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Abstract
Propositional Dynamic Logic (PDL), known in the Description Logic community as ALCreg, is a well-established
modal logic of programs. To increase its expressive power, several extensions have been proposed. One such
extension is the loop operator, which expresses that an element can reach itself via a path defined by a regular
expression. Although the satisfiability problem for LoopPDL is well understood, the decidability of its finite
satisfiability problem has remained open for over 40 years.

Our ongoing work aims to resolve this question. While a full solution is still pending, we have obtained some
results of independent interest. In this workshop paper, we present a simplified version of our approach, applied
to a logic with loops restricted to atomic roles and their transitive closures.
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1. Introduction

PDL. Propositional Dynamic Logic (PDL) is a well-established modal and description logic for
reasoning about program behavior. Introduced by Fischer and Ladner [1] in the late 1970s, it has
since inspired extensive research on the complexity, expressiveness, proof theory, and model theory of
dynamic logics; see the surveys by Harel et al. [2] and Troquard and Balbiani [3] for further details.
From the perspective of graph databases, PDL can also be viewed as a unifying framework combining
ontology-mediated data access with expressive graph query languages such as regular path queries.
In essence, PDL extends the classical description logic ALC with modalities indexed by programs s
(i.e., regular path expressions). These are regular expressions over an alphabet of atomic programs
(roles) € NR and tests of the form A? for atomic concepts A € N¢ (and, more generally, C? for
complex concepts C). Semantically, an element « in an interpretation Z satisfies 3s.C if it can reach
an element satisfying C via a path whose labels match s, where tests D7 are interpreted as self-loops
on elements satisfying D. Fischer and Ladner showed that PDL enjoys the finite model property
(FMP) [1, Thm. 3.2]—every satisfiable formula has a finite model. Their work, together with that of
Pratt, determined that its satisfiability problem is ExpTiME-complete [1, Thm. 4.4][4]. Analogous results
hold for CPDL (converse PDL), as well as for many expressive description-logic generalizations such
as ZOZ [5, Thm. 6] and ZOQ [6, Thm. 3.1].

Extensions of PDL. Despite its expressive power, PDL cannot capture cyclic program behaviour.
To overcome this limitation, Danecki [7] extended PDL in 1984 with the Js.Self operator, yielding the
logic LoopPDL. The semantics of this operator is as expected: an element satisfies 3s.Self if it can reach
itself via a path matching s. Note that, in contrast to the standard Self operator used in the description
logic community (e.g. in SROZQ), the programs occurring in loops need not be atomic. Danecki also
established ExpTIME-completeness of the satisfiability problem for LoopPDL [7, Thm. 1] using an
automata-theoretic argument based on the “cactus model property” of the logic. This line of work
was further generalized by Harel [8, p. 182], who enriched PDL with program intersection N (parallel
execution of programs), a construct that was studied intensively in the early 2000s [9, 10, 11, 12, 13].
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Finite-model reasoning. In stark contrast to PDL and its many description-logic generalizations [5,
6], even very small fragments of LoopPDL fail to enjoy the FMP. Indeed, consider the TBox

T C 3r. T N —3r".Self,

which states that every element has a successor, but no element lies on a cycle. This TBox has a model
(e.g. an infinite chain) but no finite models. This observation motivates the study of the finite satisfiability
problem for LoopPDL and its fragments. Decidability of finite satisfiability for LoopPDL (and its
generalizations with N operator) has been posed as an open problem in numerous works [14, p. 12]13,
§7][15, Sec. 3.8][16, Open question 1][17, p. 94]. Somewhat surprisingly, to the best of our knowledge,
no positive results are known even for the single-role fragment of ALC extended with both reachability
and self-reachability, namely the restriction of LoopPDL to a single role 7 and its transitive closure r.
Informally, the main obstacle in addressing these questions is the presence of cycles in the intended
models—expressible in these logics—together with the non-trivial interactions between different cycles

under the finiteness constraint. In the words of Gottlob’s well-known motto:

“All the evil in computer science comes from cycles”

Positive results. We briefly survey several positive results for rather restricted (and somewhat
artificial) fragments of LoopPDL that can be extracted from the literature. To the best of our knowledge,
no other fragments of our logic are currently known to admit a decidable finite satisfiability problem,
rendering the state of the art rather unsatisfactory. Moreover, the available complexity bounds for the
last two fragments discussed below are not tight.

The atomic-loop fragment of LoopPDL, i.e., PDL extended with the Self operator restricted to atomic
programs. This logic is a fragment of ZOZ and, as noted above, enjoys the finite model property.

The transitive fragment of LoopPDL, i.e., a sublogic that allows programs that are either atomic or
transitive roles. This logic can be encoded into the two-variable guarded fragment with transitive
guards, which is known to have a decidable finite satisfiability problem [18, Thm. 5.9].

The query fragment of LoopPDL, i.e., a sublogic in which (i) regular expressions may only occur within
the Self operator, and (ii) the Self operator appears only under an odd number of negations. This logic
can be reduced to the finite entailment problem for conjunctive regular path queries under ALC-TBoxes,
which was recently shown to be decidable [19, Thm. 1]. In the PhD thesis of Gutowski [20, Thm. 1.1]
it was shown that the restriction (i) is not needed for decidability. Note that this sublogic allows for
“forbidding cycles” but it is not capable of expressing/enforcing their existence.

Our motivation and results. Our primary motivation is to address the finite satisfiability problem
for ICPDL—PDL extended with converse and intersection, and thus a highly expressive generalization
of LoopPDL—a long-standing and notoriously challenging open problem in computational logic that
has seen only limited progress over the past four decades. While we do not resolve finite satisfiability in
full generality, even for LoopPDL, we obtain results for meaningful fragments that are of independent
interest. In this workshop paper, we present a streamlined version of our approach, focusing on
a fragment of LoopPDL where loops are restricted to atomic roles and their transitive closures, while
programs outside loops remain unrestricted. To the best of our knowledge, this constitutes the first
substantial progress toward establishing the decidability of the finite satisfiability problem for LoopPDL.

2. Preliminaries

Basics on DLs. We consider disjoint, countably infinite sets of role names Ng and concept names N¢.
The syntax of our fragment of LoopPDL is defined by the following context-free grammar:

C,C'u=T|A|-C'|CUC|3s.C|Ir.Self | IrT.Self (concepts)



5,8 u=7r|C?|s+s|s0s|s* (roles)
for A € N¢ and r € Nr. We employ the usual abbreviations for conjunction C M D := =(=C L =D),
value restriction Vs.C = —3s.—C, falsum | = —T, and transitive closure s* = s o s* of roles.
Note that in contrast to the complete syntax of LoopPDL, we do not allow the Self operator to be
applied to arbitrary roles, but only to (possibly transitively closed) role names. Nevertheless, all roles
may occur in existential and value restrictions.

Table 1 Table 2
Concepts in LoopPDL. Roles in LoopPDL.
Name Syntax Semantics Name Syntax Semantics
top concept T AT role name r rT C ATxAT
concept name A AT cCA? test C?  {(d,d)|deCT}
conc. negation -C AT\ CT role comp. sos’ slo(s)?
conc. union CuD Cfub? role union s+s sTu(s)t
exist. restriction  3s.C  {d | Je.(d,e) € sT A e € CT} Kleene’s star  s*  refl. & trans.
Self operator Js.Self {d | (d,d) € s} closure of s7

The semantics of our fragment of LoopPDL is given by interpretations. An interpretation is a pair
T = (A%, 1) consisting of a non-empty set AT called the domain and a function -* that maps concept
names A to subsets of the domain AZ C A and maps role names 7 to sets of pairs of domain elements
r? C AT x AT. This mapping is then extended to arbitrary concepts (Table 1) and roles (Table 2).
An interpretation is finite if its domain is finite. As usual, a TBox 7T is a finite set of concept inclusions,
written C C D. We write (C =D) € T when (CC D) € Tand (D E C) € T,andcallC =D
a concept equivalence. We use con(7) and rol(7") to denote the set of all concept names occurring
in 7 and the set of all role names occurring in 7T, respectively. An interpretation Z satisfies a concept
inclusion C C D (written: Z |= C C D) if CZ C DZ. Moreover, T satisfies a TBox 7 (written: Z |= T
if 7 satisfies all concept inclusions that belong to 7. In such case, we call 7 a model of 7. Additionally,
a concept C is (finitely) satisfiable with respect to T if there exists a (finite) model Z of 7 and an element
a € AT such that a € CZ. We may then call Z a model of (T, C). In the (finite) satisfiability problem
we ask, given a TBox T and a concept name C as an input, if C is (finitely) satisfiable with respect to 7.

Walks and cycles. A walk in an interpretation 7 is a finite word 7 := ag, 11, a1, 72 . . ., Tn—1, Gn—1
in AZ(Ng - A?)* such that for all i < n—2 we have (a;, ;1) € TZ-Z:H. We say that 7 starts from a
if ag = a. Analogously, 7 ends on a if a,_1 = a.If there is r € Ny such that all r; are equal to r, we
call such a 7 an r-walk. A cycle (respectively, an r-cycle) is a walk (an r-walk) with a,—; = ay.

Automata. By a nondeterministic finite automaton (NFA) A we understand, as usual, a tuple
(Q, 2,0, qo, F) where @ is a finite set of states, 3 is a finite alphabet, § C @ x ¥ x @ is the transition
relation, gg € (Q is the initial state and ' C () is the set of accepting states. All NFAs considered in this
paper are over finite subsets of {r, C? | € Ng, C € N¢}, where the expressions of the form C? are
called tests. If g and ¢’ are states of A, we write A, ; to denote the NFA obtained from 4 by changing
the initial state to ¢ and the set of accepting states to {¢'}.

By a run of an NFA A = (Q, %, 6, qo, F') over an interpretation Z, we understand a finite sequence
of tuples (do, qo, w1, q1, d1), . .., (de—1,qe—1,we, qr, dp) in AT x § x AT such that for all i < £ we have
(di, d;y1) € (w;)T. A runis accepting if ¢o € F. We say that a run starts from d if dy = d (and similarly
ends on d if d; = d). Suppose now that there is an accepting run of A that starts from d, and let
(do, d0,d1),...,(di—1,0d0, d¢) with §; = (g;, wit+1, qi+1) be the sequence of tuples obtained from the
run by removing the ones concerning tests. If the resulting sequence is empty, then by an A -witness
for d we understand the singleton sequence d. Otherwise, it is the walk dy, wy, dy, . . ., wy, dp. We speak
about an A -self-witness for d when there is an accepting run of A that starts and ends on d. Such walks
are called witnessing walks and cycles, respectively. A similar notation is used for regular expressions.



From now on it will be convenient to work with automata in existential restrictions in place of regular
expressions with tests. Hence, we extend the syntax of our logic with the concept constructor 34.C,
interpreted by Z as the set of all pairs (a, b) for which there is an accepting run of A from a to b.

Trees. We use the set-theoretic representation of a (countable, bounded-branching) tree as a prefix-
closed subset of {0, 1,..., N}* for some N € N. Elements of a tree are called vertices, and the empty
sequence ¢ is the root. For a vertex v, its children are the vertices of the form vi with 0 < ¢ < N.
Analogously, a descendant of v is a vertex of the form vw for some w € {0,1,..., N}*. The notion of
a parent is defined dually. A (possibly infinite) sequence of vertices vg, v1, . .. such that v;4 is a child
of v; is called a path. If there exists j such that v; 1 is always the j-child of v;, then the path is a j-path.
A labelled tree is a tree equipped with a labelling function L mapping vertices to elements of a fixed
label set. A tree T” (with labelling L’) is a subtree of a tree T' (with labelling L) if there exists v € T'
such that {w | vw € T} = T" and L' (w) = L(vw) for all w € T". A tree is called regular if it has only
finitely many distinct subtrees.

Normal form. Let 7 be a TBox in our fragment of LoopPDL. We say that T is in normal form if
there exists an NFA A for which 7 consists only of concept equivalences of the form Dy = Dy where
D, is a concept name and

(1) Dy is a Boolean combination of concept names, or
(2) Dy is of the form 34, ;. T for states ¢, ¢ of A, or (walk demand)
(3) D3 is of one of the forms 3r.Self and 3rT.Self for a role name 7. (cycle demand)

Equivalences with Dy as described in case (1) are called Boolean constraints. Note that all tests in A
are atomic. What is more, w.l.o.g. we can assume the right-hand sides of the concept equivalences
are unique, and that TBoxes in normal form contain concept equivalences A = 34, . T for any pair
of states ¢, ¢’ of A. The use of a normal form allows us to simplify the reasoning about the satisfiability
of a TBox, by focusing only on the local demands of each of the elements that a model of the TBox
must satisfy. By transforming regular expressions in existential restrictions into NFAs and by routine
renaming a la Scott we can establish the following lemma (check appendix for details):

Lemma 2.1. For every instance (T, A) of the (finite) satisfiability problem, one can compute in polynomial
time a TBox U in normal form, such that A is (finitely) satisfiable with respect toU if and only if A is
(finitely) satisfiable with respect to T . <

For the remainder of the paper, we fix an instance (7, A) of the finite satisfiability problem,
with the TBox 7 in normal form. For convenience, we also fix a number N and an enumeration
A; =Cy, ..., Ay = Cy of the concept equivalences in 7 whose right-hand sides are cycle demands
or walk demands. Finally, we fix N% to be the set of role names r such that 3r".Self appears in 7.

3. Tree Representations of Models and the Algorithm

Overview. One of the classical approaches to the satisfiability problem in many modal and description
logics is automata-based. The main idea is to represent models of a given instance as infinite trees
and to check for the existence of such representations using automata, typically two-way alternating
parity tree automata. These tree representations are usually obtained via variants of unravellings,
which transform (potentially infinite) models into infinite trees. In our setting, two difficulties arise.
First, we are concerned with finite satisfiability, whereas unravelling does not preserve finiteness.
Second, cycle demands in TBoxes, which may require cycles of arbitrary length, are not naturally
compatible with tree-shaped representations. To address these issues, we introduce a novel form of



tree representation. Although these trees are infinite, they are equipped with constraints ensuring that
they can be “wrapped” into finite models. Furthermore, cycle demands are handled by allowing special
paths, called cycle-guaranteeing paths, which witness such demands and can be folded into cycles by
identifying their endpoints. Further details are developed in the remainder of this section.

Encoding. From now on, we assume that all trees in this paper are subsets of {0, 1,..., N }* (with N
fixed at the end of the previous section) and are equipped with a labelling function L taking values in

Y :=P(con(T) U {in,,self, | r €rol(T)} U {fin})

with P denoting a power set. The purpose of these labels will be specified shortly. Intuitively, concept
labels encode the interpretation of concept names at vertices, in, labels record r-connections from
parents to children, self, labels indicate r-self-loops, and fin labels mark the endpoints of dedicated
0-paths, which will later be folded into cycles. In our encoding, for a vertex v labelled with A;, the
i-child (where 1 < ¢ < N) initiates a path that realizes the i-th demand A; = C; for v. Such paths
corresponding to cycle demands are called cycle-guaranteeing paths. Then, v is said to demand the cycle
realized by the path. Otherwise, if v is not labelled with A;, we say that v forbids all cycles that would
satisfy C;. The 0-child of v is used to continue the current guaranteeing path, if one exists. Consequently,
every vertex except the root lies on a path incorporating demands of some other node. More specifically,
such paths starting at v have the form v, vi, vi0, . . ., vi0*, where 7 identifies a demand as enumerated
at the end of the previous section. Important requirements of our encoding are summarized below.

Definition 3.1. A labelled tree (T, L) is encoding-ready if the following conditions hold:

1. The root is not labelled with in, for any r, and every other vertex is labelled with in,. for exactly one r.
2. A vertex labelled with fin has no children and carries no other labels except in, for some r.
3. AllO-paths are finite.

4. For every i such that C; is a cycle demand, every path of the form v, vi, vi0, . . ., vi0*, where viO¥
has no O-children, satisfies fin € L(vi0*) (including the case k = 0). <

AT(TL) T(T.L)y

Such a (T, L) can be seen as a cactus-shaped interpretation Z(T, L) = ( , where:

« ATL) — Ly € T | fin ¢ L(v)},

« forv € ATL) and B € con(T), we have v € BX(T>L) if and only if B € L(v),

. for each r € rol(T), r2(T"L) is the C-minimal relation such that:
- forv e AT L) and 0 < i < N, (v,vi) € 720 if and only if in, € L(vi),
- forv € AT (y v) € P21 if and only if self, € L(v),

- for v € AT('L) and i such that vi0* € AL with fin,in, € L(vi0*) for some k, we
have (vi0*~1, v) € rZ(T0),

The above construction can be understood as follows. The domain of Z (7, L) consists of all vertices
except those labelled with fin, which serve as auxiliary elements used to mark the ends of cycle-
guaranteeing paths and to record their final role. The interpretation of concept names is directly inherited
from the labelling. The interpretation of roles is defined in three steps. First, r-edges are added between
a parent u and its child v whenever in, € L(v). Second, r-self-loops are added at vertices labelled with
self,.. Third, cycle-guaranteeing paths of the form v, vi, vi0, . . ., vi0F, where vi0* is labelled with fin
and in,, are “closed” by adding an r-edge from vi0¥~! back to v, effectively “identifying” vi0* with v.
Thus, Z(T', L) can be viewed as a “tree of cycles”: traversing a cycle-guaranteeing path returns to the
originating vertex, yielding (possibly infinite) chains of cycles that can be navigated both downward and
upward. In what follows, encoding-ready trees serve as inputs to tree automata whose nonemptiness is
checked by our algorithm. The fin label acts as a signal for the automaton to move from vi0* back to v.
To facilitate this behavior, it is convenient to rely on a two-way variant of tree automata.

We next define tree representations of finite models of (7", A}, in analogy to the so-called Hintikka trees.



Definition 3.2. An encoding-ready tree (T, L) is a representation of (T, A) if the following hold:

1. Every vertex not labelled with fin satisfies all Boolean constraints from T, and A € L(¢).
2. Forevery i, if C; is of the form 34, . T, then each vertex v with A; € L(v) either
a) admits a path v, vi, vi0, . . ., viO¥ such that viO* has no0-child, and assuming in, € L(vi),
the walk v, 1y, vi, 11, vi0, . . ., 73, viOF is an Ag,q -witness forv in Z(T, L), or
b) has an A, . -witness consisting of the singleton sequence v.
Moreover, if A; ¢ L(v), then there is no Ay o -witness for v.
3. Foreveryi, if C; = 3r.Self, then A; € L(v) if and only if self, € L(v).
4. For everyi, if C; = dr™.Self, then A; € L(v) if and only if one of the following holds:
a) there exists a path v, vi, vi0, . . ., vi0* such that the final vertex viO¥ is labelled with fin and
the walk v, r,vi, r,vi0, ..., vi0* =1 r v is an r*-self-witness forv in Z(T, L), or
b) self, € L(v).

5. Wrappability. For every infinite path vi, v, ..., if from some point onward all in labels use the
same role v, and C; = 3r™.Self for some i, then there exists j such that A; € L(vy) forallk > j.<

Observe that all cycles in this construction are either explicitly required by a vertex v, with the final
vertex vi0* “identified” with v, or arise as combinations of such cycles. In the latter case, a combination
may involve multiple role names, and thus cannot violate any negative cycle constraints, or it may
involve a single role 7, in which case every vertex on the cycle satisfies 37" .Self. Hence, no unintended
cycles are introduced by the “two-way nature” of our construction. Nevertheless, not all walks in
such a tree are “downward” walks: starting from a vertex somewhere deep within a chain of cycles,
one can successively “close” cycles by moving slightly downward and then jumping upward (via the
“identification” of vi0¥ with v). Subsequently, the walk may continue downward again.
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The above picture depicts how a chain of cycles originates from a tree representation. One can show:

Proposition 3.3. One can construct in time polynomial in | T| a two-way alternating parity tree automa-
ton Ayyee over the alphabet 3 with polynomially-many states w.r.t. | T | that accepts exactly the representa-
tions of (T, A). Testing for non-emptiness of its language can be done in time exponential in |T|. <

Proof idea. Such an automaton can be constructed in a standard way, as in many extensions of PDL
and the p-calculus. While routine, the construction is technically tedious; see [21, Secs. 4.2.1 & 4.2.3] for
a very detailed exposition. The semantic constraints from Definition 3.2 reduce to checking the existence
of paths whose in labels form words in given regular languages, possibly with additional checks on



concept labels along the path. The two-way capability allows navigation along cycle-guaranteeing paths,
including upward moves in the tree, while the wrappability condition is handled via the automaton’s
ability to express fixed-point properties. Full details will be given in the thesis of the second author.
The second part of the claim follows from the original work of Vardi [22]. O

As noted at the beginning of this section, our approach to finite satisfiability is automata-based. A pseu-
docode description is given below; its soundness and completeness are established in next sections.

Algorithm 1 Finite satisfiability check for TBoxes in our fragment of LoopPDL.

1: Read the input instance and transform it to normal form, obtaining (7, A).
2: Construct an automaton Ay, from Proposition 3.3 that accepts tree representations for (7, A).
3: Test Ayree for nonemptiness and accept if its language is nonempty, reject otherwise.

4. Completeness

To prove that our algorithm always detects a finite model whenever one exists, we consider a finite
model Z of (7, A). We construct a representation (7', L) accepted by Ajyce via a TBox-driven unravelling.

Example 4.1. Consider a TBox T in normal form, containing the following concept equivalences: A =
Ay M AL AL = 3 A4, T, Ao = FAg, 45 T, Az = A 45T, Ad = FAgy - T, As = FA g1 0. T,
Ag =3 Ay .4, - T, A7 = 3r*.Self, C = - A7 (some NFAs with empty languages or accepting only singleton
walks are omitted), where the automaton A and a model I of T are depicted below.

Az ModelT = T:

e A, As, A7 A3, C
Automaton A : T ‘< ) @
r S
T s C?
SEW® o
A7A13A4;A67A7

Representation of T

3

AN A AN AN

10 12 15 17 62 65 67 0 72 75 T7
© © ©f\ © @/ /N © © 1\
170 177 670 677 700 707 770 77T
AR dod e
1700 1770 6700 6770 7070 7700 7770
(i | (i 7 N
17700 67700 70700 77700
(fin) (fin) (fin) (fin)

Lemma 4.2. If there exists a finite model of (T, A), then the automaton Ayyee accepts some tree. <



Proof. Let a € AZ be an element at which A is satisfied. Starting from a, which becomes the root,
we successively add all necessary witnesses—arranged in (cycle-)guaranteeing paths—to vertices whose
demands have not yet been satisfied. Wrappability follows from the fact that every finite fragment of
a path in our unravelling corresponds to a walk in Z, and walks of sufficient length in finite interpreta-
tions eventually “get stuck” on some cycle. In the unravelling process, we focus on the TBox 7 in normal
form as fixed at the end of Section 2 and append witnesses according to the demands it determines.
For each element b € AZ, we select its witnessing walks and cycles in advance. If C; is a walk demand
and b € Ciz, let W;(b) denote a walk in Z that starts at b and witnesses C;. If C; is a cycle demand,
we let W;(b) be an appropriate cycle. While building the labelled tree (7', L), we maintain two auxiliary
objects: the projection function I1: AZ(T"L) — AT and the set U. ; of pending vertices whose demands are
not yet satisfied at the j-th stage of the construction. As one might expect, the former is only extended
at each stage, whereas the latter changes completely from one stage to the next.

We begin with a tree T' containing just the root, Uy = {c}, and II(¢) = a. We set L(¢) to contain
the concept names satisfied at a, together with self,. for every r such that (a, a) € r£. Now suppose
Uj has been constructed. For every demand C; and every vertex v € U;, we proceed as follows.

. If C; is a walk demand and TI(v) € C%, let W;(II(v)) = ao, 71, a1, - -, Tk, a be the associated
witnessing path. If £ = 0, we do nothing. Otherwise, we add the vertices vi, vi0, . . ., vi0FTto T
and to Uj41.

. If C; is a cycle demand and T1(v) € CZ, let W;(Il(v)) = ag, T, a1, ..., T, a, r, ap be the associated
witnessing cycle. If it is a self-loop, we do nothing. Otherwise, we add the vertices vi, vi0, . . . ,vi0F
to T and include all of them except vi0* in U, 1. We set fin, in, € L(vi0*).

In both cases, for 0 < ¢/ < k — 1, we let L(vi()e) contain the concept names satisfied at a1, the label
iny,,,,and self, for every r such that ay, 1 has an r-self-loop in Z. Finally, we set H(vioé ) = api1-

The resulting tree 7" consists of all vertices added at some stage of the above process. The label and
projection of each vertex are fixed at the moment of its inclusion. It remains to show that (T, L) is
indeed a representation of (7, A). Clearly, A € L(e), and every vertex satisfies the Boolean constraints
in T, since the set of concepts satisfied at any vertex is inherited from one in Z. Thus, Condition 1 of
Definition 3.2 holds. The existence of (cycle-)guaranteeing paths and required self-loops, as well as the
absence of forbidden self-loops follows by construction. It remains to show that no forbidden walks or
cycles exist in Z(T', L). For cycles, the argument is straightforward: a vertex can only reach itself by
traversing a witnessing cycle on which it lies, possibly passing through other witnessing cycles along
the way. Hence, either all roles appearing on such a cycle coincide—in which case the cycle has the
same shape as the witnessing cycle—or at least two distinct roles occur on it, and the cycle therefore
cannot be forbidden, since only cycles of the form 7+ or 7 can be demanded or forbidden. In particular,
reaching oneself via an 7 -cycle requires lying on a cycle-guaranteeing path for 3r+.Self. As for walks,
observe the following property of II: for every role name r and every edge (v, w) € rZ(TL) it holds
by construction that (IT(v), II(w)) € rZ; that is, IT is a homomorphism from Z(7, L) to Z (and, just as
plainly, IT preserves the satisfaction of concept names). Consequently, every walk 7 in Z (T, L) projects
via II to a walk in 7 that witnesses the same demands and has the same set of concepts satisfied at its
initial element.

It remains to verify the wrappability condition. Consider a role name 7 such that C; = 3r7.Self
for some i, and let v, vo, ... be an infinite path in T" such that in, € L(v;) for all j > ko, where
ko is some fixed index. Define a; := II(v;). The sequence ai, ag, . .. is infinite but takes only finitely
many values due to the finiteness of the domain, so there exists k; > kg such that for every j > k;
the element a; occurs infinitely often in the sequence. Take any j > ki; we claim that A; € L(v;).
Since a; occurs infinitely often, let a, denote its next occurrence after position j. As established above,
IT is a homomorphism, so a;, 7, aj41,7,...,7, a is a walk in Z; and since a; = ay, this walk is in fact
a cycle. Because Z = T, it follows that a; € AZ, and hence by construction A; € L(v;). O



5. Soundness

Suppose that Ayyee from Algorithm 1 accepts a labelled tree (T, L). By Rabin’s Basis Theorem [23,
Thm. 3.7, p. 424], we may assume without loss of generality that (Tjcc, L) is regular. Our next goal is to
show how to transform (Tjcc, L) into a finite model of (7, A) by wrapping it into a finite structure,
with an iterative application of the wrapping operation (formally defined in Definition 5.5). To handle
intermediate interpretations arising during the wrapping process of tree representations (as well as to
formalize the invariants required for correctness) we introduce wrappable interpretations.

Definition 5.1. A wrappable interpretation W is a tuple (Z, E, S, \) satisfying:

1. A7 is a regular tree of finite degree, and all 0-paths in AT are finite.

2. E,S:rol(T) — AT x AT assign to each role name r a subset of r*. For any role name r, the pairs
contained in E(r) are called plain edges, whereas those contained in S(r) are called special edges.

3. X\ maps nodes of AT to subsets of con(T) (called types). We writev-C; if A; € A\(v) for (A; = C;) € T,
and v ¢ C; otherwise (recall the framed text in Section 2).

4. For every child vi of v, there exists a role name r such that (v,vi) € E(r).

5. (Integrity) If A; € \(v) and v is not its own witness (cf. Def. 3.2, 2b, 4b), then v has a witnessing walk of
the formv, ro, wi, 71, wi0, . . ., 13, wi0F if C; is a walk demand, orv, v, wi, r, wi0, . .., r,wi0*~

if C; is a cycle demand (mind the w!). Moreover, if w # v, then v is a descendant of wi.

y Ty U

6. (Wrappability, cf. Def. 3.2, 5). For every infinite path vy, va, . . . in AT and every r € N, if there exists
i such that (v, vir1) € E(r) for all k > 1, then there exists j such that vy, > Ir.Self forallk > j. <

Note that the interpretation Zy := Z(T4¢c, L) induced by the tree representation (Tycc, L) can be
lifted to a wrappable interpretation Wy = (Zy, Ey, So, \o) as follows: (i) each Ey(r) contains all
parent-to-child 7-connections, while all remaining r-edges belong to Sy(r), and (ii) for each v € Ao,
the type A\g(v) consists of all concept names satisfied by v in Zy. Thus, special edges in W) are precisely
those which close cycles. More generally, plain edges of wrappable interpretations correspond to the
tree structure and may later be redirected during the wrapping process, whereas special edges serve to
close cycles demanded by elements and may also be modified. Condition 5 of Definition 5.1 ensures
that witnessing walks are not redirected midway.

In our construction, a vital role is played by the notion of a trace. The trace of an element captures its
position relative to elements that forbid self-reachability, allowing us to avoid introducing forbidden
cycles during the finitization process. Given a wrappable interpretation YW := (Z, E, S, \) and a vertex
v € AZ, let §(v) denote the unique root-to-v walk in Z (consisting only of edges of the form (w, wi)).
For a role name 7, let § (v) be the longest suffix of §(v) containing only edges labelled with r. We have:

Definition 5.2. Letr € N% and let W := (I, E, S, \) be a wrappable interpretation. The trace function
try: AT — N is defined by tr,(v) == |{w | w occurs in 3, (v) andw ¥ IrT Self }. <

A crucial invariant of the construction is that trace values remain unchanged under modifications of
the interpretation. Hence, traces determined for the initial interpretation induced by (Tjcc, L) can be
used throughout the construction. Moreover, traces take only finitely many values as proven below.

Lemma 5.3. Foreveryr € N% and wrappable interpretation W = (Z, E, S, \), the image of tr, is
finite. <

Proof. Ad absurdum, suppose that tr, takes infinitely many values. Since the tree underlying 7 is
regular, there exists a vertex v € AZ such that tr,.(v) exceeds the number of distinct subtrees of Z.
Consider the walk $(v). By assumption, it contains more vertices w with w ¥ Jr™ .Self than there
are distinct subtree types. Hence, there exist two such vertices w; and w2 on {(v) whose subtrees are
isomorphic. By construction, there is a walk from w; to wa consisting only of r-edges. Now, following
the path from the root to w; and then iterating the segment isomorphic to the one from w; to wy yields
an infinite path violating the wrappability condition. A contradiction. O



To make the construction precise, we formalize its key invariants. Throughout the remainder of this
section, we call W = (I, E, S, \) good if ¢ € AT, T is a model of T, and for all r € N% and v, w € AZ:

1. if (v,w) € E(r), then tr,.(v) < tr,(w), with strict inequality if w ¢ 3r*.Self,
2. if (v,w) € S(r), then tr,(v) = tr,(w),
3. if (v,w) € S(r), then w > Ir+.Self.

Hence, traces do not decrease along plain r-edges and remain constant along special r-edges. We have:
Lemma 5.4. The interpretation Wy induced by (Tycc, L) is good. <

Proof. By Condition 1 of Definition 3.2, we have A € A(¢) and Zy satisfies all Boolean constraints of 7.
Satisfaction of walk demands follows from Item 2, while cycle demands are ensured by Items 3 and 4 of
Definition 3.2. Condition 1 is immediate from the definition of $,(-). Extending a walk 7 ending at v by
an r-edge to a walk , r, vi yields §,(v) C5,.(vi), so the number of elements forbidding an r*-cycle
does not decrease, and increases if vi ¢ 3rT.Self. Conditions 2 and 3 hold since any vertex receiving
a special r-edge has an r " -witnessing cycle and thus demands an r*-cycle. O

We also define similarity. Vertices v, w of AT are similar (denoted v ~ w) if A(v) = A(w) and
tr,(v) = tr,(w) for all r € Ng. Plain edges (v1,w;) and (v2,ws) are similar (denoted (v, w;) ~
(vg, we)) if their endpoints are similar, there is an ¢ # 0 such that both w; and w, are the i-th children
of their parents, and there exists 7 such that both of these pairs belong to E(r).

The following operation constitutes a single step in the process of finitizing the structure. Its intuition
is as follows. We consider two similar edges (v, vi) and (w,w?) such that w is a descendant of vi.
We then redirect the edge (w, wi) to vi and remove the subtree rooted at wi (including wi). Moreover,
if wi guaranteed an r-cycle for w, we restore an r-cycle for w by reusing the r-cycle guaranteed for v,
after adding a special r-edge from the last vertex on a cycle-guaranteeing path. This is illustrated below.

Definition 5.5. Let W := (Z, E, S, \) be a wrap-
pable interpretation and let 1 < ¢ < N. Fix similar
edges (v, vi) ~ (w, wi) such thatw is a descendant
plain of vi. A wrapping operation ((v, vi), (w,wi)) per-
———>  formedon)V results in the wrappable interpretation
W' = (T',E', S, \') in which all the components
are as in W restricted to AT withwi and its descen-
dants removed, modulo the following modifications:

-n
. .

special
............ >

« E'(s) and s*' contain (w, vi), for the unique role
name s with (v, vi), (w,wi) € E(s), and

« Suppose C; = IsT.Self and consider a witness-
ing walk v, s, vi, s,vi0, ..., vi0*~1 s, v for this
cycle demand and v (see the integrity condition).
Then both S'(s) and s* contain (vi0*~1, w). <

N
-----

It is immediate that )’ is wrappable. The only subtle point is the preservation of integrity (Item 5 of
Definition 5.1). This is addressed in the appendix B.1.

The following lemma shows that the wrapping operation preserves the property of being “good” for
wrappable interpretations, and is central to the soundness of our algorithm. Its key idea is the use of
traces to ensure that no forbidden cycles are introduced.

Lemma 5.6. Let the wrapping operation ((v,vi), (w,wi)) be performed on W, resulting in W', as in
Definition 5.5, and assume that W is good. Then W' is good. <



Proof sketch. The verification of all conditions except the satisfaction of GCIs of the form A,, = Jr*.Self
is routine and deferred to the appendix. By construction, all elements (possibly except w) satistying A,
retain their T -self-witnesses, while w, if necessary, can reuse such a witness from v. It thus remains to
show that no forbidden 7 -cycles are introduced. First observe that for every r-walk ug, 7, u1, . .., 7', U,
we have tr,(u;) < tr,(up) for all j < £. This follows from Conditions 1 and 2 of the goodness property
by straightforward induction on k. Now let u be a vertex satisfying 3rT.Self in Z’. Then there exists an
r-cycleu, r,uy, ..., ryug_1, 7, u. If k = 1, this is a self-loop, which is already present in Z. Since Z = T
and the construction of Z’ preserves types, u satisfies A,,. Assume k > 1 and, towards a contradiction,
that u ¢ 3r " .Self. By Cond. 3, the edge (uj_1,u) is plain. Then, by Cond. 1, tr, (ug_1) < tr,(u), while
by the above observation, tr,(u) < tr,(ug_1). A contradiction. O

Since by Lemma 5.4 we know that W (i.e., our initial wrappable interpretation) is good, it remains to
devise a systematic procedure for applying wrapping operations that eventually yields a finite wrappable
interpretation. By the goodness property, the resulting interpretation is going to be a finite model
of (T, A). As an auxiliary lemma, we show that every infinite path contains a pair of sufficiently distant
similar edges. The proof is by pigeonhole principle (see the appendix).

Lemma 5.7. In any wrappable interpretation VW := (Z, E, S, \), on every infinite path vy, va, . .. there
are some vertices v, Vi1, Vj, Vj41 such that i + 2 < j and (v;, vit1) = (vj,Vj41). <

We are finally ready to establish the main result of this section.

Lemma 5.8. If Aree accepts (Tace, L), then there exists a finite model of (T, A). <

Proof. Let the depth of anode v be |v|, i.e., the length of its underlying sequence. We define the inductive
“wrapping” process as follows. Suppose W, is given, and let D be the set of all vertices in WV, of depth
n+1 of the form viwi, where (v, vi) ~ (viw, viwi) for some |w| > 1. Define W, 11 as the result of
applying the wrapping operations ((v, vi), (viw, viwi)) for all viwi € D, in arbitrary order. To prove
the existence of a finite model, it suffices to prove existence of some m for which W,, contains no
infinite paths. Towards a contradiction, suppose that for every m, W,, contains a vertex of depth m.
Define X := {v € Ty | Vn > |v| Jw with |vw| = n and vw € T,,}. Thus, X consists of vertices in W)y
that, for every n, have in their subtree a vertex at depth n surviving the n-th “stage” of the wrapping
process. We use the following observations (proved in the appendix): (1) ¢ € X, (2) if v € X, then
vi € X for some 4, and (3) if vi € X, then the path from the root to v contains no edge similar to (v, vi)
except possibly its immediate predecessor. These imply the existence of an infinite path in 7j with no
pair of similar edges separated by at least one edge, contradicting Lemma 5.7. O

6. Conclusions

We introduced a new automata-based approach to the finite satisfiability problem for PDL extended
with the generalized Self operator. While the problem in full generality remains open for over 40 years,
we resolved it for the fragment of LoopPDL where Self is applied only to atomic roles or their transitive
closures. Since the presented Algorithm 1 is sound and complete, we can conclude:

Theorem 6.1. The finite satisfiability problem for LoopPDL-TBoxes in which the Self operator is restricted
to atomic roles or their transitive closures is decidable and ExpTIME-complete. <

Our approach represents finite models as infinite, automata-recognisable trees satisfying a wrappabil-
ity condition that enables their transformation into finite models. While completeness extends readily
to full LoopPDL, establishing soundness is more challenging. By refining the wrappability condition
and adapting the automaton construction from Algorithm 1, we can already handle more expressive
fragments. We conjecture that the method extends to full LoopPDL, although a general correctness
proof remains open (but we are intensively working on it). As future work, we plan to develop similar
techniques to finite-model reasoning in other logics with finite satisfiability problems still open. This
forms a part of our recently started FWF project titled “FINGO: Finite Graph Operating Automata Meet
Dynamic Logics”. Drop us a line if you are interested in collaborating on the project!
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A. Appendix: Preliminaries

A.1. Proof of Lemma 2.1

Proof. We describe a polynomial-time procedure that transforms an arbitrary TBox 7 into an equi-
satisfiable TBox in normal form. The construction proceeds in several stages, each of which preserves
equi-satisfiability and increases the size of the TBox by at most a polynomial factor.

Let 7 be an arbitrary input TBox. We first transform 7 so that every regular expression occurring in
it mentions only concept names rather than arbitrary complex concepts. To this end, pick any regular
expression in 7 that contains a complex concept C, introduce a fresh concept name Ac, and extend
T with the axiom Ac = C. We then replace every occurrence of C inside the regular expression by
Ac. The resulting regular expression is equi-satisfiable with the original under the extended TBox,
since Ac and C are forced to denote the same set of elements in every model; moreover, it no longer
mentions C as a subexpression. Repeating this step exhaustively—which terminates after polynomially
many iterations, as each application strictly reduces the number of complex-concept occurrences inside
regular expressions—yields a TBox in which every regular expression is built only from concept names,
role names, and the regular operators.

We now have a TBox 7 in which regular expressions contain no complex concepts, and we proceed
to compile these regular expressions into automata. For each regular expression m occurring in 7
that is not in the scope of a loop operator, we construct, by the standard Thompson construction, an
equi-satisfiable nondeterministic finite automaton with a single initial state gy » and a single final state
qf~ Let A be the NFA obtained by taking the disjoint union of all these individual automata; thus
A has a distinguished pair of states (qo,r, ¢f,) for every such regular expression 7. We then replace
each occurrence of 7 in 7 by Ay, . ;.- By construction, Ay, 4, . recognizes exactly the language
denoted by T, so this rewriting preserves equi-satisfiability. Finally, for each pair of states ¢ and ¢’ of
A, we append to T the axiom A, , = 34, . T, where A, , is a fresh concept name.

Call a concept Boolean if it contains no existential restriction, i.e., if it is built from concept names using
only the Boolean connectives. We pick any non-Boolean concept C in 7 whose top-level connective is
an existential restriction, introduce a fresh concept name Ac, and add the axiom Ac = C to 7. We then
replace every occurrence of C in 7 —other than the one in the newly added defining axiom—by Ac.
The resulting TBox is equi-satisfiable with the previous one, since A is forced to be interpreted as
C, and it contains strictly fewer non-Boolean subconcepts. Iterating this step exhaustively, again for
polynomially many rounds, produces a TBox in which every concept is Boolean.

The TBox obtained at the end of this procedure is in normal form and is equi-satisfiable with the
original 7. Since each of the stages above introduces only polynomially many fresh concept names and
axioms and runs in polynomial time, the overall transformation is polynomial. O

B. Appendix: Soundness

B.1. Detailed proof of Lemma 5.6

Proof. Consider W, W', (v, vi) and (w, wi) as in the statement of the lemma. Let T},,; be the set of all
vertices deleted from A7 as a result of the operation (i.e., the subtree of wi). Assume that WV is good.
We additionally assume that C; is an s*-cycle demand—the other case just requires verifying fewer
conditions. Let us show that W’ is good. First, let us see that the operation preserves Conditions 1, 2
and 3. The value of §(u) is not affected for any u € 7", since the only change done to edges originating
from T is the removal of wi and its descendants, thus all trace values remain the same as in V. The only
new edges are (w,vi) € E'(s) and (vi0*~1 w) € S’(s). Call them e; and e respectively. It suffices to
show that they obey the desired conditions.

Because e; € E’(s), e; must obey Condition 1. Since W is good and (v,vi) € E(s), we have
trs(v) < trg(vi) (strict if vi i¢ s .Self). By the fact that w ~ v, we conclude trs(w) = try(v), and
hence trg(w) < trg(vi) (strict if vi 12 IsT.Self).



Because e; € S'(s), e must obey Conditions 2 and 3. Since W is good and (vi0*~1 v) € S(s),
we have try(v) = trs(vi0¥~!). Again, from the equality trs(w) = try(v) it follows that trs(w) =
tr (vi0*~1). Now, the witnessing cycle v, s, vi, s, vi0, ..., s,vi0F "1, s, v exists in Z, and since Z = T,
thus v > 3sT.Self. By the similarity v ~ w, we obtain A(v) = A(w), and hence w > s .Self.

Let us now show the remaining conditions. Obviously, A € X (g). We concentrate on the TBox 7.

Boolean constraints. The Boolean constraints are satisfied because X’ is just a restriction of A, thus
no vertex has its type changed.

Walk-demand constraints. For one direction, consider any u € AT and assume u > dAq-T.
If u satisfies this demand in WV without witnesses, then it does so in YW’ as well. Otherwise, by integrity
of W, there is a witnessing walk of the form u'j, r1, /0, . . ., 13, v/j0% in Z. If it contains no element
of T, then it is present in Z’ as well. Assume, therefore, that this walk contains an element of T;.
Then, u'j € Ty, because i # 0. Now, by integrity again, if u # u/, then u is a descendant of u'j.
If u # u' held, then u would belong to Ty, a contradiction. Hence, u = u'. Now, because uj € Ty
and u € A, we obtain uj = wi. By our initial assumption, C; is a cycle demand, making this case
contradictory. If we considered the case of C; being a walk demand, it would now suffice to point out
the path w, s, vi, 71, vi0, . . ., 73, vi0, with (w, vi) and (v, vi) being of the same role and v ~ w.

We prove the other direction by induction on the number of occurrences of edges from {ej, es}
in a walk. Specifically, we claim that for every n € N and u € AT, if a walk witnessing the fact
that u € (34,,.T)* has n occurrences of edges from {ey, ez}, then u > 34, . T. In the case
of 0 occurrences, either no witness at all is necessary or there is a witnessing walk without the
new edges—in both cases, the same conditions hold in W already. Assume the IH for n. Consider
u € (Elﬂqvq/.—l—)f, witnessed by the walk u, r1,uq, ..., 7%, ug that contains n + 1 occurrences of edges
from {e1, ea}. Let (ug, ups1) be the first such occurrence. Let (ug, qs, S, go+1, tgs1) be the transition of
the run that corresponds to crossing this edge. The indices gy, g¢4-1 have been chosen for convenience
and do not imply that this is the ¢-th transition of the run. There is an accepting run of A, , 4
Upt1, Te42 - - - 5 Thy U, With n occurrences of edges from {ey, ea}. Thus by the IH, ugqq >3 A
We claim that uy € (34, 4. T)*. Consider two cases.

Case 1. (ug,upy1) = e1. We have uy = w, ugy1 = vi. Because vi ~ wi, we have wi >3 Ay, 4. T.
Since 7 |= T, thus wi € (34, 4. T)*. Now from the fact that (w, wi) and (w,vi) are of the same
role, it follows that w € (Hﬂ%q/.T)I.

Case 2. (ug, ugy1) = ea. We have uy = vi0k—1, ug4+1 = w. Because w ~ v, we have wi >34
Since Z |= T, it holds that v € (3.4,
role, hence vi0¥~1 € (34, . 7).

/- on

qe+1,q’~T-

qo+1,9 ST

gesr,q- T)F. The edges (vi0* 1, w) and (vi0*~!, w) are of the same

Now, as our walk contains no occurrences of the new edges up to uy, the prefix u, ri, uq, ..., 7o, up
is present in Z. Therefore, u € (34,,,.T)%, and again by the fact that Z |= T, we conclude that
u > Elﬂq,q/ LT,

Cycle-demand constraints. Observe that every self-loop on a vertex in W is also present in
W'. No self-loops are added thanks to the fact that vi # w. Thus, constraints with the right-hand
side of the form Jr.Self are satisfied. Now, for one direction, assume u > 3rT.Self. If (u,u) €
S(r), we achieve our goal immediately. Otherwise, by integrity of W, there is a witnessing cycle
w, ', r,u' 50, ..., r,u'j0F L r win Z, where u is a descendant of u/j if u/ # w. Just like in the case
of walk-demand constraints, if it contains no element of T),;, then it is present in Z’ as well. Assume,
therefore, that this cycle contains an element of Ty,;. Then, u'j € T, because i # 0. Now, by integrity
again, if u # u/, then u is a descendant of v'j. If u # v’ held, then u would belong to T),;, a contradiction.
Hence, u = u’. Now, because uj € Ty,; and u € AI/, we obtain uj = wi. It suffices to show that
w E (E|s+.Se|f)I/. We choose the walk w, s, vi, 5, vi0, . .., s,vi0F "1, s, w, hence proven. O

B.2. Proof of Lemma 5.7

Proof. By the extended type of the i-th vertex on a path, we mean the tuple consisting of: the types
A(v;) and A(v;41), the unique role name 7; such that (v;, vi11) € riI , the number d < N such that v;11
is the d-th child of v;, and the collections of values of traces tr,(v;) and tr,(v;4+1) for each r € N%.



By Lemma 5.3, there are only finitely many such extended types. What is more, all O-paths are finite.
Hence, by the pigeonhole principle, infinitely many vertices on the path share the same extended type
and are non-zero children of their parent. To conclude the lemma, it suffices to select two such vertices
at distance at least two. O

B.3. Proofs of the observations from Lemma 5.8

Proof. 1. € € X. Proof: Suppose otherwise. Then, there is a maximal n, say n’, such that there is
some vertex w at depth n in T},. Consequently, 7,11 has no vertex at depth n’ + 1, contradicting
our assumption.

2. Ifv € X, then vi € X for some ¢. Proof: Suppose v € X and no child of v belongs to X. Then,
for every 1, let us define n; to be the maximal value of n such that v7 has in its subtree a vertex at
depth n in T}, (Jv| if vi does not exist and |vi| if vi has no children). Now since the tree has finite
degree, we can choose some ¢ such that n; is maximal. The vertex v has no vertex in its subtree
at depth n; + 1in 7},, 41, a contradiction.

3. Ifvi € X, then the path from the root to v contains no edge similar to (v, vi) that does not directly
precede it. Proof: This clearly follows from the definition of the wrapping process. If (v, vi) is
similar to some edge that comes before it (but does not directly precede it) on the aforementioned
path, then vi is removed at stage |vi| of the wrapping process and its subtree does not exist
in Ty
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