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Abstract

Learning concepts from data examples is an intensively investigated topic in description logics (DLs), in particular
for the EL-family. So far, hardly any of these works on concept learning consider the Kleene star to express
the (reflexive) transitive closure of roles. However, the star plays a central role in some closely related settings,
like learning shape expressions in graph constraint languages such as SHACL, and learning graph queries from
graph data. As a first step towards developing techniques for learning SHACL shape expressions, we consider
learning from examples (aka the fitting problem) for the logic £, which extends EL by the reflexive transitive
closure of named roles. In contrast to E£, the DL EL£* can express a limited form of disjunction that can result in
more informative fittings. By adapting the automata-based techniques for ££, we obtain complexity bounds for
deciding existence of EL™ fittings that coincide with those for EL. We also develop an algorithm for computing
most specific fittings in EL™.
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1. Introduction

Learning formulas from data examples has long been a central problem in Al, and it is currently receiving
renewed attention. In the context of description logics (DLs), various settings for such concept learning
have been studied under different names. Early works considered learning concepts from positive
examples only [1, 2, 3, 4] and investigated methods for computing what are nowadays called most-
specific fittings. The last decade has seen a lot of contributions from the DL and the data base theory
community regarding learning from examples, where additionally negative examples are provided
and the goal is to compute a fitting, i.e., a complex formula that captures the commonalities of the
positive examples and separates these from the negative ones. In particular, the problem of learning DL
concepts from examples has been investigated in the presence of TBoxes from interpretations [5, 6] or
even from ABoxes [4, 7]. This problem is well understood with elegant algorithms, well-characterized
computational complexity, and even practical systems [7, 8]. Comparable progress has been achieved
for the problem of learning conjunctive queries (CQs) from data bases [9, 10, 11], and there has also
been interest in learning linear temporal logic (LTL) formulas from temporal data [12, 13].

A similar interest in learning complex expressions from data examples has been manifesting in the
Shapes Constraint Language [14] (SHACL) community. The W3C recommendation SHACL is a language
for the validation of RDF graphs. It allows us to express constraints on RDF graphs by defining complex
shapes that can be validated at target nodes of a graph. There are enormous amounts of RDF datasets
and many of them have been created over decades without any schema guiding their population. It is
thus not surprising that learning SHACL shapes from data examples has been considered in a few works
[15, 16, 17]. However, all of these approaches thusfar are pragmatic and focus on mining rather simple
shapes. To our knowledge, there have been no systematic attempts at understanding the properties and
limits of the shape learning algorithms.

As it turns out, SHACL shapes are essentially concepts in an expressive DL extending ALCOZ Q"™
[18, 19], and hence learning DL concepts can be viewed as learning shapes in a SHACL fragment.
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This facilitates the transfer of results on learning problems and their properties from the DL to the
SHACL setting. However, the DLs for which concept learning has been studied lack some features that
are central to SHACL. In particular, they do not support reachability or complex path expressions for
describing paths of varying lengths, which are central when constraining RDF graphs.

In this paper, as a first step towards understanding concept learning in the presence of path expressions,
we study the concept learning problem for the language EL*, whose concepts correspond to shapes in a
non-trivial SHACL fragment and that extend L by the use of the Kleene star in existential restrictions.
Specifically, we consider the setting where data is given as a finite edge- and node-labelled graph, where
some nodes are labelled as positive and some as negative examples, and without a TBox. The goal is
to find a fitting concept in EL* that is satisfied at all positive nodes and at none of the negative ones.
Interestingly, the use of * is effectively a disjunction over r-paths of differing length and as such adds
to the expressivity of the target language. Consider the graph below, where green nodes are positive
examples:
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While their commonalities expressed in EC yields 3r. T, in EL* it gives (Ir¥A) M (Ir*B), witnessing
the effect of the increased expressivity of EL*.

As fittings need not always exist, we investigate the problem of deciding existence of fittings. For ££
concepts, the existence of fittings is known to be ExpTIME-complete already in the absence of a TBox
and negative examples [1]. We show here that the increased expressivity of r*-paths does not change
the complexity. To attain this result we could not merely extend the results on EL from [2], since
there only tree-shaped input is used, while our input graph may well be cyclic. Instead, we adapted the
approach based on alternating parity tree automata from [11] to r*-paths.

We also study most specific fittings (MSFs) expressed in EL* and give procedures for deciding existence
and for computing the MSF, if it exists. The standard approach for such computation algorithms is to
use a cross-product construction of the graphs reachable from positive examples and test whether the
resulting construction excludes the negative examples. Our procedure for EL* adapts this approach by
first extending the graph by the reflexive, transitive closure of the r-reachability. We develop a new
notion of simulation to detect if this new product fits the examples. Finally, to obtain a finite shape
from the product graph, the latter needs to be unravelled. We present an algorithm to compute the MSF
and show that, if the number of positive examples is bounded, deciding fitting existence and computing
a succinct representation of the MSF can even be done in polynomial time.

Some of the proofs for our results can be found in the appendix.

2. Preliminaries

We consider disjoint, countably infinite sets of concept names N¢ and roles names Ng. With A € N¢
and r € NR, EL* concepts are defined by the following grammar:

C -T|A|3RC|CNC R—r|r

EL is the fragment of EL* that disallows r*.

The semantics of EL* concepts is defined in terms of interpretations in the usual way, but we use a
different notation: (interpretation) graphs are triples G = (V, E, {); The set V' of nodes is the domain
of G, while E C V' x Ng x V is the labelled edge relation; we may write (u,v) € r9 to indicate that
(u,r,v) € E, and we define

()9 = {(v,v) |v €V} U
{(u,w) | Jvg, -+ v € Vi(vg =u) A (w=wp) A (v5,vi11) €9 for 0 <i < (n—1)}

The node-labelling function ¢ : V' — 2N¢ determines the interpretation of concept names. We may
write u € AY to express that A € £(u), and extend this function to all E£* concepts as expected:

(EIR.C)g ={u| (u,v) € RY and v € Cg} (C1NCy)Y = C% N C’Qg TY = V.



g is finite if its sets of nodes and labels are; in this paper we consider finite graphs. An interpretation
graph G is a model of a concept C, written G = C, if CY # (). We may write G E C(u) whenever
u € CY. Given concepts C and D, concept D subsumes C (denoted C' C D), if in all graphs G, it holds
that C9 C DY. A pointed graph is a pair (G, v) of a graph G and a node v in its domain.

A signature ¥ C Nr U Nc is a finite set of role and concept names. If an interpretation graph g is
finite, we define its signature ¥.(G) as £(G) = {r | r € Nrand 79 # 0} U{A | A € Nc and AY # (}}.
The signature of an object X, such as a complex concept or a labelled graph, ¥(X) is the set of role
and concept names that occur in X. We define a 3-concept to be some concept whose signature is 2.
Given a signature 3, we may write ¥Xc = 3 N N¢ and Xgr = ¥ N NR to refer to its subsets. We let G|x;
denote the restriction of a graph G to the signature .

3. Fitting Problems for EC*

We study the following fitting problem: for a given graph G where some nodes may be marked as
positive or negative examples, the goal is to compute a (complex) concept C that fits all the examples,
that is, that it is satisfied at the positive nodes but not at the negative ones.

Definition 1 (L-fitting). A fitting instance is a tuple F = (G, &, N, %), where G is a finite labelled
graph, & and N are the positive and negative nodes, respectively, such that U AV C V. X isa
signature, where ¥ C 3(G). For a concept language L, an L fitting for F is an L concept Cwith3(C) C X
such that G |= C(p) foreveryp € &2 and G = C(n) foreveryn € N .

We may omit the signature if ¥ = 3(G) and write simply F = (G, &, .4"). Depending on the fitting
instance, there may exist no fitting, or there may be many. In the latter case, the most informative
fittings are often preferred. These are formalised in terms of subsumption as follows.

Definition 2 (Most specific L fitting). Given a fitting instance F = (G, Z, ./, %) a most specific
L-Aitting (£ MSF) C is an L fitting for F and for every L fitting C' for F we have C' C C".

EL* concepts can be conveniently represented as trees, analogous to the EC case [20]. In such trees,
we use special symbols 7, to represent existential concepts using the Kleene star. We let N = NgU {7 |
r € NRr}. For a signature 3, we define its extended role signature 3% = Xgr U {r,|r € Xr}, and we use
YR(X) = {r,r | r € ¥r(X)} to denote the extended role signature of a finite object X.

Definition 3 (6" Description Tree). An EL* description tree is a finite edge- and node-labelled tree-
shaped graph T = (V, E, ) with E CV x N x V and £ : V — 2N¢. Let C be an EL* concept in the
form AgM---MA, N3AR;.C1 M --- M 3IR,,.Cy, with A; € Nc, where 0 < i < n and each C; is an EL*
concept and R; € {r,r* | r € Nr}, with1 < j < m. Given a concept C in this form, its role depth
depth(C) is defined as usual, as the maximal depth of its quantifiers. C can be translated into its EL*
description tree 7o = (V, E, {), defined by an induction on the role depth of C' as follows. Let uq be the
root of T If depth(C) = 0, then V = {ug}, E = 0 and {(up) = {Ao, ..., An}.

If depth(C) > 0, for 1 < j < m, let Tc; = (Vj, E;,{;) be the inductively defined description tree
corresponding to C; and u; be its root, where we assume that V1, ...V,, are pairwise disjoint, then

V=twiu U v f(v)—{{AO"“’A”} o

1<j<m

FR) = {r* if R =r*andr € Ng

4 (v) veV;,1<j<m

Ec= J {uo.f(Ry),u}u |J B

R otherwise 1<j<m 1<j<m

We call C the corresponding concept of To. We sometimes consider the pointed graph (7, ug) that pairs
a T with its root ug; slightly abusing notation, we denote this pointed graph as simply 7.



4. Complexity of Fitting Existence

We study the complexity of deciding the existence of an EL*-fitting for an instance F = (G, &, A, %),
and show that the problem is ExpTIME-complete. Deciding L fitting existence is well-known to be
hard for exponential time [7], but this does not necessarily transfer to EL*, since more expressive
fitting languages generally admit more fittings. While the existence of an EL fitting trivially implies the
existence of an EL* fitting, the converse does not hold.

Example 1. Consider F = (G, 2, N, X)) with & marked via green nodes and ./~ marked red below. F
has no EL fittings, but IrtA is an EL* fitting.

@ O— @ ©

Despite the increased expressivity, the EL*-fitting existence problem is not easier in the worst case.
The hardness holds even without signature restrictions.

Proposition 1. Deciding the existence of an EL*-fitting for a given F = (G, &, A") is ExPTIME-hard.

Proof sketch. To show that fitting existence is ExpTiME-hard, we reduce from the word problem for
an alternating, linear space bounded Turing machine M. We reuse the reduction by Funk et al. (2019)
(Theorem 12) for the EL-fitting existence problem. We build from M and an input word w, an instance
Fu = (Gumr, Pw,{n}). G is the union of two graphs. In a nutshell, the nodes of the first graph
represent possible configurations of M restricted to a single tape position, and their connections reflect
the local effects of executing the transitions of M. The second graph represents how acceptance
propagates along existential and universal states in a run of M. The positive examples represent the
initial tape contents in such a way that possible fittings represent correct executions of M on w, while
the single negative example restricts the fittings to non-accepting runs. The authors show that there
exists an EL-fitting for F iff there is no accepting run of M on w. To lift this claim from EL to EL*, we
leverage a property of Gy: by construction, all paths in Gy, that start at some node in &, move along
edges whose labels strictly alternate between (roles representing) existential and universal states of M,
until an accepting or rejecting state is reached. Because of this strict alternation, r*-edges can only
represent r-paths of length exactly one, and hence it is possible to show that for every EL*-fitting for
Fur, one can define a corresponding EL-fitting for Fjs by replacing any r*-edges by regular r-edges.
Once this has been established, we can argue as in Funk et al. (2019) that there exists an EL*-fitting C'
for Fi iff M does not accept w. O

To characterize fittings we use pre-matches, which are homomorphisms from trees to pointed graphs.

Definition 4. A pre-match fora tree T = (V, E, ) with root vy into a pointed graph (G, u), is a function
p: V — G such that p(vg) = u and for allv,v' € V:

1. p(v) € AY forevery A € {(v),

2. if (v,r,v') € E then (p(v), p(v')) € 9, and

3. if (v,74,v') € E then (p(v), p(v')) € (r*)9.

Lemma 1. For every EC* concept C, there is a pre-match p from its EL* description tree T¢ into (G, u) iff
G = C(u), where uw = p(vg) and vy is the root of Tc.

We present an algorithm for fitting existence that uses tree automata to decide the existence of
suitable pre-matches. Since the automata run on (strictly) node-labelled full k-ary trees, we introduce
an alternative representation of our description trees.

Definition 5 (Node-labelled EL* k-Trees). We define the alphabet Ly, = ({—} U N%) x 2%C. For an
element w € Ly, withw = (r, A), we access its components by w.R = r and w.A = A.



Figure 1: The EL™ tree T¢ and the node-labelled EL* 2-tree T of the EL* concept C' = AMIr*3t.(ANB)M3s.B'.

For k > 0, anode-labelled EL* k-tree ¥ = (V, {) has the set V is the set of all words over the alphabet
{1,...,k} as nodes, and a labelling function { : V — LLy. We call such a tree proper if the root €
has £(e) = (—, A) for some A # {T}, and for each w # ¢ withw.R = —, the labelling is such that
l(w) = (—,{T}) foreveryw € V, and every branch in ¥ reaches a node labelled (—,{T}) in a finite
number of steps. If the labels mention only symbols in a signature 3, we may say that ¥ is over X.

Given an EL* description tree T = (V, E, () and ak > deg(T), let n be an arbitrary but fixed function
that assigns to each node in V' a word over {1, ..., k} in such a way that: (i) n(vg) = € for the root vy
of T, and (ii) n(v;) = n(v)i for the children vy, . .., v, of v. We define the encoding nlty(T) of T as the
node-labelled k-tree T = (V' {T) that has:

lr(e) =(—,£(vo)) for the root vo of T
lr(wy) =(r, £(v§)) for each wj = n(v;) with (n(w),r,v;) € E
lr(w) =(—,{T}) whenever there isnov € V withn(v) = w

As each proper node-labelled EC* k-tree ¥ is the encoding nlt;(T) of some EL* description tree T, we
may say that T has a pre-match into a pointed graph if T does. If T is the corresponding node-labelled
EL™ k-tree for some T, we write T and we refer to C' as its corresponding shape.

Figure 1 illustrates the two tree notions 7¢ and ¢ for an EL* concept C.

Alternating parity tree automata. We recall the basics of alternating automata on infinite node-
labelled k-trees. For the presentation, we largely follow [21] and [11]. Let B(I) be the set of positive
Boolean formulae over a set of variables I, built inductively by applying A and V starting from L, T
and the elements of I. For a set J C [ and a formula C' € B(I), we say J satisfies C iff assigning T to
the elements in J and L to those in I \ .J, makes C' true. For a positive integer k, let [k] = {0,1,..., k}.
A k-ary alternating parity tree automaton (k-ATA) running over infinite node-labelled k-trees, is a tuple
A =(X,Q,0,qo,p), where ¥ is an input alphabet, () is a finite set of states,  : Q x ¥ — B([k] x Q)
is the transition function, gy € @ is the initial state and p :  — N is a priority function.

Deciding fitting existence with ATAs. Our goal now is to build a k-ATA 2(r that accepts exactly
the proper node-labelled EL* k-trees that represent a fitting for a given fitting instance F. We first
define, for a pointed graph (G, vo) and k > 0, a k-ATA 290, which takes as input proper node-labelled
EL* k-trees and accepts exactly those with a pre-match into (G, vg).

LetG = (V, E,¢)and vy € V. The k-ATA A9 = (Q, Ly, J, ¢y, , p) has the state set @ and transition
function § : @ x Ly, — B([k] x Q) defined as below, and the priority function p has p(g,) = 0 for the
states of the form ¢, with v € V, and p(¢q) = 1 for all other states.

Q={q|veV}UqU{g |relr(@}U{g-|reXr(G)}U{gmy|veEV,reXr(G)}

A (U’q—) v ((z‘,qr*)A(i,qv)) v

1<i<k
6(QU>w) = ifve AY

for every A € w.A

\/ (((Za QT> A (ia qU’)) v ((27 qr*) A (i7QT*’U’)))>

r(v,w')EE
1 otherwise



6(‘]7'*1)7 w) = (0, QU) \ \/ (O, Qr*u/)

r(v,v')EE

5( ) T if —=w.R 5 ) T ifr=w.R 5( ) T ifr, =w.R
_,w) = L, W) = s, W) =
= 1 otherwise @ 1 otherwise @ 1 otherwise

Intuitively, a succesful run of 29" can visit a node w of T in state g, if there is a pre-match p from
% into v such that p(w) = v. Similarly, a visit to w on state g+, will succeed if there is a pre-match p
from ¥ into G, but p(w) = v is not enforced: it suffices if the node p(w) is reachable from v along a
path of r-edges. The remaining states only check for the correct role labels. All transitions except those
involving ¢+, require the automaton to move to a new node in ¥, and the automaton halts whenever it
reaches a node labelled (—, {T}). This, together with the priority condition, ensures that all accepting
runs on proper node-labelled k-trees are finite and witness the existence of a pre-match for the entire
concept represented in ¥. The following lemma establishes the correctness of the automaton.

Lemma 2. Given a pointed graph (G, vo), the k-ATA 9" accepts a proper node-labelled EL* k-tree T
iff it has a pre-match into (G, vg).

Given 2, we denote by 2l its complement automaton. We also denote by 2, the intersection
automaton over a set of k-ATAs o7, = 21, ...,2,. Both complementation and intersection are trivial
for ATAs, please see the appendix for details. If we take the complement automaton 9% of the
k-ATA 29?0 it will accept exactly the proper node-labelled k-trees that do not have a pre-match into
(G, vo). Hence, for a fitting instance F = (G, &, .4, ¥), we can take the intersection 2, of the set
of automata .o7,, that contains A9 for every v € & and 29" for each n € .4 . This automaton will
accept exactly those proper node-labelled k-trees over the signature 3 that represent fittings for F.

To decide fitting existence, we still have to show that we can pick a sufficiently large & so that the
intersection automata will always accept some fitting if it exists. This is done in the following lemma.

Lemma 3. Given an instance F = (G, P, N, %), where G = (V, E, (), if there is an EL* fitting for F,
then there is an EL* fitting C' such that deg(T¢c) = |V|.

We now have an automaton that accepts the tree encoding of a fitting whenever it exists.

Theorem 1. Given a fitting instance F = (G, &2, N, ¥), let k be the number of nodes in G, and let A r
be the k-ATA obtained by intersecting A9V for everyv € &2 and A9 for eachn € . . Then Ax accepts
a proper node-labelled k-tree ¢ over the signature ¥ if and only if C' is an EL™ fitting for F.

Finally, an emptiness check on 2z, which can be performed in ExpTIME, then gives us the ExpTIME-
upper bounds on the EL* fitting existence problem.

Theorem 2. The EL* fitting existence problem is ExpTIME-complete.

Proof sketch. The hardness was shown in Proposition 1. Using Theorem 1, we can decide if an EL*
fitting exists for F = (G, &, .4, X)) relying on a nonemptiness check on 2. Emptiness of ATAs is
decidable in single exponential time in the combined size of the state set and the parity condition [22];
both are polynomially bounded in F, so the test is feasible in time exponential in the size of F. O

5. Computation of Most Specific Fittings

Before presenting our algorithms for the computation of most specific fittings, we note that, similarly
to the case of arbitrary EL fittings, existence of EL* fittings and of most specific EL* fittings do not
coincide. This is shown in Example 2, which is taken from [11], where it illustrates that the existence
of &L fittings does not imply the existence of an EL MSF; by moving from ELC to EL* we obtain more
fittings, but there still need not exist an MSF.



Example 2. Consider F = (G, 2,0 with &7 marked green in the graph: © O . ThenC = Ir*T
is an EL™ fitting for F, while D = 3r.T is both an EL and an EL™ fitting. As D T C holds, C' is not an
MSF. But D can be expanded into a more specific fitting 3r.(T M 3r.T). Any fitting for F can be expanded
similarly by further unravelling the graph. As a more specific fitting always exists, no fitting is an MSF.

Even when MSFs exist for both EL and EL*, they need not coincide, as illustrated next.
Example 3. Consider a fitting instance F = (G, 2, () with & marked green:

A B A B
.s®r.r.s. ®s.

The EL MSF is the concept C; = Js.T. However, in EL* we can express the concept Cy = 3s.T I
Irt(AN3s.B), with Co T C1. In fact, Cy is the EL* MSF.

We will show that, even though an EL£* and E£ MSF need not coincide, the existence of the former
implies the existence of the latter. Interestingly, the converse fails, as illustrated by Example 4. We will
return to this later in the section to make the claim more concrete.

Example 4. Consider a fitting instance F = (G, 2, () with & = {v1,v2} marked green:

A 5, B A T

B
G ©o.r @ O @

There exists an EL MSF for F, namely the concept A. But there is no EL* MSF: while there are many
EL™ fittings, none of these are most specific. For example, the fitting A 1 3r%(3s* B) is less specific than
AN 3ri(3s*.(BMN3Iri(3stA))). By traversing the cycle one more time, any EL* concept can be expanded
into a more specific one.

In the remainder of this section, we provide a computation algorithm for the E£* MSF, if it exists.

For MSFs we do not use tree automata, but instead rely on the well-known notion of graph products,
similarly to previous literature on MSFs [11, 7]. This more constructive approach allows us to not only
decide whether an MSF exists, but also compute a representation of it.

To preserve EL* concepts when doing graph product operations, we need to keep track of r*-paths.
We do this using the r,-symbols, similarly as we did for description trees. In the sequel, we call a graph
starred if its signature has r,-symbols from Y%, and extend the interpretation function to take into
account these symbols, such that (r Ur,)9 = 79 U (r,)9 and ((r U 7,)*)Y is its reflexive transitive
closure, defined analogously to (r*)Y in Section 2.

Graphs that witness all (non-trivial) r*-paths by explicit r,-symbols are called *-closed.

Definition 6. Given a starred graph G = (V, E, (), we say that G is x-closed if whenever there are nodes
v,/ v eV withv # v and (v,v") € (rUr)*)Y and (v,0') & 9, we have (v,v') € 9.

We can add r,-symbols to a given graph and make it x-closed. We also define a simple ‘clean-up’
operation that removes from a starred graph some r,-symbols that are not necessary to be *-closed.

Definition 7. Given G, let G, be the starred graph obtained by adding an edge (ug, 7, un) for
all pairs (up,un) of nodes with u, reachable from ug by a (possibly empty) sequence of r-edges
(ug,ryur), -y (Up—1,7, Up).

The redundant star removal of a given starred graph G, denoted rsr(G), is the result of removing from G
all edges (u, ry,u), and all edges (u, 4, u’) such that (u,r,u’) is also in G.

The goal of the G, construction is to make any graph x-closed. Note that G, contains ‘loops’ (u, 7, u)
for all nodes u and roles 7, but its redundant star removal does not.

Lemma 4. G, is x-closed for every graph G. If a given G is x-closed, so is rsr(G).



Given a graph G = (V, E, () and nodes ¥ = (v1,...vy,) in V, we let II(G, ¥) be the product of the
pointed graphs (G, v;), defined as usual. We may call ¥ the distinguished element of II(G, 7).
We define our star product, which preserves r*-paths. In a nutshell, we make the input x-closed, take

the regular product, and remove unnecessary stars; we restrict it to the given signature as usual.

Definition 8 (star product). Given G, nodes ¥ = (v1,...v,) in G, and a signature Y., we denote by
I1.(G, ¥, X) the pointed graph rsr(11(Gy, ¥))|sx. If X = £(G), we may omit it and write simply I1.(G, v).

The star product is a pointed starred graph with distinguished node ¥. Importantly, it is x-closed.
Lemma 5. IL,(G, ¥, X) is x-closed for every G, ¥ and ..

Proof sketch. Let I1,(G, ¥, X) be the star product graph of some graph G with distinguished node
and signature Y. For any node v in I, (G, U, ¥) (which could be ¥ or any other node), by definition v
appears in every pointed graph (G, v;) used to construct I, (G, U, ). Furthermore, if there exists a
node v’ in I, (G, ¥, X) s.t. (v,0") € (rUry)* and (v,v’) ¢ r, then there also exists such a path between
v and v’ in each pointed graph (G, v;). There then also exists an r,-edge from v to v in each (G, v;),
where G, is the star-closed version of G, by definition. Since this edge exists in each such pointed graph
and r, € Xy, it is preserved when we take their product. Note that removing "redundant” r,-edges
from this product still allows the graph to be *-closed and results in the star product II, (G, 7, X) as
defined. Thus I, (G, ¥, X) is still x-closed. O

Example 5. Consider Example 4 again. We first extend G to G,. Then, we obtain 11, (G, V) = rsr(I1(G,, ¥)),
with the node ¥ marked green:

7“* A S*
G, s, S T IL(G,v):
Tuy $xC @ va,n*. DT* s, -l O) S,T*. o T Sx o -~ s o
- ? - w—/.\y
\n/B%

Simulations. Intuitively, the EL* concepts that are satisfied in the star product are exactly those that
are satisfied in all the pointed graphs. To formalise and prove this, we define a notion of simulation that
captures the semantics of EL* over possibly starred graphs.

Definition 9. An EL* Y-simulation ( between two (possibly starred) graphs T = (Vz, E1,¢1) and

G = (Vg, Eg,{g) and given a signature 3, is a relation ( C V7 x Vg, which satisfies the properties

AtomR, Forth, and Forth*, defined below.

AtomR If(d,e) € ( andd € AT, thene € AY.

Forth Foreveryr € X%, if (d,e) € ¢ and (d,d') € rT, then there is (e, €') € r9 with (d',€') € (.

Forth* Foreveryr € X%, if (d,e) € ¢ and (d,d’) € ((r Ury)*)7, then there is (e,e’) € ((r Ury)*)9
with (d',¢’) € .

Given two nodes d € V1 and e € Vg, we write (Z,d) =<x. (G,e) if there is a ¥-simulation  where

(d,e) € C. If¥ is X(Z), then we may omit it and write (Z,d) < (G, e).

EL* ¥-simulations capture the semantics of E£* concepts in the usual way.

Lemma 6. The following hold for all pointed graphs and signatures 3:
1. If(Z,d) <x. (G,e), then for every EL* S-concept C, if d € CT thene € CY.
2. For every EL* concept C, ifd € CZ, then To < (Z,d).
3. For all EC* concepts C and D, we have C' T D, iff Tp = Tc.

We characterise the correctness of our product construction in terms of E£* ¥-simulations.



Lemma 7. Given a graph G, a signature ¥ and nodes U = vy, ...v, in G for some arbitrary n, for every
(Z,d) we have that (Z,d) <%, (G,v1),...,(Z,d) =x (G,v,) ifand only if (Z,d) <5, I1.(G, ¥, ).

If the star product of all the positive examples, which represents their commonalities, is a fitting,
then it is the MSF. However, to be a fitting, we need to make sure that, on the one hand, it does not
simulate any negative example, and on the other, that it can be represented as a (finite) concept. We
will now prove that the latter holds exactly when its unravelling is finite.

Y-Unravellings. Unravelling is a well-known technique for transforming an arbitrary graph into
a tree-shaped one. Given a (possibly starred) graph G = (V, E, /) and a signature ¥, a X%-path p
(of length n) is a sequence p = VoToV1 ... Vp—1Tpn—1Vn, With v; € V, 1, € 3§ and for every r; with
1 < i < n we have that (v;,v;11) € (1;)9. We say that p starts with vy and ends with v,, and we may
write tail(p) = v,. We write pRb to mean a ¥;-path that extends p by following an edge labelled with
R to a node b. We may omit X5 and speak of just paths when X} is clear from context.

Let v € V. The X-unravelling of v in G is the graph U, s, = (Vi, Eu, ly) such that:

+ Vi contains all ¥5-paths that start with v.

o« A€ ly(p)forall ps.t. A € L(tail(p)) N X
« (p, R,pRb) € Ey for every path pRb € V},.

If we add the requirement that V7, contains only >-paths of length at most m for some m > 0, then
we obtain an m-bounded Y-unravelling, or just m-YX-unravelling, denoted {]',. Note that if m is at
least the length of the longest path, then Uy, = U, x. If this is not the case, we éay that U, is strict. If
¥ is ¥(G), we may omit it and simply write U,. ,

Note that a starred graph unravels into a starred tree-shaped graph. As for description trees, we
might simply write U, to denote the pointed graph (i, v) of an unravelling ¢, and its root v.

Example 6. Consider again Example 4. The unravelling Uz of I1,(G, ¥) is an infinite tree-shaped graph
where each node has either one outgoing r,-edge and one s,-edge, or two outgoing r.-edges and one r-edge,
or two outgoing s,-edges and one s-edge.

The following lemma connects our notions of simulation and unravelling.

Lemma 8. Given two pointed graphs (Z,d) and (G, e), we have 1. (Z,d) < (G, e) iff (U, d) = (G,e),
and 2.IfT is atree, then (Z,d) <x, (G, e) iff (Z,d) <5 (U, €) for every 3.

Unravellings of x-closed graphs are in general not x-closed: they are tree-shaped, and do not have
‘r.-shortcuts’ to witness longer r*-paths. However, if the unravelled graph is x-closed, and if a node
reaches another along an r*-path in the unravelling, it will also have a similar ‘copy’ as an immediate
r,-child. This is useful, since it allows us to find simulations by looking at bounded unravellings.

Lemma 9. Forall ¥ and all (Z,d) and (G, e) such that G is x-closed,
1. For every EL* concept C with ¥(C) C ¥ s.t. To = Ue, we have To < U], where m = depth(C).
2. If T and G are finite, thenUg <x, (G, e) iff U] <x (G, e) for all m-unravellingsU}" of T at d.

Proof sketch. Item 2 follows from the proof of Lemma 5.5 in [11], but adapted from the EL£T setting to
EL* Y-simulations and the semantics of starred graphs. For the EL* setting, if we additionally require
that G is x-closed, then the proof immediately extends as expected.

For Item 1, the proof uses pre-matches (which are ¥-simulations that are additionally functional).
The key idea is that if there exists a pre-match p from a node u, in a description tree into U, such
that if u, has an immediate r,-child u. in the description tree and its pre-match p(u,) is such that it is
connected to p(u,) via more than one r or r.-edges in U,, then we can use the fact that G is x-closed to
show that p(u,) also has an immediate 7,-child that has the same label as p(u,) and that is the root of
a subtree in U, isomorphic to the one rooted at p(u.). From this observation, it is not hard to see that
we find a 3-simulation that does not use paths longer than m. O



Algorithm for computing MSF in ££*.  In the following, ¥y denotes an (arbitrary but fixed) enu-
meration of the positive nodes & of a fitting instance F = (G, &, .4, ¥). Our algorithms for deciding
existence of an MSF and computing it build on the following proposition, similar to Prop. 5.14 in [11].

Proposition 2. Let F = (G, P, N, X) and let C be an EL* concept. The following are equivalent: 1) C'
is a most specific fitting for F, and 2) C'is a fitting for F and I1,(G, 04, %) < Te.

Proof. (1) = (2). Assume that C' is an EL* MSF. Then C fits all v; € &, so by Lemma 6 Item 2,
Tc = (G, v;) forallv; € &. By Lemma 7, then 7o < IL(G, Uy, X)) and by Lemma 8 Item 2, 7o < Uy, .

Let m = depth(C) and let U} be the m-bounded unravelling of IL.(G, 7’1, ¥). Then by Lemma
9Item 1, 7Tc = Uy} Suppose that U, = (G, n;) for some n; € A" Then IL,(G, 74, %) = (G, n;) by
Lemma 8 Item 1 and, since 7o =< 11, (G, ¥}, %), we have T < (G, n;). This is a contradiction since
C is a fitting for 7. So we must have Uy, £ (G,n;) for any n; € .#". Then by Lemma 9 Item 2,
Uz, # (G, n;) for any n; € 4. Thus the corresponding concept Cy, of Uz isa fitting for . This same
argument can then also be extended for any m’-unravelling s.t. m’ > m. Hence the corresponding
concept Cp,y of Z/lgf is also a fitting for F. Since C'is an MSF, for any such C,,,y we have C' C C,,s. By

Lemma 6 Item 3, then L{gi = T¢ for any bounded unravelling s.t. m’ > m. In particular, this then also
holds for the full unravelling U5, . So we have Uy, < 7Tc. It then follows from Lemma 8 Item 1 that
IL(G,14+,%) < Te.

(2) = (1). Assume C'is a fitting for F and 11, (G, 01, 3) < Tc. Let D be any EL* fitting for F. Then by
Lemma 6 Item 2, Tp < (G, v;) for all v; € . Therefore by Lemma 7, Tp =< II,(G, U, 3). Then we
have 7Tp =< T¢, and thus by Lemma 6 Item 3, C' C D. Therefore C'is an MSF for F. O

We now have an algorithm for deciding MSF existence.

Theorem 3. Given F = (G, 2, .4 ,%), an EL* most specific fitting exists iff the unravelling of
I1,(G, U4, X) is finite and its corresponding concept D is an EL* fitting for F.

Proof. First, assume that C' is an E£* MSF for F. By Proposition 2, II,(G,¥;,%) < To. Let m =
depth(C') and let Uy, be the m-unravelling of IL (G, ¥+, X). Then by the fact that IL.(G, U}, ¥) is
*-closed and by Lemma 9 Item 1, 7o = Ugjr . Therefore by Proposition 2, I, (G, ¥y, X)) < Z/lgfr , and the
corresponding concept of Z/{Zﬁ is a fitting for F. By Proposition 2, the corresponding concept of Z/{gl+ is
the MSF C. We apply the following claim, proven in the appendix: (f}) If Z/lg+ is a strict n-bounded
unravelling for some n > 0, then Uy, A UZ . In a nutshell, for any strict bounded unravelling, we
can always unravel the graph further and doing so will result in an unravelling that is more specific
than the previous. Thus, if we assume that leg’fr is strict, then there exists m’ > m s.t. leg'jr =< L(gf. This
implies, by Lemma 6 Item 3, that there exists a concept C’ (whose corresponding EL* tree is equivalent
to legz/) s.t. C' C C. Furthermore, since m’ > m, we know that the longest path in Uy, is strictly
shorter than the longest path Z/{%:‘L/. Therefore, it cannot be the case that C' C C”. This contradicts that
C' is the MSF. Hence it must be the case that L{gjr is not strict, i.e. we have that Z/lgﬁ = Uy, . Therefore
Uy, is finite and its corresponding concept is the MSF C.

For the other direction, assume that U5, is finite and that its corresponding concept D is an EL*
fitting for F. Then, since Uy, = 7Tp (in fact the two are equivalent, U5, is the description tree of D)
and by Lemma 8 Item 1, we have I, (G, Uy, 3) =< Tp. By Proposition 2, D is an E£* MSF for 7. [

We can now prove that the existence of an E£* MSF implies the existence of an E£ MSF.
Proposition 3. If an EL* MSF exists for some F, then an EC MSF exists for F.

Proof. Let C be an MSF for some fitting instance F with the ¥-unravelling U5, Then the statement
follows from Theorem 3, together with the construction of U, . Let Z/{{7+ be U, with all paths containing

r.-labelled edges removed. Then Z/{,L’7+ is non-starred and contained in U/, . By Theorem 3, Uj, is finite
and its corresponding concept D is a fitting for F. Then U%Jr is also finite and its corresponding concept
D’ is such that D T D’. Therefore D’ is also a fitting for F. The proposition then follows from
Theorem 3, restricted to non-starred unravellings and £ concepts. O



Algorithm 1: Computation of an fcu-product

Input: F = (G, Z, ./, %): afitting instance
Output: An fcu-product for F if it exists,
or () otherwise.

Algorithm 2: Computation of an ££* MSF
Input: F = (G, &, ./, %): afitting instance
Output: An EL* MSF for F if it exists,

or () otherwise.

1 function computeProd (F): 1 function computeMSF (F):

2 U4 = (vg,...,v¢) withv; € P and1 <i </ 2 I1 := computeProd (F)

3 I :=1I,(G, 04, %) 3 if II = () then

4 if cycleDetect(Il) = true then 4 ‘ return ()

5 ‘ return () 5 U = X-unravelling of 11

6 foreach n € .4 do 6 return corresponding concept of U
7 if II < (G, n) then

8 ‘ return ()

9 return II

As illustrated in Example 4, the converse of Proposition 3 fails: the existence of an ££ MSF does
not imply the existence of an £* MSF. We showed in Example 6 that the ¥-unravelling U, for F is
infinite. By Theorem 3, this implies that an E£* MSF for F does not exist, as anticipated.

We call I, (G, ¥4, X)) a fitting product if 11,(G, U+, X) A (G,n) for all n € 4. If additionally no
cycle is reachable from 0, we call it concept unravellable, and we call it a fcu-product if it is both.

We are now ready to present a computation algorithm of E£* MSFs given a fitting instance F.
Algorithm 1 returns the fcu-product IT := 11, (G, 4, ), if it exists, or returns () otherwise. Note that
the function cycleDetect in Algorithm 1 takes as input a pointed graph (G, v) and returns true iff
G has a cycle reachable from v. If no such cycle is found, we know that the unravelling of IT is finite.
Algorithm 1 then checks whether IT simulates into the pointed graphs of any of the negative nodes. If
s0, it returns (), otherwise it returns II as the fcu-product. If the fcu-product exists, then Algorithm 2
constructs the corresponding EL* concept C of the X-unravelling I/ of II and returns it.

Theorem 4. Given a fitting instance F = (G, &, N, %), it holds that:
1. Algorithm 1 returns an fcu-product iff an EL* MSF for F exists, and it runs in ExPTIME.
2. Algorithm 2 returns an EL* concept C' iff C' is an EL* MSF for F.
3. If | 2| < k for a constant k, then one can decide the existence of an EL* MSF in polynomial time.

Proof. (1) Let V be the nodes of G. It is well-known that the standard product I1(G, ¥/) can be constructed
in time that is bounded by a polynomial in |V'| and an exponential in |#/], but the construction only
needs polynomial time if |¢] is a constant. Since our star product only adds pre- and post-processing
steps that are polynomial in |V|, these bounds apply as well. cycleDetect runs in time polynomial
to |11, (G, U4, X)|, which in general may be of exponential size. Then, Algorithm 1 checks whether
IL.(G, ¥4, X)) simulates into the pointed graph of any of the negative examples in .4/, this only needs
polynomial time. Algorithm 1 will then conclude by outputting the fcu-product. By Theorem 3, the
fcu-product exists iff an MSF exists; since the MSF exists iff there is a finite unravelling of the fitting
product, and since the fcu-product contains no cycles it will have a finite unravelling. Thus Algorithm 1
decides the existence of an MSF in exponential time.

(2) Follows directly from Theorem 3. To show (3), note that cycleDetect runs in time polynomial to
IIL. (G, U4, X)| which is clearly polynomial if | #?| < k. Thus in this case Algorithm 1 checks existence
of the fcu-product in polynomial time. If this exists, then an MSF exists. O

The unravelling of the fcu-product I, (G, U1, 3) can be exponentially larger than I, (G, 74, X),
hence the MSF concept may be of double exponential size, and exponential even when I, (G, ¥, ¥) is
polynomial. However, IL, (G, ¥y, X)) itself is a succinct graph representation of the MSF when it exists.



6. Conclusion

We have conducted an initial principled study into the problem of learning arbitrary and most specific
fitting concepts in the Description Logic EL* for a set of positive and negative examples on inter-
pretations, represented as graphs. We have shown that for this DL, the fitting existence problem
is ExpTIME-complete. Furthermore, for ££* MSFs, we developed a decision procedure for deciding
existence that runs in exponential time, but that needs only polynomial time if the number of positive
examples is bounded by a constant. We also presented an algorithm to compute an MSF.

For future research, we would like to expand the fitting target language further towards SHACL.
Although full disjunction and node tests (which amount to nominals in DLs) trivialise the fitting problem,
there are many extensions that have not been considered much in the DL community for concept
learning, but that are highly relevant in the SHACL setting. A natural step is to adopt inverse roles
Fitting problems with inverses have already been studied in the context of ££Z, for instance in [11], and
have been shown to change the behaviour of the algorithms significantly, which would likely extend to
our setting. Other features like counting over paths, path equality, and closedness seem exciting but
also challenging and would require new techniques to be developed. In this paper, we have limited
ourselves to studying arbitrary and most specific fittings for EL*. Other problems related to fittings,
such as computing most general, succinct, and bounded fittings for ££* remain unexplored, but it would
certainly make sense to investigate these in future work.
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A. Proofs for Section 4 (Complexity of Fitting Existence)

Definition 10 ( k-ATA Run). A run of a k-ATA 2 over a node-labelled tree T = (V, £) with degree k is a (V x Q)-labelled
tree ¥, = (V;, 4y) satisfying:

1. e € Viand ((e) = (g, q0).

2. Lety € V, with {,(y) = (x,q) and §(q, ¢(x)) = C. Then there is a (possibly empty) set S = {(c1,q1),- -, (Cn,qn)} C
[k] X Q such that:

« S satisfies C, and
« foralll <i<n,wehavethaty i€V, z-¢; € Vandl (y-i) = (z-¢c;,q).

Given an infinite path p C V;, let inf(p) C Q be the set of states that appear infinitely often in p. A run ¥, of a ATA
A= (X,Q,0,q,p) is accepting if for every infinite path p C V,, the state with the highest priority in inf (p) is even. Note
that a finite run is always accepting.

A partial run of a k-ATA 2 is a run that does not satisfy Condition 1 above. If a partial run has as its root a state (w, q), we
call it a partial run rooted at (w, q), or, for short, a partial (w, ¢)-run.

Lemma 2. Given a pointed graph (G, vg), the k-ATA A9°Y0 accepts a proper node-labelled EC* k-tree T iff it has a pre-match
into (G, vo).

Proof. Let ¥ be a proper node-labelled EL* k-tree with root ¢, and let (G, vg) be a pointed graph. T has an r-reachable
pre-match into (G, v) if there exists some v’ in G such that there exists a pre-match p from w in ¥ into (G, v’) s.t. p(w) = v/
and v’ can be reached from v via a (possibly empty) path of r-edges.

We show the following:

1. Letw € T and let w # ¢, and let ¢ € Q. There exists a partial (w, ¢_)-run iff w.R = —. Moreover, this run will
contain only finite paths. The analogous claims hold for partial (w, ¢, )-runs and partial (w, ¢,~ )-runs.

2. Let w € T and let ¢, € Q. There exists an accepting partial (w, g, )-run iff the tree T% rooted at w has a pre-match
into (G, v).

3. Let w € ¥ and let ¢+, € Q. There exists an accepting partial (w, ¢,«,)-run iff the tree T rooted at w has an
r-reachable pre-match into (G, v).

4. Givenw € ¥ and ¢ € Q, let ¥» be a partial (w, ¢)-run and p an infinite path in ¥,/ If ¢ occurs infinitely often on p,
it is of the form g,.«,,.

5. If ¥/ is an accepting partial (w, ¢)-run, all its paths are finite.

Claim 1 follows directly from the definition of the transition function 6(q_,w), 6(¢r, w) and &(g«, w) in A9,

Claim 2 follows from the transition function §(q,, w) inductively as follows. For the right-to-left direction, we show the
contrapositive: If there is no pre-match from T rooted at w into (G, v), then the concept labels in w.A do not match the
label of v in G, and the run fails.

For the left-to-right direction, we assume there is a pre-match from % into (G, v). In that case the labels in w match
those in v. If v has no outgoing edges, then the automaton can choose to either search for a child node w-i withw-¢.R = —,
or with w - ¢.R = r, and the concept labels in w - i.A match the label of v. Since there exists a pre-match from T* into
(G, v), one of these cases must be successful. In the former case, there exists a partial (w - i, g— )-run, which is finite by
Claim 1, and therefore accepting. Similarly, if the latter check is successful, there exists an accepting partial (w - 7, ¢, )-run,
and since the labels in w - i.A match the label of v, there is a pre-match from w - i into (G, v), and the same holds for any
further successor nodes of w - ¢ along the branch. Since we have defined T as a proper node-labelled tree, every branch in
%% will reach a node w’ = (—, {T}) in a finite number of steps. Thus, we repeat the previous check until we have found
such a node w’, at which point we must have w’.R = —, and therefore the partial (w’, ¢_)-run is accepting by Claim 1. It
then follows by the definition of d(w, ¢, ), that the partial (w, g, )-run is accepting.

In case v does have some outgoing edge 7(v,v’) € FE, the automaton has two options, one of which must give an
accepting run. In the first option, it may choose to transition into (w - 7, ¢,) and (w - 7, g,/ ). Since there is a pre-match from
T into (G, v), we will have that w - i.R = r for some child node w - i of w and there is a pre-match from the tree rooted at
w - ¢ into (G, v'). Therefore, the partial (w - %, ¢, )-run and the partial (w - 4, ¢,/ )-run are both accepting, and therefore so is
the partial (w, g, )-run. If the former option check fails, it may transition into (w - 4, ¢y« ) and (w - %, ¢« ). Since there must
exist a pre-match from the tree rooted at w - i into (G, v'), by Claim 1 and Claim 3 both the partial (w - i, ¢~ )-run and the
partial (w - i, ¢+, )-run will be accepting and therefore so is the partial (w, g, )-run.



Claim 3 follows similarly, from the transition function §(g,=,, w). For the right-to-left direction, assume there exists
an accepting partial (w, g+, )-run ¥,,. Assume for contradiction that there is no r-reachable pre-match from T* into
(G, v). Then, by construction of §(g,+y, w), the check (0, g,) will fail, so we must check (w, ¢,«,/) for some outgoing edge
r(v,v") € E. This check will be repeated until there are no more outgoing edges in G, in which case the run will fail, or it
will loop infinitely often, in which case (w, ¢+, ) will occur infinitely often in this branch. Since such a state has p(g,«,) = 1
this also results in a non-accepting run.

For the left-to-right direction, we assume there exists an r-reachable pre-match from % into (G,v). In case v has
no outgoing edges in G, we move into (w, g,). Since there exists a pre-match from % into some node (G, v’) which is
reachable via an r-path in G from v, but v has no outgoing r-edges, this r-path must be vacuous and the pre-match exists
at v itself, then by Claim 2 the partial run rooted at (w, g,,) will be accepting.

If there does exist some outgoing edge r(v,v’) € E, then we may also move into (w, g+, ). By assumption, there also
exists an r-reachable pre-match from % into (G, v’). So we may repeat this check along the r-path in G until we have
reached the node v’ such that there exists a pre-match from T% into v, at which point the partial run rooted at (w, g, )
will be accepting. Then the partial (w, g,«,i)-run will accept as well, and hence the partial (w, g,+,)-run is accepting.

For Claim 4, assume we have a partial (w, ¢)-run and p an infinite path in T,/ on which ¢ occurs infinitely often. By
Claim 1, q cannot be of the form ¢_, ¢, or g,~. If g is of the form ¢,, then from the proof of Claim 2 and the properness of
T, it follows that we will always reach a state ¢_ in a finite number of steps. Thus g, also cannot occur infinitely often.
Therefore any ¢ occurring infinitely often on p must be of the form g, «,,.

Claim 5 follows as a corollary from Claim 4.

It then follows that T, is an accepting run iff there exists a pre-match from ¥ into (G, v). O

Complementing and intersecting ATAs. Given a matching k-ATA 9%, its complement automaton 2A9v0 can be
defined in the usual way, by dualising the transition function and changing the priority function. For more details on this
construction, we refer interested readers to [23].

From Lemma 2 and the construction of the complement automaton, we directly get the following corollary.

Corollary 1. Given a data graph G = (V, E, ), a node vy € V, and a k-ATA 9%, its complement automaton A9:v0 accepts
exactly those proper node-labelled k-trees ‘T such that there is not a pre-match from ¥ into v.

Given a set of k-ATAs, <7, = 24, ...,2, of size n, where for each 2; = (Q;, Ly, ;, gi, p;) with 1 < i < n, we can
define the intersection automaton as a k-ATA A, = (Qu,, Ly, 047, , oz, , Per, ) @s follows:

Qw,= |J @ U {as}

1<i<n
N 0.4) ifqg=qu,
Oz, (@, w) = 4 1<i<n
0i(q,w) if otherwise ¢ € Q; for some 7

(q) = 0 ifqg=qu,
P pi(q)  if otherwise ¢ € Q; for some i

We say that 2, is the intersection over .o7,.

Lemma 10. Given a set of k-ATAs <7, = {2y, ...,2,}, let A, be the intersection over o, then we have that w € L(,)
iffwe m1gi§n L(2;).

Lemma 3. Given an instance F = (G, 2, N, %), where G = (V, E, (), if there is an EL* fitting for F, then there is an EL*
fitting C' such that deg(T¢) = |V|.

Proof. Take any EL* fitting C for F. Let T¢ be the EL* tree with degree k for C, where k > |V|]. Let ug be the root node
of 7¢. Let u by any node in 7¢. By construction we know that u has exactly k successors, 41, ..., yx. For 1 <i <k, let
Tc|%, be the subtrees rooted at u, obtained by deleting all successors y;, . . ., yx and the subtrees below them from wu. Let
S; be the set of all v € V such that there is a pre-match p from 7¢|%, to G with p(u) = v. From this definition, we have
S1 D S2 O .... There must then exist some j < |V, such that S; = Sj41 = -+- = Sj. This follows from the fact that
k > |V'| and hence we cannot decrease the sets S; more often than there are elements in V.

Let Tp be the EL* tree obtained from replacing u in T with Tpl7, and D the corresponding concept of 7p, i.e. of the
subtree we get by removing all successors y;11, . ..,y of u from 7. We show that D is a fitting for . It follows from our
construction that D fits all the positive examples, since we obtained D by dropping subexpressions from C'. It remains
to show that D fits none of the elements in .4, or formally we want to show that there does not exist ann € .4 s.t.
n € DY. Let us assume to the contrary that there is some n € .4 such that there is a pre-match p from 7p to G, where




p(up) = n (and therefore also n € DY via Lemma 1). Then it follows that we can construct a pre-match p’ from 7¢ to G,
with p’(ug) = n. To see why, consider that the only difference between Tp and 7¢ lies in the successors Yjtir---»Ym that
we removed in 7p. Yet we know that S; = Sj11 = - -- = Sj. In other words, we know that for all elements in S}, there
must be pre-matches to extend them to 7. This, however, contradicts our assumption that C' was a fitting for F.

Note that this construction only reduces the branching of one node to at most j, where j < |V/|.

By applying this construction for any node in 7¢, we can construct a E£* tree with degree &/ = |V/| such that its
corresponding concept is a fitting for F. O

Theorem 1. Given a fitting instance F = (G, P, N, X)), let k be the number of nodes in G, and let A r be the k-ATA obtained
by intersecting A9 for everyv € & and A9 for eachn € A . Then Ux accepts a proper node-labelled k-tree T over the
signature X if and only if C' is an EL* fitting for F.

Proof. We show the claim by considering each direction separately.

For the left-to-right direction, we assume that the proper node-labelled EL* tree T is accepted by A and let C be its
corresponding EL* concept. We know from Lemma 2 that each A9 accepts proper EL* k-trees when they have a pre-match
intov € . Furthermore, by Corollary 1, we know that each 209 only accepts proper E£* k-trees if they have no pre-match
into any n € .4". From Lemma 10, we know that T¢ is accepted by every automaton in %7, so also by the intersection
automaton 2 r over .47, and together with Lemma 1 it follows that for every v € 2, we have v € C9 and for every n € A,
we have n ¢ CY. Combined with the observation that $(C') C ¥ by our initial assumption, it follows that C'is a fitting for F.

For the right-to-left direction, we assume that there exists some EL* concept C' that is a fitting for F = (G, &, 4, ¥).
From Lemma 3 it follows that there must exist some D such that its proper node-labelled tree encoding T p has degree
< |V|. We know that for every v € &2 (resp. every n € .4"), it holds that v € DY (resp. n ¢ DY). By Lemma 1, it follows
that Tp has a pre-match into each v € & (resp. has no pre-match into any n € .4"). Combining this observation with
Lemma 2 and its corollary, we know that ¥ p is accepted by every automaton in <7, if we set k = |V|. From Lemma 10 it
then follows that Tp is accepted by the intersection automaton 2 r over .<7. O

B. Proofs for Section 5 (Computation of Most Specific Fittings)

Pre-matches, homomorphisms and simulations In addition to the pre-matches and E£* simulations introduced in
the body of the paper, for some proofs we also need to use the more standard notions of homomorphisms and simulations
as in the &L setting.

First, we extend our notion of pre-matches from Section 4 so that we may use starred graphs on both sides, i.e. we change
condition 3 as follows:

if (v,r4,0") € E, then (p(v), p(v')) € ((rur)*)9 .

Then a homomorphism is defined as a pre-match that does not use condition 3 of Definition 4. This corresponds to the
regular definition of homomorphisms, but where 7, can be used and is treated the same as a regular symbol r. Note that
homomorphisms have the following property, which ensures that paths in unravellings that are homomorphic are of the
same length:

(1) Given two pointed tree-shaped graphs (Z, d), (G, e) such that there exists a homomorphism h : (Z,d) —
(G, e), then for any path p € Z, length(p) = length(h(p)).

Moreover, we define a EL Y-simulation as a less restricted version of the E£* Y -simulation introduced in Definition 9,
which does not require the third condition Forth*. We write (Z, d) <& (G, e) to denote that there exists an ££ X-simulation
between (Z, d) and (G, ) w.r.t. some signature X. Like in the case of ££* Y-simulations, when ¥ = ¥(Z) we may omit it
and simply write (Z, d) <% (G, e). Note that if an £ ¥-simulation exists between two non-starred graphs, then we have
an analogous version of Lemma 6 for ££ concepts.

In the case of tree-shaped graphs, it is well-known that an ££ simulation between two graphs exists iff there exists a
homomorphism. The same result holds for our notions of ££* simulations and pre-matches.

Lemma 9. Forall ¥ and all (Z,d) and (G, e) such that G is x-closed,
1. For every EL* concept C with ¥(C) C ¥ s.t. To < Ue, we have To = U, where m = depth(C).
2. If T and G are finite, thenUg =<x, (G, e) iff U] <, (G, e) for all m-unravellingsU}* of T at d.

Proof. To prove Item 1 of Lemma 9, We make use of the following claim:

(1) If G is a x-closed graph with some node v, then for every EL* concept C, there exists a pre-match p from
Tc into U,, iff there exists a regular homomorphism h : 7o — U,.



The right-to-left direction follows immediately, since a homomorphism in our setting can be seen as a special case of
pre-matches where for any r or r.-edge in the description tree, there exists an r or r,-edge in the graph.
The left-to-right direction of the claim follows from the following two properties of U,

1. For any two nodes p, p in U, if tail(p) = tail(p’), then the subtrees below p, p’ are isomorphic to each other.

2. By the fact that G is x-closed, it follows that for any node p in U,), if there exists a node ¢ which can be reached from p
via an (rUry)-path, then there exists a node ¢’ which can be reached from p via a single r,-edge s.t. tail(q) = tail(q').

Then given a x-closed graph G with some node v and some C' s.t. 7o = (V, E, ¢) has a pre-match p into U, such that

(v,74,0") € E and (p(v), p(v")) € ((r Ure)*)* and (p(v), p(v')) ¢ (r U ),
and by the fact that G is x-closed there exists a pre-match p’ from 7T¢ into U, such that
(v,74,0") € E and (p/ (v), o' (V")) € ()™,

with p(v) = p/(v) and tail(p(v")) = tail(p’(v")). Then the subtrees of p(v’) and p’(v") are isomorphic, and therefore p’ is
a homomorphism p' : T — U,,.

To prove Lemma 9 Item 1, we assume that given a x-closed graph G with node v and an EL* concept C' with 3(C') C X,
we have 7o < U,. Then there also exists a pre-match from 7¢ into U,. It then follows from (}) that there exists a
homomorphism from 7¢ to U,. Let m = depth(C). It follows from the property (I) for homomorphisms that there also
exists a homomorphism from 7¢ to U)". By the other direction of (), there is then also a pre-match from 7¢ to U] and
hence also 7o X U,".

O

To prove Theorem 3, we make use of the following claim:

(t1) Given a graph G with a node v. Let U,, be the full unravelling of G at v and let the longest path in U, be of
size n. If U] is the strict m-bounded unravelling of G at v for some m < n, then U, ﬁ ur.

Proof. Given a graph G with a node v its unravelling U/, with the longest path of size n, and the bounded unravellings
ur, L{])”/ with m, m’ > 0, assume there exists a homomorphism h : U]* — u;n’. We use the claim (I) that for every path
p € Uy}, length(p) = length(h(p)). Then it must be the case that m’ > m, meaning that a unravelling can only have a
homomorphism into a larger unravelling of the same graph, and never into one that is strictly smaller. It follows that the
full unravelling U, cannot have a homomorphism into any strict bounded unravelling of the same graph, since any path in
a strict bounded unravelling is shorter than n. Thus U,, -+ U, for any m < n. Since the unravellings are tree-shaped, since
there exists no homomorphism, then there also exists no EC simulation, i.e. U, ﬁgﬁ U]". Therefore, since EL simulations
are a less restricted version of E£* simulations, we also have U, A U]". O
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