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Abstract

The identification and mitigation of bias in machine learning systems requires a precise formal representation of
the norms against which inferences are evaluated. Formal ontologies provide a natural foundation for this task. In
this work, we develop a Description Logic-based general formalization of the structure underlying several types
of bias, with explicit attention to the epistemic states of agents. First, we employ the Description Logic ALC to
axiomatize the ontological structure that encodes the normative conditions under which an inference counts as
biased or unbiased. Second, we provide a translation of the ALC formalization into a first-order modal framework
enriched with necessity and knowledge operators. This step allows us to integrate ontological constraints with
representations of agents’ epistemic attitudes, thereby connecting DL-based knowledge representation with
epistemic reasoning. The combined framework makes it possible to characterize formally the epistemic conditions
under which agents may generate biased inferences and to distinguish them from configurations in which bias
cannot arise.
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1. Introduction

In recent years, formal ontologies have taken on a central role in analyzing salient features of Machine
Learning (ML) systems (see, e.g., [1], [2], [3]). In particular, Ferrario et al. [4] examine bias through the
lens of applied ontology, modeling it in terms of ontological descriptions in DOLCE. Their study explores
how systematic deviations emerge from interactions among observations, acquired knowledge, and the
classifications produced by ML systems. They argue that uncovering and mitigating bias first requires
identifying and representing it, a task for which formal ontologies are especially well suited because
they offer conceptual clarity and a shared vocabulary across the ML pipeline. The authors maintain that
bias evaluation is always relative to a reference norm, whether statistical, social, ethical, or legal, since
the same phenomenon may be considered biased under one standard but not another. Accordingly, they
define biases as concepts classifying inferences grounded in specific observations, prior knowledge,
and resulting classifications, and distinguish four types of bias —sampling, specification, inductive, and
deployment—based on which element in this inferential process deviates from the relevant norm.

Ferrario et al’s framework is epistemologically focused and, as such, agent-based. Building on
their approach, in this work, we place a more explicit emphasis on the epistemic states of agents. To
this end, we adopt Kripke semantics, where accessibility relations are epistemic and possible worlds
represent epistemic possibilities over ontological states. This setting enables us to model agents and
their reasoning about alternative ontological configurations. Our goal is to formally characterize the
conditions under which an agent’s reasoning may be affected by outputs that are assessed as biased.
Our main contribution is a unified framework that integrates ontological constraints with epistemic
representations of agents interacting with ML systems. Building on a norm-theoretic conception of bias,
according to which bias consists in a systematic departure from a relevant statistical or social norm (see
[5]), we analyze such conditions through two interconnected dimensions:

(i) normative principles that relate ontologies to admissible or expected outputs, and
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(ii) the epistemic attitudes of agents toward those ontologies and outputs.

On this basis, we develop a formal framework that supports systematic reasoning about different
types of bias and allows us to identify specific reasons for which an agent may - or may not — be subject
to a given form of bias. From a technical standpoint, we embed ontological descriptions formulated
in ALC within an epistemic framework. More specifically, we translate ALC into first-order logic
and extend the resulting language with two modal operators, knowledge and necessity, interpreted
over multi-agent first-order Kripke models. This extension allows us to combine DL-based ontological
constraints with the explicit representation of agents’ epistemic states. Within this enriched framework,
the four bias types introduced by Ferrario et al. can be reformulated in explicitly epistemic terms.

For the purposes of this extended abstract, we focus on a general formalization of the structure
underlying sampling, specification, inductive, and deployment bias, illustrating the expressive adequacy
and methodological benefits of the proposed approach. The concrete formalization of each bias type
can be systematically derived within the same setting. A detailed formal development of these cases,
together with a systematic comparison among them, is deferred to a longer version of the paper.

2. A formal analysis

The starting point of our analysis is an extension of the syntax of ALC (see, e.g., [6, pp. 10 - 139]) with
the modal operators [J and K,,.! We denote this extended framework ALC™" and define its language as
follows, where A stands for atomic concepts:

C:=A|T|LlCcnCc|cucC|-C|vr.C|3rC
¢ = C(a) | R(a,a) |CEC| DY | Koy

Concepts and relations among them are interpreted as usual. The operators [J and K, are applicable
to three types of expression: concept assertions C'(a), role assertions R(a, b), and inclusion statements
C C D. We refer to such expressions as 9. Expressions of the form ¢, (1), K, constitute the formulas
of ALC". Formulas of a form [t and K1) denote that v is necessary and 1) is known by agent a,
respectively. We now define the Kripke frames and models used to interpret £A%C+,

Definition 1. A frame is a pair F = (W, R') where W is a non-empty set of possible worlds, R* is a
function, yielding for every agent a € A an accessibility relation R4 (a) C W x W (we will write R,
rather then R4(a)). A model is a tuple M = (F, T) where F is a frame and T is a function that associates
to eachw € W a model of ALC.

A concept C is satisfied in M if there is w in F such that CTv # (), and that C is satisfiable if there
is a model in which it is satisfied. The satisfaction of a formula ) in w of M (M, w |= 1), is defined as
follows:

« M,wkE CCDiffCte C D%,

« M,w [=7(a,b) iff (aTv,bTv) € rTe,

c MywE oA IfM,w = ¢ and M, w =,
- M,w = C(a) iffatv € CTw,

¢ M,wIZﬂqﬁiﬁM,wb&zp,

e Myw =0¢ iff forallw' € W, M,w'" = ¢,

'While [7] introduce an epistemic modality K that applies to roles and concepts, our aim is instead to define modalities
that apply to assertions, rather than to roles or concepts themselves. The same observation applies to more recent work in
Epistemic Description Logics, such as [8], who adapt Donini’s definition of the epistemic operator /K. Our approach, however,
is closer to other proposals in Epistemic Description Logics, such as [9], where the operator K is introduced directly at the
first-order level. Nevertheless, the two approaches differ in at least two important respects. First, although the semantic
definition of the K operator in first-order logic is essentially the same, in our framework it is not intended to represent
the knowledge encoded in a knowledge base. Rather, it models the knowledge of agents interacting with an ML system.
Consequently, our interpretation of K concerns epistemic possibilities in the standard sense of epistemic logic. Second, from
a technical perspective, our framework provides a uniform treatment of both the K and [J operators.



e Myw = K¢ iff for allw’ ifwR,w' then M, w' |= ¢.

We say that ¢ is satisfied in M if there isw € W such that M, w = ¢, and that ¢ is satisfiable if it is
satisfied in some model; ¢ is valid in M (M = ¢), if it is satisfied in all w of M; and ¢ is valid on F
(F | @) if, for all M based on F, ¢ is valid in M.

In what follows, we use O to denote the conjunction of all axioms of a given ontology defined in
ALC™ terms. Note that O is not necessarily a formula. As such, modal operators ((J and K,,) cannot be
applied directly to O. In order to meaningfully express modal statements about ontologies, we therefore
introduce a first-order modal translation of ALC™, which allows modalities to range over the translated
axioms.

Definition 2. A first-order modal model is a tuple M¥O = (W, R4, D, I), where W is a non-empty set
of worlds, R is a function, yielding for every agent a € A an accessibility relation R*(a) C W x W (we
will often write simply R, instead of R4(a)), D is a non-empty set, called domain, I is a function that to
each n-place predicate symbol P in w assigns a subset of D™ (I(P,w) C D").

A substitution is any function that to each variable assigns an element of D (¢ : Var — D). A
substitution ¢’ is said to be an x-variant of o if o(y) = o’(y) for all variable y except possibly z,
denoted o ~, o’. Truth is defined in a state relative to a substitution.

Definition 3 (First-order models. Truth conditions). Let MfC = (W, R4 D, I). The relation
M,w =, ¢ is defined by induction, where w is a world, o is an assignment, and ¢ is a formula of
first-order modal logic.

« MFO w =y P2y, ..y ) iff (0(21), ..., o(2)) € I(P,w) for each n-place predicate symbol P
e MFO w =5 ¢ A if MFO w =5 ¢ and MFO w =, 1

° MFO7w Fo ¢ iﬁCMFO’w Eo @

« MFO =, Yag iff forany o ~y o', MFO w =0 ¢

e MFO =, O¢ iff for allw', M¥O W' =, ¢

e MFO w =, Kq¢ iff for allw', if wR,w' then MTO w' =, ¢

A formula ¢ is said to be true in the world w if MTC w =, ¢; otherwise, it is said to be false at w. If
MFO =, ¢ for every worldw, MFC \=, ¢. If MO = ¢ for any assignment o, MTC = ¢.

This semantics characterizes the following system.

Definition 4 (System FO).
All classical tautologies (
S5 axioms for (
K axioms for K; (
O¢ — K,0¢ (
O¢ = U0 ¢ for O = K, ~Ki~ (O — uni)
Modus Ponens (
Necessitation for O) = 0, K; (
Vad(z) - dly/a] (
Ve O ¢(x) = OVzo(x) for O =0, K;  (

Theorem 1. System FO is sound and complete with respect to the semantics of Definition 3.

We are now in a position to define a translation from ALC™ into FO. This translation extends the
one presented in [6, p. 45] with the following cases for (¢ and K, ¢: 7, (0¢) = Omp(d); mo (Kop) =
Koy (9); my(O¢) = Omy(¢); my(Ke¢) = Kamy(¢). The fact that this translation preserves the
semantics can be established by a straightforward induction.



Figure 1: Model MYies

3. A general scheme for bias

Having established a sound and complete logic for reasoning about agents’ attitudes (FO), we are now
in a position to represent a common root underlying the biases identified in [4]. Informally, this root
can be characterized as a deviation of agents’ beliefs from an appropriate normative standard, which
manifests across different kinds of bias. From this perspective, two main aspects must be accounted for:
the relevant normative standard and the epistemic states of the agents.

Consider an ML system that can be described in terms of an ontology O. Suppose that a normative
constraint requires that this system, given O, produce a specific output P(a). This requirement can
be formalized by stipulating that O implies P(a) across all epistemically possible worlds for every
agent. Now consider an agent a who takes it to be epistemically possible that, given the ontology O,
the output P(a) is not produced. Semantically, this situation can be represented within a first-order
modal model as follows, where ® denotes an operator capturing a general form of bias.

Definition 5. Given MT© and w,w',w" € W of M¥O:

MEOC w b=y @4(72(O), w2 (P(a))) iff for allw’ € W, MO ' =, m,(O) implies MFO w' |=,
7.(P(a)); and there exists at least one w” such that wR,w" and if MO w" =, 7,(0O) then
MFO7U)H b&a Wx(P(a))'

With this definition, 7, (0O) and 7,(P(a)) denote the translations of the ontology O and of the
output P(a) into the first-order language. The expression ®,(7;(O), 7 (P(a)) indicates that agent a
is subject to a bias when evaluating the output P(a) in the context of an ontology O.

It is straightforward to represent ®, using the modal operators [] and K, as follows:

®q(72(0), 15 (P(a))) := O(1m:(0) = mx(P(a))) A 7Ky (7:(0) = —mz(P(a)).

We now present an example illustrating a possible application of the general scheme for bias given in
Def. 5. Consider the model M"* (see Fig. 1). In this model, agents a and b are subject to bias with respect
to P(a), whereas agent c is not. For every world w in M%%, we have M, w =, 7,(0) — m.(P(a)),
which captures the normative constraint.” However, while agent ¢ does not consider it epistemically
possible that -7, (P(a)) together with the ontology O hold, agents a and b do so. The underlying
reasons, however, may differ. In particular, agent a considers wy possible. In that world, the ontology
differs from the one specified by the normative constraint, which leads to the outcome -, (P(a)).
When analyzed in more detail, this situation can be associated with sampling bias, which arises when
the source of an inference lacks observations about a relevant class of objects. Agent b, by contrast,
does not consider wy possible; hence, in all worlds accessible to b, 7, (P(a)) holds. Nevertheless, in ws,
the output 7, (P(a)) is not obtained under O. This suggests that agent b may be subject to a different

*Notice that the norm takes the form of an implication, where the condition of ideal functioning, 7, (Q), appears as the
antecedent. Consequently, it is not necessary that an agent conceives the ontology as holding in every epistemically possible
situation.



form of bias, namely deployment bias, which occurs when an ML system is applied in contexts that
differ significantly from those in which it was trained.

By integrating normative and epistemic considerations, the framework proposed here provides a
novel perspective on bias as a phenomenon that affects not only the outputs of ML systems but also
the attitudes of the agents who rely on them. This perspective may inform future approaches to bias
detection and mitigation, ultimately contributing to the development of more trustworthy Al systems.
Future work will refine the general framework by formally characterizing specific forms of bias and
investigating their manifestation in concrete ML applications.
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