybrid collocation strategy was key to this robust performance.

A key strength of PINNs lies in their ability to integrate sparse data without sacrificing physical
consistency. This makes them attractive for climate applications, where high-resolution
observational datasets are often limited. Our experiment with synthetic observations confirms that a
properly constructed PINN can generalize well and reproduce the underlying dynamics from limited,
noisy data, in agreement with the findings of other studies [13].

However, scaling PINNs to more complex systems (e.g. 3D atmosphere or ocean models) presents
challenges. Training PINNs can be computationally intensive and sensitive to hyperparameters,



particularly in high-dimensional or stiff problems. The loss balancing act we performed for this 1D
case becomes significantly more complex in multi-physics systems.

Overall, while PINNs are not yet a drop-in replacement for traditional solvers, this study
supports their role as a promising complement, especially as climate modeling increasingly
turns to hybrid, data-augmented strategies. The framework tested here provides a validated
starting point for such hybrid approaches.

7. Conclusion

This study demonstrated the application of physics-informed neural networks (PINNs) to a
fundamental partial differential equation relevant to climate modeling, the one-dimensional heat
equation. By embedding physical constraints directly into the loss function of a neural network,
we trained a PINN that accurately learned the evolution of temperature over space and time, while
also integrating synthetic observational data. The model achieved high fidelity to the analytical
solution, even under noisy measurements, with relative L’ errors on the order of 10~°. These
results underscore the effectiveness of PINNs in producing physically consistent, data-informed
solutions in scenarios where traditional data-driven methods may struggle due to limited or
imperfect observations.

The use of PINNs in this setting also highlighted their flexibility and potential advantages: mesh-
free formulation, natural handling of initial and boundary conditions, and the ability to incorporate
observational data without violating governing physical laws. However, challenges remain in scaling
these methods to higher-dimensional and more nonlinear systems typical in climate modeling, where
training complexity, computational cost, and loss balancing can become critical issues.

Looking ahead, PINNs show promise for use as surrogate models for subcomponents of climate
models, as tools for parameter estimation, or in real-time data assimilation pipelines. To realize
this potential and confirm the practical applicability of our approach, future work will focus on testing
this PINN framework with real climate data. This will involve applying the model to historical
temperature records from sources like NOAA or ERAS5 to reconstruct past climate fields or infer
unknown parameters. Evaluating the performance of PINNs under these realistic modeling
uncertainties and data structures is the essential next step in transitioning this promising
methodology from a synthetic testbed to a practical tool for climate science. With continued
methodological improvements and validation efforts, physics-informed neural networks may play a
key role in advancing the next generation of hybrid climate models that take advantage of both
physical theory and data-driven insights.
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