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Abstract

We study the problem of finitely characterizing ontologies, concept inclusions, and concept equivalences, all
formulated in the description logic £L, in terms of positive and negative examples. We consider two different
kinds of examples: finite interpretations and finite pointed interpretations, with the expressive power of the latter
being higher than that of the former. We prove that non-tautological concept inclusions and concept equivalences
are characterizable by a finite set of pointed examples, and that acyclic inclusions and equivalences are even
characterizable by a finite set of non-pointed examples. For ontologies, in contrast, finite characterizability fails
even for pointed examples. This leads us to consider the important class of left-atomic ontologies, where only
concept names can appear on the left side of concept inclusions and equivalences. There, finite characterizability
in terms of pointed examples is regained.
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1. Introduction

In many synthesis problems, the goal is to construct a logical artifact from a finite set of positive
and negative examples [1, 2, 3, 4]. In description logics, this form of synthesis has been studied for
concepts [5, 6, 7], ontologies [8, 9, 10], and queries [11, 12], often under the name of ‘fitting problems’.
One main motivation for this line of research is to support a knowledge engineer in the construction
of a desired artifact. Given that there are typically many non-equivalent artifacts that fit a given set
of examples, the question arises how precisely an artifact can actually be described by a finite set of
examples. Ideally, it would be possible to describe the artifact uniquely up to equivalence. A finite set
of examples that achieves this is called a finite characterization of the artifact.

In this article, we study finite characterizations of ontologies formulated in the description logic £L,
as well as of concept inclusions and equivalences, which form their main constituents. In particular, we
provide a detailed analysis of when finite characterizations exist and when they do not. As examples,
we consider finite interpretations and finite pointed interpretations. In the former, concept inclusions
and equivalences are evaluated globally on the whole interpretation whereas in the latter they are
evaluated only locally at a distinguished point. While non-pointed interpretations are closer to the
usual semantics of ontologies, pointed interpretations have certain advantages. First, in the case of
positive examples, they avoid forcing the user to produce very large examples only to achieve global
satisfaction of concept inclusions and equivalences. And second, it turns out that the expressive power
of pointed examples is higher than that of non-pointed ones. Consequently, finite characterizations in
terms of pointed examples exist in several cases where finite characterizations in terms of non-pointed
examples are not available.

We point out that finite characterizations may also be of interest for other reasons. For instance,
computing a set of examples that characterizes a manually constructed concept inclusion or ontology
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Table 1
Summary of finite characterizability results.

EL object By pointed examples By non-pointed examples
Tautology no, Prop. 9 not
Concept inclusion yes, Thm. 10 open
Concept equivalence yes, Thm. 13 no, Prop. 14
Acyclic concept equivalence or inclusion  yes’ yes, Thm. 15
Ontology no, Prop. 17 not
Left-atomic ontology yes, Thm. 20 no, Prop. 19
T By restriction from the preceding row. ¥ From the pointed case via Lemma 4.

can help illustrate to a user the ramifications of their modeling choices. In addition, the existence of finite
characterizations is closely connected to active learning in Angluin’s model of exact learnability [13, 14].
In particular, finite characterizability is a necessary condition for exact learnability with membership
queries.

Some care is needed regarding the class of artifacts with respect to which a finite characterization is
sought. For instance, characterizing a concept inclusion with respect to the class of all concept inclusions
is a weaker requirement than characterizing it with respect to the class of all concept equivalences:
every concept inclusion C' C D is equivalent to the concept equivalence C' = C' I D. In the remainder
of this article, unless stated otherwise, finite characterizations are always understood to be relative
to the same class of artifacts, for example concept inclusions with respect to the class of all concept
inclusions.

We begin with concept inclusions and observe that, under the mild assumption that the signature
contains at least one role name, tautological concept inclusions are not finitely characterizable, regardless
of the form of examples used. The same holds for concept equivalences and ontologies. Apart from
tautologies, however, all ££ concept inclusions turn out to be finitely characterizable by finite sets of
pointed examples, and the same is true for concept equivalences (and thus also for all concept inclusions
w.r.t. all concept equivalences). The characterizations are even in terms of tree interpretations and can
be computed in polynomial time. Their construction relies on the notion of the frontier of an ££ concept.
In contrast, there are simple concept equivalences that are not finitely characterizable by non-pointed
examples. For concept inclusions, finite characterizability by non-pointed examples remains open.

We then turn towards concept inclusions C' C D that are acyclic, meaning that the well-known
restricted chase procedure terminates when used with C' C D, starting from C' viewed as an interpreta-
tion. A concept equivalence C' = D is acyclic if the inclusions C' C D and D T C' are. We show that in
contrast to unrestricted inclusions and equivalences, the acyclic case enjoys finite characterizability in
terms of non-pointed examples. Again, the examples are trees and can be computed in polynomial time.

We next consider ontologies. In the unrestricted case, the situation is bleak: even simple ontologies
such as {A C 3r.T} are not finitely characterizable, regardless of the form of examples used. The
apparent contradiction between the non-characterizability of this ontology and the finite characteriz-
ability of concept inclusions is explained by the fact that, here, we seek a characterization w.r.t. the
class of all ontologies rather than the class of all concept inclusions. We then turn to left-atomic ££
ontologies in which the left side of all concept inclusions and equivalences must be a concept name.
Many well-known ontologies, like Gene Ontology and large parts of SNoMED CT are left-atomic.! Our
main result on ontologies is that left-atomic ontologies are finitely characterizable by pointed examples,
w.r.t. the class of all left-atomic ontologies. Again, tree examples suffice, but they are not of polynomial
size.

Our results are summarized in Table 1. Full proofs are available in the appendix, provided at
https://www.informatik.uni-leipzig.de/kr/research/papers.html.

'In an exploratory check, we analyzed all OWL files linked on the Open Biological and Biomedical Ontology (OBO) Foundry
website (https://obofoundry.org/). Of 290 distinct files, we successfully retrieved and parsed 243. A naive syntactic check
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Related Work

Finite characterizations have been studied for a variety of formalisms, such as conjunctive queries [13],
temporal logic formulas [15, 16], schema mappings [17], and modal logic formulas [18].

Closest to our work is recent research on finite characterizability of description logic concepts [19, 14].
Finite characterizability of ££ and £LT concepts under DL-Lite ontologies by ABox examples is
investigated in [19]. A systematic account of the fragments of ALC Q7 in which concepts admit finite
characterizations by finite interpretations, both without background ontologies and relative to DL-Lite
ontologies, is provided in [14]. In contrast to these works, we consider non-pointed examples in addition
to pointed ones and study finite characterizations of ££ ontologies, concept inclusions, and concept
equivalences, rather than concepts.

Related to finite characterizations are investigations into fitting and learning problems. In this
direction, the fitting of ££ and ELT ontologies as well as several TGD classes to relational structures is
studied in [9]. Fitting ontologies to ABox examples, for ALC and EL, is investigated in [8] and [10].
Another adjacent line of work concerns the exact learnability of £L ontologies from concept inclusion
examples in [20].

2. Preliminaries

Basic Notions. Let N¢ and NR be infinite sets of concept names and role names. L concepts, or
concepts for short, are defined by the rule C, D :==T | A| C M D | Ir.C where A € Nc and r € Ng.
For a finite set of concepts S = {C1,...,Cy}, we write [ 1S for C; M --- M C,,, and define [ 10 := T.
We use sub(C') to denote the set of subconcepts of a concept C and rd(C') to denote its role depth, that is,
the nesting depth of expressions Jr.D in it. Concept inclusions and concept equivalences take the form
C C D and C = D, respectively, where C' and D are concepts. An ontology O is a finite set of concept
inclusions and equivalences. We say that O is left-atomic if the left side of every concept inclusion and
equivalence in O is a concept name.

The semantics of concepts and ontologies is defined as usual in terms of interpretations T = (A%, 1),
where A # () is the domain of Z and - assigns a set AZ C A’ to every A € N¢ and a binary relation
r? C AT x AT to every r € Ng. The extension C* of a concept C is then defined as usual [21]. An
interpretation T satisfies, or is a model of, a concept inclusion C' C D if CT C DZ, and a concept
equivalence C' = D if C* = D*. We denote thisby Z = C C D and Z = C = D. Moreover, T is a
model of an ontology O if it satisfies all concept inclusions and equivalences in it, denoted Z = O.

Let « be a concept inclusion or equivalence, or an ontology. We say that « is a consequence of
an ontology O, written O = a, if every model of O is also a model of o. Ontologies O and O’ are
equivalent if O = O' and O’ = O. For O = (), we may write |= « in place of O = « and we call @ a
tautology. For O = {C C D}, we may write C C D |= « in place of O = «.

A signature is a set of concept and role names. For any syntactic object « such as a concept inclusion,
concept equivalence or an ontology, we use sig(«) to denote the set of concept and role names used
in a.

Fittings and Finite Characterizations. A pointed interpretation is a pair (Z,a) where Z is an
interpretation and a € A’. An interpretation is finite if A” is finite and -~ assigns a non-empty
extension to only finitely many concept and role names. A pointed interpretation (Z, a) is a tree if the
underlying directed graph of Z is a directed tree rooted at a. An interpretation Z is a tree if (Z,a) is a
tree for some a € A”. A non-pointed example is a finite interpretation, and a pointed example is a finite
pointed interpretation. When it is not important whether an example is pointed or non-pointed, we
simply speak of an example. For a pointed example (Z, a) and an ontology O, we write (Z,a) = O if
a € CT implies a € D for all concept inclusions C C D € O, and a € C? iff a € D? for all concept

of ‘subClassOf” and ‘equivalentClasses’ axioms classified 176 of these 243 files as left-atomic, corresponding to 72% of the
analyzed files.



equivalences C' = D € O. A collection of examples is a pair (P, N) with P and N finite sets of positive
and negative examples, respectively. An ontology O fits P ife |= O for alle € P, it fits N if e = O for
alle € N, and it fits (P, N) if it fits both P and N.

Example 1. In the case of pointed examples, fitting is not invariant under logical equivalence. Consider
the concept inclusion A C 3r. A and the collection of pointed examples ({(Z,a1)},0) with T as depicted
below.

A a1 —— a2 A

While the concept inclusion A C 3r.(A T 3r.A) is equivalent to A C Ir. A, it does not fit ({(Z,a1)},0),
since (Z,a1) £ {AC Ir.(AMN3Ir.A)}.

Also observe that if an ontology O fits (P, N ), then this does not imply that every a € O fits (P, N).
In fact, O fits (P, N) if and only if for every e € N, there is an « € O such that « fits (P, {e}).

Definition 2 (Finite Characterizability). Let C be a class of ontologies. A collection (P, N) of examples is
a characterization of an ontology O w.r.t. C if O fits (P, N) and every ontology O’ € C withsig(0’) C
sig(O) that fits (P, N) is equivalent to O. An ontology O is finitely characterizable w.r.t. C by non-pointed
examples if there exists a finite collection of non-pointed examples (P, N') that is a characterization of O
w.r.t. C, and likewise for finite characterizability by pointed examples.

The notions introduced in Definition 2 also apply to concept inclusions and equivalences when
these are viewed as singleton ontologies. When we say that every ontology from a class of ontologies
C is finitely characterizable w.r.t. C, we usually omit the ‘w.r.t. C’ qualifier, and likewise for concept
inclusions and equivalences. We remark that the condition sig(O’) C sig(Q) in Definition 2 aligns with
many ontology learning scenarios where the signature of the target ontology is assumed to be known
and fixed in advance. This restriction also makes finite characterizations more likely to exist, since
otherwise one can often construct non-equivalent fitting ontologies that use additional symbols.

Example 3. Consider the left-atomic ontology O = {A T 3r.A} and the collection of pointed examples
(P,N), where P = {(Z,a1),(J,b1)} and N = {(K, 1)} withZ, J, and K as depicted below.

a A by c1 A
7 l J l K l
a2 A by A C2

Then (P, N) is a finite characterization of O w.r.t. left-atomic ontologies. Observe that this no longer holds
when the positive example (Z, a1) is dropped, since then { A T 3r.3r. T } also fits. It also no longer holds
when the negative example is dropped, since then { A T 3r. T } also fits.

Now consider the left-atomic ontology O' = OU{B = 3r.3r. T }. While O’ also fits (P, N) and O [~ O',
we have sig(O") € sig(O). This illustrates the relevance of the restriction to sig(Q) in Definition 2.

We next observe that the expressive power of pointed examples is at least as high as that of non-
pointed examples.

Lemma 4. If an ontology O is finitely characterizable w.r.t. a class of ontologies C by a collection of
non-pointed examples (P, N ), then O is finitely characterizable w.r.t. C by a collection of pointed examples
(P, N"). Moreover, given (P, N) and O we can compute (P’, N') in polynomial time.

Proof. Let (P, N) be a finite collection of non-pointed examples that characterizes O w.r.t. C. Set
P' = Uzep{(Z.a) | a € AT} and N' = | ;cn{(T.0) | b € AT (T,b) = O}. Clearly, (P',N')
can be constructed in polynomial time and is a collection of pointed examples. From the definition of
(P’, N') it is straightforward to see that O fits (P’, N'). To show that (P’, N) characterizes O w.r.t. C,
we need to prove that any ontology from C that fits (P, N') is equivalent to O.



Let O" € C be an ontology that fits (P’, N'). We show that O’ also fits (P, N), which entails that O’
is equivalent to O since (P, N) characterizes O w.r.t. C. Let T € P. As OO’ fits P’ and, for every a € AZ,
(Z,a) € P, (Z,a) = O and therefore T = O'. Now let J € N. Then there must be some b € A7
with (J,b) € N'. Since O’ fits N/, we must have (7, b) [~ O'. This implies J [~ O, as required. [

The converse of Lemma 4 does not hold, as illustrated by Example 5.

Example 5. Consider the concept equivalence A = 3r. A and the interpretations Z, J, and K as depicted
below.

ax by A C1
7 l J K l
a2 2 A

Then (P,N) with P = {(Z,a1)} and N = {(J,b1), (K, c1)} is a finite characterization of A = 3r.A.
(P, N) is obtained from the construction used in the proof of Theorem 13, with redundant examples
omitted for simplicity. Now consider the collection of non-pointed examples (P',N') = ({Z},{J,K}).
While A = 3r. A fits (P', N'), the concept equivalence A = Ir.3r.T also does. This is not accidental.
Proposition 14 below shows that A = 3r.A does not admit a finite characterization by non-pointed
examples.

Frontiers. The subsequent constructions of finite characterizations by pointed examples rely on the
notions of canonical pointed tree models and frontiers of ££ concepts, which we recall next. For an ££
concept C, let (Z¢, ac) denote the canonical pointed tree model of C, that is, the (finite) pointed tree
interpretation that can be constructed in a straightforward recursive way from the structure of C' and
is rooted at ac [22]. We shall use the following well-known property of such models.

Lemma 6. For all EC concepts C, D, ac € D*¢ ifand only if |= C C D.
Intuitively, the frontier of a concept C' captures all possible ways to weaken it.
Definition 7 (Frontier). A frontier of an EL concept C' is a set of EL concepts F such that
1. ECCDandlE=DLCC forallD € F,
2. forall EC concepts E, if = C C E and [~ E T C, then thereisa D € F with = D C E.

For a concept C' = C M- -- M C,y, where each C; is of the form A, T, or 3r.D, we define conj(C') :=
{Ci | i € [n],C; # T}. We call C minimal if there are no distinct ¢, j € [n] with = C; T C; and
all proper subconcepts of C' are minimal. It is well-known and easy to see that every £L concept is
equivalent to a unique minimal ££ concept that can be computed in polynomial time [23].

Frontiers of £L concepts always exist and can be computed in a straightforward way if the concept
is minimal. For all minimal concepts C, inductively define a function Frontier(C') as follows:

Frontier(T) = (),
Frontier(A) = {T},
Frontier(C, M C3) = {C1 M D | D € Frontier(C3)} U{D M Cy | D € Frontier(C1)},
)

Frontier(3r.C') = { [{3r.D | D € Frontier(C)}}.

Lemma 8 ([23]). For all minimal EC concepts C, Frontier(C) is a frontier of C' and can be computed in
polynomial time.



We write Frontier(C') also for non-minimal concepts C, meaning Frontier(C”) for the unique minimal
EL concept C” that is equivalent to C.
For EL concepts C, frontiers are intimately related to finite characterizations. Consider the sets

P={(Z¢c,ac)} and N ={(Zg,ag) | E € Frontier(C)}.

Using the properties of frontiers (Definition 7) and of canonical pointed tree models, it is easy to verify
that (P, N) constitutes a finite characterization of C, in the sense that every concept D that fits (P, N)
is equivalent to C: D fitting P implies = C' C D and, if = D C C, then some E € Frontier(C)
satisfies = F C D, contradicting that D fits N.

3. Concept Inclusions and Equivalences

We investigate finite characterizations of concept inclusions and equivalences. We begin with tautologies
and show that, as soon as the signature contains a role name, finite characterizability fails. We then turn
to the non-tautological case, showing that then both concept inclusions and equivalences are finitely
characterizable by pointed examples. In contrast, concept equivalences are not finitely characterizable
by non-pointed examples, and the analogous question for concept inclusions remains open. This leads
us to the natural subclass of acyclic concept inclusions and equivalences, for which we obtain finite
characterizability even in the non-pointed setting.

Proposition 9. No tautological EL concept inclusion that contains at least one role name is finitely
characterizable, neither by pointed nor by non-pointed examples.

Proof. Let C C D be a tautological concept inclusion and let € sig(C' C D) N Ng. By Lemma 4
it suffices to show that C' C D is not finitely characterizable w.r.t. all concept inclusions by pointed
examples. Assume towards a contradiction that the collection of pointed examples (P, N) is a finite
characterization of C' C D w.r.t. all concept inclusions. Since C' C D is a tautology, we must have
N ={.

Let S = {(Z,a) € P | 3n € N:a ¢ (Ir".T)2}. If S = (), let n = 0. Otherwise, choose n
maximal such that for some (Z,a) € S, the element a has an outgoing r-path of length n. Then, by
maximality of n, every (Z,a) € S satisfies a ¢ (Ir"T1.T)Z. Moreover, every (Z,a) € P\ S satisfies
a€ (32T

Hence the concept inclusion Ir"*1.T C Ir"*2.T fits (P, N). Since this concept inclusion is not
a tautology, it is not equivalent to C' C D, contradicting the assumption that C' T D is finitely
characterizable. O]

Since every concept inclusion C' C D is equivalent to the concept equivalence C' = C'T1 D and can be
viewed as an ontology {C' T D}, Proposition 9 also implies that no tautological £ concept equivalence
that contains at least one role name is finitely characterizable w.r.t. all ££ concept inclusions, as well
as an analogous result for tautological ££ ontologies. In light of Example 1 we remark that C' C D
and C = C' 1 D are even equivalent in the stronger sense that for every pointed example e, we have

e=CLC Difandonlyife =C=CnD.

The main result of this section is that concept equivalences can be finitely characterized by pointed
examples w.r.t. all concept equivalences, which implies the same result for concept inclusions. Since,
however, concept inclusions are more basic than concept equivalences and more widely used, we
first showcase the construction of a characterizing collection of examples for concept inclusions. The
following is our main result regarding concept inclusions.

Theorem 10. Every non-tautological EL concept inclusion is finitely characterizable by pointed tree
examples. Moreover, such a finite characterization can be computed in polynomial time.



As for the proof of Theorem 10, let C' C D be a non-tautological concept inclusion. Define

P ={(Zcrnp,acnp)} U{(Zg,aE) | E € Frontier(C)} and
N ={(Z¢,ac)} U{(Zg,ag) | E € Frontier(C M D) and = E C C}.

By Lemma 8, the collection (P, N) can clearly be computed in polynomial time. Up to minor details,
the above construction is the specialization of the more general construction for concept equivalences
given in the proof of Theorem 13 below. Nevertheless, we prove in the appendix that the above
construction indeed yields a finite characterization. Here we provide some intuitions. The first negative
example ensures that all concept inclusions C' C D' that fit (P, N) satisfy = C' C C’ and are not
tautologies. The second kind of positive example then gives = C’ = C. The first positive example
ensures that = C'11 D C D’ and the second kind of negative example ensures that = C' 1 D' C D.
This then implies that C C D and C' C D' are equivalent.

Example 11. Consider the concept inclusion A T Jr.A. The finite characterization of A C 3r.A by
pointed tree examples following the above construction is (P, N') with

P ={(Zanar.a,aar3r.4), (Z7,a7)} and N ={(Za,an), Zarzr7,04n3.7)}

We leave it as an open problem whether every non-tautological ££ concept inclusion is characterizable
by a finite collection of non-pointed examples. We give an example showing that some cyclic concept
inclusions admit finite characterizations by non-pointed non-tree examples.

Example 12. Consider again A T 3r.A and the interpretations I, Za, and I as depicted below.

aT aa A ar A
It Za 7 l

a2 — a3 A

U

Then (P, N) with P = {Z7} and N = {Z4,Z} is a finite characterization of A C Jr.A. Similarly to the
construction in the pointed case, It and L4 control the left side of any fitting concept inclusion. L4 € N
leaves as possible left sides only A and T, and It € P excludes T. So the left side of any concept inclusion
fitting (P, N) is equivalent to A. The negative example T then excludes all concept inclusions A T C
with AC 3rAE AC Cbut AC C £~ AL 3r.A. This is the case as any concept inclusion A T C
is satisfied at ay and a3 and violated at a;y if and only if = C C 3r.A. Observe that T thus excludes an
infinite number of concept inclusions that are strictly weaker than A T 3r. A.

What follows is the main result of this section concerning pointed examples.

Theorem 13. Every non-tautological EL concept equivalence is finitely characterizable by pointed tree
examples. Moreover, such a finite characterization can be computed in polynomial time.

Theorem 13 is proved as follows. Let C' = D be a non-tautological concept equivalence. We
distinguish three cases:

1. Both = C C D and = D C C hold. Then set

P ={(Zg,ag) | E € Frontier(C) U Frontier(D)} and N = {(Z¢,ac),(Zp,ap)}.

2. FCC Dand}= DL C. Then set

P = {(ICI‘lD7aC’F|D>} U {(IE,CLE) ’ E e Frontier(C)} U
{(Zg,ag) | E € Frontier(D) and [~ E C C},
N ={(Z¢,ac)} U{(Zg,aE) | E € Frontier(D) and = E C C}.



3. ECC Dand £~ D LC C. Then P and N are defined as in Case 2, but with C' and D swapped.

We compare the above with the construction for concept inclusions. To do this, a concept inclusion
C C D must be viewed as the concept equivalence C' = C' I D, and thus all concepts D in the above
construction must actually be read as C'T1 D. If C' C D is not a tautology, we are therefore clearly
in Case 2 above. Moreover, the negative examples of the two constructions are essentially identical.
Note that since D must be read as C' M D, we have E € Frontier(C 11 D) with the same qualifier
E E C C. Also note that there is an additional third kind of positive example in the above construction.
This is necessary because here we work w.r.t. the class of all concept equivalences, even if we aim to
characterize a concept inclusion, whereas for Theorem 10 we work w.r.t. the class of concept inclusions
only.

Theorem 13 establishes finite characterizability of ££ concept equivalences by pointed examples. In
contrast, finite characterizability by non-pointed examples fails.

Proposition 14. The concept equivalence A = 3r.A is not finitely characterizable by non-pointed
examples.

Proof. Assume towards a contradiction that there is a collection of non-pointed examples (P, V)
that characterizes A = JIr.A. Consider the concept equivalences A = Jr’. A for all i > 2. As
A=3r. A= A=3r' Afor every i > 2, all these concept equivalences also fit the positive examples
in P.Butas A = 3r*. A £ A = 3Ir.A for any i > 2, there must be, for every i > 2, a negative example
T € N suchthat Z = A = 3ri. A. Since N is finite and there are infinitely many prime numbers, there
must in fact be a single Z € N such that

(%) Z = A = 3rP.A for infinitely many prime numbers p.

To obtain a contradiction, it suffices to show that this is not possible.

Let 7 be a negative example that satisfies (x). Since Z is a negative example, we have Z [~ A = Jr. A.
Choose two distinct primes p1, ps such that Z = A = 3rPi A for i € {1,2}. For any element a € AZ,
define

Dy ={ieN|ac (3 .A)7F}.

Now, as Z [~ A = 3r. A, there must be an element a € A such that
1.a€ AT anda ¢ (3r.A)% or
2. a¢ AT and a € (3r.A)%.

In Case 1, it must be that kip; + kops € D, for all k1,ky > 0. As p; and py are coprime, the
Frobenius number exists [24, 25]. It is p1p2 — p1 — p2 and satisfies the property that ¢ € D, for all
1 > p1p2 — p1 — p2. Thus, for every ¢ > pi1ps — p1 — pa2, there must be an r-successor b of a such that
i — 1 € Dy. However, since a ¢ (3r.A)%, it follows that b ¢ AZ. Thus, 7 j= A = 3~ A for all
1 > p1p2 — p1 — p2. This contradicts the fact that 7 satisfies ().

In Case 2, there must be an r-successor b of a such that b € AZ. Then we can argue similarly to
Case 1 that i € Dy, for every ¢ > p1ps — p1 — p2. Thus, i + 1 € D, for every ¢ > p1p2 — p1 — p2, and
hence Z £ A = I+ A forall i > pips — p1 — po. This is again a contradiction to Z satisfying (x).

Note that at no point is the finiteness of 7 assumed. Hence the same proof also shows that A = 3r. A
is not finitely characterizable by finite sets of potentially infinite interpretations. O

Central to the proof of Proposition 14 is the cyclic behavior of A = 3r.A. We now consider certain
natural and rather general classes of acyclic concept inclusions and equivalences and show that these
admit finite characterizations in terms of non-pointed examples, even w.r.t. all concept equivalences.

We say that a concept inclusion C' T D is acyclic if there is no concept Ir.D’ € sub(D) such that
E D' C C. Informally, this is equivalent to demanding that the well-known restricted chase procedure
terminates when applied to Z¢ under C' C D. A concept equivalence C' = D is acyclic if the concept



inclusions C' C D and D C (' are both acyclic. It is not hard to see that if a concept inclusion C C D
is acyclic, then the equivalent concept equivalence C' = C' 11 D is also acyclic. In particular, there
is no subconcept Ir.E' € sub(C M D) with = E T C: we would have E € sub(C) or E € sub(D)
and the former can easily be shown impossible using an argument based on role depth, while the
latter is impossible because C' C D is acyclic. Conversely, there is no subconcept 3r.E € sub(C') with
= E C C N D for reasons of role depth.

Theorem 15. Every non-tautological acyclic EC concept equivalence is finitely characterizable by non-
pointed tree examples w.r.t. all EL concept equivalences. Moreover, such a finite characterization can be
computed in polynomial time.

Theorem 15 also yields an analogous result for concept inclusions because every acyclic concept
inclusion is equivalent to an acyclic concept equivalence.

Theorem 15 is proved as follows. Let C = D be a non-tautological acyclic concept equivalence and
let (P, N) be the finite collection of pointed examples that characterizes C' = D obtained from the
construction in the proof of Theorem 13. Consider the collection of non-pointed examples (P’, N”)
with

P' ={T|(Z,a) € P}U{Zcrp} and N ={J|(J,b) € N}.

It is clear that C' = D fits N'. As it turns out, the same is true for P’ since C = D is acyclic.?
Lemma 16. C = D fits P'.

Proof. We show that Zcrp |= C = D. Assume for contradiction that there is an ap € AT0nD with
ap € CTenp and ap ¢ DTenp, The case with ag ¢ CZ7P and ap € DONP is symmetric. Clearly F
cannot be C' M D. If E is a true subconcept of C, then a cannot be in CZ¢nP for reasons of role-depth.
If E is a true subconcept of D, then there is a true subconcept E of D such that = E C C, contradicting
acyclicity. Similar arguments apply to the other kinds of positive examples, additionally using the
properties of frontiers and can be found in the proof of Theorem 15 in the appendix. O

Since (P, N) characterizes C = D and C = D fits (P’, N'), it should be clear that we can show
(P’, N') to be a characterization of C' = D by proving that every concept equivalence that fits (P’, N')
also fits (P, N). This is done in the appendix, and it relies on the additional positive example in P’.

4. Ontologies

We move on to investigate the finite characterizability of ££ ontologies, which generalizes the cases of
concept inclusions and concept equivalences considered before. Thus the negative result of Proposi-
tion 14 applies also here, that is, £ ontologies cannot be finitely characterized by non-pointed examples.
In contrast to concept equivalences, however, they also cannot be characterized by pointed examples.
Even worse, not even acyclic concept inclusions can be characterized w.r.t. the class of ££ ontologies,
in the sense made precise by the following proposition.

Proposition 17. The ontology {A T 3r. T} is not finitely characterizable, neither by pointed nor by
non-pointed examples.

Proof. By Lemma 4 it suffices to prove that {A T 3r.T} is not finitely characterizable by pointed
examples. Let O = {A C 3r.T }. Assume, contrary to what we aim to show, that (P, N) is a pointed
collection that finitely characterizes O.

For every example (Z, a) € P, either the length of outgoing r-paths starting in a is bounded by some
n > 0, or (Z,a) satisfies a € (3r™.T)% for all n € N. Let n € N be minimal such that all (Z,a) € P
satisfy a € (Ir"TL.T)  ora ¢ (3r".T)L. Then O’ = O U {Ir". T C Ir"*+1. T} also fits (P, N) but
clearly O (£ O, contradicting the assumption that O is finitely characterizable. d

*This clearly does not hold if C' = D fails to be acyclic because all positive examples in P are finite trees.



We also give an example of a (very simple) ontology that admits a finite characterization in terms of
pointed examples. In contrast to all other positive cases in this paper, it requires non-tree examples in
the characterization.

Example 18. Consider O = {T C 3r.A} and the collection of pointed examples (P, N) with P =
{(Z,a1),(T,b1)}, N ={(Zr,aT),(K,c1)} and the interpretations Z, T, K as depicted below.

ax by €1
7 l VAR K l
as A by A bs c2

Y v Y
We show in the appendix that (P, N) is a finite characterization of O.

We next consider the class of left-atomic £L ontologies that play an important role in practice and,
as it turns out, can be finitely characterized.

Proposition 17 shows that left-atomic ontologies are not finitely characterizable w.r.t. the class of all
&L ontologies, neither by pointed nor by non-pointed examples. In the non-pointed case, this can be
strengthened to be w.r.t. the class of all left-atomic ontologies. This in fact follows from the proof of
Proposition 14 which establishes non-characterizability of the concept equivalence A = 3r. A not only
w.r.t. the class of all concept equivalences, but even w.r.t. the class of all left-atomic concept equivalences.

Proposition 19. The left-atomic ontology { A = 3r.A} is not finitely characterizable by non-pointed
examples.

Moving to pointed examples improves the situation. In the following, we consider the finite charac-
terizability of left-atomic ontologies w.r.t. the class of all left-atomic ontologies and show the following
main result of this section.

Theorem 20. Every left-atomic EL ontology is finitely characterizable by pointed tree examples.

To prepare for the proof of Theorem 20, we extend the notion of role depth to concept inclusions, con-
cept equivalences and ontologies in the natural way: rd(C' C D) = rd(C' = D) = max(rd(C), rd(D))
and rd(O) = max{rd(a) | @ € O}. In what follows, we assume without loss of generality that
left-atomic ontologies O contain only concept equivalences and that for every A € sig(O), O contains
at least one concept equivalence A = C' € O. This is possible because every left-atomic concept
inclusion A C (' is equivalent to the concept equivalence A = A1 C and the concept equivalence
A = A is a tautology.

The central property of left-atomic ontologies that we use to obtain a finite characterization by
pointed examples is the following.

Lemma 21. For all left-atomic EL ontologies O, O’ such that sig(O’) N N¢ C sig(O) and O = O/, there
exists an EL concept C' such that sig(C) C sig(O), rd(C) < rd(0), (Z¢,ac) | O, and (Zc, ac) = O'.

The main virtue of Lemma 21 is that the role depth of C' is bounded by that of O, not of O’. To see
that this is helpful for a finite characterization, think of O as the ontology that we want to characterize
and of O’ as ranging over infinitely many non-equivalent ontologies that we want to exclude. Also
note that Lemma 21 is specific to left-atomic ontologies. For ontologies O, O’ that are not required to
be left-atomic, we also find a concept C' as in the lemma, but its role depth depends on that of O'. This
is because we want to falsify O’ and thus need to make the left-hand side of some concept inclusion or
equivalence in O true.

We now construct the announced finite characterizations. Let O be a left-atomic ontology. Choose
a set I' of L concepts C' with sig(C) C sig(O) and rd(C) < rd(O) such that the following two
conditions are satisfied:



1. if Cq,Cy € T are distinct, then & C1 = Cy;

2. for every EL concept C with sig(C) C sig(O) and rd(C) < rd(O), there is a C' € T with
EC=C

Then T’ is finite because there are only finitely many pairwise non-equivalent ££ concepts of bounded
role depth and fixed signature. We may thus set

P={(Zc,ac) | C €T and (Z¢,ac) = O} and
N = {(Ic,ac) ‘ C el and (Ic,ac) bﬁ O}.

In the appendix we show that (P, N) is a finite characterization of O. The central idea is to use
Lemma 21 to show that every left-atomic ££ ontology O’ that fits P must be of role depth at most
rd(Q) and satisfy O = O’ If O’ additionally fits NV, Lemma 21 can be applied in the reverse direction
to show that O’ = O. Thus, O is equivalent to O’

5. Conclusion

We launched the first investigation of the finite characterizability of ontologies and concept inclusions
by considering the lightweight description logic £L. Our results show that pointed examples are strictly
more expressive than non-pointed examples, and can even finitely characterize the relevant class of
left-atomic ontologies. We believe they are also particularly interesting from a practical perspective, as
they enable smaller examples. This is because existential restrictions on the right-hand side of concept
inclusions only need to be satisfied at the distinguished point.

As mentioned in the introduction, all negative results in this paper imply that, in the same setting,
exact learning using membership queries alone is impossible. Conversely, for the cases in which we
obtain positive results, it would be interesting to investigate whether exact learning is possible with
polynomially many membership queries.

As further work, it would be interesting to investigate finite characterizability for other ontology
languages such as £, ELZ, and (restricted) existential rules. It would also be interesting to study the
complexity of deciding whether, given a set of pointed examples, there is a fitting ontology.
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