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Abstract
We investigate a formula-based approach for updating ABoxes in DL-LiteElfo ) a description logic that enjoys a

low computational complexity of reasoning. Specifically, we extend the existing coherence update semantics

from DL-Litel}t” to deal with conjunctions on the left-hand side of TBox axioms, which introduce ambiguity in

the update result. We address this problem by proposing the new prioritized coherence update semantics that
employs rankings over conjuncts to select among competing updates while preserving the central properties of
minimal change, syntax independence, and uniqueness. We further show that updated ABoxes can be computed

via a stratified Datalog ™ program based on a novel consequence-based calculus. The approach runs in polynomial
(HF)

time, matching the complexity of standard reasoning in DL-Lite, - .

Keywords
DL-Lite, Instance-level Update, Coherence Update Semantics

1. Introduction

The problem of updating description logic ABoxes has been studied in many contexts, such as belief
revision [1, 2, 3], ontology repair and inconsistency-tolerant semantics [4, 5, 6, 7, 8], ontology evolu-
tion [9, 10, 11, 12, 5, 13, 14], and action formalisms and planning [15, 16, 17, 18, 19]. The main task is to
repair/update the ABox while preserving consistency w.r.t. a fixed TBox. That is, given an ABox .A that
describes the current state of the world and an update/action that causes new facts about the world to
become true and others to be invalidated, we should compute an updated ABox A’ that reflects these
changes, but does not contradict the background knowledge in the TBox 7. Different update semantics
have been proposed, and can be categorized roughly into model-based [10, 12, 13] and formula-based
approaches [9, 11, 5, 14]. In the former, updates operate on the semantic level by considering all possible
models of the current ontology (7, .A), updating these models according to the new information, and
then trying to describe these models by a new ABox .A". However, model-based updates often do not
exist (without changing the ontology language), and are costly in terms of computational complexity.

In contrast, in formula-based approaches, updates operate directly on the syntactic level of the ABox
assertions, without considering all possible models explicitly. While such semantics have their own
drawbacks, their main advantage is the favourable computational behaviour. In [14], the formula-based
coherence update semantics for DL-LiteEZﬁf ) was investigated,' which is syntax-independent: For any two
ABoxes Aj, Aj that are equivalent w.r.t. 7 (i.e., they entail the same assertions), the updated ABoxes

|, AL are also equivalent w.r.t. 7. This also ensures that the updated ABox is unique up to equivalence,
which is a desirable property, e.g. for automated planning [16, 18, 19].

In this paper, we extend the coherence update semantics [14] to DL-Lite%rf) (albeit without role
disjointness axioms) while preserving its good properties. In contrast to DL-Litegy. ’, the presence of
conjunctions in concept inclusions can cause the existence of multiple possible updated ABoxes. For
example, consider the ABox A = {A(a), B(a)} and the TBox 7 = {AMB C C'}. If the goal is to make
C'(a) false by updating the ABox, there are three possibilities: remove A(a) or B(a) from A, or remove
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both. The last option violates the principle of minimal change that is often adopted [5, 1, 14]. To resolve
the choice between the remaining incomparable updated ABoxes A’ = {B(a)} and A” = {A(a)}, we
introduce a ranking over the conjuncts on the left-hand side of a concept inclusion. For example, for the
inclusion AM B C C, we can declare A to be more important than B, and thus prefer A” = {A(a)}.
This allows us to extend the original coherence update semantics [14] without giving up the properties
of syntax independence, uniqueness, or minimal change.

While related to semantics of inconsistency-tolerant reasoning, our assumption here is that the
original ontology is consistent. Moreover, the focus of update semantics is on computing a single
updated ABox that preserves as much information of the original ontology as possible. Although the
inconsistency-tolerant IAR/ICAR semantics reduce reasoning to a single ABox, by considering the
intersection over all possible repairs, they lose a lot of information [4, 6]. Approaches for computing
preferred repairs via weights on the assertions [7] are not feasible in our setting, since for frequent
updates we would need an automated way to determine the weights of newly added assertions. Instead,
since the TBox does not change, we choose to define rankings on the level of conjunctions, which
allows us to compute the update semantics in a uniform way for all possible 1nput ABoxes.

After introducing the new prioritized coherence update semantics for DL thegl ) without role dis-
jointness axioms, we show that we can reduce the problem of computing the updated ABox to the
evaluation of a stratified Datalog ™ program, similarly as in [14]. However, since the rankings are defined
on the level of individual concept inclusions, we cannot simply pre-saturate the TBox as commonly
done for Datalog rewritings [20, 14], but need to develop an encoding into stratified Datalog™ that is
more closely aligned with consequence-based approaches for computing TBox entailments [21]. Since
no such consequence-based rules exist for DL the% Drf), we start by developing our own calculus, and
then use this as the basis to define the translation of our update semantics into stratified Datalog™.
In contrast to [14], our Datalog " program is recursive, and thus cannot be used directly to obtain an

equivalent first-order rewriting. Nevertheless, it allows us to show that the updated ABox can always
(HF) (9]

be computed in polynomial time, similar to standard reasoning in DL-Lite,

2. Preliminaries
(HF)

In this section, we introduce DL-Litey, ., ontologies and Datalog™, as well as additional notations to
improve the presentation and conciseness.

The Description Logic DL- thel(wm). Given disjoint sets C, R, I of atomic concepts A, atomic roles P,
and individuals (constants/objects) o, (complex) concepts and roles are formed as follows:

basic role: R — P | P~ role: S — R | R
basic concept: B— 1L | A | 3R concept: M — B | M MM

For the inverse role P~, we set (P~)™ := P.

An ABox is a finite set of basic concept assertions B(0) and basic role assertions R(0,0').* A DL—LiteEerf)
TBox is a finite set of concept inclusions (F1), role inclusions (F2), functionality axioms (F3), (a)symmetry
axioms (F4), (ir)reflexivity axioms (F5), which are of the form

M C B (F1) RC S (F2) funct R (F3) (a)sym P (F4) (ir)ref P (F5)
where M, B, S, R are as above. For the sake of this paper, we consider only DL—Liteﬁf) axioms of
the forms (F1), (F2), and (F3), where (F2) is further restricted to R C R, i.e. we forbid role disjointness,
(a)symmetry and (ir)reflexivity axioms. The main reason is that role disjointness axioms R} T =Ry
can be entailed by concept inclusions like 3R; M 3Ry C L, which does not allow to clearly separate
reasoning with concept inclusions and reasoning with role inclusions as in DL theﬁm ). Asusual [23,22],

*The reason why we do not just consider atomic assertions will be explained in Section 4.



functional basic roles and their inverses are not allowed to occur on the right-hand side of any inclusions.
This has the effect that no new assertions involving functional roles can be derived and lowers the
computational complexity. An ontology (knowledge base) K is a tuple (T, .A), where T is a TBox and A
is an ABox. We assume the reader to be familiar with the semantics of DL—Liteh?mf [22], defined via
first-order interpretations Z under the unique name assumption, and the entailment relation . Two
ABoxes A;, As are equivalent w.r.t. a TBox T if (T, A;) and (T, A2) entail the same assertions.

A positive concept D is of the form A | 3R where A is an atomic concept and R is a basic role.
Throughout this work, we use B, R, M, S, D, and o to denote basic concepts, basic roles, complex
concepts, complex roles, positive concepts, and individuals, respectively. Extending upon the previous
notion, a TBox axiom is called positive if it is of the form M T D or Ry C Ry, where R;, Ry are
basic roles. Otherwise, it is called negative. For a TBox T, we denote by 7 the set of all positive
axioms from 7. We also use X to denote either a basic concept B or a basic role R, and 0 to denote
a unary or binary vector of individuals, respectively. For an inclusion 7 = |—|f:1 X; C X, we define

lefi(r)(3) == {X1(0), ..., Xu(3)}.

Datalog™. A termis either a constant or a variable. An atom has the form p(Z) where p is an n-ary
predicate and ¥ = (x1,...,x,) is an n-ary tuple of terms. A fact is an atom without variables. A
Datalog™ rule [24] is a first-order rule of the form p(¥) < ®(Z, /), where the head p(¥) is an atom and
the body ®(Z, ) is a conjunction of atoms and negated atoms, such that every variable occurring in the
head or in a negated body atom also occurs in a positive body atom. Moreover, we write ®*/®~ to
denote the set of positive and negated atoms appearing in ®, respectively. A finite set of Datalog™ rules
(program) R is stratified if there is a partition Py, ..., P, of the set of predicates P appearing in R
such that, for each predicate p; € P; and p;(¥) < ®(Z,9y) € R (i € {1,...,n}), the following holds:
(1) If p; € P; appears in a positive atom in (&, /), then j < 4; (2) If p; € P; appears in a negated atom
in ®(Z, ), then j < 4. Such a partition is called stratification.

For a term, atom, or rule o, a substitution o of « is a partial mapping ao from its variables to constants
by replacing each occurrence of a variable x in « by o(z). If o contains no variable, then ao is an
instance of .. For a set of facts D (dataset) and a Datalog program R, the immediate consequence operator
Tr(D) = {p(Z)o | p(Z) + ®(Z,4) € R, ®to C D, & o N D = (I} is the set of facts obtained by
applying a rule in the program R to D. Given a stratification A = Py, ..., P, a Datalog™ program R,
and a dataset D, we define for each i € {1,...,n} the sequence of datasets: D3° = D, D} = D$°,,
DIt = D® UTg,(D?), and D = Uj>1 D!, where R; = {pi(Z) « ®(Z,7) € R, p; € Pi}. The set
D¢? is called the materialisation (evaluation) of R over D. For a fact p(0), we say that R and D derive p(0)
iff p(0) € Dg° and write R, D = p(0). Since the materialisation of R over D is finite and independent
of A [24], for simplicity we will write T (D), . .., T2/(D) instead of D§°, ..., D$°, ..., DS°, pretending
that there is a single consequence operator that applies the rules of R in order of stratification.

(HF)

3. Consequence-Based Reasoning for DL-Lite, .

As mentioned in the introduction, since our approach for the prioritised coherence update semantics
. ., (HF . . . .
requires a consequence-based calculus for DL-Lite,, . * and none is available in the literature, we develop
a new calculus for the restricted fragment we consider here.
Let L = (T, A) be a potentially inconsistent DL-Litengf) ontology. We define

T ={3RC L|T E3IRC L}U{funct R| T k= funct R}

as the set of all role unsatisfiability and functionality axioms that are entailed by 7. Since satisfiability
for DL-Litegz;lrf) is P-complete [22, Theorem 5.13], 7’ can be computed in polynomial time. From this
section on, we assume that 7 already contains 7.

The completion rules in Figure 1 derive new axioms from K. We use M, N to denote (exponentially

many) conjunctions of basic concepts formed from the atomic symbols in K. For conciseness, we write
M C N with N =[1%_, B, to denote M C By,...,M C By,
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Figure 1: Completion rules for DL-Lite

We categorise the completion rules into T-rules and A-rules, which infer new TBox and ABox axioms,
and write ¢/(7), cl7(A) to denote the saturations of 7 and .A under the T- and A-rules, respectively.
Intuitively, rules T1, T6, and T7 derive tautological concept and role inclusions. Then, these tautologies
and axioms in 7 are extended by Rules T2-T5 at the concept- and role level. Rules T2 and T5 capture
the transitive closure for roles and conjunctions of basic concepts, respectively. Rules T3 and T4 deal
with inverse roles and existential role restrictions.

Inconsistency of IC can be captured by Rules Al and A5, which check for violations against function-
ality constraints and unsatisfiability of conjunctions (when B = 1), respectively. A2 and A5 propagate
entailed ABox assertions along the inclusions entailed by the TBox. For this, it suffices to consider
axioms in the saturation 7* of 7 under the rules T1, T3, T4, and T7, which we formally demonstrate in
the lemma below, whose proof can be found in the appendix.

Let (cl(T), cl7(A)) be the result of exhaustively applying the completion rules from Figure 1 to K.
We directly obtain that 7* C cl(T).

Lemma 1. For a basic role or basic concept X, if [1"_, X; C X € cl(T) and Xi(6) € clr(A) for all
1 < i < k, then there is |_|§-’:1 X]’- C X € T* such that X]’-(é') € clr(A) foralll < j <p.

Effectively, this restriction allows us to obtain more elegant results without compromising the
correctness and completeness of the complete rules in Figure 1, as seen in later sections. Similar to T3
and T4, A3 and A4 deal with inverse and existentially quantified role assertions.

Lemma 2. K is inconsistent iff 1 (o) € cly(A) for some o € 1. IfK is consistent, then for any axiom T
and any assertion «, the following hold:

L TETifrecd).
2 KEaiffaecdr(A).

Lemma 2 shows that our completion rules from Figure 1 are sound and complete for restricted
DL—LiteElZf) ontologies, and thus we may write, e.g. X (0) € cl7(.A) instead of (T, A) = X (0) in the

following. Later, we will use this result to show the correctness of our Datalog™ program.

(HF)

horn

4. Prioritized Coherence Update Semantics for DL-Lite

In the following, we assume that the initial ontology K = (7, .A) is consistent, and consider an (instance-
level) update U, which is a finite set of insertions ins(X (0)) and deletions del( X (0)), where X (0) is an
assertion [14]. For an update U, the set of assertions occurring in insertions (resp. deletions) in I/ is



denoted by A} (resp. Afet). As discussed in the introduction, the presence of concept conjunction
means that there can be multiple ways of updating the given ABox w.r.t. /. For this reason, we introduce
a ranking on the left-hand sides of all concept inclusions in 7. For each axiom 7 = |—|'§:1 B;CBeT,
we assume that we are also given a total order < on { By, ..., By}. Unless stated otherwise, we assume
w.lo.g. that By <, By <; -+ <; Bj. For a non-empty set S C left(7)(0) for some o € I, we define
min,(S) := Bj(o), where Bj is the minimal element w.r.t. <, for which B;(0) € S. When it is clear
from the context, we may omit 7 from the subscript. For convenience, we also extend this notation
to role inclusions and axioms from 7* \ 7, in which case the left-hand side always contains only one
element, and thus <, and min, are uniquely defined.

Definition 1. An ABox A’ accomplishes the prioritized update of K with U (written A iﬁ,{ Ay if A
is a maximal subset of cl7+ (A U A}®) such that

PUL. (T, A’ is consistent
PU2. forall « € AP, we have (T, A’) £ a and for all « € AS, we have (T, A’) E «

PU3. for all axioms 7 = |—|f:1 B; C B from T* and constants o from A, if (7, A") = B(o) and
(T, AU AS) k= left(1)(0), then (T, A’) b~ min, (left(7)(0) \ clr(A®)).

Intuitively, PU1 and PU2 require that all requested operations from U/ must be respected while
maintaining consistency of the updated ABox. Moreover, PU3 ensures that the updated ABox is unique
by removing, for each non-entailed B(0) that would be entailed through 7 from A U A8, the assertion
corresponding to the minimal possible element on the left-hand side of 7. Assertions from cl(A}'S) are
always entailed due to PU2, which is why we have to exclude them before applying min,. Nevertheless,
the minimum always exists since (7, A}/ = left(1)(0) would imply (7, A’) |= B(o) by PU2.

Since the combined ABox A U .A”‘S may be inconsistent with 7, we consider its consequences
only w.r.t. the positive axioms in 7T, to avoid entailing everything through inconsistency. Otherwise,
PU3 could result in too many deletions. Although in principle A;"® may also be inconsistent, we use
cly (A}]®) instead of clr+ (A;*®) since, as we show below, inconsistency of (7', .A}"®) implies that no
updated ABox can exist in the first place.

Theorem 3. Let K = (T, .A) be an ontology and U be an update. An ABox A" with A im A’ exists
iff the following conditions are satisfied:

1 (T, Al]'s) is consistent
2. ASL 1 el (AiP) = 0
If this is the case, then U is said to be compatible with T

Proof. In the “if” direction, it suffices to show that A" = .ALi{“S satisfies PU1-PUS3. The first condition
implies PU1. It follows from the second condition that, for all X (o ) € Afet, we have (T, A1) [~ X (0),
ie. A}PS satisfies PU2. For PU3,let 7 € T*bean arbltrary axiom |_|Z 1 Bi C Bst. (T, Ajps) = B(o) for
some objecto and (T, AUA®) |= {B1(0), ..., Bi(0)}. Then left(7)(0)\cl7(.A}®) cannot be empty,
since otherwise (7, A}/") = B(o) would hold and thus (7, A;®) £ min, (left( )(0) \ clr(As)).

In the “only if” direction, since (7, A’) has a model Z (PU1) and A}*® C clr(A’) (PU2), Zis also a
model of A;*. Moreover, the existence of o € A}* with o € clT(.AmS) C clr(A’) is impossible by
pPU2. O

Since compatibility does not depend on A, it can be checked statically, i.e. given only the TBox,
and then a compatible update can be applied to any ABox. As in [14], we can show that the result of
applying a compatible update under our new semantics is always unique.

Theorem 4. Let K = (T, A) be an ontology and U be an update that is compatible with T. Then there is
a unique ABox A’ such that A Sl A



Proof. Assume that 4; and Az are two different ABoxes that accomplish the prioritized update of
with Y. By Definition 1, A; and A2 are maximal subsets of cl+ (A U Ai,“s) that satisfy PU1, PU2, and
PU3. Thus, we can obtain a contradiction by showing that their union A; U A3 also satisfies these
properties. To do this, we first show the following claim.

Claim. cl7(A; U Ag) = clr(Ay) Uclr(Ag).

Proof of claim. The D-direction follows directly from monotonicity of cl7. For the C-direction, consider
any « € clr(A; U Ay). We show that o € ¢l (A1) U el (Az) by induction on the number m of rule
applications from Figure 1 that derive o from (7, A; U As).

Inductive base: m = 0 implies that o € A; U A, and thus o € Ay C cly(Ay) or o € Ay C clr(A2).
Inductive step: Assume that for any o’ derived after < m rule applications from (7, .4; U As), we
have o/ € cl7 (A1) U cly(Asz). We show the claim for m + 1 via case distinction on the last rule from
Figure 1 that derives a.

For A1, we have a = 1 (0), R(0,0'), R(0,0") € cl7(A1 U Ag), funct R € T, and o # 0”. However,
since R is not allowed on the right-hand side of any axiom in 7, R(0,0’) and R(0, 0”) cannot be derived
from any rule, and thus R(0,0’), R(0,0") € A; U As. Since A1 U Ay C cly+ (AU Aj[S), by the
same argument we know that R(o, 0’), R(0,0") € AU A}*. Since A, A}, Ay, A; are all consistent
w.r.t. T, none of these four ABoxes can contain both R(0,0’) and R(o, 0”), and thus we can assume
w.lo.g. that A; and A contain R(o, 0’), but not R(0,0”), and A3 and A}" contain R(0,0”), but not
R(0,0'). However, by PU2, R(0,0”) € A} implies that R(o,0") € cly (A1), which together with
R(0,0") € A; shows that (T, A1) is inconsistent. Since this contradicts PU1, this case is impossible.

For A2, we know that « = Rs(0,0'), Ri C Ry € T*, and R;(o0,0') is inferred after < m rule
applications from (7, 4; U A3). By induction, we obtain that Ry (0, 0’) € cl7 (A1) Ucly(As), and thus
also Ry(0,0") € cly (A1) U cly(Asz) via A2. The arguments for A3 and A4 are analogous.

For A5, we have o = B(0), 7 = |_|f:1 B, C B e T* and Bi(0), ..., Bi(o) are inferred after < m
rule applications from (7, A; U As). By induction, we have min, (left(7)(0) \ clr(Af®)) € cly(Ar)U
cl7(Az2). Moreover, since A1 U As C clr+ (AU A}S), we have B (0), ..., By(0) € cly+ (AU ApS).
By PUS3, this implies that B(o) € cl7 (A1) U clr(As).

This concludes the proof of the claim. O

We now show that A; U Aj satisfies Conditions PU1-PU3. For PU1, by consistency of (7, .A;) and
(T, A2) and Lemma 2, we know that no assertion of the form L (0) can be in ¢l (A1) U cly(A2) =
cly (A1 U Az), which shows that (7', A; U A) is consistent. For PU2, by the claim we have A;/}'S C
clr(Ar) C clr(Ay U Az) and AfFt Nl (A U Ag) = AfE N (el (A1) U el (Az)) = 0, since Ay
and Aj satisfy PU2. Finally, for PU3, consider 7 = |_|f:1 B; C B e T*with (T, A1 UAz) = B(o) and
(TT, AUAPS) = {B1(0),...,Bg(0)}. Thenalso (T, A1) = B(o) and (T, A2) ~ B(0), and thus by
PU3 and the claim we have min; (left(7)(0) \ cl7(AS)) ¢ clr (A1) Uclr(A2) = clr(A1UAz). O

This shows that our new update semantics satisfies uniqueness. Moreover, it is syntax independent
since all properties in Definition 1 are formulated in terms of entailment. Finally, the minimal change
property is reflected in the fact that we consider the maximal subset of cl+ (AU A}).

5. The Stratified Datalog™ Rewriting R

We now present a stratified Datalog™ program R that only depends on 7 and can be used to compute
the updated ABox A’ for any initial ABox .4 and compatible update /. We do not compute precisely
the maximal ABox from Definition 1, but a smaller ABox that is equivalent to A" w.r.t. T, to avoid
redundant assertions. For the rewriting, A and U are encoded into the dataset

D= AU{Ap_X(5) | X(5) € AP} U {Am_X(3) | X(5) € Alel},

ins

where Ap_X and Am_X are special predicates that encode A} and Aj', respectively. As output,
the program R will compute facts of the forms ins_X () and del_X (0), which encode the actual



insertion and deletion operations that have to be executed on A to obtain the updated ABox. The
program consists of three strata.

Stratum 1. In the first layer, we derive facts for the auxiliary predicates ApCl_X and AOrApCl_X,
which represent the assertions in cl7+ (A}"®) and cl+ (A U Aj}'®), respectively. We use 7+ here also
for A}, since at this point Ai,ns could still be inconsistent. First, we initialize the predicates with the
assertions in A} and A U A}, for each positive concept or role X that can be formulated over the
atomic symbols in T

— —

AOrApCl_X(Y) + X(Y) (1)
ApCl_X(Y), AOrApCl_X(Y) «+ Ap_X(Y) (2)
Here, we summarize two rules into one by writing two head atoms, and Y is a vector matching the

arity of X. For each basic role R and for each pred € {ApCl, AOrApCl}, we implement Rules A3 and
A4 from Figure 1:

pred_3AR(Y1), pred_R™ (Y2, Y1) < pred_R(Y1,Y3) (3)
For Rules A2 and A5, we consider all |_|f:1 X; E X € T*andall pred € {ApCl, AOrApCl}:
pred_X(Y) < pred_X;(Y), ..., pred_X(Y) (4)

Since we only consider 7+ here, we do not need to encode Rule A1. However, for ApCl, Al is implicitly
implemented in Rule (9) below.

Stratum 2. In the next step, we derive facts of the form delCl_X (0), which represent all assertions
from clr+ (A U Aj['®) that may have to be deleted to satisfy properties PU1, PU2, and PUS3, i.e. for
which (77, A") & X (0) should hold. The first rule initializes these facts with Aj°! (see PU2):

delCl_X (Y) « Am_X(Y) (5)

Similar to before, delCl also has to be propagated according to A3 and A4; however, the direction is
reversed since we are encoding the non-entailment of facts. Thus, for A4, we only consider the deletion
of role assertions R(o, ') if they are actually present in cl7+ (AU A;®):

delCl_R™(Ya,Y1) « delCl_R(Y1,Y5) (6)
delCl_R(Y1,Y3) « AOrApCl_R(Y1,Y3), delCl_3R(Y7) (7)

For functional roles R, we also have to delete existing role assertions if they would contradict new
assertions from A} (see PU1). Similarly, we need to detect consistency violations that are due to
conflicting assertions on functional roles in .A;**. Here, the 0-ary predicate incompatible() encodes
the fact that U/ is not compatible (see Item 1 of Theorem 3):

delCl_R(Y1,Y3) < Ap_R(Y1,Y3), R(Y1,Y3), Y2 # Y3 (8)
incompatible() < Ap_R(Y1,Y2), Ap_R(Y1,Y3), Yo # Y3 (9)
The following rules deal with the semantics of inclusions for PU3 and A2/A5. For each 7 = |—|f:1 X; C

X € T*andeachi € {1,...,k}, we use min_X;_in_t to check whether X;(0) is the least preferred
assertion that can be deleted, i.e. is not included in clT(.ALi{“S) (recall that we assumed By <, - -+ <, B):

min_X;_in_7(Y) < ApClL_X1(Y),..., ApCl_X;_1(Y), =ApCl_X;(Y) (10)
delCl_X;(Y) « delCI_X (Y), min_X,_in_7(Y),



AOrApCl_X;(Y), ..., AOrApCl_X,(Y) (11)

In the special case where X = L, for PU1 we want that (7, A’) [~ L(0) holds for all 0 € I. Thus,
we consider delCl_1 (o) to be true for all o, and simply omit delCl_1 (Y) from the body of Rule (11).
Moreover, we use incompatible() to signal when the set min, (lefi(7)(0) \ cl7(Ajf*)) is empty (see
PU3 and Item 2 of Theorem 3):

incompatible() < delCl_X (Y), ApCl_X(Y),..., ApCl_X(Y) (12)
We also need to detect all direct violations of Item 2 of Theorem 3:
incompatible() < ApCl_X(Y), delCl_X(Y) (13)

Finally, if we have determined that an assertion from the original ABox .4 cannot be entailed by (7, A"),
it needs to be deleted:

del_X(Y) «+ X(Y), delCI_X(Y) (14)

Stratum 3. Since we want to keep as many assertions from cly+(A U A}*®) as possible, we may
need to add new assertions into A’ that are not entailed after removing all assertions according to
delCl, but are not themselves prevented from being entailed. This is implemented by the predicates
insCl_X. For example, consider the ABox A = {A(a)}, TBox T = {A C A;, A C Ay}, and update
U = {del(A1(a))}. Then A(a) has to be deleted from A, but Ay (a) € clr+ (AU AjfS) should be kept,
since otherwise the result is not maximal. Hence, we also need to add As(a) to the updated ABox A’.

For each 7 = |_|i-€:1 X; C X € T7, the auxiliary predicate prelnsCI_t first determines whether we
can add the assertion X (0) entailed via A2/AS5, i.e. it is not required to be deleted.

prelnsCl_t(Y ) — AOrApCl_X (Y ) L AOrApCl_Xp(Y ), —delCl_X (Y ) (15)
Then, we can trigger the insertion of X (0) if one of the assertions X;(0), 1 < i < k, is deleted:
insCl_X(Y) « delCl_X;(Y), prelnsCl_7(Y) (16)

We also need a similar rule corresponding to A4. For A3, however, it does not make sense to add the
entailed assertion R~ (0, 0) if R(0, 0') is deleted, because these assertions are semantically equivalent.

insCI_3R(Y1) + delCl_R(Y1,Y3), AOrApCI_R(Y1,Y3), —delCl_3R(Y7) (17)

Similarly to Rule (14), we can then add all of these assertions (as well as the ones from .4;}**) to the
updated ABox, if they are not already in .A:

ins_X(Y) < —X(Y), insCl_X(Y) (18)
ins_X(Y) «+ -X(Y), Ap_X(Y) (19)
In this construction, it is important that we also consider assertions over basic concepts, and not just

atomic concepts. If in the last example we use the TBox 7 = {A C A;, AC 3R, 3R C Ay} instead,
then we need to add the assertion 3R(a) to keep as much information from cl7(A U A}'S) as possible.

5.1. Results

We dedicate this section to showing the theoretical properties of the program R, in particular its
correctness w.r.t. Definition 1. All missing proofs can be found in the appendix. We begin by showing
that the predicates ApCl_X and AOrApCl_X from the first stratum behave as claimed.

Lemma 5. For every basic assertion X (0), the following hold:



1. R7,D = AOrApCl_X(0) iff X (0) € cly+ (AU AL™).

We now focus on the behaviour of R, D w.r.t. to the negative axioms in 7, particularly the case
where an update is contradictory, as categorized in Theorem 3.

Lemma 6. R, D = incompatible() iff U is not compatible with T .

From now on, we assume that Ry, D F~ incompatible(), i.e. by Theorem 3 there exists an ABox A’
such that A =55, A" In particular, this means that A} is consistent, i.e. cly+ (A}]'S) = clr(A}}®).
Thus, we can now also show that the predicates min_X;_in_1 behave as expected, i.e. they check
whether an assertion X;(0) is the minimal element to be deleted w.r.t. an axiom 7 and A} (see
Definition 1).

Lemma 7. ForT € T*, we have R7, D |= min_X;_in_7(0) iff X;(0) = min, (lefi(7)(0) \ clr(AZ™)).

Now, let del be the set of all X (&) such that R, D = del_X (0) and let ins be defined similarly
for ins_X (0). Then A* is the ABox obtained from .A by removing all assertions in del and inserting
all assertions in ins, i.e. A* = (A del) U ins. Intuitively, A* is the unique updated ABox (up to
logical equivalence) according to Theorem 4. To show this, we first prove that ins and del are disjoint,
i.e. we do not add and delete the same fact concurrently.

Lemma 8. ins Ndel = (.

Proof. Assume the contrary that there is X (¢) € insNdel. By Rule (5), we have R, D = delCl_X (0).
Moreover, X (0) € ins implies the application of either Rule (18) or (19).

If Rule (18) is applied, then Ry, D = insCl_X (0), which implies the application of either Rule (16) or
(17). If Rule (16) is applied, then there is 7 = |_|f:1 X; C X € T*and Ry, D = prelnsCl_7(d). Thus,
by Rule (15) that derives preInsCl_7(0), we obtain Ry, D [~ delCl_X (0), which is a contradiction. If
Rule (17) is applied, then insCl_X (0) = insCI_3R(o) for some role R and constant o. Thus, we again
have R, D ~ delCl_3R(0) by construction of the rule.

If Rule (19) is applied, then Ap_X (0) € D and thus Ry, D = ApCl_X (0) due to Rule (2). However,
by Lemma 6 and Rule (13), this violates Item 2 of Theorem 3. O

We can use this to show that A* complies with all deletions required by the predicates delCl_X.
Lemma 9. Let X (0) € cly+ (AU A}). Then, RT,D = delCl_X () iff (T, A*) = X (0).

We use this result to argue that delCl “pinpoints” all assertions violating PU1, PU2, and PU3.
Recall that our semantics is actually defined using the maximal subset of cl7+ (AU A}"®) satisfying
these three properties (see Definition 1). We will show that this set is exactly A" = cl7+ (AUALS) \ del,

which, however, is equivalent to the ABox .A* computed by R over D.
Lemma 10. A* and A’ are equivalent w.r.t. T .

Proof. In the “only if” direction, it suffices to show that X (0) € A* implies X (0) € A’. Recall that
A* = (A\del)Uadd. We consider the membership of X (0) in either A\ del or add. If X (0) € A\del,
then it is also in cl7(A) \ del. If X (0) € add, then we observe that only Rules (19) and (18) derive
ins_X(0) in R.

For Rule (19), we have Ap_X(6) € D and thus X (0) € A/}*®. If Rule (18) derives ins_X (0), then
Rr1,D = insCl_X(0). We first show the auxiliary result below, which relates insCl_X (0) to the
corresponding assertion in cly+ (AU AjS).

Claim. Ry, D |= insCl_X (0) implies X (0) € cly+ (AU A/PS).



Proof of claim. In R, insCl_X (0) is derivable from the either Rule (16) or (17).

If Rule (16) is applied, then there is 7 = [1*_, X; C X € T where R, D |= prelnsCl_7(5). By Rule
(15), we must have R, D = AOrApCl_X;(6) forall 1 < j < k. Hence, X;(0) € cly+ (AU A*) for
all 1 < j <k, and thus we obtain X (0) € cly+ (AU Aj]'®) via Rule A5 from Figure 1.

If Rule (17) is applied, then insCl_X (6) = insCI_3R(o) for some role R and constant o. Furthermore,
we have R, D = AOrApCI_R(o, 0') for some constant o/, which implies R, D = AOrApCI_3R(o)
by Rule (3). Thus, IR (0) = X (0) € cly+ (AU AS). O

Thus, we have X () € cly+ (AU Aj}'). Moreover, by Lemma 8, we know that add and del are
disjoint. Hence, X (6) € (cly+ (AU Aj[®) \ del).

In the “if” direction, it suffices to show that X (0) € (cly+(AUA}®)\ del) implies (T, A*) = X (0).
Since X (0) € cly+(AU A}®), we have RT,D = AOrApCl_X(0) by Lemma 5. Furthermore,
since X (0) ¢ del, we have Ry, D [~ delCl_X (0) by Rule (14), which implies (7, A*) &= X (0) by

Lemma 9. U
Now, we are ready to show that R+ computes the prioritized update semantics (modulo equivalence).
Theorem 11. If Ry, D [~ incompatible(), then A iﬁ,{ A

Proof. We show that A" = (cly+ (AU A}®) \ del) is a maximal subset of cl+ (AU.A}®) that satisfies
conditions PU1, PU2, and PU3.

PU1: Assume the contrary that A’ is inconsistent. Hence, by Lemma 2, we have 1 (0) € clr(A’).
Thus, either (i) funct R € T, R(0,0') and R(0,0") are in A, and o' # o”; or (ii) [1"_, B; C L € cl(T)
and B1(0), ..., B(0) are in cly(A).

We observe that for (i), since (7, .A) is consistent, we cannot have { R(0, o), R(0,0")} C A. More-
over, R(0,0") € Aand R(0,0") € A}"® would lead to delCl_R(0,0") and del_R(o,0’) being derived
by Rules (8) and 14 (and vice versa). However, { R(0,0’), R(0,0")} C A/P's implies that (T, A}}*®) is
inconsistent, which contradicts the assumption that Ry, D F~ incompatible() by Lemma 6.

Suppose that (ii) occurs in (7, A’). Then, by Lemma 1, there is 7 = []_; B, C L € T such that
Bl(o) € cly(A) foralli € {1,...,q}. Since R1, D [~ incompatible(), there is j € {1,..., ¢} such
that R7, D [ ApCl_B’ (o) by Rule (12). This means that there is a B; with R7, D |= min_B]_in_7 (o)
by Rule (10). Moreover, by definition of A’, we have B(0) € cly+ (AU A™) forall j € {1,...,q}.
Thus, Ry, D |= delCl_B(0) by Rule (11) and R, D = AOrApCl_B.(o) by Lemma 5. Hence, by
Lemma 9, (7, A*) = Bj(0), which implies (7, A’) = Bj(0) by Lemma 10. However, this contradicts
the fact that B.(0) € cly(A").

PU2: Assume that there is X(0) € Aj¢t with (T, A') = X(6). We show that this leads to a
contradiction. Clearly, X (0) € A5¢! implies Am_X (0) € D by definition. Hence, we get R7, D |=
delCl_X (6) by Rule (5). Moreover, by definition of A’, we have X (6) € clr+(AU A}®). Thus,
(T, A*) £ X(0) by Lemma 9. We obtain (7, A") -~ X(0) by Lemma 10, which contradicts our
assumption.

For X (0) € A}PS, we have Ap_X(0) € D. Thus, by Rule (19), Ry, D = ins_X (0), which implies
X (0) € ins. This means that (7, A*) = X (0) as A* = (A \ del) U ins. Thus, since A* and A’ are
logically equivalent w.r.t. 7 by Lemma 10, we have (7, A") = X (0).

PU3: For 7 = [, Bi C B € T*, we show that if (7, A’) £ B(o) and (T, AU A®)
Bi(o) forall 1 < i < k, then (T, A*) [~ min, (lefi(1)(0) \ cl7(A}S)). By Lemma 9, we have
R7,D | delCl_B(o). Since delCl_1(0) is true by default, it suffices to consider B # L in the
following. By Rule (12), Lemma 5, and the assumption that R, D [~ incompatible(), we have
lefi(7)(0) \ clr(Ajfs) # 0. Thus, there exists B;(0) = min, (lefi(7)(0) \ cl7(.A™*)). By Lemma 7,
we have Ry, D |= min_B;_in_7(0). By Rule 11, we obtain that Ry, D |= delCl_B;(0), and hence
(T, A*) I~ Bi(o) by Lemma 9.

Maximal subset: As the last step, we show that every set A” C cly+ (A U A}}®) that satisfies
Definition 1 must also satisfy the following property: for all X (6) € clr+(A U A}j®) such that
Rt,D k= delCl_X (6), we have (T, A”) & X (0). Then, we know that A” C cly+ (AU A®)\ del =



A’ by Rule (5), and thus A’ is the unique maximal such set. We show the property by induction on the
number of applications m of T such that delCl_X(0) € TR’ (D).

Inductive base: m = 0 implies that delCl_X () € D, which is impossible.

Inductive step: We consider delCl_X (0) € ngl (D), which is derived by Rule (5), (6), (7), (8), or (11).

For Rule (5), we obtain that X (0) € A, and thus (7, A”) ~ X () by PU2.

For Rule (6), we have X (0) = R™(0', 0), delCl_R(0,0) € T (D), and R(0,0') € cly+ (AU A®)
by Rule A3, and thus by induction we know that (7, A”) = R(o,0’). By Rule A3, we conclude that
(T, A") £ R~ (d,0).

For Rule (7), we have X (0) = R(0,0), delCl_3R(0) € Tf¥ (D), and 3R(0) € cly+ (AU A;®) by
Rule A4. By induction, we get (T, A”) = 3R(0), and thus (T, A”) ~ R(0,0’) by Rule A4.

For Rule (8), we have X (6) = R(o0,0"), R is functional, R7, D = ApCi_R(0,0’), and R(0,0") € A
with 0" # 0. By Lemma 5, we obtain R(0, 0') € clr+(A}®), which implies (7, A”) = R(o, o) by PU2.
Thus, (T, A”) = R(0,0") is impossible, since this would imply that (7", .A”) is inconsistent (because
R is functional), which would contradict PU1.

For Rule (11), there is 7 = []*_, X; C X’ € 7* and an index i € {1,...,k} s.t. delCI_X'(d),
min_X;_in_7(0), AOrApCl_X;(0), ..., AOrApCl_Xy(0) € Tg' (D). Moreover, by Lemma 7, we
have X (6) = X;(0) = min; (lefl(1)(0) \ cl7(Aj®)). By Rule (10), we also know that ApCl_X; (),
..oy ApCl_X;1(0) € Ty (D), and thus X1(),...,X(0) € cly+(AU Ajf®°) by Lemma 5. By
Rules A2 and A5, we know that X'(6) € clr+(A U A}®), and hence we can apply induction to
obtain (7, A”) = X'(0). If X(0) = X;(0) = R(0,0') and X'(6) = R'(0,0') are role assertions and
7 = R C R/, then we must have k = ¢ = 1, and thus (7, A”) £ R(o,0). If X(0) = X;(0) = B(0)
and X'(0) = B’(0) are concept assertions, then PU3 implies that (7, A”) = B(0).

This concludes the proof of the property of A”, and we conclude that A —;, A'. O

Since all rules in R contain at most 3 variables, the program can be evaluated over D in polynomial
time (even in combined complexity) [24]. Thus, the updated ABox A’ or its smaller, equivalent repre-
sentation A* can also be computed in polynomial time. Statically checking whether U is compatible
with 7 (regardless of .A) can also be done using Rt by considering A = () and checking whether
Rr,D E incompatible(), for which all rules for the predicates with the prefixes AOrApClI, del,
preInsCl, insCl, and ins can be omitted.

6. Conclusion

Our new prioritized coherence update semantics generalizes the one for DL-LiteEZfeF ) [14] by the

Condition PU3, which ensures unique update results via the prioritization of conjuncts in |—|f:1 B; for
necessary deletions. This new condition may lead to redundant deletions, since the conjunction may
already become unsatisfied due to other deletion operations that eliminate a non-minimal conjunct B;.
However, it allows us to ensure the uniqueness, syntax independence, and minimal change properties.
Moreover, we can compute the updated ABox in polynomial time via a stratified Datalog™ program.

In contrast to [14], where cl(7) was used for the rewriting instead of 7*, our program R uses
recursion, and it is currently unknown whether there also exists an FO rewriting (as for the coherence
update semantics in DL—Liteg,-fe}— ) [14] and for query answering [22]). Additionally, we would like to
extend our result to full DL-LiteEgrf) with role disjointness, (a)symmetry, and (ir)reflexivity axioms.
Ultimately, our aim is to use the new update semantics for planning, which involves finding sequences
of ABox updates to entail a goal query starting from an initial ABox [16, 18, 19].
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A. Appendix

Lemma 1. For a basic role or basic concept X, if [1"_, X; C X € cl(T) and X;(6) € clr(A) for all
1 < i < k, then there is |_|§-):1 X]’- C X € T* such that X]’-(o_') € clr(A) foralll < j <p.

Proof. We do induction on the number m of rule applications from Figure 1 needed to infer |_|f:1 X;CX
from K.
Inductive base: m = 0 implies |—|f:1 X; C X in either 7, which is in 7. Thus, the claim is trivially
satisfied.
Inductive step: Assume that up to n, if []_; X/ C X" is derived in n rule applications and X/(d) €
clr(A) forall 1 <i < ¢ implies thereis[];_, Xz{/ C X eT*st. X/(o0) €cly(A)foralll <i<s.
Now assume that 7 = |—|f:1 X; C X is inferred after n + 1 rule applications, which implies the
application of T1-T7.
If T1 or T7 is applied, then 7 is a tautology of the form R C R, |—|f:1 B; T D where D €
{Bi,...,By},or L € D. Since these tautologies are in 7* by definition and lefi(7)(0) C cl7(A), the
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claim is trivially satisfied.

If T6 is applied, then 7 is of the form M T B C B where B(0) € cly(A). Thus, since BC B e T*
by T1, the claim is trivially satisfied.

If T3 is applied, then the claim follows directly from the inductive assumption and the application of
Rule A3.

If T5 is applied, then 7 is |_|f:1 B; C B, and |_|f:1 B; & N and N C B are derived in at most m

rounds, for some N = |_|;€2:1 B}. Thus, by the inductive assumption, for all 1 < j < ko, there
is [, B! C B, € T* st {Bj(0),..., Bj (0)} C clr(A). Hence, Bj(0) € cly(A) by A5, for
all 1 < j < ko. Similarly, for |_|j32:1 B} C B, by induction we obtain Hfil B! C B e T* st
{B{(o),... ,B,Zg(o)} Cclr(A).

If T2 is applied, then 7 is Ry C R, and Ry C Ry and Ry C R are inferred in n rounds of rule
applications. The rest of the argument for T2 is similar to that of T5 w.r.t. the application of A2.

If T4 is applied, then 7 = dR; C 3Ry, Ry T Ry is inferred after n rounds of rule applications, and
dR1(0) € clr(A). We first show an intermediate result:

Claim. R C R’ € cl(T) implies the existence of a chain of axioms RC Ry C ...R, C R € T*.

Proof of claim. Proof via induction on the number of rule applications from Figure 1 that infers R C R'.
In the inductive base, the claim is trivial since R T R’ € T. In the inductive step, assume that up
ton, Ry C Ry inferred in n rounds of rule applications implies the existence of a chain of axioms
RMCRIC.--C R; C Ry € T*. For R C R inferred after n + 1 rounds, it is derivable from the
following rules from Figure 1: T1, T2, and T3. For T1, the claim is trivial by the definition of 7*. For T2
and T3, the claim follows directly from the inductive assumption. d

By the claim above, there is a chain of axioms R C R} C --- C R; C Ry € T*. Thus, we have
IR, C 3Ry € T* due to T4. Moreover, since 3R1(0) € clr(A), by the successive application of
T4 and A5 to the chain in observation, we obtain 3R} (0) € cl7(A). Thus, IR, C IRy € T* with
IR, (0) € clr(A) satisty our claim. O

Lemma 2. K is inconsistent iff 1 (o) € cly(A) for some o € 1. IfK is consistent, then for any axiom T
and any assertion «, the following hold:

L TETifrecdT).
2 KEaiffaecdr(A).
Proof. For the “if”-directions (soundness), it is straightforward to verify that any interpretation satisfying
all premises and side conditions of a rule also satisfies its conclusions. In particular, if | (0) is derived,
then K cannot have any models.
For the “only if”-directions (completeness), we assume that | (o) ¢ cl7(.A) for any o and construct
the interpretation Z = (AZ, -T) as follows:
AT ={d, | 0o €I} U{dy | M is a conjunction over 7 where M T L & cl(T)}
AT ={d, | A(o) € clr(A)}yU{dy | M T A€ cl(T)}
P* = {(do,dy) | P(0,0) € cly(A)} U
{(do,d3p-) | 3R/ (0) € cl7(A),R'C P € cl(T),Vo' €1: R'(0,0") & cly(A)} U
{(dgpi-,do) | 3R/ (0) € cl7(A),R" T P~ € cl(T),Vo' €1: R'(0,0") & cly(A)} U
{(dyp,dn) | N = |_|f:1 JdR; where M T 3R; € cl(T),Ri T P € cl(T)forall1 <i<k}U
{(dn,dr) | N =T, 3R; where M C 3R; € cl(T),R; £ P~ € cl(T) forall 1 <i < k}
Observe that the above equation for PZ also holds if we replace the role name P by a basic role R,

because the definition is symmetric due to Rule A3. We show that Z is a canonical model of K', i.e., it
satisfies exactly the assertions and axioms in X', and thus it is also a model of K C K.



Claim I: R(0,0') € clp(A) iff (d,,dy) € RT

This follows directly from the definition of R” (using Rule A3).
Claim IL: D(0) € cly(A) iffd, € D*

For D = A, the claim follows directly from the definition of AL

For D = 3R, d, € (3R)T implies that there is ' € AT s.t. (d,,d') € RT. If d’ is d,s where o’ € 1,
then by Claim I, we obtain R(o, 0) € cly(A). Thus, by A4 we have 3R(0) € clr(A). If d' = dgp/-,
then (d,, d3p-) € RT implies that 3R'(0) € cly(A), R T R € cl(T) by definition. Thus, by T4
we also have 3R’ C 3R € cl(T). By Lemma 1 and A5, we also have 3R(0) € cl7(A). Conversely,
assume that 3R(0) € clr(A). If there is R(0,0") € clr(.A) for some o’ € I, then by Claim I we obtain
(do,dy) € R, which implies d, € (3R)*. We now assume that there is no R(o0, o) € cly(A) for any
o' € 1. Since IR(0) € cly(A) and 1 (0) & cl7(A), we have IR~ C | ¢ cl(T) and thus d5p- € AZ.
Thus, by T1 we have R C R € cl(T), from which we obtain (d,,d3z-) € R’ by definition and
d, € (3R)*.

Claim X: M C B € cl(T) iff dyy € BT

If B = A, the claim follows directly from the definition of AL,

If B=3Randdy € (IR)7, then there exists (dys,d) € RE. Thus, according to the definition of RZ,
either (a) d = dy, N = [1%_, 3R, ,and forall 1 <i < k: M C 3R, R T R € cl(T); (b) d = du,
M = |_|f:1 JR; ,andforall1 <i <k: NC 3R;, R, C R~ € cl(T); or (c) d = d, for some o € I,
M =3R'",3R (o) € cl7(A), RR C R~ € cl(T),Vo € 1: R'(0,0) & clr(A).

In Case (a), by Rules T5 and T4, we also have 3R; C JR forall 1 < i < kand M C 3R in cl(T).
In Case (b), by Rules T4 and T3, we get R;” C R, dR;” C JRforalll < i < k,and M C 3R in
cl(T). In Case (c), by Rules T3 and T4, we directly get 3R~ C 3R and thus M C JR. Conversely, if
M C 3R € cl(T), then R C R € cl(T) by Rule T1, and thus (dys, d3z-) € R%, which shows that
dy € (HR)I.

If B = 1, thendy; € 17 is equivalent to dy; ¢ AZ, and thusto M C L € cl(T).

Claim IIIA: M C D € cl(T)iff T = M C D

In the “only if” direction, for any d € M Z we show that d € DZ. If d = d, for some 0 € 1,
then d, € B for all B € M. Thus, by Claim II, B(0) € cly(A) for all B € M. Moreover, since
M C D € cl(T),by Lemma 1, there is M’ C D € T* s.t. B'(0) € cly(A) for all B’ € M'. Hence, by
the application of A5, we obtain D(0) € cl7(.A), and thus d, € D by Claim IL

For a conjunction M’, if d = dy; and dyp € BT for all B € M, then by Claim X we have
M’ C B € cl(T) foreach B € M,ie, M T M € cl(T). Applying Rule T5 to M’ C M and M C D,
we get M’ C D € cl(T), and finally dj» € D? by Claim X.

In the “if” direction, if Z = M C D, then by Rule T6 we have M C B € cl(T) for all B € M, and
thus dj; € MZ by Claim X. Hence, by the assumption, we also have dj; € BZ. Again, by Claim X, this
shows that M T D € ¢l(T).

Claim IIIB: M C | € cl(T)if T =MC L

Consider d € M7, then M T L ¢ cl(T) by definition of AZ and for any N C M, we have
N C 1 & cl(T) since otherwise T6 and T4 would derive M T 1. Hence, d is d, for some o
that appears in cl7(A) due to the definition of AZ. By Lemma 1, since M = L € cl(T), there is
7 =M C L € T* where left(7)(0) C cl7(A). Thus, L(0) € cly(A) by rule A5.

Conversely, we show that M T L ¢ ¢l(7) impliesZ - M C L. Since M T L & cl(T), by
definition of AZ, we have dy; € AL. For M = |—|i.‘3:1 B, by Rule T6, we have M C B; € cl(T) for
all 1 < i < k. Hence, by Claim X, dy; € (B;)* forall 1 < i < k, which means dj; € M? and thus
THEMC L
Claim IV: Ry C Ry € cl(T) iff Z = R C Ry Consider the “only if” direction. Recall the auxiliary
Claim from Lemma 1, that Ry T Ry € ¢l(T) implies the existence of a chainc = Ry C R C --- C
R). C Ry € T*. Consider now (d,d’) € R%. We make a case distinction between types of d, d’, based
on the definition of RY.

« Ifd = d, and d' = d for some 0,0 € I, then R;(0,0') € cly(A) by the definition of R
and Rule A3. By the application of Rule A2 to ¢, we obtain Rz(0,0’) € cl7(A), and thus also



(do,dy) € RE.

« Ifd =d, and d' = d3p- for some o € I and basic role R, then 3R(0) € cl7(A)and RC R; €
cl(T) and there is no o’ € I with R(0,0’) € cl7(A). Since Ry C Ry € cl(T), by Rule T2 we also
have R C Ry € cl(T), and thus (d,, d5z-) € RE.

« If d = dp; and d’ = d, where N is a conjunction of existential restrictions IR~ with M C 3R
and R C Ry in ¢l(T), then by Rule T2, we again obtain R T Ry € cl(T), and thus also
(dM, dN) c R%—

+ The remaining two cases are identical to the previous two cases, since we also have R C R, €
cl(T) by Rule T3.

For the “if” direction, we know that (d3g, , dy Rf) € RY by Rules T1 and T4. Thus, Z = Ry C Ry

implies (d3g,,dy) € R%. By the definition of RZ, this means that we either directly have Ry C Ry €
c(T),or R{ C R, € cl(T), which also implies the former axiom by Rule T3.
Claim V: funct R € cl(T) implies Z |= funct R

For all o € 1, since L (0) ¢ cl7(A), there is at most one assertion R(0,0’) € A (i.e. Rule A1 did not
apply). Thus, d,, is only named R”-successor of d,, by definition. If there is another pair (d,, d’) € RZ,
then d’ must be of the form d5,-. Since R does not occur on the right-hand side of any axiom besides
R C Rand 3R C 3R, this implies that R = R and for all 0o* € I: R(0,0%) ¢ cl7(A) according to the
definition of R”. Subsequently, either (d,, d3z-) or (do, d,) is the only pair of elements in R” for any
o € I, which shows that RZ is functional.

Suppose now there is (dys,dy) € RE st. N = |_|f:1 JR; where M T 3R;, and R; C R for all
1 <4 < k. Since R is functional, by T1 and T4 we only have R C R and 3R C 3R where R is only the
right-hand side. Thus, M, N can only be 3R and IR, respectively, which also satisfies the claim.

By Claims I-V, Z is a model of K’ and thus is a model of K. Now, if K = o, thenZ = o (and 7' = ),
which implies o € ¢l7(A). Similarly, if I = 7, then unless 7 = funct R, we have Z |= 7, which
implies 7 € ¢l(T). For 7 = funct R, we know by our assumption on 7 that K |= funct R implies
funct R e T C cl(T). O

Lemma 5. For every basic assertion X (0), the following hold:
1. RT,D lz AOrApCl_X(é’) l_ﬂ‘X(a}) = ClT+(.AU Aé'{ns)'
2. R7,D = ApCl_X (0) iff X (0) € cly+ (A ™).

Proof. Claim 1: In the “only if” direction, we show the claim via induction on m, where m is the least
number of applications of Tz, that infer AOrApCl_X (o).

In the inductive base, the claim is trivially satisfied since R, D £ AOrApCl_X(0) for m = 0.
In the inductive step, the inductive assumption is that up to n, AOrApCl_X'(0) € T_(D) implies
X'(0) € cly+ (AU A®).

Form =n+ 1, AOrApCIl_X(0) € Tﬁil(D) implies that it is derived from either Rules (1), (2), or
(3), (4).

If Rule (1) or (2) is applied, then X (6) or ApCl_X (0) are in D, which implies the membership of
X (0) in either A or A/} by definition of D. Hence, X (6) X (0) € cly+ (AU A®).

If Rule (3) is applied, then AOrApCl_R(o,0’) € T (D). Since X (0) is either IR(0), IR (0'), or
R~ (0, 0), the claim follows directly from the inductive assumption.

If Rule (4) is applied, there are [1*_, X; C X € T*and AOrApCI_X,(3) € Tk (D)foralll <i<k.
By the inductive assumption, we have X;(6) € clr(AU A}"®). Thus, either Rule A2 or A5 from Figure
1 can be applied to obtain X (0) € cly+ (AU AjS).

In the “if” direction, we do induction on the number of rule applications m from Figure 1 for deriving
X (0) from AU A/ps.

In the inductive base, m = 0 implies X (6) € AU A/}'S. Thus, X (0) € D or Ap_X (6) € D. Hence,
either Rule (2) or Rule (1) derives AOrApCi_X (0). In the inductive step, assume that up to n, X’(0)



derived in n rounds of rule applications from Figure 1 implies that R, D = AOrApCl_X'(5). We
show the claim for X (0) derived after n + 1 rule applications to (A U A;}*®) via a case distinction of
the last rule applied. It suffices to consider only rules A2-A5, as 7 contains only positive axioms. We
use the auxiliary results below to show the rest of the claim:

Claim. For each pred € {ApCl, AOrApCl}, if|_|f-€:1 XiCX eT*andRr1,D = pred_X;(0) forall
1<i<k,then Ry, D = pred_X(0)

Proof of claim. We do induction on the number m of rule applications from Figure 1 that derives
M, X, C XinT*

In the inductive base, m = 0 implies |—|f:1 X; C X € T C T* Thus, Rule (4) derives pred_B(o).

In the inductive step, Assume that for any [],_; X/ C X' inferred by at most n rule applications
from Figure 1, we have R, D |= pred_X](0) for all 1 < i < pimplies Ry, D | pred_X'(0). If
|—|Z:1 X; € X is inferred after n + 1 rule applications, then it is derived by one of the Rules T1, T3, T4,
and T7.

For T1 and T7, the claim is trivial since we either directly have R, D = pred_B(o) or pred__ (o)
is impossible in R, D

For T4, Rule (4) derlves pred_R;(0), which implies R, D |= pred_3R; (o) by Rule (3). Moreover,
since 3R; T IRy € T*, we again obtain pred_3Rz(0) by Rule (4).

The argument for T3 is similar to that of T4, since 3R] C IR, € T". O

If Rule A2 or A5 is applied, then the claim follows from the auxiliary results and that R is also
defined over T*.

For A3 and A4, the claim follows from the auxiliary result and the construction of Rule (3).

Claim 2: The proof is analogous to Claim 1, as ApCl is propagated similarly in R O

Lemma 6. R7, D |= incompatible() iff U is not compatible with T .

Proof. We first recall from Theorem 3 that ¢/ is not compatible with 7 iff (7", .A}"®) is inconsistent or
ASE (el (Afps) # 0.

In the “only if” direction, we observe that due to the construction of Rules (9), (12), (13), and Lemma 1,
it is easy to see that Ry, D |= incompatible() implies that one of the following occurs:

(iul) There is |_|f:1 B; C 1 €c(T)where Ry, D = ApCl_B;(o) forall 1 <i <k,
(iu2) There is funct R € T where R1, D = {Ap_R(0,0'), Ap_R(0,0")} and o' # 0", and
(iu3) There is X (0) s.t. R7, D = {ApCl_X(0), delCl_X (0)}.

For (iul), we have B;(0) € cly+ (A}['®) by Lemma 5, which implies B;(0) € clr(Aj}*®) forall1 < i < k.
Thus, (iul) corresponds to the case where (77, .A;*®) is inconsistent. Similarly, (iu2) also corresponds to
inconsistency of (7', Aj}'), as R can not be the consequence of other assertions due to funct R € 7.
Hence, (iu3) corresponds to At N el (Ajf®) # 0.

In the “if” direction, if (T, Alns> is inconsistent, then either (i) funct R € T, R(0,0’) and R(o,0")
are in AiPS, and o/ # o; or (i) [T, B; T L € ¢l(T) and By(0), ..., By(0) are in cly (ALS).
Thus, (i) and (ii) correspond to (iul) and (1u2) respectively. Suppose now (’T A}®) is consistent and
AJE 0 el (AfpS) # (. Then, this implies that A8t N cl+ (A7) # (. Thus, by Claim 2 of Lemma 5
and Rule (5), we directly obtain (iu3), which concludes the proof. O

Lemma 7. ForT € T*, we have R, D |= min_X;_in_7(0) iff X;(0) = min, (left(1)(3) \ clr(AF*)).

Proof. Since such facts can only be derived by Rule (10), we have Ry, D = min_X;_in_7(0) iff
ApCl_X4(d),...,ApCl_X,;_1(0) are entailed by Ry, D while ApCl_X;(0) is not. By Claim 2 of
Lemma 5, this is equivalent to X (0), ..., X;—1(0) € cly(A}®) and X;(0) ¢ cly(Ajf'®), which in turn
is equivalent to min(left(7)(0) \ clT(A“‘S)) X;(0). O



Lemma 9. Let X (0) € cly+ (AU A}). Then, RT,D = delCl_X () iff (T, A*) = X (0).

Proof. "=": Proof by contraposition: Suppose (7, A*) = X (0), we show that Ry, D = delCl_X(0)
via induction on the number of rule applications m from Figure 1 to (7, .A*) that infers X ().
Inductive base: m = 0 implies X (0) € A*. Hence, X (0) € del, meaning that Ry, D does not entail
del_X (0) and, subsequently delCI_X (0) by Rules (14).

Inductive step: Assume that up to n, X’(0) inferred in n rounds of rule applications implies that
R, D £ delCl_X'(6). Moreover, since A* = (A \ del) U add and add and del are disjoint, it is
easy to see that (7, A*) = X'(0) implies X'(6) € cly+(A U Aj®). Suppose now X (0) is inferred
after n + 1 rounds of rule applications, then it is derived from either A2, A3, A4, or A5.

If A2 is applied, then there is X'(d) derived in n rounds of rule applications and 7 = X’ C
X € T*. By the inductive assumption, we have Ry, D [~ delCl_X'(5). Observe that in Rule
(11) and we have delCl_X'(0) + delCl_X (3), min_X'_in_1(0), AOrApCl_X'(0). Since R, D =
min_X'_in_7(0), by (iu3) of Lemma 6, we know that Ry, D |= delCl_X (0) would infer delCl_X'(0).
Thus, Ry, D [~ delCl_X(0).

If A3 is applied, then the claim follows directly from the inductive assumption and Rule (6).

If A4 is applied, then X (6) = 3R(0) for some constant o and R(0, 0') is inferred in n rounds of rule
applications. By construction of Rule (7), we have delCl_R(o,0") < AOrApCIl_R(o,0"), delCl_3R(o).
Hence, similar to A2, it follows from the inductive assumption that Ry, D £~ delCl_3R(0).

If A5 is applied, then X (6) = B(o) and thereis 7 = [_, B; C B € T*s.t. B;(0) € cly+ (AUAS)
for all 1 < i < k. By construction of Rule (11), for each i € {1, ..., k}, we have

delCl_B;(Y) « delCl_X(Y'), min_B;_in_7(Y"), AOrApCl_B;(Y),..., AOrApCl_By(Y)

By Rule (12), Lemma 5, and the assumption that Ry, D [~ incompatible(), there must be a B; such that
R, D = min_B;_in_t(0). Hence, analogously to A4 and A2, the rest of the proof for this direction
follows directly from the inductive assumption.
"<": Proof via induction on the number of rule applications m from Figure 1 that derive X (5) from
(T*, AUALS).
Inductive base: If m = 0, then X (6) € AU A/f'S. If X(0) € A, then since A* = (A del) U add
and (T, A*) & X (0), we must have X (0) € del, which implies R, D = delCl_X (0) due to Rule
(14). It is impossible that X (0) € A} \ A, since that would imply X (6) € ins by Rule (19), which
contradicts the assumption that (7, A*) = X (0).
Inductive step: The inductive assumption is that up to n, if X’(0) is inferred in n rounds of rule
applications (w.r.t. (T, AU A1) and (T, A*) £ X'(0), then R1, D |= delCl_X'(0). Below, we
suppose the contrary that Ry, D [~ delCl_X (0) and show that this leads to a contradiction. Consider
the derivation of X (0) in round n + 1, which implies the application of either rule A2, A3, A4, or A5.
For A5, we have X (0) = B(o0) for some basic concept B and there is 7 = |_|f:1 B,CBeT"
where B;(0) is derived in at most n rounds of rule applications, for all 1 < ¢ < k. By Lemma 5,
B;(o) € cly+(AUA}®) implies R7, D = AOrApCl_B;(o) forall 1 <4 < k. Since (T, A*) = B(o),
there is a B; such that (7, A*) £ B;(0). By the inductive assumption, we have Ry, D |= delCl_B;(0).
Recall that Rt contains Rule (15) and (16):

prelnsCl_1(Y) «+ AOrApCl_B(Y),..., AOrApCl_By(Y), —delCl_B(Y)
insCl_B(Y) < delCl_B;(Y), prelnsCl_7(Y)

Thus, we have Ry, D |= prelnsCl_1(0) and R1, D |= insCl_B(0). Hence, Ry, D = ins_B(o0) by
Rule (18), which means that B(o) € ins C A*, which is again a contradiction.

For A2, the argument is analogous to that of A5.

For A3, we have X = R~ (0/,0) and that R(o, 0’) is derived in n rounds of rule applications from
Figure 1. By the inductive assumption, we have Ry, D = delCl_R(o0,0’), from which we obtain
delCl_R~ (0, 0) via Rule (6).



Last, if A4 is applied, then there is R(0, 0’) derived in n rounds of rule application from Figure 1 with
X = 3R. Thus, (T, A*) = 3R(0) implies (T, A*) = R(0,0’). Hence, by the inductive assumption,
we have Ry, D |= delCl_R(0,0"). Next, recall Rule (17):

insCI_AR(Y1) + delCI_R(Y1,Y3), AOrApCI_R(Y1,Y3), ~delCl_3R(Y7)

Since (71, AU A®) = R(o,0'), we have Ry, D |= AOrApCl_R(o,0’) by Claim 1 of of Lemma 5.
The rest of the argument is similar to that of A5. O
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