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Abstract

A central reasoning task in description logics is concept subsumption. Although this problem has been exten-
sively studied, important results for certain logics have not been stated explicitly. In this work, we investigate
subsumption in the restricted logic ℱℒ⊥reg and related logics ℱℒreg , ℱℒ⊥, and ℱℒ0. These logics support
value restrictions over role names, where the subscript reg indicates the use of regular expressions over roles.

Subsumption between two concept descriptions inℱℒ⊥reg andℱℒreg is PSpace-complete. When subsumption
is considered with respect to a TBox (i.e., a set of axioms), the complexity increases to ExpTime-complete. We
reprove the PSpace-completeness result and provide a new proof of ExpTime-completeness for ℱℒreg and
ℱℒ⊥reg via a novel reduction to parity pushdown games.
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1. Introduction

Description logics constitute a family of formal languages designed to represent structured knowledge
in terms of concept hierarchies and the relationships between them. They provide a rigorous framework
for describing classes of objects, their properties, and the relations that hold among them. A central
aim of description logics is to support precise concept definitions and to enable automated reasoning
about class membership and inter-concept relationships.

A fundamental reasoning task in this context is the decision problem of whether a subsumption
relation holds between two given concept descriptions. If subsumption is decidable in a particular
description logic, it becomes possible to compute a concept hierarchy, which greatly facilitates the
maintenance, consistency checking, and effective use of ontologies.

In this paper, we present a novel algorithm for the subsumption problem in certain restricted
description logics, with potential applications in ontology maintenance.

It is often desirable to restrict the class of admissible interpretations of an ontology to those that
satisfy a set of general constraints, while preserving the decidability of key reasoning tasks such as
subsumption. These constraints can be formalized as a finite set of axioms describing relationships
between concepts, known as a TBox.

The subsumption problem, both with and without TBoxes, has been extensively studied across a
broad spectrum of description logics.

A particular description logic is characterized by the set of constructors allowed for concept definitions.
Individual logics therefore differ in their expressive power, depending on the constructors provided.

In this paper, we focus on description logics that admit only conjunction (⊓), the top concept (⊤),
value restrictions (∀𝑟.𝐶), and, optionally, the bottom concept (⊥), interpreted as the empty set. These
constructors are used to build complex concept descriptions from a given set of atomic concept and
role names.

The logic comprising the first three constructors is denoted by ℱℒ0, while the extension including
⊥ is denoted by ℱℒ⊥. If value restrictions are generalized to regular expressions over the alphabet of
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DL without TBox with TBox

ℱℒ0 PTime ExpTime-complete

ℱℒ⊥ PTime ExpTime-complete

ℱℒreg PSpace-complete ExpTime-complete

ℱℒ⊥reg PSpace-complete ExpTime-complete

Table 1

Complexity of the subsumption problem in various description logics.

role names, the resulting logic is denoted by ℱℒreg , and its extension with the bottom concept ⊥ is
denoted by ℱℒ⊥reg .

For instance, in ℱℒ0, one can describe the concept of an undergraduate student as a student who
attends only undergraduate courses by the equivalence

UndergraduateStudent ≡ Student ⊓ ∀attends.UGC,

where UGC is a concept name denoting a class of undergraduate courses, and attends is a role name
relating a person and a course they attend.

In ℱℒ⊥, one can express the fact that professors do not attend any courses by the subsumption axiom

Professor ⊑ ∀attends.⊥.

In ℱℒreg , one can describe the more complex concept of a professor whose all siblings are professors,
all siblings of those siblings are professors, and so on, for any number of steps through the sibling
relation:

∀sibling*.Professor.
The computational complexity of the subsumption problem between two concept descriptions

depends on the set of constructors available in the underlying logic. Table 1 summarizes the current
state of the art. The entries in bold font are those in which we are particularly interested in this paper.

The first two entries in the first column indicate the existence of polynomial-time algorithms for
deciding subsumption in ℱℒ0 and ℱℒ⊥, results that have been known for a long time (cf. [1]).

The third and fourth entries in the first column were not stated anywhere explicitly up to our
knowledge, although these complexities are consequences of other results. For example, PSpace
complexity for ℱℒreg follows from PSpace-completeness of subsumption in ℱℒ0 with cyclic concept
definitions interpreted in gfp-semantics [2], which is equivalent to ℱℒreg , [3]. The complexity of
ℱℒ⊥reg follows from the characterization of concept equivalence in Baader and Küsters [4]. In this
paper we use a similar characterization of subsumption as in Baader and Küsters [4] to prove the
complexity of the subsumption problem in ℱℒreg and ℱℒ⊥reg (Section 4). Another way to infer this
complexity upper bound would be to refer to the result of Baader and Küsters [5] which states that the
matching problem is in PSpace for ℱℒreg , and matching subsumes the subsumption problem.

The first entry in the second column is established by Baader, Brandt, and Lutz [6] by a reduction to
and from the subsumption problem in ℱℒ𝑡𝑓

0 with TBox [7]. The description logic ℱℒ𝑡𝑓
0 is a variant of

ℱℒ0 in which all roles are interpreted as total functions. The ExpTime-completeness of the problem
was also established independently by Hofmann [8].

The result mentioned in the second entry in the second column follows from Theorem 2.2 in Baader
et al. [9].

The third and fourth entries in the second column are consequences of the fact that satisfiability in
Propositional Dynamic Logic (PDL) is decidable in ExpTime [10]. The description logics ℱℒreg and
ℱℒ⊥reg are contained in PDL and the TBoxes can be internalized in a satisfiability problem as described
in De Giacomo and Lenzerini [11] (and observed in [12, 13]).

Clearly the ExpTime-hardness result from the first entry in the second column (ℱℒ0 with TBoxes)
implies ExpTime-hardness of the subsumption problem in the more general logics in the last three
entries.



Hence, the results presented in this paper are not new and belong to the common body of knowledge.
Nevertheless, the aim of this paper is to provide a novel method for solving the subsumption problem
in all the logics considered—a method that does not rely on stronger description logics or on algorithms
designed to solve more difficult problems. In this way, we aim to solve the subsumption problem using
only the means provided by a given logic. Since the logics considered here are very restricted, the
proposed procedure may be implemented relatively easily.

The approach to constructing new algorithms is to establish an equivalence between an instance of
the subsumption problem with TBoxes and a suitably defined parity pushdown game associated with
the instance, and then to apply existing techniques from game theory to solve it.

Parity pushdown games arise from the combination of pushdown systems, that is, transition systems
equipped with a stack, and parity games—two-player infinite-duration games played on finite graphs, in
which the winner is determined by the parity of the priorities visited infinitely often. This framework has
found widespread application in the verification of recursive programs and pushdown models [14, 15],
as well as in interprocedural static analysis frameworks based on weighted pushdown systems [16].

Solving parity pushdown games, that is, deciding the existence of a winning strategy for one of the
players, is ExpTime-complete [15]. A variant of pushdown games has been used to establish ExpTime-
completeness of the subsumption problem in the description logic ℱℒ0 with TBoxes [8]. Motivated by
this result, we present a new method for solving subsumption problems in several description logics
extended with TBoxes.

The remainder of this paper is structured as follows. Section 2 recalls the necessary preliminaries. In
Section 3, we present syntactic laws and normal forms used throughout the paper. Section 4 establishes
PSpace-completeness of subsumption in ℱℒreg and ℱℒ⊥reg without TBoxes. In Section 5, we present
a reduction from ℱℒ⊥reg with TBoxes to ℱℒreg with TBoxes, allowing us to focus on subsumption
in ℱℒreg with TBoxes. Section 6 provides the necessary background on parity pushdown games. In
Section 7, we prove our main result—ExpTime-completeness of subsumption in ℱℒreg with TBoxes—by
reduction to parity pushdown games. Finally, Section 8 concludes the paper.

2. Preliminaries

We introduce the description logics considered in this paper, starting with the most complex one,
ℱℒ⊥reg ; the other logics are obtained as its syntactic fragments.

The logic ℱℒ⊥reg . Let NC and NR be disjoint countable sets of concept names and role names, respec-
tively. Regular role expressions are just usual regular expressions built from role names using union,
concatenation, and Kleene star. Thus, they are defined by the grammar

𝐸 ::= ∅ | 𝜀 | 𝑟 | (𝐸 + 𝐸) | (𝐸𝐸) | 𝐸* (𝑟 ∈ NR).

Then, concept descriptions of ℱℒ⊥reg are generated by the following grammar:

𝐶 ::= 𝐴 | ⊤ | ⊥ | (𝐶 ⊓ 𝐶) | ∀𝐸.𝐶 (𝐴 ∈ NC).

The semantics ofℱℒ⊥reg is given by interpretations of the form ℐ = (𝒰ℐ , ·ℐ), where𝒰ℐ is a nonempty
domain of discourse (universe), and ·ℐ is an interpretation function mapping each concept name 𝐴 ∈ NC

to a set 𝐴ℐ ⊆ 𝒰ℐ , and each role name 𝑟 ∈ NR to a binary relation 𝑟ℐ ⊆ 𝒰ℐ × 𝒰ℐ . For a regular role
expression, we can define its language ℒ(𝐸) ⊆ N*

R in the usual way:

ℒ(∅) = ∅, ℒ(𝜀) = {𝜀}, ℒ(𝑟) = {𝑟}, ℒ(𝐸1𝐸2) = {𝑤1𝑤2 | 𝑤1 ∈ ℒ(𝐸1), 𝑤2 ∈ ℒ(𝐸2)},
ℒ(𝐸1 + 𝐸2) = ℒ(𝐸1) ∪ ℒ(𝐸2), ℒ(𝐸*) = {𝑤1𝑤2 . . . 𝑤𝑛 | 𝑛 ∈ N, 𝑤1, 𝑤2, . . . , 𝑤𝑛 ∈ ℒ(𝐸)},

where 𝜀 is the empty word, while 𝑤1𝑤2 and 𝑤1𝑤2 . . . 𝑤𝑛 denote concatenations of words. Regular
role expressions and complex concept descriptions are interpreted as follows, where “∘” denotes the
composition of binary relations:

𝐸ℐ =
{︀
𝑟ℐ1 ∘ 𝑟ℐ2 ∘ · · · ∘ 𝑟ℐ𝑛 | 𝑟1𝑟2 . . . 𝑟𝑛 ∈ ℒ(𝐸)

}︀
,



⊤ℐ = 𝒰ℐ , ⊥ℐ = ∅, (𝐶 ⊓𝐷)ℐ = 𝐶ℐ ∩𝐷ℐ ,

(∀𝐸.𝐶)ℐ =
{︀
𝑥 ∈ 𝒰ℐ | 𝑦 ∈ 𝐶ℐ for all 𝑦 such that (𝑥, 𝑦) ∈ 𝐸ℐ}︀ .

Weaker logics. The logic ℱℒ⊥ is a syntactically limited fragment of ℱℒ⊥reg , where we are not
allowed to use value restrictions ∀𝐸.𝐶 for arbitrary regular expressions 𝐸, but only ∀𝑟.𝐶 for single
role names 𝑟.

The logic ℱℒreg is obtained by syntactically limiting ℱℒ⊥reg in another way: we forbid the use of ⊥.
In order to obtain the logic ℱℒ0, one needs to apply both limitations: value restrictions are limited

to ∀𝑟.𝐶 , and ⊥ cannot be used.

Subsumption problem. The notions of subsumption and a TBox are defined uniformly for all
description logics introduced above. In each case, concept descriptions are formed according to the
given logic, and interpretations assign meaning to the constructors as specified.

Definition 2.1. A subsumption between the concept descriptions 𝐶 and 𝐷 is written 𝐶 ⊑ 𝐷, and we
also say that 𝐶 is subsumed by 𝐷. Such a subsumption holds in an interpretation ℐ if 𝐶ℐ ⊆ 𝐷ℐ . When
no interpretation is specified, 𝐶 ⊑ 𝐷 means that 𝐶ℐ ⊆ 𝐷ℐ holds for all interpretations ℐ . The concept
descriptions 𝐶 and 𝐷 are equivalent (written 𝐶 ≡ 𝐷) if 𝐶 ⊑ 𝐷 and 𝐷 ⊑ 𝐶 .

A TBox 𝒯 is a finite set of axioms of the form 𝐶 ⊑ 𝐷, where 𝐶 and 𝐷 are concept descriptions. Such
axioms express inclusion (implication) between concepts, stating that every instance of 𝐶 is also an
instance of 𝐷. For example, Human ⊑ Animal states that every human is an animal. Sometimes one
also allows axioms of the form 𝐴 ≡ 𝐵, expressing equivalence of two concepts. Such axioms can be
split into two subsumptions, 𝐴 ⊑ 𝐵 and 𝐵 ⊑ 𝐴, hence we assume that they are not present.

Subsumption can be relativized to a TBox as follows.

Definition 2.2. Let 𝒯 be a TBox and let 𝐶,𝐷 be concept descriptions.
• An interpretation ℐ is a model of 𝒯 if all axioms (𝐸 ⊑ 𝐹 ) ∈ 𝒯 hold in ℐ .
• 𝐶 is subsumed by 𝐷 with respect to 𝒯 (written 𝐶 ⊑𝒯 𝐷) if 𝐶 ⊑ 𝐷 holds in every model ℐ of 𝒯 .

The subsumption problem in the considered logic with TBoxes is defined as follows:
• Input: a TBox 𝒯 and concept descriptions 𝐶,𝐷.
• Output: Yes, if the subsumption 𝐶 ⊑𝒯 𝐷 holds, and No otherwise.

An instance of this problem is denoted 𝐶 ⊑?
𝒯 𝐷, with the question mark indicating that the subsumption

is the goal to be determined. We refer to such expressions as goal subsumptions.
If the TBox is absent (empty), we talk about the subsumption problem without TBoxes, with instances

of the form 𝐶 ⊑? 𝐷.
Notice that a set of goal subsumptions is simply a set of independent subsumption problems, because

each goal subsumption is considered independently of the others.

3. Syntactic laws and normal forms

Before addressing the subsumption problem, in this section we present some simple syntactic laws that
can be used to transform concept descriptions or to reason about subsumptions in our logics.

We start by observing that the equivalence relation is a congruence: if a concept description 𝐶
syntactically contains a concept description 𝐷 (as a subterm), and 𝐷 ≡ 𝐷′, then after replacing 𝐷 by
𝐷′ in the definition of 𝐶 we obtain a concept description 𝐶 ′ that is equivalent to 𝐶 (i.e., 𝐶 ≡ 𝐶 ′).

We now present several equivalences, which are immediate consequences of the semantics. First, we
note that value restrictions distribute over conjunction:

∀𝐸.
(︀
𝐶1 ⊓ 𝐶2

)︀
≡ ∀𝐸.𝐶1 ⊓ ∀𝐸.𝐶2.



The following two equivalences, used exhaustively as rewrite rules from left to right, allow us to
eliminate the ⊤ symbol (except in the case where the entire concept description is ⊤):

∀𝐸.⊤ ≡ ⊤, 𝐶 ⊓ ⊤ ≡ 𝐶.

We can also merge nested value restrictions into a single one, or introduce a value restriction when it is
not present:

∀𝐸1.∀𝐸2.𝐶 ≡ ∀𝐸1𝐸2.𝐶, 𝐶 ≡ ∀𝜀.𝐶.

Value restrictions involving the same concept name, as well as those involving ⊥, may be merged:

∀𝐸1.𝐶 ⊓ ∀𝐸2.𝐶 ≡ ∀(𝐸1 + 𝐸2).𝐶.

The above transformations allow us to convert every concept description into an equivalent concept
description in a normal form defined as follows. A concept description is in normal form if it is of the
form either ⊤, or ∀𝐸1.𝐴1⊓· · ·⊓∀𝐸𝑛.𝐴𝑛, or ∀𝐸1.𝐴1⊓· · ·⊓∀𝐸𝑛.𝐴𝑛⊓∀𝐸𝑛+1.⊥, where all 𝐴1, . . . , 𝐴𝑛

are pairwise different concept names. A concept description of the form ∀𝐸.𝐶 , where 𝐶 is either ⊥ or
a concept name from NC, is called a particle.

We also observe that for any concept name of interest, 𝐴 ∈ NC (as well as for ⊥), every concept
description 𝐷 is equivalent to a concept description in normal form containing a particle that involves
𝐴 (or ⊥, respectively). Indeed, if such a particle is not present in 𝐷, we can introduce one with the
empty regular expression thanks to the equivalence

⊤ ≡ ∀∅.𝐶.

The next equivalence is used in Section 4:

𝐶 ⊓ ⊥ ≡ ⊥. (1)

We now turn to properties of subsumption. Clearly subsumption is transitive: for every interpre-
tation ℐ , if 𝐶1 ⊑ 𝐶2 and 𝐶2 ⊑ 𝐶3 hold in ℐ , then 𝐶1 ⊑ 𝐶3 holds as well. Another property is
monotonicity of value restrictions: if 𝐶 ⊑ 𝐷 holds in an interpretation ℐ , then ∀𝐸.𝐶 ⊑ ∀𝐸.𝐷 as well,
for any regular role expression 𝐸. Moreover, the following subsumption holds in every interpretation ℐ :

𝐶 ⊓𝐷 ⊑ 𝐶. (2)

Next, observe that for every interpretation ℐ we have

𝐶ℐ ⊆ (𝐷1 ⊓𝐷2)
ℐ ⇐⇒ 𝐶ℐ ⊆ 𝐷ℐ

1 ∧ 𝐶ℐ ⊆ 𝐷ℐ
2 . (3)

Finally, for every interpretation ℐ and every element 𝑥 of its domain we have the following equivalence
(where a word 𝑤 ∈ N*

R is treated as a regular role expression):

𝑥 ∈ (∀𝐸.𝐶)ℐ ⇐⇒
(︀
𝑥 ∈ (∀𝑤.𝐶)ℐ for all 𝑤 ∈ ℒ(𝐸)

)︀
. (4)

4. Subsumption in ℱℒreg and ℱℒ⊥reg without TBoxes

In this section we solve the subsumption problem in ℱℒreg and in ℱℒ⊥reg without TBoxes.

Theorem 4.1. The following two problems are PSpace-complete:

• the subsumption problem in ℱℒreg without TBoxes, and

• the subsumption problem in ℱℒ⊥reg without TBoxes.



Consider an instance 𝐶 ⊑? 𝐷 of the subsumption problem. As already mentioned, we may assume
that 𝐶 and 𝐷 are in normal form; in particular these are conjunctions of particles.

We first note that a subsumption 𝐶 ⊑ 𝐷1 ⊓ · · · ⊓𝐷𝑘 holds if and only if the subsumptions 𝐶 ⊑ 𝐷𝑖

hold for all 𝑖 ∈ {1, . . . , 𝑘} (cf. Formula (3)). By considering each of the latter subsumptions separately,
we may assume that the right side of our goal subsumption consists of a single particle.

After the above step, the considered instance of the subsumption problem in ℱℒ⊥reg is of the form
either 𝐶 ⊑? ∀𝐺.𝐴, where 𝐴 is a concept name, or 𝐶 ⊑? ∀𝐺.⊥; the left side 𝐶 is a conjunction of
particles involving different concept names. Moreover, as explained in Section 3, we may assume that 𝐶
contains a particle involving ⊥, as well as a particle involving 𝐴 (in the case when the right side is ∀𝐺.𝐴
for 𝐴 ∈ NC). In other words, the instance of the problem, after preparatory syntactic transformations,
is of the form either

• ∀𝐸.𝐴 ⊓ ∀𝐹.⊥ ⊓ 𝐶0 ⊑? ∀𝐺.𝐴, where 𝐶0 does not use ⊥ nor the concept name 𝐴, or
• ∀𝐹.⊥ ⊓ 𝐶0 ⊑? ∀𝐺.⊥, where 𝐶0 does not use ⊥.

As a next simplification, we observe that the part 𝐶0 can be removed from these subsumptions, as
stated in the following lemma, whose proof can be found in Section A.

Lemma 4.2. For subsumptions as above we have equivalences:

• ∀𝐸.𝐴 ⊓ ∀𝐹.⊥ ⊓ 𝐶0 ⊑ ∀𝐺.𝐴 holds if and only if ∀𝐸.𝐴 ⊓ ∀𝐹.⊥ ⊑ ∀𝐺.𝐴 holds;

• ∀𝐹.⊥ ⊓ 𝐶0 ⊑ ∀𝐺.⊥ holds if and only if ∀𝐹.⊥ ⊑ ∀𝐺.⊥ holds.

Let ΣR ⊆ NR contain all role names occurring in the considered concept descriptions. It is a finite
set, hence disjunction of its elements, written simply ΣR, can be used as a regular role expression.1 The
next lemma (with a proof in Section A) reduces the subsumption problem to the containment problem
for languages of regular expressions.

Lemma 4.3. We have the following equivalences:

• the subsumption ∀𝐸.𝐴 ⊓ ∀𝐹.⊥ ⊑ ∀𝐺.𝐴 holds if and only if ℒ(𝐺) ⊆ ℒ(𝐸 + 𝐹Σ*
R);

• the subsumption ∀𝐹.⊥ ⊑? ∀𝐺.⊥ holds if and only if ℒ(𝐺) ⊆ ℒ(𝐹Σ*
R).

We have thus reduced the subsumption problem in ℱℒ⊥reg without TBoxes (and hence also in ℱℒreg

without TBoxes, which is a special case) to the problem of deciding inclusion between two languages
given by regular expressions. It is known that the latter problem is PSpace-complete [17]. Thus, our
subsumption problems are in PSpace.

In order to show PSpace-hardness, we reduce in the opposite direction. Given two arbitrary regular
expressions 𝐺, 𝐸 for which we want to check whether language inclusion holds, we treat their letters
as elements of NR. We fix some concept name 𝐴, and we define ΣR to contain all letters from 𝐸 and 𝐺.
Taking 𝐹 = ∅ we have ℒ(𝐸) = ℒ(𝐸 + 𝐹Σ*

R) as well as ∀𝐸.𝐴 ≡ ∀𝐸.𝐴 ⊓ ∀𝐹.⊥. From Lemma 4.3
it thus follows that the inclusion ℒ(𝐺) ⊆ ℒ(𝐸) (equivalently: ℒ(𝐺) ⊆ ℒ(𝐸 + 𝐹Σ*

R)) is equivalent
to the subsumption ∀𝐸.𝐴 ⊑ ∀𝐺.𝐴 (equivalently: ∀𝐸.𝐴 ⊓ ∀𝐹.⊥ ⊑ ∀𝐺.𝐴). Note that the resulting
subsumption ∀𝐸.𝐴 ⊑ ∀𝐺.𝐴 does not use ⊥, hence it belongs to both logics ℱℒreg and ℱℒ⊥reg . This
concludes our proof of Theorem 4.1.

We note that the correspondence between problems concerning ℱℒreg and language inclusion is
well known and has been used, for example, in the context of the matching problem [18, Lemma 6].

5. Reduction from ℱℒ⊥reg with TBoxes to ℱℒreg with TBoxes

In this section, we present a reduction from the subsumption problem in ℱℒ⊥reg with TBoxes to the
subsumption problem in ℱℒreg with TBoxes. Our construction is inspired by a reduction in Kost and
Morawska [19]; however, their result is obtained in a different setting, namely unification, and considers
a transformation from ℱℒ⊥ without TBoxes to ℱℒ0 with TBoxes. Thus, in contrast to their work, we
deal with subsumption (rather than unification), include TBoxes in the source problem, and target
ℱℒreg instead of ℱℒ0.
1The only reason for using ΣR instead of NR is that NR is infinite, hence it cannot be legally used in a regular expression.



A further related approach is presented in Baader et al. [9], where a different reduction is used to
transform a subsumption problem in ℱℒ⊥ with TBoxes into one in ℱℒ0 with TBoxes (their approach
requires so-called flattening of the TBox, which does not seem to work in the presence of regular
expressions). It follows that the subsumption problem in ℱℒ⊥ with TBoxes belongs to ExpTime. Our
result in this paper is more general, since it concerns the more expressive logics ℱℒ⊥reg and ℱℒreg .

The idea of the reduction presented below (as well as of the earlier reductions) is to simulate the
constructor ⊥ by a fresh concept name 𝐵, axiomatized in a TBox.

Throughout this section we consider an instance 𝐶 ⊑?
𝒯 𝐷 of the subsumption problem in ℱℒ⊥reg

with TBoxes. All 𝐶 , 𝐷, and 𝒯 may contain occurrences of ⊥. Let ΣC ⊆ NC and ΣR ⊆ NR be the sets
of, respectively, all concept names and all role names occurring in 𝐶 , 𝐷, or in the TBox 𝒯 . We fix a
fresh concept name 𝐵, which does not occur anywhere in 𝐶 , 𝐷, or 𝒯 (i.e., 𝐵 /∈ ΣC). Then, we define:

• 𝐾𝐵 is 𝐾 with all occurrences of ⊥ replaced by 𝐵, for any concept description 𝐾 ;
• 𝒯 𝐵 is the TBox 𝒯 with all occurrences of ⊥ replaced by 𝐵.

Next, we define a TBox ℛ, which simulates properties of ⊥. It contains the following axioms:
• 𝐵 ⊑ 𝐴, for every concept name 𝐴 ∈ ΣC;
• 𝐵 ⊑ ∀𝑟.𝐵, for every role name 𝑟 ∈ ΣR.

Note that 𝐶𝐵 , 𝐷𝐵 , and concept descriptions in 𝒯 𝐵 ∪ℛ do not use the ⊥ symbol, hence belong to
the ℱℒreg logic. Thus, the following theorem gives us a reduction for the subsumption problem from
ℱℒ⊥reg with TBoxes to ℱℒreg with TBoxes.

Theorem 5.1. The subsumption 𝐶 ⊑𝒯 𝐷 from ℱℒ⊥reg holds if and only if the subsumption 𝐶𝐵 ⊑𝒯 𝐵∪ℛ
𝐷𝐵

from ℱℒreg holds.

We now sketch main ideas of a proof of Theorem 5.1; missing details are contained in Section B and
in the full version of this paper [20]. Throughout this proof, letter ℐ denotes interpretations used for
original concept descriptions in ℱℒ⊥reg , and letter 𝒥 interpretations used for concept descriptions in
ℱℒreg , obtained by replacing ⊥ with the concept name 𝐵.

For the right-to-left implication, consider a model ℐ of 𝒯 in which we want to check whether 𝐶 ⊑ 𝐷
holds. As 𝒥 we take a modification of ℐ in which 𝐵 is interpreted as ∅, so in the same way as ⊥. It
is then easy to see that (𝐾𝐵)𝒥 = 𝐾ℐ for every concept description 𝐾 (possibly using ⊥, but not the
concept name 𝐵), as described by the following lemma.

Lemma 5.2. Let ℐ and 𝒥 be interpretations such that

• 𝒰𝒥 = 𝒰ℐ
,

• 𝐴𝒥 = 𝐴ℐ
for each 𝐴 ∈ NC ∖ {𝐵},

• 𝑟𝒥 = 𝑟ℐ for each 𝑟 ∈ NR, and

• 𝐵𝒥 = ∅.

Then, for every concept description 𝐾 in ℱℒ⊥reg not using the concept name 𝐵 we have (𝐾𝐵)𝒥 = 𝐾ℐ
.

By assumption, every axiom (𝐾 ⊑ 𝑀) ∈ 𝒯 holds in ℐ , that is 𝐾ℐ ⊆ 𝑀ℐ , and from Lemma 5.2 we
know that (𝐾𝐵)𝒥 = 𝐾ℐ and (𝑀𝐵)𝒥 = 𝑀ℐ (where it is important that 𝐵, selected as a fresh concept,
does not occur in 𝐾 nor in 𝑀 ). It follows immediately that (𝐾𝐵)𝒥 ⊆ (𝑀𝐵)𝒥 . Moreover, all axioms of
ℛ are trivially satisfied in 𝒥 , since 𝐵𝒥 = ∅ and the empty set is a subset of any set. Thus, 𝒥 is a model
of 𝒯 𝐵 ∪ℛ.

By the assumptions of the theorem, 𝐶 is subsumed by 𝐷 in every model of 𝒯 𝐵∪ℛ, in particular in 𝒥 ,
hence we have (𝐶𝐵)𝒥 ⊆ (𝐷𝐵)𝒥 . From Lemma 5.2 we know that (𝐶𝐵)𝒥 = 𝐶ℐ and (𝐷𝐵)𝒥 = 𝐷ℐ

(again, 𝐵 does not occur in 𝐶 nor in 𝐷), and hence 𝐶ℐ ⊆ 𝐷ℐ . Since ℐ was an arbitrary model of 𝒯 , we
conclude that 𝐶 ⊑𝒯 𝐷 holds. This finishes the proof of the right-to-left implication of Theorem 5.1.

The left-to-right implication is a bit more involved. This time we start with a model 𝒥 of 𝒯 𝐵 ∪ℛ in
which we want to check whether 𝐶𝐵 ⊑ 𝐷𝐵 holds. Note that 𝒥 may interpret 𝐵 as a nonempty set.
First, we observe that the axioms from ℛ imply the following lemma.

Lemma 5.3. For every ℱℒreg concept description 𝐾 involving only concept names from ΣC ∪ {𝐵} and

role names from ΣR, the subsumption 𝐵 ⊑ 𝐾 holds in every model 𝒥 of ℛ.



If 𝐵𝒥 = 𝒰𝒥 , then the subsumption 𝐶𝐵 ⊑ 𝐷𝐵 holds in 𝒥 trivially, since Lemma 5.3 yields 𝐵𝒥 ⊆
(𝐷𝐵)𝒥 , and thus (𝐷𝐵)𝒥 = 𝒰𝒥 . Otherwise, we define ℐ by removing 𝐵𝒥 from the universe of 𝒥 ,
hence also from the interpretation of every concept name and role name. One then has to check that
𝐾ℐ = (𝐾𝐵)𝒥 ∖ 𝐵𝒥 for every concept description 𝐾 using only concept names from ΣC and role
names from ΣR. This is described by the following lemma, whose proof is by induction on the structure
of 𝐾 , and uses Lemma 5.3 while handling the case of value restrictions.

Lemma 5.4. Let 𝒥 be a model of ℛ such that 𝐵𝒥 ̸= 𝒰𝒥
, and let ℐ be an interpretation such that

• 𝒰ℐ = 𝒰𝒥 ∖𝐵𝒥
,

• 𝐴ℐ = 𝐴𝒥 ∖𝐵𝒥
for each 𝐴 ∈ NC, and

• 𝑟ℐ = {(𝑥, 𝑦) ∈ 𝑟𝒥 | 𝑥 /∈ 𝐵𝒥 ∧ 𝑦 /∈ 𝐵𝒥 } for each 𝑟 ∈ NR.

Then, for every concept description 𝐾 in ℱℒ⊥reg involving only concept names from ΣC and role names

from ΣR, we have

𝐾ℐ = (𝐾𝐵)𝒥 ∖𝐵𝒥 .

Using Lemma 5.4 one can deduce that ℐ is a model of 𝒯 . Since, by assumption, the subsumption
𝐶 ⊑𝒯 𝐷 holds, we obtain in particular 𝐶ℐ ⊆ 𝐷ℐ . Using Lemma 5.4 again, for 𝐾 = 𝐶 and for
𝐾 = 𝐷, one can then deduce that (𝐶𝐵)𝒥 ∖𝐵𝒥 ⊆ (𝐷𝐵)𝒥 ∖𝐵𝒥 . Taking the union with the inclusion
𝐵𝒥 ⊆ (𝐷𝐵)𝒥 resulting from Lemma 5.3, this yields (𝐶𝐵)𝒥 ⊆ (𝐷𝐵)𝒥 . Hence 𝐶𝐵 ⊑ 𝐷𝐵 holds in 𝒥 .

We have shown that the subsumption problem in ℱℒ⊥reg with TBoxes reduces to that in ℱℒreg with
TBoxes. In the next part, we show how to decide the latter by reduction to the problem of solving parity
pushdown games.

6. Parity pushdown games

A parity pushdown game is an infinite-duration two-player game played on the configuration graph of
a pushdown system. Positions of the game consist of a control state together with a stack content, and
are partitioned between the two players, called Adam and Eve. Starting from a chosen configuration,
the players move a token along transitions induced by the pushdown system, thereby generating an
infinite play. The winner is determined by a parity condition on the sequence of control states visited
during the play.

Formally, a parity pushdown game is a tuple 𝒢 = (𝑃A, 𝑃E,Γ,∆,Ω), where
• 𝑃A ⊎ 𝑃E, which we denote 𝑃 , is a finite set of control states, partitioned into states of Adam and

Eve;
• Γ is a finite stack alphabet;
• ∆ ⊆ (𝑃 × Γ*)× (𝑃 × Γ*) is a finite set of transition rules;
• Ω: 𝑃 → N is a priority function.

A configuration is a pair (𝑝, 𝑤) ∈ 𝑃 × Γ*. The transition relation, denoted →, is a relation between
configurations defined as follows: for every (𝑝, 𝛼, 𝑞, 𝛽) ∈ ∆ and 𝑤 ∈ Γ* there is a transition

(𝑝, 𝑤𝛼) → (𝑞, 𝑤𝛽).

Observe that the stack grows to the right (i.e., the top of the stack is the rightmost symbol of 𝑤). Note
also that transitions in ∆ may remove (pop) an arbitrary number of stack symbols in a single step. This
more general model can be effectively reduced to the standard one in which each transition removes
precisely one stack symbol.

A path is a sequence of configurations, (𝑝0, 𝑤0)(𝑝1, 𝑤1)(𝑝2, 𝑤2) . . . , either finite or infinite, such
that each consecutive pair follows the transition relation. A path is called a play if it is maximal: either
infinite, or ending in a configuration (𝑝𝑛, 𝑤𝑛) from which there is no transition. In a finite play, the
winner is given by the state of the last configuration: the player owning this state loses, as no move is
available. In an infinite play, the winner is determined by the parity condition applied to the sequence
of control states (𝑝𝑖)𝑖≥0: Eve wins if the greatest priority occurring infinitely often in this sequence is
even; otherwise, Adam wins.



A (positional) strategy for Eve is a function defined on configurations (𝑝, 𝑤) ∈ 𝑃E × Γ* with at least
one available move, assigning to each such configuration a valid successor. Strategies for Adam are
defined analogously. A play (𝑝0, 𝑤0)(𝑝1, 𝑤1)(𝑝2, 𝑤2) . . . (finite or infinite) is consistent with a strategy
𝜎 for Eve if, for every 𝑖 such that 𝑝𝑖 ∈ 𝑃E and (𝑝𝑖, 𝑤𝑖) has at least one available move, we have

(𝑝𝑖+1, 𝑤𝑖+1) = 𝜎(𝑝𝑖, 𝑤𝑖).

We say that Eve wins the game 𝒢 from a configuration 𝑐 if she has a strategy 𝜎 such that every play
starting from 𝑐 and consistent with 𝜎 is winning for her (and analogously for Adam). It is well known
that parity games are positionally determined, meaning that from every configuration exactly one of
the players has a winning positional strategy [21].

7. Reduction of subsumption problems to parity pushdown games

In this section, we present a reduction of the subsumption problem in ℱℒreg with TBoxes to the problem
of finding a winner in parity pushdown games.

We shall use nondeterministic finite automata to represent regular expressions occurring in the TBox
axioms. A nondeterministic finite automaton (NFA) is a tuple 𝒜 = (𝑄,Σ, 𝛿, 𝑞0, 𝐹 ), where 𝑄 is a finite
set of states, Σ is a finite input alphabet, 𝛿 ⊆ 𝑄× Σ×𝑄 is the transition relation, 𝑞0 ∈ 𝑄 is the initial
state, and 𝐹 ⊆ 𝑄 is the set of accepting states. Instead of (𝑝, 𝑎, 𝑞) ∈ 𝛿, where 𝑎 ∈ Σ, we write 𝑝

𝑎−→ 𝑞.
A run of 𝒜 on a word 𝑤 ∈ Σ* is a sequence of transitions from 𝑞0 reading the symbols of 𝑤. The
automaton 𝒜 accepts 𝑤 if there exists a run on 𝑤 ending in a state from 𝐹 . The language recognized
by 𝒜, denoted ℒ(𝒜), is the set of all words accepted by 𝒜.

Let 𝐶 ⊑?
𝒯 𝐷 be an instance of the subsumption problem in ℱℒreg with TBoxes. First, we introduce

two fresh concept names 𝐿 and 𝑅, and define

𝒯𝐶,𝐷 := {𝐿 ⊑ 𝐶, 𝐶 ⊑ 𝐿, 𝑅 ⊑ 𝐷, 𝐷 ⊑ 𝑅},

making sure that 𝐿 and 𝑅 define the same concepts as 𝐶 and 𝐷, respectively. It is easy to see that then2

𝐶 ⊑𝒯 𝐷 if and only if 𝐿 ⊑𝒯 ∪𝒯𝐶,𝐷
𝑅.

Hence, from now on, it suffices to consider a subsumption problem of the form 𝐿 ⊑𝒯 𝑅 with 𝐿,𝑅
being concept names, where, by abuse of notation, 𝒯 already includes the additional axioms from 𝒯𝐶,𝐷 .

Moreover, we assume that every concept occurring in the TBox 𝒯 is in normal form, that is, it is a
conjunction of particles of the form ∀𝐸.𝐴, where 𝐸 is a regular expression over the alphabet NR, and
𝐴 ∈ NC is a concept name.

Going further, we transform every axiom of the form ∀𝐺1.𝐴1 ⊓ . . . ⊓ ∀𝐺𝑛.𝐴𝑛 ⊑ ∀𝐻1.𝐵1 ⊓ . . . ⊓
∀𝐻𝑘.𝐵𝑘 from the TBox 𝒯 into an equivalent set of axioms with a single particle on the right side:

∀𝐺1.𝐴1 ⊓ . . . ⊓ ∀𝐺𝑛.𝐴𝑛 ⊑ ∀𝐻𝑗 .𝐵𝑗 for 𝑗 ∈ {1, . . . , 𝑘}.

Let ΣC and ΣR be the finite sets of, respectively, all concept names and all role names occurring in 𝒯 ;
in particular ΣC contains the two special concept names 𝐿 and 𝑅. Based on the TBox 𝒯 we construct a
pushdown game 𝒢𝒯 = (𝑃A, 𝑃E,Γ,∆,Ω). As the stack alphabet, we take Γ = ΣR ∪ {♯}, where ♯ is a
special symbol, which will mark the bottom of the stack. For each concept name 𝐴 ∈ NC, we introduce
a state owned by Eve, 𝑝𝐴 ∈ 𝑃E. We designate 𝑐0 = (𝑝𝑅, ♯) as the initial configuration of the game.

For every TBox axiom 𝜏 , we proceed as follows. The axiom 𝜏 is of the form ∀𝐺1.𝐴1⊓· · ·⊓∀𝐺𝑛.𝐴𝑛 ⊑
∀𝐻.𝐵. We construct a nondeterministic finite automaton 𝒜𝐻 = (𝑄𝐻 ,ΣR, 𝛿𝐻 , 𝑞𝐻,0, 𝐹𝐻) such that
ℒ(𝒜𝐻) = ℒ(𝐻). For each state 𝑞 ∈ 𝑄𝐻 , we introduce a game state owned by Eve, 𝑞 ∈ 𝑃E. We then
add transitions that allow to enter the automaton in any accepting state:

(𝑝𝐵, 𝜀) → (𝑞, 𝜀) if 𝑞 ∈ 𝐹𝐻 .

2A careful reader may notice that the middle two subsumptions are not needed; it is enough to take 𝐿 ⊑ 𝐶 and 𝐷 ⊑ 𝑅.



For every transition 𝑝
𝑟−→ 𝑞 of the automaton 𝒜𝐻 , we add the reverse of this transition to the game:

(𝑞, 𝑟) → (𝑝, 𝜀).

We also introduce a new state 𝑝𝜏 ∈ 𝑃A, and add a transition that allows to reach it from the initial state:

(𝑞𝐻,0, 𝜀) → (𝑝𝜏 , 𝜀).

This way, Eve can go from 𝑝𝐵 to 𝑝𝜏 while removing from the stack any word that matches 𝐻 (the word
is read left-to-right, that is, bottom-to-top).

Next, for every particle ∀𝐺𝑖.𝐴𝑖 on the left side of 𝜏 , we allow Adam to go from 𝑝𝜏 to 𝑝𝐴𝑖 while
inserting on the stack any word that matches 𝐺𝑖. To this end, for every 𝑖 ∈ {1, . . . , 𝑛} we construct a
nondeterministic finite automaton 𝒜𝐺𝑖 = (𝑄𝐺𝑖 ,ΣR, 𝛿𝐺𝑖 , 𝑞𝐺𝑖,0, 𝐹𝐺𝑖) such that ℒ(𝒜𝐺𝑖) = ℒ(𝐺𝑖), and
we continue as follows. First, for each state 𝑞 ∈ 𝑄𝐺𝑖 , we introduce a game state owned by Adam,
𝑞 ∈ 𝑃A. Then, we add a transition that allows Adam to enter the initial state of 𝒜𝐺𝑖 :

(𝑝𝜏 , 𝜀) → (𝑞𝐺𝑖,0, 𝜀).

Next, for every transition 𝑝
𝑟−→ 𝑞 of 𝒜𝐺𝑖 , we add an analogous transition to the game:

(𝑝, 𝜀) → (𝑞, 𝑟).

Finally, for each accepting state 𝑞 ∈ 𝐹𝐺𝑗 we add the transition

(𝑞, 𝜀) → (𝑝𝐴𝑗 , 𝜀).

Of course we assume that state sets of all the constructed automata are disjoint, so that the automata
do not interfere with each other, after adding them to the game.

Success is reached when the current obligation becomes 𝐿 and no role symbol remains on the stack,
that is, at the configuration (𝑝𝐿, ♯). To realize this, we introduce an artificial winning state 𝑝win ∈ 𝑃A,
and we add the transition

(𝑝𝐿, ♯) → (𝑝win, ♯).

It is a state of Adam without any successors, so reaching it causes that Eve wins.
The priority function Ω is defined as follows:

Ω(𝑝) =

{︃
0, if 𝑝 ∈ 𝑃A,

1, if 𝑝 ∈ 𝑃E.

Such a definition causes that if Adam stays in his states (i.e., in some automaton 𝒜𝐺𝑖 ) forever, then Eve
wins; otherwise, Eve has to reach 𝑝win in a finite time, as otherwise infinitely many states of priority 1
would be produced.

Theorem 7.1. Let 𝐿 ⊑?
𝒯 𝑅 be an instance of the subsumption problem in ℱℒreg with TBoxes (after the

preliminary transformation described above), and let 𝒢𝒯 be the parity pushdown game associated with this

instance by the above construction. Then Eve has a winning strategy from the configuration 𝑐0 = (𝑝𝑅, ♯) if

and only if 𝐿 ⊑𝒯 𝑅.

A full proof of Theorem 7.1 is contained in Section C and amounts to a careful analysis of the game.
Here we only sketch main ideas.

In order to prove the left-to-right implication we consider a winning strategy for Eve from (𝑝𝑅, ♯),
and suppose towards a contradiction that 𝐿 ̸⊑𝒯 𝑅. Then we take a model ℐ of 𝒯 and an element
𝑥 ∈ 𝐿ℐ such that 𝑥 /∈ 𝑅ℐ . Using this element 𝑥, we construct a play starting from (𝑝𝑅, ♯) and consistent
with 𝜎, but won by Adam, which yields a contradiction. We construct the play so that whenever
the configuration is of the form (𝑝𝐵, ♯𝑢), then 𝑥 /∈ (∀𝑢.𝐵)ℐ . The fact that axioms from 𝒯 hold in ℐ



allows us to preserve the invariant, while the assumption 𝑥 ∈ 𝐿ℐ ensures that the configuration (𝑝𝐿, ♯)
winning for Eve is never reached.

While proving the right-to-left implication, we assume 𝐿 ⊑𝒯 𝑅 and we show that Eve wins from the
configuration (𝑝𝑅, ♯). To this end, we use a well-designed interpretation ℐ , with the universe 𝒰ℐ = Σ*

R,
where for each concept name 𝐴 ∈ ΣC we take

𝐴ℐ = {𝑢 ∈ Σ*
R | Eve wins from (𝑝𝐴, ♯𝑢)}.

By analyzing the game locally, we prove that ℐ is a model of 𝒯 . Then the thesis 𝜀 ∈ 𝑅ℐ follows by the
assumed subsumption 𝐿 ⊑𝒯 𝑅 and by the trivial fact that Eve wins from (𝑝𝐿, ♯).

Theorem 7.2. The subsumption problem in each of the logics ℱℒ0, ℱℒ⊥, ℱℒreg , and ℱℒ⊥reg , with

TBoxes, is ExpTime-complete.

Proof. For the lower bound, recall that the subsumption problem in ℱℒ0 with TBoxes is ExpTime-
hard [8]. Since ℱℒ0 is a fragment of each of the logics ℱℒ⊥, ℱℒreg , and ℱℒ⊥reg , it follows immediately
that the subsumption problem with TBoxes is ExpTime-hard for all of them.

It remains to prove membership in ExpTime.
For ℱℒreg , this follows from the previous theorem: every instance of the subsumption problem

in ℱℒreg with TBoxes can be reduced in polynomial time to a parity pushdown game, and parity
pushdown games are solvable in ExpTime [15].

For ℱℒ⊥reg , we use Theorem 5.1, which yields a polynomial reduction from an instance of the
subsumption problem in ℱℒ⊥reg with TBoxes to an equivalent instance of the subsumption problem in
ℱℒreg with TBoxes. Hence the subsumption problem in ℱℒ⊥reg with TBoxes also belongs to ExpTime.

Finally, ℱℒ0 and ℱℒ⊥ are fragments of ℱℒ⊥reg . Therefore subsumption in ℱℒ0 with TBoxes and
in ℱℒ⊥ with TBoxes are special cases of subsumption in ℱℒ⊥reg with TBoxes, and thus also belongs
to ExpTime (this also follows from earlier work [6, 8, 9]).

Consequently, in each of the logics ℱℒ0, ℱℒ⊥, ℱℒreg , and ℱℒ⊥reg , the subsumption problem with
TBoxes is ExpTime-complete.

Example 7.3. We illustrate the construction of the parity pushdown game associated with the sub-
sumption problem

∀𝑟𝑟𝑟*.𝐴 ⊓𝐵 ⊑ ∀𝑟𝑟*.𝐴

with the TBox containing the axiom 𝐵 ⊑ ∀𝑟.𝐴. Since this instance already belongs to ℱℒreg , no
preliminary reduction from ℱℒ⊥reg is needed.

Following the general construction, we introduce two fresh concept names 𝐿 and 𝑅, and replace the
original problem by the equivalent one 𝐿 ⊑𝒯 𝑅, where 𝒯 consists of the following axioms, displayed
here already after switching to normal forms, and splitting subsumptions with multiple particles on the
right side:

∀𝜀.𝐵 ⊑ ∀𝑟.𝐴, ∀𝜀.𝐿 ⊑ ∀𝑟𝑟𝑟*.𝐴, ∀𝜀.𝐿 ⊑ ∀𝜀.𝐵,

∀𝑟𝑟𝑟*.𝐴 ⊓ ∀𝜀.𝐵 ⊑ ∀𝜀.𝐿, ∀𝜀.𝑅 ⊑ ∀𝑟𝑟*.𝐴, ∀𝑟𝑟*.𝐴 ⊑ ∀𝜀.𝑅.

We now describe the corresponding parity pushdown game. The concept-name states are
𝑝𝐿, 𝑝𝑅, 𝑝𝐴, 𝑝𝐵 , all owned by Eve, and the initial configuration is (𝑝𝑅, ♯).

The nondeterministic finite automata used in the construction are the following:
• an automaton 𝒜𝑟𝑟* recognizing ℒ(𝑟𝑟*) = {𝑟𝑛 | 𝑛 ≥ 1},
• an automaton 𝒜𝑟 recognizing ℒ(𝑟) = {𝑟},
• an automaton 𝒜𝑟𝑟𝑟* recognizing ℒ(𝑟𝑟𝑟*) = {𝑟𝑛 | 𝑛 ≥ 2},
• and the trivial automaton for 𝜀, used for particles of the form ∀𝜀.𝐿.

The game starts in the configuration (𝑝𝑅, ♯). Eve first chooses the axiom

𝜏1 = (∀𝑟𝑟*.𝐴 ⊑ 𝑅).



Since the right side is just ∀𝜀.𝑅, this corresponds to the regular expression 𝜀, so no symbol is removed
from the stack. The play reaches the state 𝑝𝜏1 . From 𝑝𝜏1 , Adam must choose the unique particle on the
left side, namely ∀𝑟𝑟*.𝐴. To do so, he enters the part of the game corresponding to 𝒜𝑟𝑟* and generates
some word from the language ℒ(𝑟𝑟*). Hence, he chooses an arbitrary word 𝑟𝑛, where 𝑛 ≥ 1, and the
play reaches the configuration (𝑝𝐴, ♯𝑟

𝑛). Now Eve must reduce the current obligation to 𝐿. At this
point she distinguishes two cases.

Case 1: 𝑛 = 1. Then the current configuration is (𝑝𝐴, ♯𝑟). Eve chooses the axiom

𝜏2 = (∀𝜀.𝐵 ⊑ ∀𝑟.𝐴).

Using the automaton 𝒜𝑟, she removes the symbol 𝑟 from the top of the stack and reaches the state
𝑝𝜏2 with stack ♯. The only particle on the left side is ∀𝜀.𝐵, so Adam inserts the empty word and the
play reaches (𝑝𝐵, ♯). Here, Eve chooses the axiom 𝜏3 = (∀𝜀.𝐿 ⊑ ∀𝜀.𝐵), reaches the state 𝑝𝜏3 while
removing the empty word from the stack, from which Adam can only inserts the empty word and go to
(𝑝𝐿, ♯).

Case 2: 𝑛 ≥ 2. Then the current configuration is (𝑝𝐴, ♯𝑟𝑛). Eve chooses the axiom

𝜏4 = (∀𝜀.𝐿 ⊑ ∀𝑟𝑟𝑟*.𝐴).

Since 𝑟𝑛 ∈ ℒ(𝑟𝑟𝑟*) whenever 𝑛 ≥ 2, she can use the automaton 𝒜𝑟𝑟𝑟* to remove the whole suffix 𝑟𝑛

from the stack and reach a state 𝑝𝜏4 with stack ♯. As above, Adam is then forced to move to (𝑝𝐿, ♯).
In both cases Eve reaches the success configuration (𝑝𝐿, ♯), from which she moves to the designated

winning state. Therefore Eve has a winning strategy from the initial configuration (𝑝𝑅, ♯).
This example reflects exactly why the original subsumption is valid. The formula ∀𝑟𝑟*.𝐴 requires

that all 𝑟-paths lead to elements satisfying 𝐴. Adam may therefore choose any word 𝑟𝑛 with 𝑛 ≥ 1. If
𝑛 = 1, Eve answers by the conjunct ∀𝑟.𝐴; if 𝑛 ≥ 2, she answers by the conjunct ∀𝑟𝑟𝑟*.𝐴. Thus the
two conjuncts on the left side cover all words in ℒ(𝑟𝑟*), and the subsumption holds.

8. Conclusions

We have shown that the subsumption problem in ℱℒreg extended with TBoxes is ExpTime-complete.
This result is obtained via a reduction from subsumption to parity pushdown games, which are known
to be solvable in exponential time.

Based on this reduction and existing algorithms for solving such games, a decision procedure for
subsumption in ℱℒreg with TBoxes can be derived in a straightforward manner. An implementation
of this procedure is planned. In particular, we intend to employ existing solvers for parity pushdown
games, such as PDSolver [22].

The approach also applies to ℱℒ⊥reg due to the reduction presented in Section 5. Moreover, since
ℱℒ0 is a sublogic of ℱℒreg , the procedure is also applicable to subsumption in ℱℒ0 with TBoxes.

An implementation, FL0wer, for subsumption in ℱℒ0 with TBoxes already exists and is described
in Baader et al. [9]. FL0wer is based on a different algorithmic approach. It is therefore of interest to
investigate experimentally whether the proposed implementation performs better or worse than FL0wer

on subsumption problems in ℱℒ0 with TBoxes. Nevertheless, the presented method provides a general
framework for deciding the corresponding reasoning problems in the other logics considered in this
work.

A further direction for future work is the extension of the presented techniques to other reasoning
tasks in ℱℒ0, ℱℒ⊥, ℱℒreg , and ℱℒ⊥reg with TBoxes, such as concept matching and unification.

Declaration on Generative AI

During the preparation of this work, the authors used ChatGPT in order to: Improve writing style. After
using this service, the authors reviewed and edited the content as needed and take full responsibility
for the publication’s content.
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A. Missing proofs for Section 4

Proof of Lemma 4.2. The right-to-left implications are immediate consequence of Formula (2) and tran-
sitivity of subsumption.

For the left-to-right implication in the first item, consider any interpretation ℐ in which we want
to check whether ∀𝐸.𝐴 ⊓ ∀𝐹.⊥ ⊑ ∀𝐺.𝐴 holds. Let 𝒥 be a modification of ℐ in which we map all
concept names other than 𝐴 to the whole domain 𝒰ℐ . Such a change does not alter the semantics of our
concept descriptions not using those concept names, that is, (∀𝐸.𝐴⊓ ∀𝐹.⊥)ℐ = (∀𝐸.𝐴⊓ ∀𝐹.⊥)𝒥 and
(∀𝐺.𝐴)𝒥 = (∀𝐺.𝐴)ℐ . On the other hand, for each concept name 𝐵 other than 𝐴 and for each regular
role expression 𝐸 the assumption 𝐵𝒥 = 𝒰𝒥 implies that (∀𝐸.𝐵)𝒥 = 𝒰𝒥 . We have 𝐶𝒥

0 = 𝒰𝒥 , hence
(∀𝐸.𝐴⊓∀𝐹.⊥)𝒥 = (∀𝐸.𝐴⊓∀𝐹.⊥⊓𝐶0)

𝒥 . The inclusion (∀𝐸.𝐴⊓∀𝐹.⊥⊓𝐶0)
𝒥 ⊆ ∀(𝐺.𝐴)𝒥 , which

holds by assumption, implies the thesis.
The left-to-right implication in the second item can be shown analogously. The only difference is that

now there is no special concept name 𝐴; in 𝒥 we map all concept names to the whole domain. Then
𝐶0, not using ⊥, again becomes interpreted as the whole domain, and we can conclude as above.

Proof of Lemma 4.3. We start with the right-to-left implication from the first item. Assume that ℒ(𝐺) ⊆
ℒ(𝐸 + 𝐹Σ*

R). As a direct consequence of the semantics (or using the equivalence from Formula (4)) we
obtain the subsumption

∀(𝐸 + 𝐹Σ*
R).𝐴 ⊑ ∀𝐺.𝐴.

Due to Formula (2), the subsumption holds even more if we extend the left side by an additional particle:

∀(𝐸 + 𝐹Σ*
R).𝐴 ⊓ ∀𝐹.⊥ ⊑ ∀𝐺.𝐴.

Using distributive laws we can change this subsumption into

∀𝐸.𝐴 ⊓ ∀𝐹.(∀Σ*
R.𝐴 ⊓ ⊥) ⊑ ∀𝐺.𝐴.

This gives the desired subsumption after removing ∀Σ*
R.𝐴, which can be done thanks to Formula (1).

The right-to-left implication from the second item is shown similarly. Namely, as a consequence of
ℒ(𝐺) ⊆ ℒ(𝐹Σ*

R) = ℒ(𝐹Σ*
R + 𝐹 ) we obtain the subsumption

∀(𝐹Σ*
R + 𝐹 ).⊥ ⊑ ∀𝐺.⊥,

which can be rewritten as
∀𝐹.(∀Σ*

R.⊥ ⊓⊥) ⊑ ∀𝐺.⊥.

This gives the desired subsumption after removing ∀Σ*
R.⊥, which can be done thanks to Formula (1).

In order to prove the opposite implications, we consider an interpretation ℐ with domain 𝒰ℐ =
N*
R ∖ ℒ(𝐹Σ*

R), where 𝑟ℐ = {(𝑤,𝑤𝑟) | 𝑤,𝑤𝑟 ∈ 𝒰ℐ} for all 𝑟 ∈ NR and, in case of the first item,
𝐴ℐ = ℒ(𝐸) ∩ 𝒰ℐ ; interpretation of other concept names is irrelevant. Note that if a word 𝑤 ∈ Σ*

R

belongs to𝒰ℐ , then all its prefixes as well. Thus, for any regular expression𝐻 using only role names from
ΣR (in particular for 𝐸, 𝐹 , and 𝐺) and any 𝑤 ∈ N*

R we have (𝜀, 𝑤) ∈ 𝐻ℐ if and only if 𝑤 ∈ ℒ(𝐻)∩𝒰ℐ .
This implies, for each concept description 𝐶 , that

𝜀 ∈ (∀𝐻.𝐶)ℐ ⇐⇒ ℒ(𝐻) ∩ 𝒰ℐ ⊆ 𝐶ℐ . (♢)

Concentrate now on the first item from the lemma statement. Because ℒ(𝐸) ∩ 𝒰ℐ = 𝐴ℐ ⊆ 𝐴ℐ

and ℒ(𝐹 ) ∩ 𝒰ℐ = ∅ ⊆ ⊥ℐ , Equivalence (♢) gives us 𝜀 ∈ (∀𝐸.𝐴)ℐ ∩ (∀𝐹.⊥)ℐ = (∀𝐸.𝐴 ⊓ ∀𝐹.⊥)ℐ ⊆
(∀𝐺.𝐴)ℐ , with the last inclusion by the assumed subsumption. Using Equivalence (♢) again, this implies
ℒ(𝐺) ∩ 𝒰ℐ ⊆ 𝐴ℐ = ℒ(𝐸) ∩ 𝒰ℐ . Clearly both ℒ(𝐺) and ℒ(𝐸) are included in N*

R = 𝒰ℐ ∪ ℒ(𝐹Σ*
R),

so by adding ℒ(𝐹Σ*
R) to both sides of the above inclusion we obtain ℒ(𝐺) ⊆ ℒ(𝐺) ∪ ℒ(𝐹Σ*

R) ⊆
ℒ(𝐸) ∪ ℒ(𝐹Σ*

R) = ℒ(𝐸 + 𝐹Σ*
R), as claimed.

In the second item, Equivalence (♢) applied to the inclusion ℒ(𝐹 )∩𝒰ℐ ⊆ ⊥ℐ gives us 𝜀 ∈ (∀𝐹.⊥)ℐ ,
which by the assumed subsumption implies 𝜀 ∈ (∀𝐺.⊥)ℐ . Using Equivalence (♢) once again, this gives
us ℒ(𝐺) ∩ 𝒰ℐ ⊆ ⊥ℐ = ∅. Recalling the definition of 𝒰ℐ , this can be restated as ℒ(𝐺) ⊆ ℒ(𝐹Σ*

R),
which is the claimed inclusion.



B. Missing proofs for Section 5

Proofs of Lemmata 5.2 and 5.3 amount to a straightforward induction on the structure of involved
concepts descriptions, and can be found in the full version of this paper [20].

The next lemma is a first step towards a proof of Lemma 5.4.

Lemma B.1. Let 𝒥 be a model of ℛ and ℐ an interpretation such that

• 𝒰ℐ = 𝒰𝒥 ∖𝐵𝒥
,

• 𝐴ℐ = 𝐴𝒥 ∖𝐵𝒥
for each 𝐴 ∈ NC, and

• 𝑟ℐ = {(𝑥, 𝑦) ∈ 𝑟𝒥 | 𝑥 /∈ 𝐵𝒥 ∧ 𝑦 /∈ 𝐵𝒥 } for each 𝑟 ∈ NR.

Then, for every word 𝑤 ∈ Σ*
R and every concept description 𝑀 involving only concept names from ΣC and

role names from ΣR such that 𝑀ℐ = (𝑀𝐵)𝒥 ∖𝐵𝒥
, we also have (∀𝑤.𝑀)ℐ = (∀𝑤.𝑀𝐵)𝒥 ∖𝐵𝒥

Proof. We proceed by induction on the length of 𝑤. In the base case of 𝑤 = 𝜀 the thesis follows
immediately from the assumption, because ∀𝜀.𝑀 ≡ 𝑀 and ∀𝜀.𝑀𝐵 ≡ 𝑀𝐵 . Suppose thus that 𝑤 is
longer, and write it as 𝑤 = 𝑟𝑣, where 𝑟 ∈ ΣR is a single role name, and 𝑣 a shorter word. Denoting
𝐾 = ∀𝑣.𝑀 , we have 𝐾𝐵 = ∀𝑣.𝑀𝐵 . With this notation, ∀𝑤.𝑀 ≡ ∀𝑟.𝐾 and ∀𝑤.𝑀𝐵 ≡ ∀𝑟.𝐾𝐵 .
Moreover, the induction hypothesis says that 𝐾ℐ = (𝐾𝐵)𝒥 ∖ 𝐵𝒥 . Knowing this, we have to prove
that (∀𝑟.𝐾)ℐ = (∀𝑟.𝐾𝐵)𝒥 ∖𝐵𝒥 .

Clearly (∀𝑟.𝐾)ℐ ⊆ 𝒰ℐ = 𝒰𝒥 ∖ 𝐵𝒥 and (∀𝑟.𝐾𝐵)𝒥 ⊆ 𝒰𝒥 , hence in order to show (∀𝑟.𝐾)ℐ =
(∀𝑟.𝐾𝐵)𝒥 ∖𝐵𝒥 , it is sufficient to prove that for every element 𝑥 ∈ 𝒰𝒥 ∖𝐵𝒥 we have the equivalence
𝑥 ∈ (∀𝑟.𝐾)ℐ ⇐⇒ 𝑥 ∈ (∀𝑟.𝐾𝐵)𝒥 .

Recalling the semantics of value restriction we see that 𝑥 ∈ (∀𝑟.𝐾)ℐ precisely when

𝑦 ∈ 𝐾ℐ for all 𝑦 such that (𝑥, 𝑦) ∈ 𝑟ℐ .

By assumptions of the lemma, (𝑥, 𝑦) ∈ 𝑟ℐ precisely when (𝑥, 𝑦) ∈ 𝑟𝒥 and 𝑥 /∈ 𝐵𝒥 and 𝑦 /∈ 𝐵𝒥 . Since
only 𝑥 ∈ 𝒰𝒥 ∖ 𝐵𝒥 are considered, the condition 𝑥 /∈ 𝐵𝒥 can be dropped here. Going further, the
induction hypothesis 𝐾ℐ = (𝐾𝐵)𝒥 ∖𝐵𝒥 implies that for 𝑦 /∈ 𝐵𝒥 the condition 𝑦 ∈ 𝐾ℐ is equivalent
to 𝑦 ∈ (𝐾𝐵)𝒥 . Thus we obtain that 𝑥 ∈ (∀𝑟.𝐾)ℐ precisely when

𝑦 ∈ (𝐾𝐵)𝒥 for all 𝑦 such that (𝑥, 𝑦) ∈ 𝑟𝒥 and 𝑦 ̸∈ 𝐵𝒥 . (⋆)

On the other hand, 𝑥 ∈ (∀𝑟.(𝐾𝐵))𝒥 precisely when

𝑦 ∈ (𝐾𝐵)𝒥 for all 𝑦 such that (𝑥, 𝑦) ∈ 𝑟𝒥 . (⋆⋆)

It remains to show that Conditions (⋆) and (⋆⋆) are equivalent, for every 𝑥 ∈ 𝒰𝒥 ∖ 𝐵𝒥 . Every 𝑦
considered in Condition (⋆) is also considered in Condition (⋆⋆), so Condition (⋆⋆) implies Condition (⋆).

For a proof of the opposite implication assume that Condition (⋆) holds and take an arbitrary 𝑦 such
that (𝑥, 𝑦) ∈ 𝑟𝒥 . In order to obtain Condition (⋆⋆), we must show that 𝑦 ∈ (𝐾𝐵)𝒥 . If 𝑦 /∈ 𝐵𝒥 , then
Condition (⋆) directly yields 𝑦 ∈ (𝐾𝐵)𝒥 . On the other hand, by Lemma 5.3 we know that𝐵𝒥 ⊆ (𝐾𝐵)𝒥 ,
so if 𝑦 ∈ 𝐵𝒥 , then 𝑦 ∈ (𝐾𝐵)𝒥 as well. This finishes the proof of the equivalence, hence of the whole
lemma.

Proof of Lemma 5.4. We proceed by induction on the structure of 𝐾 ; we have several cases.
Let 𝐾 = 𝐴 be a concept name. By assumption we have 𝐴ℐ = 𝐴𝒥 ∖𝐵𝒥 . Since 𝐾𝐵 = 𝐴, it follows

that
𝐾ℐ = 𝐴ℐ = 𝐴𝒥 ∖𝐵𝒥 = (𝐾𝐵)𝒥 ∖𝐵𝒥 .

Let 𝐾 = ⊤. Then we have 𝒰ℐ = 𝒰𝒥 ∖𝐵ℐ by assumption, as well as 𝐾𝐵 = ⊤, hence

𝐾ℐ = ⊤ℐ = 𝒰ℐ = 𝒰𝒥 ∖𝐵𝒥 = ⊤𝒥 ∖𝐵𝒥 = (𝐾𝐵)𝒥 ∖𝐵𝒥 .

Let 𝐾 = ⊥. Then we have 𝐾𝐵 = 𝐵, hence

𝐾ℐ = ⊥ℐ = ∅ = 𝐵𝒥 ∖𝐵𝒥 = (𝐾𝐵)𝒥 ∖𝐵𝒥 .



Let 𝐾 = 𝐾1 ⊓ 𝐾2. By the induction hypothesis we know that 𝐾ℐ
1 = (𝐾𝐵

1 )𝒥 ∖ 𝐵𝒥 and 𝐾ℐ
2 =

(𝐾𝐵
2 )𝒥 ∖𝐵𝒥 . Since 𝐾𝐵 = 𝐾𝐵

1 ⊓𝐾𝐵
2 , we obtain

𝐾ℐ = (𝐾1 ⊓𝐾2)
ℐ = 𝐾ℐ

1 ∩𝐾ℐ
2 =

(︀
(𝐾𝐵

1 )𝒥 ∖𝐵𝒥 )︀ ∩ (︀
(𝐾𝐵

2 )𝒥 ∖𝐵𝒥 )︀
= (𝐾𝐵

1 )𝒥 ∩ (𝐾𝐵
2 )𝒥 ∖𝐵𝒥 = (𝐾𝐵

1 ⊓𝐾𝐵
2 )𝒥 ∖𝐵𝒥 = (𝐾𝐵)𝒥 ∖𝐵𝒥 .

Finally, let 𝐾 = ∀𝐸.𝑀 . Then 𝐾𝐵 = ∀𝐸.𝑀𝐵 . From Formula (4) we know that 𝑥 ∈ (∀𝐸.𝑀)ℐ

precisely when 𝑥 ∈ (∀𝑤.𝑀)ℐ for all words 𝑤 ∈ ℒ(𝐸). Likewise, 𝑥 ∈ (∀𝐸.𝑀𝐵)𝒥 ∖𝐵𝒥 precisely when
𝑥 ∈ (∀𝑤.𝑀𝐵)𝒥 ∖ 𝐵𝒥 for all words 𝑤 ∈ ℒ(𝐸). It is thus enough to prove for every word 𝑤 ∈ ℒ(𝐸)
that (∀𝑤.𝑀)ℐ = (∀𝑤.𝑀𝐵)𝒥 ∖𝐵𝒥 . Note that words from ℒ(𝐸) consist of role names from ΣR, since
only such role names occur in 𝐸. Moreover, the induction hypothesis implies 𝑀ℐ = (𝑀𝐵)𝒥 ∖ 𝐵𝒥 .
We thus obtain the desired equality (∀𝑤.𝑀)ℐ = (∀𝑤.𝑀𝐵)𝒥 ∖𝐵𝒥 from Lemma B.1.

We can now finish the proof of Theorem 5.1, showing its left-to-right implication: we assume that
𝐶 ⊑𝒯 𝐷 holds, and we prove that then 𝐶𝐵 ⊑𝒯 𝐵∪ℛ 𝐷𝐵 holds. To this end, take an arbitrary model 𝒥
of 𝒯 𝐵 ∪ℛ, and consider a corresponding interpretation ℐ as specified in Lemmata B.1 and 5.4.

In order to see that ℐ is a model of 𝒯 , consider any axiom (𝐾 ⊑ 𝑀) ∈ 𝒯 . We have (𝐾𝐵 ⊑ 𝑀𝐵) ∈
𝒯 𝐵 , hence (𝐾𝐵)𝒥 ⊆ (𝑀𝐵)𝒥 , which implies that 𝐾ℐ = (𝐾𝐵)𝒥 ∖𝐵𝒥 ⊆ (𝑀𝐵)𝒥 ∖𝐵𝒥 = 𝑀ℐ , where
the first and the last equality is by Lemma 5.4 (recall that 𝐾 and 𝑀 involve only concept names from
ΣC and role names from ΣR); the axiom holds in ℐ .

Next, we show that (𝐶𝐵)𝒥 ⊆ (𝐷𝐵)𝒥 . By assumption 𝐶 ⊑ 𝐷 holds in every model of 𝒯 , in particular
in ℐ ; we have 𝐶ℐ ⊆ 𝐷ℐ . Using Lemma 5.4 for 𝐶 and for 𝐷 we obtain (𝐶𝐵)𝒥 ∖ 𝐵𝒥 = 𝐶ℐ ⊆ 𝐷ℐ =
(𝐷𝐵)𝒥 ∖𝐵𝒥 . On the other hand, Lemma 5.3 implies that 𝐵𝒥 ⊆ (𝐷𝐵)𝒥 . Taking union of those two
inclusions, we obtain that (𝐶𝐵)𝒥 ⊆ (𝐷𝐵)𝒥 . Since 𝒥 was chosen to be an arbitrary model of 𝒯 𝐵 ∪ℛ,
the subsumption 𝐶𝐵 ⊑𝒯 𝐵∪ℛ 𝐷𝐵 holds as required.

C. Proof of Theorem 7.1

In this section we prove Theorem 7.1, saying that Eve wins the game 𝒢𝒯 constructed in Section 7 if and
only if 𝐿 ⊑𝒯 𝑅. We prove separately two implications.

For the left-to-right implication assume that 𝜎 is a winning strategy for Eve from (𝑞𝑅, ♯), and suppose
towards a contradiction that 𝐿 ̸⊑𝒯 𝑅. Then there exists a model ℐ of 𝒯 and an element 𝑥 ∈ 𝐿ℐ such
that 𝑥 /∈ 𝑅ℐ . Fix one such element.

We construct a play starting from (𝑞𝑅, ♯) and consistent with 𝜎, but won by Adam. This yields a
contradiction. We construct the play so that the following invariant is preserved: whenever the current
configuration is of the form (𝑞𝐵, ♯𝑢), we have 𝑥 /∈ (∀𝑢.𝐵)ℐ .

Assume therefore that the game is currently in a configuration (𝑞𝐵, ♯𝑢) satisfying this invariant.
First, observe that (𝑞𝐵, ♯𝑢) ̸= (𝑞𝐿, ♯). Indeed, for 𝐵 = 𝐿 and 𝑢 = 𝜀 the invariant would say that
𝑥 /∈ (∀𝜀.𝐿)ℐ = 𝐿ℐ , contradicting the assumption that 𝑥 ∈ 𝐿ℐ . Thus, the transition to the state 𝑝win is
not available.

It follows that from the configuration (𝑞𝐵, ♯𝑢), Eve chooses some axiom

𝜏 =
(︀
∀𝐺1.𝐴1 ⊓ · · · ⊓ ∀𝐺𝑛.𝐴𝑛 ⊑ ∀𝐻.𝐵

)︀
∈ 𝒯

and moves to the part of the game corresponding to this axiom. Every transition in this part removes a
symbol from the stack, so the play cannot stay in this part for an infinite time. Moreover, all states in
this part belong to Eve, so if the play gets stuck there, then Adam wins, as we wanted.

The remaining case is that the play reaches the state 𝑝𝜏 after some time. By construction of the game,
this could happen only if some word 𝑣 ∈ ℒ(𝒜𝐻) = ℒ(𝐻) was removed from the stack. Consequently,
the original word 𝑢 was necessarily of the form 𝑢 = 𝑢′𝑣 for some 𝑢′ ∈ Σ*

R, and after this phase of
the play the configuration reached is (𝑝𝜏 , ♯𝑢′). Recall that 𝜏 , as an axiom from 𝒯 , holds in ℐ . Since
𝑣 ∈ ℒ(𝐻), all elements of (∀𝐻.𝐵)ℐ are elements of (∀𝑣.𝐵)ℐ (cf. Formula (4)), so the subsumption



∀𝐺1.𝐴1 ⊓ · · · ⊓ ∀𝐺𝑛.𝐴𝑛 ⊑ ∀𝑣.𝐵 holds in ℐ as well. By monotonicity of value restriction, also
the subsumption ∀𝑢′.(∀𝐺1.𝐴1 ⊓ · · · ⊓ ∀𝐺𝑛.𝐴𝑛) ⊑ ∀𝑢′.∀𝑣.𝐵, which can be syntactically rewritten as
∀𝑢′𝐺1.𝐴1⊓· · ·⊓∀𝑢′𝐺𝑛.𝐴𝑛 ⊑ ∀𝑢.𝐵, holds in ℐ . Recalling the invariant 𝑥 /∈ (∀𝑢.𝐵)ℐ , this subsumption
implies that 𝑥 /∈ (∀𝑢′𝐺1.𝐴1 ⊓ · · · ⊓ ∀𝑢′𝐺𝑛.𝐴𝑛)

ℐ , hence 𝑥 /∈ (∀𝑢′𝐺𝑗 .𝐴𝑖)
ℐ for some 𝑗 ∈ {1, . . . , 𝑛}.

Using Formula (4) we observe that then 𝑥 /∈ (∀𝑢′𝑤.𝐴𝑗)
ℐ for some word 𝑤 ∈ ℒ(𝐺𝑗) (where we note

that all words in ℒ(𝑢′𝐺𝑗) are of the form 𝑢′𝑤 for some 𝑤 ∈ ℒ(𝐺𝑗)).
Adam now chooses the transition from 𝑝𝜏 leading to the initial state 𝑞𝐺𝑗 ,0 of the automaton 𝒜𝐺𝑗 ,

and then follows an accepting run of 𝒜𝐺𝑗 on the word 𝑤. Since all states in this part of the game belong
to Adam, he can enforce this finite fragment of the play. By construction of the game, the reached
configuration is (𝑞𝐴𝑗 , ♯𝑢

′𝑤), and the invariant holds again: 𝑥 /∈ (∀𝑢′𝑤.𝐴𝑗)
ℐ . From this point on, we

continue the construction of the play in the same way, preserving the invariant.
Note that if we continue this construction forever, we obtain a play that visits infinitely many

configurations of the form (𝑞𝐵, ♯𝑢), having priority 1; such a play is winning for Adam. Concluding,
assuming 𝐿 ̸⊑𝒯 𝑅 we were able to construct a play won by Adam and consistent with the winning
strategy of Eve, leading to a contradiction. Therefore 𝐿 ⊑𝒯 𝑅.

We now come to the right-to-left implication from the theorem: assuming 𝐿 ⊑𝒯 𝑅, we show that
Eve wins from the configuration (𝑞𝑅, ♯).

We define an interpretation ℐ as follows: the universe is 𝒰ℐ = Σ*
R, for each role 𝑟 ∈ ΣR we take

𝑟ℐ = {(𝑢, 𝑢𝑟) | 𝑢 ∈ Σ*
R}, and for each concept name 𝐴 ∈ ΣC we take

𝐴ℐ = {𝑢 ∈ Σ*
R | Eve wins from (𝑞𝐴, ♯𝑢)}.‘

Interpretation of role names from NR ∖ ΣR and concept names from NC ∖ ΣC is irrelevant.
We show that ℐ is a model of 𝒯 . Take an arbitrary axiom 𝜏 = (∀𝐺1.𝐴1 ⊓ · · · ⊓ ∀𝐺𝑛.𝐴𝑛 ⊑ ∀𝐻.𝐵)

from 𝒯 , and an arbitrary word 𝑢 ∈ Σ*
R such that 𝑢 ∈ (∀𝐺1.𝐴1 ⊓ · · · ⊓ ∀𝐺𝑛.𝐴𝑛)

ℐ . This means that for
every 𝑗 ∈ {1, . . . , 𝑛} and every 𝑤 ∈ ℒ(𝐺𝑗) we have 𝑢𝑤 ∈ 𝐴ℐ

𝑗 , that is, Eve wins from configuration
(𝑞𝐴𝑗 , ♯𝑢𝑤). We must show that 𝑢 ∈ (∀𝐻.𝐵)ℐ , that is, that for every 𝑣 ∈ ℒ(𝐻), Eve wins from the
configuration (𝑞𝐵, ♯𝑢𝑣).

Fix an arbitrary 𝑣 ∈ ℒ(𝐻), and consider the configuration (𝑞𝐵, ♯𝑢𝑣). Since parity games are
positionally determined, it is enough to show that Adam does not win from (𝑞𝐵, ♯𝑢𝑣). Suppose towards
a contradiction that Adam wins from (𝑞𝐵, ♯𝑢𝑣), and fix some his winning strategy 𝜎A. We construct a
play consistent with 𝜎A and won by Eve, contradicting the fact that 𝜎A is winning for Adam.

First, Eve chooses the axiom 𝜏 , enters the part of the game corresponding to 𝒜𝐻 , and follows
backwards an accepting run of 𝒜𝐻 on the word 𝑣. By construction, this removes exactly the suffix 𝑣,
and the play reaches (𝑝𝜏 , ♯𝑢). At this point Adam chooses some index 𝑗 ∈ {1, . . . , 𝑛}, and the play
enters the part corresponding to 𝒜𝐺𝑗 . There are now three possibilities.

If Adam stays forever in states belonging to 𝑃A, then the resulting infinite play is winning for Eve,
since only priority 0 occurs infinitely often.

If Adam gets stuck in a state belonging to 𝑃A, then the resulting finite play is winning for Eve, because
a finite play ending in a position of Adam is losing for Adam.

The remaining possibility is that Adam follows an accepting run of𝒜𝐺𝑗 on some word𝑤 ∈ ℒ(𝒜𝐺𝑗 ) =
ℒ(𝐺𝑗). In this case the play reaches the configuration (𝑞𝐴𝑗 , ♯𝑢𝑤). As explained above, our assumption
on 𝑢 implies that 𝑢𝑤 ∈ 𝐴ℐ

𝑗 , meaning that Eve wins from (𝑞𝐴𝑗 , ♯𝑢𝑤). Let 𝜎E be her winning strategy
from this configuration. We define the remaining part of the play following both 𝜎A and 𝜎E. Because
𝜎E is winning for Eve, the suffix of the play starting from (𝑞𝐴𝑗 , ♯𝑢𝑤) is won by Eve, hence the whole
play as well.

We have thus shown that Adam cannot win from (𝑞𝐵, ♯𝑢𝑣); Eve wins there. Since 𝑣 ∈ ℒ(𝐻) was
arbitrary, we conclude that 𝑢 ∈ (∀𝐻.𝐵)ℐ . Thus 𝜏 holds in ℐ . Since 𝜏 was an arbitrary axiom of 𝒯 , we
obtain that ℐ is a model of 𝒯 .

Finally, Eve trivially wins from (𝑞𝐿, ♯), because there is a transition (𝑞𝐿, ♯) → (𝑝win, ♯), and 𝑝win is a
dead-end state owned by Adam. Hence 𝜀 ∈ 𝐿ℐ . By the assumed subsumption 𝐿 ⊑𝒯 𝑅, this implies
that 𝜀 ∈ 𝑅ℐ . Therefore, by the definition of 𝑅ℐ , Eve wins from (𝑞𝑅, ♯).
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