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Abstract
Learning concepts from data examples is an intensively investigated topic in description logics (DLs), in particular

for the ℰℒ-family. So far, hardly any of these works on concept learning consider the Kleene star to express

the (reflexive) transitive closure of roles. However, the star plays a central role in some closely related settings,

like learning shape expressions in graph constraint languages such as SHACL, and learning graph queries from

graph data. As a first step towards developing techniques for learning SHACL shape expressions, we consider

learning from examples (aka the fitting problem) for the logic ℰℒ*
, which extends ℰℒ by the reflexive transitive

closure of named roles. In contrast to ℰℒ, the DL ℰℒ*
can express a limited form of disjunction that can result in

more informative fittings. By adapting the automata-based techniques for ℰℒ, we obtain complexity bounds for

deciding existence of ℰℒ*
fittings that coincide with those for ℰℒ. We also develop an algorithm for computing

most specific fittings in ℰℒ*
.
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1. Introduction

Learning formulas from data examples has long been a central problem in AI, and it is currently receiving

renewed attention. In the context of description logics (DLs), various settings for such concept learning

have been studied under different names. Early works considered learning concepts from positive

examples only [1, 2, 3, 4] and investigated methods for computing what are nowadays called most-

specific fittings. The last decade has seen a lot of contributions from the DL and the data base theory

community regarding learning from examples, where additionally negative examples are provided

and the goal is to compute a fitting, i.e., a complex formula that captures the commonalities of the

positive examples and separates these from the negative ones. In particular, the problem of learning DL

concepts from examples has been investigated in the presence of TBoxes from interpretations [5, 6] or

even from ABoxes [4, 7]. This problem is well understood with elegant algorithms, well-characterized

computational complexity, and even practical systems [7, 8]. Comparable progress has been achieved

for the problem of learning conjunctive queries (CQs) from data bases [9, 10, 11], and there has also

been interest in learning linear temporal logic (LTL) formulas from temporal data [12, 13].

A similar interest in learning complex expressions from data examples has been manifesting in the

Shapes Constraint Language [14] (SHACL) community. The W3C recommendation SHACL is a language

for the validation of RDF graphs. It allows us to express constraints on RDF graphs by defining complex

shapes that can be validated at target nodes of a graph. There are enormous amounts of RDF datasets

and many of them have been created over decades without any schema guiding their population. It is

thus not surprising that learning SHACL shapes from data examples has been considered in a few works

[15, 16, 17]. However, all of these approaches thusfar are pragmatic and focus on mining rather simple

shapes. To our knowledge, there have been no systematic attempts at understanding the properties and

limits of the shape learning algorithms.

As it turns out, SHACL shapes are essentially concepts in an expressive DL extending 𝒜ℒ𝒞𝒪ℐ𝒬reg

[18, 19], and hence learning DL concepts can be viewed as learning shapes in a SHACL fragment.
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This facilitates the transfer of results on learning problems and their properties from the DL to the

SHACL setting. However, the DLs for which concept learning has been studied lack some features that

are central to SHACL. In particular, they do not support reachability or complex path expressions for

describing paths of varying lengths, which are central when constraining RDF graphs.

In this paper, as a first step towards understanding concept learning in the presence of path expressions,

we study the concept learning problem for the language ℰℒ*
, whose concepts correspond to shapes in a

non-trivial SHACL fragment and that extend ℰℒ by the use of the Kleene star in existential restrictions.

Specifically, we consider the setting where data is given as a finite edge- and node-labelled graph, where

some nodes are labelled as positive and some as negative examples, and without a TBox. The goal is

to find a fitting concept in ℰℒ*
that is satisfied at all positive nodes and at none of the negative ones.

Interestingly, the use of 𝑟* is effectively a disjunction over 𝑟-paths of differing length and as such adds

to the expressivity of the target language. Consider the graph below, where green nodes are positive

examples:

+𝐴 ∙ 𝐵
𝑟

+𝐵 ∙ 𝐴
𝑟

While their commonalities expressed in ℰℒ yields ∃𝑟.⊤, in ℰℒ*
it gives (∃𝑟*.𝐴) ⊓ (∃𝑟*.𝐵), witnessing

the effect of the increased expressivity of ℰℒ*
.

As fittings need not always exist, we investigate the problem of deciding existence of fittings. For ℰℒ
concepts, the existence of fittings is known to be ExpTime-complete already in the absence of a TBox

and negative examples [1]. We show here that the increased expressivity of 𝑟*-paths does not change

the complexity. To attain this result we could not merely extend the results on ℰℒ+
from [2], since

there only tree-shaped input is used, while our input graph may well be cyclic. Instead, we adapted the

approach based on alternating parity tree automata from [11] to 𝑟*-paths.

We also study most specific fittings (MSFs) expressed in ℰℒ*
and give procedures for deciding existence

and for computing the MSF, if it exists. The standard approach for such computation algorithms is to

use a cross-product construction of the graphs reachable from positive examples and test whether the

resulting construction excludes the negative examples. Our procedure for ℰℒ*
adapts this approach by

first extending the graph by the reflexive, transitive closure of the 𝑟-reachability. We develop a new

notion of simulation to detect if this new product fits the examples. Finally, to obtain a finite shape

from the product graph, the latter needs to be unravelled. We present an algorithm to compute the MSF

and show that, if the number of positive examples is bounded, deciding fitting existence and computing

a succinct representation of the MSF can even be done in polynomial time.

Some of the proofs for our results can be found in the appendix.

2. Preliminaries

We consider disjoint, countably infinite sets of concept names NC and roles names NR. With 𝐴 ∈ NC

and 𝑟 ∈ NR, ℰℒ*
concepts are defined by the following grammar:

𝐶 → ⊤ | 𝐴 | ∃𝑅.𝐶 | 𝐶 ⊓ 𝐶 𝑅 → 𝑟 | 𝑟*

ℰℒ is the fragment of ℰℒ*
that disallows 𝑟*.

The semantics of ℰℒ*
concepts is defined in terms of interpretations in the usual way, but we use a

different notation: (interpretation) graphs are triples 𝒢 = (𝑉,𝐸, ℓ); The set 𝑉 of nodes is the domain

of 𝒢, while 𝐸 ⊆ 𝑉 × NR × 𝑉 is the labelled edge relation; we may write (𝑢, 𝑣) ∈ 𝑟𝒢 to indicate that

(𝑢, 𝑟, 𝑣) ∈ 𝐸, and we define

(𝑟*)𝒢 = {(𝑣, 𝑣) | 𝑣 ∈ 𝑉 } ∪
{(𝑢,𝑤) | ∃𝑣0, · · · , 𝑣𝑛 ∈ 𝑉.(𝑣0 = 𝑢) ∧ (𝑤 = 𝑣𝑛) ∧ (𝑣𝑖, 𝑣𝑖+1) ∈ 𝑟𝒢 for 0 ≤ 𝑖 ≤ (𝑛− 1)}

The node-labelling function ℓ : 𝑉 → 2NC
determines the interpretation of concept names. We may

write 𝑢 ∈ 𝐴𝒢
to express that 𝐴 ∈ ℓ(𝑢), and extend this function to all ℰℒ*

concepts as expected:

(∃𝑅.𝐶)𝒢 = {𝑢 | (𝑢, 𝑣) ∈ 𝑅𝒢
and 𝑣 ∈ 𝐶𝒢} (𝐶1 ⊓ 𝐶2)

𝒢 = 𝐶𝒢
1 ∩ 𝐶𝒢

2 ⊤𝒢 = 𝑉.



𝒢 is finite if its sets of nodes and labels are; in this paper we consider finite graphs. An interpretation

graph 𝒢 is a model of a concept 𝐶 , written 𝒢 |= 𝐶 , if 𝐶𝒢 ̸= ∅. We may write 𝒢 |= 𝐶(𝑢) whenever

𝑢 ∈ 𝐶𝒢
. Given concepts 𝐶 and 𝐷, concept 𝐷 subsumes 𝐶 (denoted 𝐶 ⊑ 𝐷), if in all graphs 𝒢, it holds

that 𝐶𝒢 ⊆ 𝐷𝒢
. A pointed graph is a pair (𝒢, 𝑣) of a graph 𝒢 and a node 𝑣 in its domain.

A signature Σ ⊆ NR ∪ NC is a finite set of role and concept names. If an interpretation graph 𝒢 is

finite, we define its signature Σ(𝒢) as Σ(𝒢) = {𝑟 | 𝑟 ∈ NR and 𝑟𝒢 ̸= ∅} ∪ {𝐴 | 𝐴 ∈ NC and 𝐴𝒢 ̸= ∅}.

The signature of an object 𝑋 , such as a complex concept or a labelled graph, Σ(𝑋) is the set of role

and concept names that occur in 𝑋 . We define a Σ-concept to be some concept whose signature is Σ.

Given a signature Σ, we may write ΣC = Σ ∩ NC and ΣR = Σ ∩ NR to refer to its subsets. We let 𝒢|Σ
denote the restriction of a graph 𝒢 to the signature Σ.

3. Fitting Problems for ℰℒ*

We study the following fitting problem: for a given graph 𝒢 where some nodes may be marked as

positive or negative examples, the goal is to compute a (complex) concept 𝐶 that fits all the examples,

that is, that it is satisfied at the positive nodes but not at the negative ones.

Definition 1 (ℒ-fitting). A fitting instance is a tuple ℱ = (𝒢,P,N ,Σ), where 𝒢 is a finite labelled

graph, P and N are the positive and negative nodes, respectively, such that P ∪ N ⊆ 𝑉 . Σ is a

signature, where Σ ⊆ Σ(𝒢). For a concept language ℒ, an ℒ fitting for ℱ is an ℒ concept 𝐶with Σ(𝐶) ⊆ Σ
such that 𝒢 |= 𝐶(𝑝) for every 𝑝 ∈ P and 𝒢 ̸|= 𝐶(𝑛) for every 𝑛 ∈ N .

We may omit the signature if Σ = Σ(𝒢) and write simply ℱ = (𝒢,P,N ). Depending on the fitting

instance, there may exist no fitting, or there may be many. In the latter case, the most informative

fittings are often preferred. These are formalised in terms of subsumption as follows.

Definition 2 (Most specific ℒ fitting). Given a fitting instance ℱ = (𝒢,P,N ,Σ) a most specific

ℒ-fitting (ℒ MSF) 𝐶 is an ℒ fitting for ℱ and for every ℒ fitting 𝐶 ′
for ℱ we have 𝐶 ⊑ 𝐶 ′

.

ℰℒ*
concepts can be conveniently represented as trees, analogous to the ℰℒ case [20]. In such trees,

we use special symbols 𝑟⋆ to represent existential concepts using the Kleene star. We let N⋆
R = NR∪{𝑟⋆ |

𝑟 ∈ NR}. For a signature Σ, we define its extended role signature Σ⋆
R = ΣR ∪ {𝑟⋆|𝑟 ∈ ΣR}, and we use

Σ⋆
R(𝑋) = {𝑟, 𝑟⋆ | 𝑟 ∈ ΣR(𝑋)} to denote the extended role signature of a finite object 𝑋 .

Definition 3 (ℰℒ*
Description Tree). An ℰℒ*

description tree is a finite edge- and node-labelled tree-

shaped graph 𝒯 = (𝑉,𝐸, ℓ) with 𝐸 ⊆ 𝑉 × N⋆
R × 𝑉 and ℓ : 𝑉 → 2NC

. Let 𝐶 be an ℰℒ*
concept in the

form 𝐴0 ⊓ · · · ⊓𝐴𝑛 ⊓ ∃𝑅1.𝐶1 ⊓ · · · ⊓ ∃𝑅𝑚.𝐶𝑚 with 𝐴𝑖 ∈ NC, where 0 ≤ 𝑖 ≤ 𝑛 and each 𝐶𝑗 is an ℰℒ*

concept and 𝑅𝑗 ∈ {𝑟, 𝑟* | 𝑟 ∈ NR}, with 1 ≤ 𝑗 ≤ 𝑚. Given a concept C in this form, its role depth

𝑑𝑒𝑝𝑡ℎ(𝐶) is defined as usual, as the maximal depth of its quantifiers. 𝐶 can be translated into its ℰℒ*

description tree 𝒯𝐶 = (𝑉,𝐸, ℓ), defined by an induction on the role depth of 𝐶 as follows. Let 𝑢0 be the

root of 𝒯𝐶 . If depth(𝐶) = 0, then 𝑉 = {𝑢0}, 𝐸 = ∅ and ℓ(𝑢0) = {𝐴0, . . . , 𝐴𝑛}.

If depth(𝐶) > 0, for 1 ≤ 𝑗 ≤ 𝑚, let 𝒯𝐶𝑗 = (𝑉𝑗 , 𝐸𝑗 , ℓ𝑗) be the inductively defined description tree

corresponding to 𝐶𝑗 and 𝑢𝑗 be its root, where we assume that 𝑉1, ...𝑉𝑛 are pairwise disjoint, then

𝑉 = {𝑢0} ∪
⋃︁

1≤𝑗≤𝑚

𝑉𝑗 ℓ(𝑣) =

{︃
{𝐴0, . . . , 𝐴𝑛} 𝑣 = 𝑢0

ℓ𝑗(𝑣) 𝑣 ∈ 𝑉𝑗 , 1 ≤ 𝑗 ≤ 𝑚

𝑓(𝑅) =

{︃
𝑟⋆ if 𝑅 = 𝑟*and 𝑟 ∈ NR

𝑅 otherwise

𝐸𝐶 =
⋃︁

1≤𝑗≤𝑚

{𝑢0, f (𝑅𝑗), 𝑢𝑗} ∪
⋃︁

1≤𝑗≤𝑚

𝐸𝑗

We call 𝐶 the corresponding concept of 𝒯𝐶 . We sometimes consider the pointed graph (𝒯 , 𝑢0) that pairs

a 𝒯 with its root 𝑢0; slightly abusing notation, we denote this pointed graph as simply 𝒯 .



4. Complexity of Fitting Existence

We study the complexity of deciding the existence of an ℰℒ*
-fitting for an instance ℱ = (𝒢,P,N ,Σ),

and show that the problem is ExpTime-complete. Deciding ℰℒ fitting existence is well-known to be

hard for exponential time [7], but this does not necessarily transfer to ℰℒ*
, since more expressive

fitting languages generally admit more fittings. While the existence of an ℰℒ fitting trivially implies the

existence of an ℰℒ*
fitting, the converse does not hold.

Example 1. Consider ℱ = (𝒢,P,N ,Σ) with P marked via green nodes and N marked red below. ℱ
has no ℰℒ fittings, but ∃𝑟*.𝐴 is an ℰℒ*

fitting.

+
A

+ ∙ A

−
B𝑟

Despite the increased expressivity, the ℰℒ*
-fitting existence problem is not easier in the worst case.

The hardness holds even without signature restrictions.

Proposition 1. Deciding the existence of an ℰℒ*
-fitting for a given ℱ = (𝒢,P,N ) is ExpTime-hard.

Proof sketch. To show that fitting existence is ExpTime-hard, we reduce from the word problem for

an alternating, linear space bounded Turing machine 𝑀 . We reuse the reduction by Funk et al. (2019)

(Theorem 12) for the ℰℒ-fitting existence problem. We build from 𝑀 and an input word 𝑤, an instance

ℱ𝑀 = (𝒢𝑀 ,P𝑤, {𝑛}). 𝒢𝑀 is the union of two graphs. In a nutshell, the nodes of the first graph

represent possible configurations of 𝑀 restricted to a single tape position, and their connections reflect

the local effects of executing the transitions of 𝑀 . The second graph represents how acceptance

propagates along existential and universal states in a run of 𝑀 . The positive examples represent the

initial tape contents in such a way that possible fittings represent correct executions of 𝑀 on 𝑤, while

the single negative example restricts the fittings to non-accepting runs. The authors show that there

exists an ℰℒ-fitting for ℱ𝑀 iff there is no accepting run of 𝑀 on 𝑤. To lift this claim from ℰℒ to ℰℒ*
, we

leverage a property of 𝒢𝑀 : by construction, all paths in 𝒢𝑀 that start at some node in P𝑤 move along

edges whose labels strictly alternate between (roles representing) existential and universal states of 𝑀 ,

until an accepting or rejecting state is reached. Because of this strict alternation, 𝑟*-edges can only

represent 𝑟-paths of length exactly one, and hence it is possible to show that for every ℰℒ*
-fitting for

ℱ𝑀 , one can define a corresponding ℰℒ-fitting for ℱ𝑀 by replacing any 𝑟*-edges by regular 𝑟-edges.

Once this has been established, we can argue as in Funk et al. (2019) that there exists an ℰℒ*
-fitting 𝐶

for ℱ𝑀 iff 𝑀 does not accept 𝑤.

To characterize fittings we use pre-matches, which are homomorphisms from trees to pointed graphs.

Definition 4. A pre-match for a tree 𝒯 = (𝑉,𝐸, ℓ) with root 𝑣0 into a pointed graph (𝒢, 𝑢), is a function

𝜌 : 𝑉 → 𝒢 such that 𝜌(𝑣0) = 𝑢 and for all 𝑣, 𝑣′ ∈ 𝑉 :

1. 𝜌(𝑣) ∈ 𝐴𝒢
for every 𝐴 ∈ ℓ(𝑣),

2. if (𝑣, 𝑟, 𝑣′) ∈ 𝐸 then (𝜌(𝑣), 𝜌(𝑣′)) ∈ 𝑟𝒢 , and

3. if (𝑣, 𝑟⋆, 𝑣
′) ∈ 𝐸 then (𝜌(𝑣), 𝜌(𝑣′)) ∈ (𝑟*)𝒢 .

Lemma 1. For every ℰℒ*
concept 𝐶 , there is a pre-match 𝜌 from its ℰℒ*

description tree 𝒯𝐶 into (𝒢, 𝑢) iff

𝒢 |= 𝐶(𝑢), where 𝑢 = 𝜌(𝑣0) and 𝑣0 is the root of 𝒯𝐶 .

We present an algorithm for fitting existence that uses tree automata to decide the existence of

suitable pre-matches. Since the automata run on (strictly) node-labelled full 𝑘-ary trees, we introduce

an alternative representation of our description trees.

Definition 5 (Node-labelled ℰℒ* 𝑘-Trees). We define the alphabet LΣ = ({−} ∪ N⋆
R) × 2ΣC

. For an

element 𝑤 ∈ LΣ with 𝑤 = (𝑟,A), we access its components by 𝑤.𝑅 = 𝑟 and 𝑤.A = A.



𝒯 𝐶
Σ : ∙ 𝐴

∙
∙ 𝐴,𝐵

𝑡

𝑟⋆

∙ 𝐵′
𝑠

T𝐶 : 𝜀 (−, {𝐴})

1 (𝑟⋆, ∅)

11 (𝑡, {𝐴,𝐵}) 12 (−, {⊤})

2 (𝑠, {𝐵′})

21 (−, {⊤}) 22 (−, {⊤})

Figure 1: The ℰℒ* tree 𝒯𝐶 and the node-labelled ℰℒ* 2-treeT𝐶 of the ℰℒ* concept𝐶 = 𝐴⊓∃𝑟*.∃𝑡.(𝐴⊓𝐵)⊓∃𝑠.𝐵′.

For 𝑘 ≥ 0, a node-labelled ℰℒ* 𝑘-tree T = (𝑉, ℓ) has the set 𝑉 is the set of all words over the alphabet

{1, . . . , 𝑘} as nodes, and a labelling function ℓ : 𝑉 → LΣ. We call such a tree proper if the root 𝜀
has ℓ(𝜀) = (−,A) for some A ̸= {⊤}, and for each 𝑤 ̸= 𝜀 with 𝑤.𝑅 = −, the labelling is such that

ℓ(𝑤) = (−, {⊤}) for every 𝑤 ∈ 𝑉 , and every branch in T reaches a node labelled (−, {⊤}) in a finite

number of steps. If the labels mention only symbols in a signature Σ, we may say that T is over Σ.

Given an ℰℒ*
description tree 𝒯 = (𝑉,𝐸, ℓ) and a 𝑘 ≥ 𝑑𝑒𝑔(𝒯 ), let 𝑛 be an arbitrary but fixed function

that assigns to each node in 𝑉 a word over {1, . . . , 𝑘} in such a way that: (i) 𝑛(𝑣0) = 𝜀 for the root 𝑣0
of 𝒯 , and (ii) 𝑛(𝑣𝑖) = 𝑛(𝑣)𝑖 for the children 𝑣1, . . . , 𝑣𝑛 of 𝑣. We define the encoding nlt𝑘(𝒯 ) of 𝒯 as the

node-labelled 𝑘-tree T = (𝑉 ′, ℓ𝒯 ) that has:

ℓ𝒯 (𝜀) =(−, ℓ(𝑣0)) for the root 𝑣0 of 𝒯
ℓ𝒯 (𝑤𝑗) =(𝑟, ℓ(𝑣𝑗)) for each 𝑤𝑗 = 𝑛(𝑣𝑗) with (𝑛(𝑤), 𝑟, 𝑣𝑗) ∈ 𝐸

ℓ𝒯 (𝑤) =(−, {⊤}) whenever there is no 𝑣 ∈ 𝑉 with 𝑛(𝑣) = 𝑤

As each proper node-labelled ℰℒ* 𝑘-tree T is the encoding nlt𝑘(𝒯 ) of some ℰℒ*
description tree 𝒯 , we

may say that T has a pre-match into a pointed graph if 𝒯 does. If T is the corresponding node-labelled

ℰℒ* 𝑘-tree for some 𝒯𝐶 , we write T𝐶 and we refer to 𝐶 as its corresponding shape.

Figure 1 illustrates the two tree notions 𝒯𝐶 and T𝐶 for an ℰℒ*
concept 𝐶 .

Alternating parity tree automata. We recall the basics of alternating automata on infinite node-

labelled 𝑘-trees. For the presentation, we largely follow [21] and [11]. Let ℬ(𝐼) be the set of positive

Boolean formulae over a set of variables 𝐼 , built inductively by applying ∧ and ∨ starting from ⊥, ⊤
and the elements of 𝐼 . For a set 𝐽 ⊆ 𝐼 and a formula 𝐶 ∈ ℬ(𝐼), we say 𝐽 satisfies 𝐶 iff assigning ⊤ to

the elements in 𝐽 and ⊥ to those in 𝐼 ∖ 𝐽 , makes 𝐶 true. For a positive integer 𝑘, let [𝑘] = {0, 1, . . . , 𝑘}.

A k-ary alternating parity tree automaton (𝑘-ATA) running over infinite node-labelled 𝑘-trees, is a tuple

A = ⟨Σ, 𝑄, 𝛿, 𝑞0, 𝑝⟩, where Σ is an input alphabet, 𝑄 is a finite set of states, 𝛿 : 𝑄× Σ → ℬ([𝑘]×𝑄)
is the transition function, 𝑞0 ∈ 𝑄 is the initial state and 𝑝 : 𝑄 → N is a priority function.

Deciding fitting existence with ATAs. Our goal now is to build a 𝑘-ATA Aℱ that accepts exactly

the proper node-labelled ℰℒ* 𝑘-trees that represent a fitting for a given fitting instance ℱ . We first

define, for a pointed graph (𝒢, 𝑣0) and 𝑘 ≥ 0, a 𝑘-ATA A𝒢,𝑣0
, which takes as input proper node-labelled

ℰℒ* 𝑘-trees and accepts exactly those with a pre-match into (𝒢, 𝑣0).
Let 𝒢 = (𝑉,𝐸, ℓ) and 𝑣0 ∈ 𝑉 . The 𝑘-ATA A𝒢,𝑣0 = ⟨𝑄,LΣ, 𝛿, 𝑞𝑣0 , 𝑝⟩ has the state set 𝑄 and transition

function 𝛿 : 𝑄× LΣ → ℬ([𝑘]×𝑄) defined as below, and the priority function 𝑝 has 𝑝(𝑞𝑣) = 0 for the

states of the form 𝑞𝑣 with 𝑣 ∈ 𝑉 , and 𝑝(𝑞) = 1 for all other states.

𝑄 ={𝑞𝑣 | 𝑣 ∈ 𝑉 } ∪ 𝑞− ∪ {𝑞𝑟 | 𝑟 ∈ ΣR(𝒢)} ∪ {𝑞𝑟* | 𝑟 ∈ ΣR(𝒢)} ∪ {𝑞𝑟*𝑣 | 𝑣 ∈ 𝑉, 𝑟 ∈ ΣR(𝒢)}

𝛿(𝑞𝑣, 𝑤) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⋀︁
1≤𝑖≤𝑘

(︃
(𝑖, 𝑞−) ∨

(︂
(𝑖, 𝑞𝑟*) ∧ (𝑖, 𝑞𝑣)

)︂
∨

⋁︀
𝑟(𝑣,𝑣′)∈𝐸

(︂
((𝑖, 𝑞𝑟) ∧ (𝑖, 𝑞𝑣′)) ∨

(︀
(𝑖, 𝑞𝑟*) ∧ (𝑖, 𝑞𝑟*𝑣′)

)︀)︂)︃ if 𝑣 ∈ 𝐴𝒢

for every 𝐴 ∈ 𝑤.A

⊥ otherwise



𝛿(𝑞𝑟*𝑣, 𝑤) = (0, 𝑞𝑣) ∨
⋁︁

𝑟(𝑣,𝑣′)∈𝐸

(0, 𝑞𝑟*𝑣′)

𝛿(𝑞−, 𝑤) =

{︃
⊤ if − = 𝑤.𝑅

⊥ otherwise

𝛿(𝑞𝑟, 𝑤) =

{︃
⊤ if 𝑟 = 𝑤.𝑅

⊥ otherwise

𝛿(𝑞𝑟* , 𝑤) =

{︃
⊤ if 𝑟⋆ = 𝑤.𝑅

⊥ otherwise

Intuitively, a succesful run of A𝒢,𝑣0
can visit a node 𝑤 of T in state 𝑞𝑣 if there is a pre-match 𝜌 from

T into 𝑣 such that 𝜌(𝑤) = 𝑣. Similarly, a visit to 𝑤 on state 𝑞𝑟*𝑣 will succeed if there is a pre-match 𝜌
from T into 𝒢, but 𝜌(𝑤) = 𝑣 is not enforced: it suffices if the node 𝜌(𝑤) is reachable from 𝑣 along a

path of 𝑟-edges. The remaining states only check for the correct role labels. All transitions except those

involving 𝑞𝑟*𝑣 require the automaton to move to a new node in T, and the automaton halts whenever it

reaches a node labelled (−, {⊤}). This, together with the priority condition, ensures that all accepting

runs on proper node-labelled 𝑘-trees are finite and witness the existence of a pre-match for the entire

concept represented in T. The following lemma establishes the correctness of the automaton.

Lemma 2. Given a pointed graph (𝒢, 𝑣0), the 𝑘-ATA A𝒢,𝑣0
accepts a proper node-labelled ℰℒ* 𝑘-tree T

iff it has a pre-match into (𝒢, 𝑣0).

Given A, we denote by A its complement automaton. We also denote by AA𝑛 the intersection

automaton over a set of 𝑘-ATAs A𝑛 = A1, . . . ,A𝑛. Both complementation and intersection are trivial

for ATAs, please see the appendix for details. If we take the complement automaton A𝒢,𝑣0 of the

𝑘-ATA A𝒢,𝑣0
, it will accept exactly the proper node-labelled 𝑘-trees that do not have a pre-match into

(𝒢, 𝑣0). Hence, for a fitting instance ℱ = (𝒢,P,N ,Σ), we can take the intersection AA𝑚 of the set

of automata A𝑚 that contains A𝒢,𝑣
for every 𝑣 ∈ P and A𝒢,𝑛

for each 𝑛 ∈ N . This automaton will

accept exactly those proper node-labelled 𝑘-trees over the signature Σ that represent fittings for ℱ .

To decide fitting existence, we still have to show that we can pick a sufficiently large 𝑘 so that the

intersection automata will always accept some fitting if it exists. This is done in the following lemma.

Lemma 3. Given an instance ℱ = (𝒢,P,N ,Σ), where 𝒢 = (𝑉,𝐸, ℓ), if there is an ℰℒ*
fitting for ℱ ,

then there is an ℰℒ*
fitting 𝐶 such that deg(𝒯𝐶) = |𝑉 |.

We now have an automaton that accepts the tree encoding of a fitting whenever it exists.

Theorem 1. Given a fitting instance ℱ = (𝒢,P,N ,Σ), let 𝑘 be the number of nodes in 𝒢, and let Aℱ
be the 𝑘-ATA obtained by intersecting A𝒢,𝑣

for every 𝑣 ∈ P and A𝒢,𝑛
for each 𝑛 ∈ N . Then Aℱ accepts

a proper node-labelled 𝑘-tree T𝐶 over the signature Σ if and only if 𝐶 is an ℰℒ*
fitting for ℱ .

Finally, an emptiness check on Aℱ , which can be performed in ExpTime, then gives us the ExpTime-

upper bounds on the ℰℒ*
fitting existence problem.

Theorem 2. The ℰℒ*
fitting existence problem is ExpTime-complete.

Proof sketch. The hardness was shown in Proposition 1. Using Theorem 1, we can decide if an ℰℒ*

fitting exists for ℱ = (𝒢,P,N ,Σ) relying on a nonemptiness check on Aℱ . Emptiness of ATAs is

decidable in single exponential time in the combined size of the state set and the parity condition [22];

both are polynomially bounded in ℱ , so the test is feasible in time exponential in the size of ℱ .

5. Computation of Most Specific Fittings

Before presenting our algorithms for the computation of most specific fittings, we note that, similarly

to the case of arbitrary ℰℒ fittings, existence of ℰℒ*
fittings and of most specific ℰℒ*

fittings do not

coincide. This is shown in Example 2, which is taken from [11], where it illustrates that the existence

of ℰℒ fittings does not imply the existence of an ℰℒ MSF; by moving from ℰℒ to ℰℒ*
we obtain more

fittings, but there still need not exist an MSF.



Example 2. Consider ℱ = (𝒢,P, ∅) with P marked green in the graph: + 𝑟 . Then 𝐶 = ∃𝑟*.⊤
is an ℰℒ*

fitting for ℱ , while 𝐷 = ∃𝑟.⊤ is both an ℰℒ and an ℰℒ*
fitting. As 𝐷 ⊑ 𝐶 holds, 𝐶 is not an

MSF. But 𝐷 can be expanded into a more specific fitting ∃𝑟.(⊤⊓∃𝑟.⊤). Any fitting for ℱ can be expanded

similarly by further unravelling the graph. As a more specific fitting always exists, no fitting is an MSF.

Even when MSFs exist for both ℰℒ and ℰℒ*
, they need not coincide, as illustrated next.

Example 3. Consider a fitting instance ℱ = (𝒢,P, ∅) with P marked green:

+

A

∙
B

+∙ ∙ ∙
A

∙
B

𝑠𝑠 𝑟 𝑟 𝑠

The ℰℒ MSF is the concept 𝐶1 = ∃𝑠.⊤. However, in ℰℒ*
we can express the concept 𝐶2 = ∃𝑠.⊤ ⊓

∃𝑟*.(𝐴 ⊓ ∃𝑠.𝐵), with 𝐶2 ⊑ 𝐶1. In fact, 𝐶2 is the ℰℒ*
MSF.

We will show that, even though an ℰℒ*
and ℰℒ MSF need not coincide, the existence of the former

implies the existence of the latter. Interestingly, the converse fails, as illustrated by Example 4. We will

return to this later in the section to make the claim more concrete.

Example 4. Consider a fitting instance ℱ = (𝒢,P, ∅) with P = {𝑣1, 𝑣2} marked green:

𝒢: +

A ∙ B

+

A ∙ B
𝑠

𝑟

𝑟

𝑠

There exists an ℰℒ MSF for ℱ , namely the concept 𝐴. But there is no ℰℒ*
MSF: while there are many

ℰℒ*
fittings, none of these are most specific. For example, the fitting 𝐴 ⊓ ∃𝑟*.(∃𝑠*.𝐵) is less specific than

𝐴 ⊓ ∃𝑟*.(∃𝑠*.(𝐵 ⊓ ∃𝑟*.(∃𝑠*.𝐴))). By traversing the cycle one more time, any ℰℒ*
concept can be expanded

into a more specific one.

In the remainder of this section, we provide a computation algorithm for the ℰℒ*
MSF, if it exists.

For MSFs we do not use tree automata, but instead rely on the well-known notion of graph products,

similarly to previous literature on MSFs [11, 7]. This more constructive approach allows us to not only

decide whether an MSF exists, but also compute a representation of it.

To preserve ℰℒ*
concepts when doing graph product operations, we need to keep track of 𝑟*-paths.

We do this using the 𝑟⋆-symbols, similarly as we did for description trees. In the sequel, we call a graph

starred if its signature has 𝑟⋆-symbols from Σ⋆
R, and extend the interpretation function to take into

account these symbols, such that (𝑟 ∪ 𝑟⋆)
𝒢 = 𝑟𝒢 ∪ (𝑟⋆)

𝒢
and ((𝑟 ∪ 𝑟⋆)

*)𝒢 is its reflexive transitive

closure, defined analogously to (𝑟*)𝒢 in Section 2.

Graphs that witness all (non-trivial) 𝑟*-paths by explicit 𝑟⋆-symbols are called ⋆-closed.

Definition 6. Given a starred graph 𝒢 = (𝑉,𝐸, ℓ), we say that 𝒢 is ⋆-closed if whenever there are nodes

𝑣,′ 𝑣 ∈ 𝑉 with 𝑣 ̸= 𝑣′ and (𝑣, 𝑣′) ∈ ((𝑟 ∪ 𝑟⋆)
*)𝒢 and (𝑣, 𝑣′) ̸∈ 𝑟𝒢 , we have (𝑣, 𝑣′) ∈ 𝑟𝒢⋆ .

We can add 𝑟⋆-symbols to a given graph and make it ⋆-closed. We also define a simple ‘clean-up’

operation that removes from a starred graph some 𝑟⋆-symbols that are not necessary to be ⋆-closed.

Definition 7. Given 𝒢, let 𝒢⋆ be the starred graph obtained by adding an edge (𝑢0, 𝑟⋆, 𝑢𝑛) for

all pairs (𝑢0, 𝑢𝑛) of nodes with 𝑢𝑛 reachable from 𝑢0 by a (possibly empty) sequence of 𝑟-edges

(𝑢0, 𝑟, 𝑢1), · · · , (𝑢𝑛−1, 𝑟, 𝑢𝑛).
The redundant star removal of a given starred graph 𝒢, denoted rsr(𝒢), is the result of removing from 𝒢

all edges (𝑢, 𝑟⋆, 𝑢), and all edges (𝑢, 𝑟⋆, 𝑢
′) such that (𝑢, 𝑟, 𝑢′) is also in 𝒢.

The goal of the 𝒢⋆ construction is to make any graph ⋆-closed. Note that 𝒢⋆ contains ‘loops’ (𝑢, 𝑟⋆, 𝑢)
for all nodes 𝑢 and roles 𝑟, but its redundant star removal does not.

Lemma 4. 𝒢⋆ is ⋆-closed for every graph 𝒢. If a given 𝒢 is ⋆-closed, so is rsr(𝒢).



Given a graph 𝒢 = (𝑉,𝐸, ℓ) and nodes 𝑣⃗ = (𝑣1, . . . 𝑣𝑛) in 𝑉 , we let Π(𝒢, 𝑣⃗) be the product of the

pointed graphs (𝒢, 𝑣𝑖), defined as usual. We may call 𝑣⃗ the distinguished element of Π(𝒢, 𝑣⃗).
We define our star product, which preserves 𝑟*-paths. In a nutshell, we make the input ⋆-closed, take

the regular product, and remove unnecessary stars; we restrict it to the given signature as usual.

Definition 8 (star product). Given 𝒢, nodes 𝑣⃗ = (𝑣1, . . . 𝑣𝑛) in 𝒢, and a signature Σ, we denote by

Π⋆(𝒢, 𝑣⃗,Σ) the pointed graph rsr(Π(𝒢⋆, 𝑣⃗))|Σ⋆
R
. If Σ = Σ(𝒢), we may omit it and write simply Π⋆(𝒢, 𝑣⃗).

The star product is a pointed starred graph with distinguished node 𝑣⃗. Importantly, it is ⋆-closed.

Lemma 5. Π⋆(𝒢, 𝑣⃗,Σ) is ⋆-closed for every 𝒢, 𝑣⃗ and Σ.

Proof sketch. Let Π⋆(𝒢, 𝑣⃗,Σ) be the star product graph of some graph 𝒢 with distinguished node 𝑣⃗
and signature Σ. For any node 𝑣 in Π⋆(𝒢, 𝑣⃗,Σ) (which could be 𝑣⃗ or any other node), by definition 𝑣
appears in every pointed graph (𝒢, 𝑣𝑖) used to construct Π⋆(𝒢, 𝑣⃗,Σ). Furthermore, if there exists a

node 𝑣′ in Π⋆(𝒢, 𝑣⃗,Σ) s.t. (𝑣, 𝑣′) ∈ (𝑟 ∪ 𝑟⋆)
*

and (𝑣, 𝑣′) /∈ 𝑟, then there also exists such a path between

𝑣 and 𝑣′ in each pointed graph (𝒢, 𝑣𝑖). There then also exists an 𝑟⋆-edge from 𝑣 to 𝑣′ in each (𝒢⋆, 𝑣𝑖),
where 𝒢⋆ is the star-closed version of 𝒢, by definition. Since this edge exists in each such pointed graph

and 𝑟⋆ ∈ Σ⋆
R, it is preserved when we take their product. Note that removing "redundant" 𝑟⋆-edges

from this product still allows the graph to be ⋆-closed and results in the star product Π⋆(𝒢, 𝑣⃗,Σ) as

defined. Thus Π⋆(𝒢, 𝑣⃗,Σ) is still ⋆-closed.

Example 5. Consider Example 4 again. We first extend 𝒢 to 𝒢⋆. Then, we obtainΠ⋆(𝒢, 𝑣⃗) = rsr(Π(𝒢⋆, 𝑣⃗)),
with the node 𝑣⃗ marked green:

𝒢⋆:

+

A ∙ B

+

A ∙ B

𝑟⋆, 𝑠⋆
𝑟⋆, 𝑠⋆

𝑠, 𝑠⋆

𝑟, 𝑟⋆
𝑟⋆, 𝑠⋆

𝑟⋆, 𝑠⋆

𝑟, 𝑟⋆

𝑠, 𝑟⋆

Π⋆(𝒢, 𝑣⃗):

∙
+

A

∙
∙
B

𝑟⋆

𝑠⋆

𝑟⋆

𝑠⋆

𝑠⋆

𝑟⋆

𝑠⋆

𝑟⋆
𝑠
𝑟

Simulations. Intuitively, the ℰℒ*
concepts that are satisfied in the star product are exactly those that

are satisfied in all the pointed graphs. To formalise and prove this, we define a notion of simulation that

captures the semantics of ℰℒ*
over possibly starred graphs.

Definition 9. An ℰℒ* Σ-simulation 𝜁 between two (possibly starred) graphs ℐ = (𝑉ℐ , 𝐸ℐ , ℓℐ) and

𝒢 = (𝑉𝒢 , 𝐸𝒢 , ℓ𝒢) and given a signature Σ, is a relation 𝜁 ⊆ 𝑉ℐ × 𝑉𝒢 , which satisfies the properties

AtomR, Forth, and Forth*, defined below.

AtomR If (𝑑, 𝑒) ∈ 𝜁 and 𝑑 ∈ 𝐴ℐ
, then 𝑒 ∈ 𝐴𝒢

.

Forth For every 𝑟 ∈ Σ⋆
R, if (𝑑, 𝑒) ∈ 𝜁 and (𝑑, 𝑑′) ∈ 𝑟ℐ , then there is (𝑒, 𝑒′) ∈ 𝑟𝒢 with (𝑑′, 𝑒′) ∈ 𝜁 .

Forth* For every 𝑟 ∈ Σ⋆
R, if (𝑑, 𝑒) ∈ 𝜁 and (𝑑, 𝑑′) ∈ ((𝑟 ∪ 𝑟⋆)

*)ℐ , then there is (𝑒, 𝑒′) ∈ ((𝑟 ∪ 𝑟⋆)
*)𝒢

with (𝑑′, 𝑒′) ∈ 𝜁 .

Given two nodes 𝑑 ∈ 𝑉ℐ and 𝑒 ∈ 𝑉𝒢 , we write (ℐ, 𝑑) ⪯Σ (𝒢, 𝑒) if there is a Σ-simulation 𝜁 where

(𝑑, 𝑒) ∈ 𝜁 . If Σ is Σ(ℐ), then we may omit it and write (ℐ, 𝑑) ⪯ (𝒢, 𝑒).

ℰℒ* Σ-simulations capture the semantics of ℰℒ*
concepts in the usual way.

Lemma 6. The following hold for all pointed graphs and signatures Σ:

1. If (ℐ, 𝑑) ⪯Σ (𝒢, 𝑒), then for every ℰℒ* Σ-concept 𝐶 , if 𝑑 ∈ 𝐶ℐ
then 𝑒 ∈ 𝐶𝒢

.

2. For every ℰℒ*
concept 𝐶 , if 𝑑 ∈ 𝐶ℐ

, then 𝒯𝐶 ⪯ (ℐ, 𝑑).
3. For all ℰℒ*

concepts 𝐶 and 𝐷, we have 𝐶 ⊑ 𝐷, iff 𝒯𝐷 ⪯ 𝒯𝐶 .

We characterise the correctness of our product construction in terms of ℰℒ* Σ-simulations.



Lemma 7. Given a graph 𝒢, a signature Σ and nodes 𝑣⃗ = 𝑣1, ...𝑣𝑛 in 𝒢 for some arbitrary 𝑛, for every

(ℐ, 𝑑) we have that (ℐ, 𝑑) ⪯Σ (𝒢, 𝑣1), . . . , (ℐ, 𝑑) ⪯Σ (𝒢, 𝑣𝑛) if and only if (ℐ, 𝑑) ⪯Σ Π⋆(𝒢, 𝑣⃗,Σ).

If the star product of all the positive examples, which represents their commonalities, is a fitting,

then it is the MSF. However, to be a fitting, we need to make sure that, on the one hand, it does not

simulate any negative example, and on the other, that it can be represented as a (finite) concept. We

will now prove that the latter holds exactly when its unravelling is finite.

Σ-Unravellings. Unravelling is a well-known technique for transforming an arbitrary graph into

a tree-shaped one. Given a (possibly starred) graph 𝒢 = (𝑉,𝐸, ℓ) and a signature Σ, a Σ⋆
R-path 𝑝

(of length 𝑛) is a sequence 𝑝 = 𝑣0𝑟0𝑣1 . . . 𝑣𝑛−1𝑟𝑛−1𝑣𝑛, with 𝑣𝑖 ∈ 𝑉 , 𝑟𝑖 ∈ Σ⋆
R and for every 𝑟𝑖 with

1 ≤ 𝑖 < 𝑛 we have that (𝑣𝑖, 𝑣𝑖+1) ∈ (𝑟𝑖)
𝒢

. We say that 𝑝 starts with 𝑣0 and ends with 𝑣𝑛, and we may

write 𝑡𝑎𝑖𝑙(𝑝) = 𝑣𝑛. We write 𝑝𝑅𝑏 to mean a Σ⋆
R-path that extends 𝑝 by following an edge labelled with

𝑅 to a node 𝑏. We may omit Σ⋆
R and speak of just paths when Σ⋆

R is clear from context.

Let 𝑣 ∈ 𝑉 . The Σ-unravelling of 𝑣 in 𝒢 is the graph 𝒰𝑣,Σ = (𝑉𝒰 , 𝐸𝒰 , ℓ𝒰 ) such that:

• 𝑉𝒰 contains all Σ⋆
R-paths that start with 𝑣.

• 𝐴 ∈ ℓ𝒰 (𝑝) for all 𝑝 s.t. 𝐴 ∈ ℓ(𝑡𝑎𝑖𝑙(𝑝)) ∩ Σ

• (𝑝,𝑅, 𝑝𝑅𝑏) ∈ 𝐸𝒰 for every path 𝑝𝑅𝑏 ∈ 𝑉𝒰 .

If we add the requirement that 𝑉𝒰 contains only Σ⋆
R-paths of length at most 𝑚 for some 𝑚 ≥ 0, then

we obtain an 𝑚-bounded Σ-unravelling, or just 𝑚-Σ-unravelling, denoted 𝒰𝑚
𝑣,Σ. Note that if 𝑚 is at

least the length of the longest path, then 𝒰𝑚
𝑣,Σ = 𝒰𝑣,Σ. If this is not the case, we say that 𝒰𝑚

𝑣,Σ is strict. If

Σ is Σ(𝒢), we may omit it and simply write 𝒰𝑣 .

Note that a starred graph unravels into a starred tree-shaped graph. As for description trees, we

might simply write 𝒰𝑣 to denote the pointed graph (𝒰𝑣, 𝑣) of an unravelling 𝒰𝑣 and its root 𝑣.

Example 6. Consider again Example 4. The unravelling 𝒰𝑣⃗ of Π⋆(𝒢, 𝑣⃗) is an infinite tree-shaped graph

where each node has either one outgoing 𝑟⋆-edge and one 𝑠⋆-edge, or two outgoing 𝑟⋆-edges and one 𝑟-edge,

or two outgoing 𝑠⋆-edges and one 𝑠-edge.

The following lemma connects our notions of simulation and unravelling.

Lemma 8. Given two pointed graphs (ℐ, 𝑑) and (𝒢, 𝑒), we have 1. (ℐ, 𝑑) ⪯ (𝒢, 𝑒) iff (𝒰𝑑, 𝑑) ⪯ (𝒢, 𝑒),
and 2. If ℐ is a tree, then (ℐ, 𝑑) ⪯Σ (𝒢, 𝑒) iff (ℐ, 𝑑) ⪯Σ (𝒰𝑒, 𝑒) for every Σ.

Unravellings of ⋆-closed graphs are in general not ⋆-closed: they are tree-shaped, and do not have

‘𝑟⋆-shortcuts’ to witness longer 𝑟*-paths. However, if the unravelled graph is ⋆-closed, and if a node

reaches another along an 𝑟*-path in the unravelling, it will also have a similar ‘copy’ as an immediate

𝑟⋆-child. This is useful, since it allows us to find simulations by looking at bounded unravellings.

Lemma 9. For all Σ and all (ℐ, 𝑑) and (𝒢, 𝑒) such that 𝒢 is ⋆-closed,

1. For every ℰℒ*
concept 𝐶 with Σ(𝐶) ⊆ Σ s.t. 𝒯𝐶 ⪯ 𝒰𝑒, we have 𝒯𝐶 ⪯ 𝒰𝑚

𝑒 , where 𝑚 = depth(𝐶).
2. If ℐ and 𝒢 are finite, then 𝒰𝑑 ⪯Σ (𝒢, 𝑒) iff 𝒰𝑚

𝑑 ⪯Σ (𝒢, 𝑒) for all 𝑚-unravellings 𝒰𝑚
𝑑 of ℐ at 𝑑.

Proof sketch. Item 2 follows from the proof of Lemma 5.5 in [11], but adapted from the ℰℒℐ setting to

ℰℒ* Σ-simulations and the semantics of starred graphs. For the ℰℒ*
setting, if we additionally require

that 𝒢 is ⋆-closed, then the proof immediately extends as expected.

For Item 1, the proof uses pre-matches (which are Σ-simulations that are additionally functional).

The key idea is that if there exists a pre-match 𝜌 from a node 𝑢𝑝 in a description tree into 𝒰𝑣 , such

that if 𝑢𝑝 has an immediate 𝑟⋆-child 𝑢𝑐 in the description tree and its pre-match 𝜌(𝑢𝑝) is such that it is

connected to 𝜌(𝑢𝑣) via more than one 𝑟 or 𝑟⋆-edges in 𝒰𝑣 , then we can use the fact that 𝒢 is ⋆-closed to

show that 𝜌(𝑢𝑝) also has an immediate 𝑟⋆-child that has the same label as 𝜌(𝑢𝑣) and that is the root of

a subtree in 𝒰𝑣 isomorphic to the one rooted at 𝜌(𝑢𝑐). From this observation, it is not hard to see that

we find a Σ-simulation that does not use paths longer than 𝑚.



Algorithm for computing MSF in ℰℒ*. In the following, 𝑣⃗+ denotes an (arbitrary but fixed) enu-

meration of the positive nodes P of a fitting instance ℱ = (𝒢,P,N ,Σ). Our algorithms for deciding

existence of an MSF and computing it build on the following proposition, similar to Prop. 5.14 in [11].

Proposition 2. Let ℱ = (𝒢,P,N ,Σ) and let 𝐶 be an ℰℒ*
concept. The following are equivalent: 1) 𝐶

is a most specific fitting for ℱ , and 2) 𝐶 is a fitting for ℱ and Π⋆(𝒢, 𝑣⃗+,Σ) ⪯ 𝒯𝐶 .

Proof. (1) ⇒ (2). Assume that 𝐶 is an ℰℒ*
MSF. Then 𝐶 fits all 𝑣𝑖 ∈ P , so by Lemma 6 Item 2,

𝒯𝐶 ⪯ (𝒢, 𝑣𝑖) for all 𝑣𝑖 ∈ P . By Lemma 7, then 𝒯𝐶 ⪯ Π⋆(𝒢, 𝑣⃗+,Σ) and by Lemma 8 Item 2, 𝒯𝐶 ⪯ 𝒰𝑣⃗+ .

Let 𝑚 = depth(𝐶) and let 𝒰𝑚
𝑣⃗+

be the 𝑚-bounded unravelling of Π⋆(𝒢, 𝑣⃗+,Σ). Then by Lemma

9 Item 1, 𝒯𝐶 ⪯ 𝒰𝑚
𝑣⃗+

Suppose that 𝒰𝑣⃗+ ⪯ (𝒢, 𝑛𝑖) for some 𝑛𝑖 ∈ N . Then Π⋆(𝒢, 𝑣⃗+,Σ) ⪯ (𝒢, 𝑛𝑖) by

Lemma 8 Item 1 and, since 𝒯𝐶 ⪯ Π⋆(𝒢, 𝑣⃗+,Σ), we have 𝒯𝐶 ⪯ (𝒢, 𝑛𝑖). This is a contradiction since

𝐶 is a fitting for ℱ . So we must have 𝒰𝑣⃗+ ⪯̸ (𝒢, 𝑛𝑖) for any 𝑛𝑖 ∈ N . Then by Lemma 9 Item 2,

𝒰𝑚
𝑣⃗+

⪯̸ (𝒢, 𝑛𝑖) for any 𝑛𝑖 ∈ N . Thus the corresponding concept 𝐶𝑚 of 𝒰𝑚
𝑣⃗+

is a fitting for ℱ . This same

argument can then also be extended for any 𝑚′
-unravelling s.t. 𝑚′ ≥ 𝑚. Hence the corresponding

concept 𝐶𝑚′ of 𝒰𝑚′

𝑣⃗+
is also a fitting for ℱ . Since 𝐶 is an MSF, for any such 𝐶𝑚′ we have 𝐶 ⊑ 𝐶𝑚′ . By

Lemma 6 Item 3, then 𝒰𝑚′

𝑣⃗+
⪯ 𝒯𝐶 for any bounded unravelling s.t. 𝑚′ ≥ 𝑚. In particular, this then also

holds for the full unravelling 𝒰𝑣⃗+ . So we have 𝒰𝑣⃗+ ⪯ 𝒯𝐶 . It then follows from Lemma 8 Item 1 that

Π⋆(𝒢, 𝑣⃗+,Σ) ⪯ 𝒯𝐶 .

(2) ⇒ (1). Assume 𝐶 is a fitting for ℱ and Π⋆(𝒢, 𝑣⃗+,Σ) ⪯ 𝒯𝐶 . Let 𝐷 be any ℰℒ*
fitting for ℱ . Then by

Lemma 6 Item 2, 𝒯𝐷 ⪯ (𝒢, 𝑣𝑖) for all 𝑣𝑖 ∈ P . Therefore by Lemma 7, 𝒯𝐷 ⪯ Π⋆(𝒢, 𝑣⃗+,Σ). Then we

have 𝒯𝐷 ⪯ 𝒯𝐶 , and thus by Lemma 6 Item 3, 𝐶 ⊑ 𝐷. Therefore 𝐶 is an MSF for ℱ .

We now have an algorithm for deciding MSF existence.

Theorem 3. Given ℱ = (𝒢,P,N ,Σ), an ℰℒ*
most specific fitting exists iff the unravelling of

Π⋆(𝒢, 𝑣⃗+,Σ) is finite and its corresponding concept 𝐷 is an ℰℒ*
fitting for ℱ .

Proof. First, assume that 𝐶 is an ℰℒ*
MSF for ℱ . By Proposition 2, Π⋆(𝒢, 𝑣⃗+,Σ) ⪯ 𝒯𝐶 . Let 𝑚 =

depth(𝐶) and let 𝒰𝑚
𝑣⃗+

be the 𝑚-unravelling of Π⋆(𝒢, 𝑣⃗+,Σ). Then by the fact that Π⋆(𝒢, 𝑣⃗+,Σ) is

⋆-closed and by Lemma 9 Item 1, 𝒯𝐶 ⪯ 𝒰𝑚
𝑣⃗+

. Therefore by Proposition 2, Π⋆(𝒢, 𝑣⃗+,Σ) ⪯ 𝒰𝑚
𝑣⃗+

, and the

corresponding concept of 𝒰𝑚
𝑣⃗+

is a fitting for ℱ . By Proposition 2, the corresponding concept of 𝒰𝑚
𝑣⃗+

is

the MSF 𝐶 . We apply the following claim, proven in the appendix: (††) If 𝒰𝑛
𝑣⃗+

is a strict 𝑛-bounded

unravelling for some 𝑛 ≥ 0, then 𝒰𝑣⃗+ ⪯̸ 𝒰𝑛
𝑣⃗+

. In a nutshell, for any strict bounded unravelling, we

can always unravel the graph further and doing so will result in an unravelling that is more specific

than the previous. Thus, if we assume that 𝒰𝑚
𝑣⃗+

is strict, then there exists 𝑚′ > 𝑚 s.t. 𝒰𝑚
𝑣⃗+

⪯ 𝒰𝑚′

𝑣⃗+
. This

implies, by Lemma 6 Item 3, that there exists a concept 𝐶 ′
(whose corresponding ℰℒ*

tree is equivalent

to 𝒰𝑚′

𝑣⃗+
) s.t. 𝐶 ′ ⊑ 𝐶 . Furthermore, since 𝑚′ > 𝑚, we know that the longest path in 𝒰𝑚

𝑣⃗+
is strictly

shorter than the longest path 𝒰𝑚′

𝑣⃗+
. Therefore, it cannot be the case that 𝐶 ⊑ 𝐶 ′

. This contradicts that

𝐶 is the MSF. Hence it must be the case that 𝒰𝑚
𝑣⃗+

is not strict, i.e. we have that 𝒰𝑚
𝑣⃗+

= 𝒰𝑣⃗+ . Therefore

𝒰𝑣⃗+ is finite and its corresponding concept is the MSF 𝐶 .

For the other direction, assume that 𝒰𝑣⃗+ is finite and that its corresponding concept 𝐷 is an ℰℒ*

fitting for ℱ . Then, since 𝒰𝑣⃗+ ⪯ 𝒯𝐷 (in fact the two are equivalent, 𝒰𝑣⃗+ is the description tree of 𝐷)

and by Lemma 8 Item 1, we have Π⋆(𝒢, 𝑣⃗+,Σ) ⪯ 𝒯𝐷 . By Proposition 2, 𝐷 is an ℰℒ*
MSF for ℱ .

We can now prove that the existence of an ℰℒ*
MSF implies the existence of an ℰℒ MSF.

Proposition 3. If an ℰℒ*
MSF exists for some ℱ , then an ℰℒ MSF exists for ℱ .

Proof. Let 𝐶 be an MSF for some fitting instance ℱ with the Σ-unravelling 𝒰𝑣⃗+ .Then the statement

follows from Theorem 3, together with the construction of 𝒰𝑣⃗+ . Let 𝒰 ′
𝑣⃗+

be 𝒰𝑣⃗+ with all paths containing

𝑟⋆-labelled edges removed. Then 𝒰 ′
𝑣⃗+

is non-starred and contained in 𝒰𝑣⃗+ . By Theorem 3, 𝒰𝑣⃗+ is finite

and its corresponding concept 𝐷 is a fitting for ℱ . Then 𝒰 ′
𝑣⃗+

is also finite and its corresponding concept

𝐷′
is such that 𝐷 ⊑ 𝐷′

. Therefore 𝐷′
is also a fitting for ℱ . The proposition then follows from

Theorem 3, restricted to non-starred unravellings and ℰℒ concepts.



Algorithm 1: Computation of an fcu-product

Input: ℱ = (𝒢,P,N ,Σ): a fitting instance
Output: An fcu-product for ℱ if it exists,

or ∅ otherwise.
1 function computeProd(ℱ):
2 𝑣⃗+ := (𝑣0, . . . , 𝑣ℓ) with 𝑣𝑖 ∈ P and 1 ≤ 𝑖 ≤ ℓ
3 Π := Π⋆(𝒢, 𝑣⃗+,Σ)
4 if cycleDetect(Π) = true then
5 return ∅
6 foreach 𝑛 ∈ N do
7 if Π ⪯ (𝒢, 𝑛) then
8 return ∅
9 return Π

Algorithm 2: Computation of an ℰℒ*
MSF

Input: ℱ = (𝒢,P,N ,Σ): a fitting instance
Output: An ℰℒ* MSF for ℱ if it exists,

or ∅ otherwise.
1 function computeMSF(ℱ):
2 Π := computeProd(ℱ)
3 if Π = ∅ then
4 return ∅
5 𝒰 := Σ-unravelling of Π
6 return corresponding concept of 𝒰

As illustrated in Example 4, the converse of Proposition 3 fails: the existence of an ℰℒ MSF does

not imply the existence of an ℰℒ*
MSF. We showed in Example 6 that the Σ-unravelling 𝒰𝑣⃗+ for ℱ is

infinite. By Theorem 3, this implies that an ℰℒ*
MSF for ℱ does not exist, as anticipated.

We call Π⋆(𝒢, 𝑣⃗+,Σ) a fitting product if Π⋆(𝒢, 𝑣⃗+,Σ) ̸⪯ (𝒢, 𝑛) for all 𝑛 ∈ N . If additionally no

cycle is reachable from 𝑣⃗+, we call it concept unravellable, and we call it a fcu-product if it is both.

We are now ready to present a computation algorithm of ℰℒ*
MSFs given a fitting instance ℱ .

Algorithm 1 returns the fcu-product Π := Π⋆(𝒢, 𝑣⃗+,Σ), if it exists, or returns ∅ otherwise. Note that

the function cycleDetect in Algorithm 1 takes as input a pointed graph (𝒢, 𝑣) and returns true iff

𝒢 has a cycle reachable from 𝑣. If no such cycle is found, we know that the unravelling of Π is finite.

Algorithm 1 then checks whether Π simulates into the pointed graphs of any of the negative nodes. If

so, it returns ∅, otherwise it returns Π as the fcu-product. If the fcu-product exists, then Algorithm 2

constructs the corresponding ℰℒ*
concept 𝐶 of the Σ-unravelling 𝒰 of Π and returns it.

Theorem 4. Given a fitting instance ℱ = (𝒢,P,N ,Σ), it holds that:

1. Algorithm 1 returns an fcu-product iff an ℰℒ*
MSF for ℱ exists, and it runs in ExpTime.

2. Algorithm 2 returns an ℰℒ*
concept 𝐶 iff 𝐶 is an ℰℒ*

MSF for ℱ .

3. If |P| ≤ 𝑘 for a constant 𝑘, then one can decide the existence of an ℰℒ*
MSF in polynomial time.

Proof. (1) Let 𝑉 be the nodes of 𝒢. It is well-known that the standard product Π(𝒢, 𝑣⃗) can be constructed

in time that is bounded by a polynomial in |𝑉 | and an exponential in |𝑣⃗|, but the construction only

needs polynomial time if |𝑣⃗| is a constant. Since our star product only adds pre- and post-processing

steps that are polynomial in |𝑉 |, these bounds apply as well. cycleDetect runs in time polynomial

to |Π⋆(𝒢, 𝑣⃗+,Σ)|, which in general may be of exponential size. Then, Algorithm 1 checks whether

Π⋆(𝒢, 𝑣⃗+,Σ) simulates into the pointed graph of any of the negative examples in N , this only needs

polynomial time. Algorithm 1 will then conclude by outputting the fcu-product. By Theorem 3, the

fcu-product exists iff an MSF exists; since the MSF exists iff there is a finite unravelling of the fitting

product, and since the fcu-product contains no cycles it will have a finite unravelling. Thus Algorithm 1

decides the existence of an MSF in exponential time.

(2) Follows directly from Theorem 3. To show (3), note that cycleDetect runs in time polynomial to

|Π⋆(𝒢, 𝑣⃗+,Σ)| which is clearly polynomial if |P| ≤ 𝑘. Thus in this case Algorithm 1 checks existence

of the fcu-product in polynomial time. If this exists, then an MSF exists.

The unravelling of the fcu-product Π⋆(𝒢, 𝑣⃗+,Σ) can be exponentially larger than Π⋆(𝒢, 𝑣⃗+,Σ),
hence the MSF concept may be of double exponential size, and exponential even when Π⋆(𝒢, 𝑣⃗+,Σ) is

polynomial. However, Π⋆(𝒢, 𝑣⃗+,Σ) itself is a succinct graph representation of the MSF when it exists.



6. Conclusion

We have conducted an initial principled study into the problem of learning arbitrary and most specific

fitting concepts in the Description Logic ℰℒ*
for a set of positive and negative examples on inter-

pretations, represented as graphs. We have shown that for this DL, the fitting existence problem

is ExpTime-complete. Furthermore, for ℰℒ*
MSFs, we developed a decision procedure for deciding

existence that runs in exponential time, but that needs only polynomial time if the number of positive

examples is bounded by a constant. We also presented an algorithm to compute an MSF.

For future research, we would like to expand the fitting target language further towards SHACL.

Although full disjunction and node tests (which amount to nominals in DLs) trivialise the fitting problem,

there are many extensions that have not been considered much in the DL community for concept

learning, but that are highly relevant in the SHACL setting. A natural step is to adopt inverse roles

Fitting problems with inverses have already been studied in the context of ℰℒℐ , for instance in [11], and

have been shown to change the behaviour of the algorithms significantly, which would likely extend to

our setting. Other features like counting over paths, path equality, and closedness seem exciting but

also challenging and would require new techniques to be developed. In this paper, we have limited

ourselves to studying arbitrary and most specific fittings for ℰℒ*
. Other problems related to fittings,

such as computing most general, succinct, and bounded fittings for ℰℒ*
remain unexplored, but it would

certainly make sense to investigate these in future work.
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A. Proofs for Section 4 (Complexity of Fitting Existence)

Definition 10 ( 𝑘-ATA Run). A run of a 𝑘-ATA A over a node-labelled tree T𝐶 = (𝑉, ℓ) with degree 𝑘 is a (𝑉 ×𝑄)-labelled

tree Tr = (𝑉r, ℓr) satisfying:

1. 𝜀 ∈ 𝑉r and ℓr(𝜀) = (𝜀, 𝑞0).

2. Let 𝑦 ∈ 𝑉r with ℓr(𝑦) = (𝑥, 𝑞) and 𝛿(𝑞, ℓ(𝑥)) = 𝐶 . Then there is a (possibly empty) set 𝑆 = {(𝑐1, 𝑞1), . . . , (𝑐𝑛, 𝑞𝑛)} ⊆
[𝑘]×𝑄 such that:

• 𝑆 satisfies 𝐶 , and

• for all 1 ≤ 𝑖 ≤ 𝑛, we have that 𝑦 · 𝑖 ∈ 𝑉r, 𝑥 · 𝑐𝑖 ∈ 𝑉 and ℓr(𝑦 · 𝑖) = (𝑥 · 𝑐𝑖, 𝑞𝑖).

Given an infinite path 𝑝 ⊆ 𝑉r, let inf (𝑝) ⊆ 𝑄 be the set of states that appear infinitely often in 𝑝. A run Tr of a ATA

A = ⟨Σ, 𝑄, 𝛿, 𝑞0, 𝑝⟩ is accepting if for every infinite path 𝑝 ⊆ 𝑉r, the state with the highest priority in inf (𝑝) is even. Note

that a finite run is always accepting.

A partial run of a 𝑘-ATA A is a run that does not satisfy Condition 1 above. If a partial run has as its root a state (𝑤, 𝑞), we

call it a partial run rooted at (𝑤, 𝑞), or, for short, a partial (𝑤, 𝑞)-run.

Lemma 2. Given a pointed graph (𝒢, 𝑣0), the 𝑘-ATA A𝒢,𝑣0
accepts a proper node-labelled ℰℒ* 𝑘-tree T iff it has a pre-match

into (𝒢, 𝑣0).

Proof. Let T be a proper node-labelled ℰℒ* 𝑘-tree with root 𝜀, and let (𝒢, 𝑣0) be a pointed graph. T has an 𝑟-reachable

pre-match into (𝒢, 𝑣) if there exists some 𝑣′ in 𝒢 such that there exists a pre-match 𝜌 from 𝑤 in T into (𝒢, 𝑣′) s.t. 𝜌(𝑤) = 𝑣′

and 𝑣′ can be reached from 𝑣 via a (possibly empty) path of 𝑟-edges.

We show the following:

1. Let 𝑤 ∈ T and let 𝑤 ̸= 𝜀, and let 𝑞− ∈ 𝑄. There exists a partial (𝑤, 𝑞−)-run iff 𝑤.𝑅 = −. Moreover, this run will

contain only finite paths. The analogous claims hold for partial (𝑤, 𝑞𝑟)-runs and partial (𝑤, 𝑞𝑟*)-runs.

2. Let 𝑤 ∈ T and let 𝑞𝑣 ∈ 𝑄. There exists an accepting partial (𝑤, 𝑞𝑣)-run iff the tree T𝑤
rooted at 𝑤 has a pre-match

into (𝒢, 𝑣).

3. Let 𝑤 ∈ T and let 𝑞𝑟*𝑣 ∈ 𝑄. There exists an accepting partial (𝑤, 𝑞𝑟*𝑣)-run iff the tree T𝑤
rooted at 𝑤 has an

𝑟-reachable pre-match into (𝒢, 𝑣).

4. Given 𝑤 ∈ T and 𝑞 ∈ 𝑄, let Tr′ be a partial (𝑤, 𝑞)-run and 𝑝 an infinite path in Tr′ . If 𝑞 occurs infinitely often on 𝑝,

it is of the form 𝑞𝑟*𝑣 .

5. If Tr′ is an accepting partial (𝑤, 𝑞)-run, all its paths are finite.

Claim 1 follows directly from the definition of the transition function 𝛿(𝑞−, 𝑤), 𝛿(𝑞𝑟, 𝑤) and 𝛿(𝑞𝑟* , 𝑤) in A𝒢,𝑣0
.

Claim 2 follows from the transition function 𝛿(𝑞𝑣, 𝑤) inductively as follows. For the right-to-left direction, we show the

contrapositive: If there is no pre-match from T𝑤
rooted at 𝑤 into (𝒢, 𝑣), then the concept labels in 𝑤.A do not match the

label of 𝑣 in 𝒢, and the run fails.

For the left-to-right direction, we assume there is a pre-match from T𝑤
into (𝒢, 𝑣). In that case the labels in 𝑤 match

those in 𝑣. If 𝑣 has no outgoing edges, then the automaton can choose to either search for a child node 𝑤 · 𝑖 with 𝑤 · 𝑖.𝑅 = −,

or with 𝑤 · 𝑖.𝑅 = 𝑟⋆ and the concept labels in 𝑤 · 𝑖.A match the label of 𝑣. Since there exists a pre-match from T𝑤
into

(𝒢, 𝑣), one of these cases must be successful. In the former case, there exists a partial (𝑤 · 𝑖, 𝑞−)-run, which is finite by

Claim 1, and therefore accepting. Similarly, if the latter check is successful, there exists an accepting partial (𝑤 · 𝑖, 𝑞𝑟⋆)-run,

and since the labels in 𝑤 · 𝑖.A match the label of 𝑣, there is a pre-match from 𝑤 · 𝑖 into (𝒢, 𝑣), and the same holds for any

further successor nodes of 𝑤 · 𝑖 along the branch. Since we have defined T as a proper node-labelled tree, every branch in

T𝑤
will reach a node 𝑤′ = (−, {⊤}) in a finite number of steps. Thus, we repeat the previous check until we have found

such a node 𝑤′
, at which point we must have 𝑤′.𝑅 = −, and therefore the partial (𝑤′, 𝑞−)-run is accepting by Claim 1. It

then follows by the definition of 𝛿(𝑤, 𝑞𝑣), that the partial (𝑤, 𝑞𝑣)-run is accepting.

In case 𝑣 does have some outgoing edge 𝑟(𝑣, 𝑣′) ∈ 𝐸, the automaton has two options, one of which must give an

accepting run. In the first option, it may choose to transition into (𝑤 · 𝑖, 𝑞𝑟) and (𝑤 · 𝑖, 𝑞𝑣′). Since there is a pre-match from

T𝑤
into (𝒢, 𝑣), we will have that 𝑤 · 𝑖.𝑅 = 𝑟 for some child node 𝑤 · 𝑖 of 𝑤 and there is a pre-match from the tree rooted at

𝑤 · 𝑖 into (𝒢, 𝑣′). Therefore, the partial (𝑤 · 𝑖, 𝑞𝑟)-run and the partial (𝑤 · 𝑖, 𝑞𝑣′)-run are both accepting, and therefore so is

the partial (𝑤, 𝑞𝑣)-run. If the former option check fails, it may transition into (𝑤 · 𝑖, 𝑞𝑟*) and (𝑤 · 𝑖, 𝑞𝑟*𝑣′). Since there must

exist a pre-match from the tree rooted at 𝑤 · 𝑖 into (𝒢, 𝑣′), by Claim 1 and Claim 3 both the partial (𝑤 · 𝑖, 𝑞𝑟*)-run and the

partial (𝑤 · 𝑖, 𝑞𝑟*𝑣′)-run will be accepting and therefore so is the partial (𝑤, 𝑞𝑣)-run.



Claim 3 follows similarly, from the transition function 𝛿(𝑞𝑟*𝑣, 𝑤). For the right-to-left direction, assume there exists

an accepting partial (𝑤, 𝑞𝑟*𝑣)-run Tr′ . Assume for contradiction that there is no 𝑟-reachable pre-match from T𝑤
into

(𝒢, 𝑣). Then, by construction of 𝛿(𝑞𝑟*𝑣, 𝑤), the check (0, 𝑞𝑣) will fail, so we must check (𝑤, 𝑞𝑟*𝑣′) for some outgoing edge

𝑟(𝑣, 𝑣′) ∈ 𝐸. This check will be repeated until there are no more outgoing edges in 𝒢, in which case the run will fail, or it

will loop infinitely often, in which case (𝑤, 𝑞𝑟*𝑣) will occur infinitely often in this branch. Since such a state has 𝑝(𝑞𝑟*𝑣) = 1
this also results in a non-accepting run.

For the left-to-right direction, we assume there exists an 𝑟-reachable pre-match from T𝑤
into (𝒢, 𝑣). In case 𝑣 has

no outgoing edges in 𝒢, we move into (𝑤, 𝑞𝑣). Since there exists a pre-match from T𝑤
into some node (𝒢, 𝑣′) which is

reachable via an 𝑟-path in 𝒢 from 𝑣, but 𝑣 has no outgoing 𝑟-edges, this 𝑟-path must be vacuous and the pre-match exists

at 𝑣 itself, then by Claim 2 the partial run rooted at (𝑤, 𝑞𝑣) will be accepting.

If there does exist some outgoing edge 𝑟(𝑣, 𝑣′) ∈ 𝐸, then we may also move into (𝑤, 𝑞𝑟*𝑣′). By assumption, there also

exists an 𝑟-reachable pre-match from T𝑤
into (𝒢, 𝑣′). So we may repeat this check along the 𝑟-path in 𝒢 until we have

reached the node 𝑣𝑖 such that there exists a pre-match from T𝑤
into 𝑣𝑖, at which point the partial run rooted at (𝑤, 𝑞𝑣𝑖)

will be accepting. Then the partial (𝑤, 𝑞𝑟*𝑣𝑖)-run will accept as well, and hence the partial (𝑤, 𝑞𝑟*𝑣)-run is accepting.

For Claim 4, assume we have a partial (𝑤, 𝑞)-run and 𝑝 an infinite path in Tr′ on which 𝑞 occurs infinitely often. By

Claim 1, 𝑞 cannot be of the form 𝑞−, 𝑞𝑟 or 𝑞𝑟* . If 𝑞 is of the form 𝑞𝑣 , then from the proof of Claim 2 and the properness of

Tr′ , it follows that we will always reach a state 𝑞− in a finite number of steps. Thus 𝑞𝑣 also cannot occur infinitely often.

Therefore any 𝑞 occurring infinitely often on 𝑝 must be of the form 𝑞𝑟*𝑣 .

Claim 5 follows as a corollary from Claim 4.

It then follows that Tr is an accepting run iff there exists a pre-match from T into (𝒢, 𝑣0).

Complementing and intersecting ATAs. Given a matching 𝑘-ATA A𝒢,𝑣0
, its complement automaton A𝒢,𝑣0 can be

defined in the usual way, by dualising the transition function and changing the priority function. For more details on this

construction, we refer interested readers to [23].

From Lemma 2 and the construction of the complement automaton, we directly get the following corollary.

Corollary 1. Given a data graph 𝒢 = (𝑉,𝐸, ℓ), a node 𝑣0 ∈ 𝑉 , and a 𝑘-ATA A𝒢,𝑣0
, its complement automaton A𝒢,𝑣0 accepts

exactly those proper node-labelled 𝑘-trees T such that there is not a pre-match from T into 𝑣.

Given a set of 𝑘-ATAs, A𝑛 = A1, . . . ,A𝑛 of size 𝑛, where for each A𝑖 = ⟨𝑄𝑖,LΣ, 𝛿𝑖, 𝑞𝑖, 𝑝𝑖⟩ with 1 ≤ 𝑖 ≤ 𝑛, we can

define the intersection automaton as a 𝑘-ATA AA𝑛 = ⟨𝑄A𝑛 ,LΣ, 𝛿A𝑛 , 𝑞A𝑛 , 𝑝A𝑛⟩ as follows:

𝑄A𝑛 =
⋃︁

1≤𝑖≤𝑛

𝑄𝑖 ∪ {𝑞A𝑛}

𝛿A𝑛(𝑞, 𝑤) =

⎧⎨⎩
⋀︁

1≤𝑖≤𝑛

(0, 𝑞𝑖) if 𝑞 = 𝑞A𝑛

𝛿𝑖(𝑞, 𝑤) if otherwise 𝑞 ∈ 𝑄𝑖 for some 𝑖

𝑝(𝑞) =

{︃
0 if 𝑞 = 𝑞A𝑛

𝑝𝑖(𝑞) if otherwise 𝑞 ∈ 𝑄𝑖 for some 𝑖

We say that AA𝑛 is the intersection over A𝑛.

Lemma 10. Given a set of 𝑘-ATAs A𝑛 = {A1, . . . ,A𝑛}, let AA𝑛 be the intersection over A , then we have that 𝑤 ∈ 𝐿(AA𝑛)
iff 𝑤 ∈

⋂︀
1≤𝑖≤𝑛 𝐿(A𝑖).

Lemma 3. Given an instance ℱ = (𝒢,P,N ,Σ), where 𝒢 = (𝑉,𝐸, ℓ), if there is an ℰℒ*
fitting for ℱ , then there is an ℰℒ*

fitting 𝐶 such that deg(𝒯𝐶) = |𝑉 |.

Proof. Take any ℰℒ*
fitting 𝐶 for ℱ . Let 𝒯𝐶 be the ℰℒ*

tree with degree 𝑘 for 𝐶 , where 𝑘 > |𝑉 |. Let 𝑢0 be the root node

of 𝒯𝐶 . Let 𝑢 by any node in 𝒯𝐶 . By construction we know that 𝑢 has exactly 𝑘 successors, 𝑦1, . . . , 𝑦𝑘. For 1 ≤ 𝑖 ≤ 𝑘, let

𝒯𝐶 |𝑖𝑢 be the subtrees rooted at 𝑢, obtained by deleting all successors 𝑦𝑖, . . . , 𝑦𝑘 and the subtrees below them from 𝑢. Let

𝑆𝑖 be the set of all 𝑣 ∈ 𝑉 such that there is a pre-match 𝜌 from 𝒯𝐶 |𝑖𝑢 to 𝒢 with 𝜌(𝑢) = 𝑣. From this definition, we have

𝑆1 ⊇ 𝑆2 ⊇ . . . . There must then exist some 𝑗 ≤ |𝑉 |, such that 𝑆𝑗 = 𝑆𝑗+1 = · · · = 𝑆𝑘. This follows from the fact that

𝑘 > |𝑉 | and hence we cannot decrease the sets 𝑆𝑖 more often than there are elements in 𝑉 .

Let 𝒯𝐷 be the ℰℒ*
tree obtained from replacing 𝑢 in 𝒯𝐶 with 𝒯𝐷|𝑗𝑢 and 𝐷 the corresponding concept of 𝒯𝐷 , i.e. of the

subtree we get by removing all successors 𝑦𝑗+1, . . . , 𝑦𝑘 of 𝑢 from 𝒯𝐶 . We show that 𝐷 is a fitting for ℱ . It follows from our

construction that 𝐷 fits all the positive examples, since we obtained 𝐷 by dropping subexpressions from 𝐶 . It remains

to show that 𝐷 fits none of the elements in N , or formally we want to show that there does not exist an 𝑛 ∈ N s.t.

𝑛 ∈ 𝐷𝒢
. Let us assume to the contrary that there is some 𝑛 ∈ N such that there is a pre-match 𝜌 from 𝒯𝐷 to 𝒢, where



𝜌(𝑢0) = 𝑛 (and therefore also 𝑛 ∈ 𝐷𝒢
via Lemma 1). Then it follows that we can construct a pre-match 𝜌′ from 𝒯𝐶 to 𝒢,

with 𝜌′(𝑢0) = 𝑛. To see why, consider that the only difference between 𝒯𝐷 and 𝒯𝐶 lies in the successors 𝑦𝑗+𝑖, . . . , 𝑦𝑚 that

we removed in 𝒯𝐷. Yet we know that 𝑆𝑗 = 𝑆𝑗+1 = · · · = 𝑆𝑘. In other words, we know that for all elements in 𝑆𝑗 , there

must be pre-matches to extend them to 𝒯𝐶 . This, however, contradicts our assumption that 𝐶 was a fitting for ℱ .

Note that this construction only reduces the branching of one node to at most 𝑗, where 𝑗 ≤ |𝑉 |.
By applying this construction for any node in 𝒯𝐶 , we can construct a ℰℒ*

tree with degree 𝑘′ = |𝑉 | such that its

corresponding concept is a fitting for ℱ .

Theorem 1. Given a fitting instance ℱ = (𝒢,P,N ,Σ), let 𝑘 be the number of nodes in 𝒢, and let Aℱ be the 𝑘-ATA obtained

by intersecting A𝒢,𝑣
for every 𝑣 ∈ P and A𝒢,𝑛

for each 𝑛 ∈ N . Then Aℱ accepts a proper node-labelled 𝑘-tree T𝐶 over the

signature Σ if and only if 𝐶 is an ℰℒ*
fitting for ℱ .

Proof. We show the claim by considering each direction separately.

For the left-to-right direction, we assume that the proper node-labelled ℰℒ*
tree T𝐶 is accepted by Aℱ and let 𝐶 be its

corresponding ℰℒ*
concept. We know from Lemma 2 that each A𝒢,𝑣

accepts proper ℰℒ* 𝑘-trees when they have a pre-match

into 𝑣 ∈ P . Furthermore, by Corollary 1, we know that each A𝒢,𝑛
only accepts proper ℰℒ* 𝑘-trees if they have no pre-match

into any 𝑛 ∈ N . From Lemma 10, we know that T𝐶 is accepted by every automaton in A𝑚, so also by the intersection

automaton Aℱ over A𝑚 and together with Lemma 1 it follows that for every 𝑣 ∈ P , we have 𝑣 ∈ 𝐶𝒢
and for every 𝑛 ∈ N ,

we have 𝑛 ̸∈ 𝐶𝒢
. Combined with the observation thatΣ(𝐶) ⊆ Σ by our initial assumption, it follows that𝐶 is a fitting forℱ .

For the right-to-left direction, we assume that there exists some ℰℒ*
concept 𝐶 that is a fitting for ℱ = (𝒢,P,N ,Σ).

From Lemma 3 it follows that there must exist some 𝐷 such that its proper node-labelled tree encoding T𝐷 has degree

≤ |𝑉 |. We know that for every 𝑣 ∈ P (resp. every 𝑛 ∈ N ), it holds that 𝑣 ∈ 𝐷𝒢
(resp. 𝑛 ̸∈ 𝐷𝒢

). By Lemma 1, it follows

that T𝐷 has a pre-match into each 𝑣 ∈ P (resp. has no pre-match into any 𝑛 ∈ N ). Combining this observation with

Lemma 2 and its corollary, we know that T𝐷 is accepted by every automaton in A𝑘, if we set 𝑘 = |𝑉 |. From Lemma 10 it

then follows that T𝐷 is accepted by the intersection automaton Aℱ over A𝑘.

B. Proofs for Section 5 (Computation of Most Specific Fittings)

Pre-matches, homomorphisms and simulations In addition to the pre-matches and ℰℒ*
simulations introduced in

the body of the paper, for some proofs we also need to use the more standard notions of homomorphisms and simulations

as in the ℰℒ setting.

First, we extend our notion of pre-matches from Section 4 so that we may use starred graphs on both sides, i.e. we change

condition 3 as follows:

if (𝑣, 𝑟⋆, 𝑣
′) ∈ 𝐸, then (𝜌(𝑣), 𝜌(𝑣′)) ∈ ((𝑟 ∪ 𝑟⋆)

*)𝒢 .

Then a homomorphism is defined as a pre-match that does not use condition 3 of Definition 4. This corresponds to the

regular definition of homomorphisms, but where 𝑟⋆ can be used and is treated the same as a regular symbol 𝑟. Note that

homomorphisms have the following property, which ensures that paths in unravellings that are homomorphic are of the

same length:

(‡) Given two pointed tree-shaped graphs (ℐ, 𝑑), (𝒢, 𝑒) such that there exists a homomorphism ℎ : (ℐ, 𝑑) →
(𝒢, 𝑒), then for any path 𝑝 ∈ ℐ , 𝑙𝑒𝑛𝑔𝑡ℎ(𝑝) = 𝑙𝑒𝑛𝑔𝑡ℎ(ℎ(𝑝)).

Moreover, we define a ℰℒ Σ-simulation as a less restricted version of the ℰℒ* Σ-simulation introduced in Definition 9,

which does not require the third condition Forth*. We write (ℐ, 𝑑) ⪯ℰℒ
Σ (𝒢, 𝑒) to denote that there exists an ℰℒΣ-simulation

between (ℐ, 𝑑) and (𝒢, 𝑒) w.r.t. some signature Σ. Like in the case of ℰℒ* Σ-simulations, when Σ = Σ(ℐ) we may omit it

and simply write (ℐ, 𝑑) ⪯ℰℒ (𝒢, 𝑒). Note that if an ℰℒ Σ-simulation exists between two non-starred graphs, then we have

an analogous version of Lemma 6 for ℰℒ concepts.

In the case of tree-shaped graphs, it is well-known that an ℰℒ simulation between two graphs exists iff there exists a

homomorphism. The same result holds for our notions of ℰℒ*
simulations and pre-matches.

Lemma 9. For all Σ and all (ℐ, 𝑑) and (𝒢, 𝑒) such that 𝒢 is ⋆-closed,

1. For every ℰℒ*
concept 𝐶 with Σ(𝐶) ⊆ Σ s.t. 𝒯𝐶 ⪯ 𝒰𝑒, we have 𝒯𝐶 ⪯ 𝒰𝑚

𝑒 , where 𝑚 = depth(𝐶).
2. If ℐ and 𝒢 are finite, then 𝒰𝑑 ⪯Σ (𝒢, 𝑒) iff 𝒰𝑚

𝑑 ⪯Σ (𝒢, 𝑒) for all 𝑚-unravellings 𝒰𝑚
𝑑 of ℐ at 𝑑.

Proof. To prove Item 1 of Lemma 9, We make use of the following claim:

(†) If 𝒢 is a ⋆-closed graph with some node 𝑣, then for every ℰℒ*
concept 𝐶 , there exists a pre-match 𝜌 from

𝒯𝐶 into 𝒰𝑣 , iff there exists a regular homomorphism ℎ : 𝒯𝐶 → 𝒰𝑣 .



The right-to-left direction follows immediately, since a homomorphism in our setting can be seen as a special case of

pre-matches where for any 𝑟 or 𝑟⋆-edge in the description tree, there exists an 𝑟 or 𝑟⋆-edge in the graph.

The left-to-right direction of the claim follows from the following two properties of 𝒰𝑣 :

1. For any two nodes 𝑝, 𝑝′ in 𝒰𝑣 , if 𝑡𝑎𝑖𝑙(𝑝) = 𝑡𝑎𝑖𝑙(𝑝′), then the subtrees below 𝑝, 𝑝′ are isomorphic to each other.

2. By the fact that 𝒢 is ⋆-closed, it follows that for any node 𝑝 in 𝒰𝑣 , if there exists a node 𝑞 which can be reached from 𝑝
via an (𝑟∪𝑟⋆)-path, then there exists a node 𝑞′ which can be reached from 𝑝 via a single 𝑟⋆-edge s.t. 𝑡𝑎𝑖𝑙(𝑞) = 𝑡𝑎𝑖𝑙(𝑞′).

Then given a ⋆-closed graph 𝒢 with some node 𝑣 and some 𝐶 s.t. 𝒯𝐶 = (𝑉,𝐸, ℓ) has a pre-match 𝜌 into 𝒰𝑣 such that

(𝑣, 𝑟⋆, 𝑣
′) ∈ 𝐸 and (𝜌(𝑣), 𝜌(𝑣′)) ∈ ((𝑟 ∪ 𝑟⋆)

*)𝒰𝑣
and (𝜌(𝑣), 𝜌(𝑣′)) /∈ (𝑟 ∪ 𝑟⋆)

𝒰𝑣
,

and by the fact that 𝒢 is ⋆-closed there exists a pre-match 𝜌′ from 𝒯𝐶 into 𝒰𝑣 such that

(𝑣, 𝑟⋆, 𝑣
′) ∈ 𝐸 and (𝜌′(𝑣), 𝜌′(𝑣′)) ∈ (𝑟⋆)

𝒰𝑣
,

with 𝜌(𝑣) = 𝜌′(𝑣) and 𝑡𝑎𝑖𝑙(𝜌(𝑣′)) = 𝑡𝑎𝑖𝑙(𝜌′(𝑣′)). Then the subtrees of 𝜌(𝑣′) and 𝜌′(𝑣′) are isomorphic, and therefore 𝜌′ is

a homomorphism 𝜌′ : 𝒯𝐶 → 𝒰𝑣 .

To prove Lemma 9 Item 1, we assume that given a ⋆-closed graph 𝒢 with node 𝑣 and an ℰℒ*
concept 𝐶 with Σ(𝐶) ⊆ Σ,

we have 𝒯𝐶 ⪯ 𝒰𝑣 . Then there also exists a pre-match from 𝒯𝐶 into 𝒰𝑣 . It then follows from (†) that there exists a

homomorphism from 𝒯𝐶 to 𝒰𝑣 . Let 𝑚 = depth(𝐶). It follows from the property (‡) for homomorphisms that there also

exists a homomorphism from 𝒯𝐶 to 𝒰𝑚
𝑣 . By the other direction of (†), there is then also a pre-match from 𝒯𝐶 to 𝒰𝑚

𝑣 and

hence also 𝒯𝐶 ⪯ 𝒰𝑚
𝑣 .

To prove Theorem 3, we make use of the following claim:

(††) Given a graph 𝒢 with a node 𝑣. Let 𝒰𝑣 be the full unravelling of 𝒢 at 𝑣 and let the longest path in 𝒰𝑣 be of

size 𝑛. If 𝒰𝑚
𝑣 is the strict 𝑚-bounded unravelling of 𝒢 at 𝑣 for some 𝑚 < 𝑛, then 𝒰𝑣 ⪯̸ 𝒰𝑚

𝑣 .

Proof. Given a graph 𝒢 with a node 𝑣 its unravelling 𝒰𝑣 with the longest path of size 𝑛, and the bounded unravellings

𝒰𝑚
𝑣 , 𝒰𝑚′

𝑣 with 𝑚,𝑚′ ≥ 0, assume there exists a homomorphism ℎ : 𝒰𝑚
𝑣 → 𝒰𝑚′

𝑣 . We use the claim (‡) that for every path

𝑝 ∈ 𝒰𝑚
𝑣⃗+

, 𝑙𝑒𝑛𝑔𝑡ℎ(𝑝) = 𝑙𝑒𝑛𝑔𝑡ℎ(ℎ(𝑝)). Then it must be the case that 𝑚′ ≥ 𝑚, meaning that a unravelling can only have a

homomorphism into a larger unravelling of the same graph, and never into one that is strictly smaller. It follows that the

full unravelling 𝒰𝑣 cannot have a homomorphism into any strict bounded unravelling of the same graph, since any path in

a strict bounded unravelling is shorter than 𝑛. Thus 𝒰𝑣 ↛ 𝒰𝑚
𝑣 for any 𝑚 < 𝑛. Since the unravellings are tree-shaped, since

there exists no homomorphism, then there also exists no ℰℒ simulation, i.e. 𝒰𝑣 ⪯̸ℰℒ 𝒰𝑚
𝑣 . Therefore, since ℰℒ simulations

are a less restricted version of ℰℒ*
simulations, we also have 𝒰𝑣 ⪯̸ 𝒰𝑚

𝑣 .

,
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