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Abstract

In this paper we study a preferential temporal description logic with typicality, LTL% ¢, which allows for
defeasible reasoning in a temporal description logic. We consider an encoding of preferential temporal description
logics with typicality into LTL 4 ¢, a result which extends to the multi-preferential case. For the multi-preferential
case, we revisit a previous semantics of weighted knowledge bases by considering preference combination.
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1. Introduction

Preferential and rational extensions of Description Logics (DLs) have been widely studied in the last
decades, starting from [1, 2, 3]. They allow reasoning with exceptions through the identification of
prototypical properties of individuals or classes of individuals. Defeasible inclusions are allowed in the
knowledge base to model typical, but non-strict, properties of individuals, that is, defeasible properties
which admit exceptions. Their semantics extends DL semantics with a preference relation among
domain individuals, along the lines of the preferential semantics introduced by Kraus, Lehmann and
Magidor [4, 5] (KLM for short). Preferential and rational extensions of the description logic ALC [6]
have been studied [2, 3], and different closure constructions have been developed [7, 8, 9, 10, 11, 12],
inspired by Lehmann and Magidor’s rational closure [5] and Lehmann’s lexicographic closure [13].
More recently, multi-preferential extensions of DLs have been developed, allowing multiple preference
relations with respect to different concepts [14, 15, 16], as semantics for ranked and for weighted
knowledge bases with typicality [14, 15, 16, 17], in the two-valued and in the many-valued case.

Temporal extensions of Description Logics are well-studied in the DL literature (see the survey in
[18] on temporal DLs, their decidability and complexity). While preferential extensions of LTL with
defeasible temporal operators have been recently studied [19, 20, 21] to enrich temporal formalisms
with non-monotonic reasoning features, preferential extensions (with typicality) of temporal DLs have
been considered in [22], building on LT'L 4.¢ [18], a temporal extension of ALC based on Linear Time
Temporal Logic (LTL).

Generalizing the approach in [3], the preferential temporal description logic with typicality, LTL:E e
allows for combining the typicality operator with the temporal modalities of LTL. The resulting temporal
DL with typicality allows for representing temporal properties of concepts which admit exceptions, e.g.,
professors normally teach at least one course until the end of the semester, although exceptions are
permitted.
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The preferential temporal description logic LTL}‘ rc can be polynomially encoded into LT'L 4zc,
which allows borrowing decidability and complexity results from LTL 4r¢.

In [22], a multi-preferential extension of LTL or¢ with typicality is also considered, allowing a
concept-wise preferential semantics where different preferences <, are associated to different distin-
guished concepts C;. The encoding also applies to such a case, and allows for the definition of closure
constructions based on weighted knowledge bases [15, 23] in the temporal case.

In this paper, we revisit the semantics of weighted knowledge bases proposed in [22]. To deal with
general typicality concepts T(D), rather than introducing a global preference relation, we consider
an approach for combining preferences, that was first proposed in [24] for weighted Conditional ASP
programs. The idea is to define a preference relation <p with respect to a boolean combination D of
the distinguished concepts C;.

2. A Temporal DL with Typicality

The concepts of the temporal description logic with typicality LTL:JL{ rc can be formed from standard
ALC constructors, using the temporal operators () (next), U (until), & (eventually) and O (always) of
linear time temporal logic (LTL), as well as the typicatily operator T.

Let N¢ be a set of concept names, N, a set of role names and N7 a set of individual names. The set
of ALC extended concepts can be defined inductively as follows:

Cu=A|T|L|CND|CUD |~C|¥r.C|3r.C|OC|CUD | <C | OC | T(C)

where A € N¢, and C and D are extended concepts.

The instances of concept T(C) are intended to be the typical instances of concept C. When a concept
T(C') occurs on the left hand side of a concept inclusion, it allows for defeasible properties of a concept
C to be expressed. A concept inclusion T(C') C D means that the typical instances of concept C are
instances of concept D (normally, C’s are D’s). One can therefore distinguish between strict inclusions
(C C D), describing properties that hold for all instances of C, and defeasible inclusions (T(C) C D)
that only hold for the typical instances of C.

As usual, we assume that the typicality operator T cannot be nested. Extended concepts can be
built by combining the concept constructors in LTL 4,¢ with the typicality operator. For instance,
the defeasible inclusion T (Professor) C (Jteaches. Course)U Semester _End means that normally
professors teach at least one course until the end of the semester (but exceptions are allowed), while
the inclusion Jlives_in. Town M Young T T (<C3granted. Loan) means that persons living in town and
being young are typical in the set of individuals eventually being granted a loan.

To define the semantics of LTL:EZ:C in terms of preferential models, we extend ordinary models
of LTL 4rc [18] with a preference relation <™ on the domain, for each time point n, whose intuitive
meaning is to compare the “typicality” of domain elements at the different time points, where z <" y
means that domain element x is more typical than y at time point n. The typical instances of an (extended)
concept C' at time point n (the instances of T'(C') at time point n) are the instances x of C' at time point
n that are minimal with respect to the preference relation <" (i.e., no other instances of C' are preferred
to x at time point n).

In the following, we introduce a relation < C N x AT x AT and a collection of preference relations
<", one for each time point n (the projections of < over the single time points).

A preferential temporal interpretation for LTL}I ccisatriple T = (AT, <, .T), where

« AT is a nonempty domain;

« the relation < C N x AT x A7 associates to each time point n a preference <™ over the domain
AT such that: for alln € N, <™ = {(c,d) | (n,c,d) € <} and <" is an irreflexive, transitive and
well-founded relation over AZ;

. T is an extension function that maps each concept name C' € N¢ to a set CT C N x A7, each
role name r € Ny to a relation £ C N x AT x AZ, and each individual name a € N to an

element o € AZ,



Following [18] we have assumed individual names to be rigid, i.e., they have the same interpretation
at any time point. For a pair (n,d) € N x AZ, n represents a time point and d a domain element;
(n,d) € CT means that d is an instance of concept C' at time point n, and similarly for (n, dy, d2) € rZ.
Function -Z is extended to complex concepts as follows:

TI=NxAT 1T=9 (=-C)F =(NxAH\C*
(cn D) =ctnD? (CuD) =ctupD?
(3r.C)T = {(n,c) € Nx AT | 3y.(n,c,d) € rT and (n,d) € C*}
(vr.C)E = {(n,c) € N x AT | Vy.(n,c,d) € rT = (n,d) € CT}
(OC)r ={(n,c) eNx AT | (n+1,c) € CF}
(©C)t = {(n,c) € N x AT | Im > n such that (m,c) € C*}
(0C) = {(n,c) e Nx AT | ¥Ym >n, (m,c) € CT}
(CUD) = {(n,c) € Nx AT | Im > nst. (m,c) € D*

and (k,c) € CT,Vk (n <k <m)}

(T(C)? = {(n,c) | c € Minn(CL), forn € N}

where CT = {d | (n,d) € CT} are the instances of C at time point n, and Minn(S) = {u:u € S
and z € Ss.t. 2 <" u}.

Note that a preferential temporal interpretation, as defined above, is obtained by adding a preference
relation < to temporal interpretations for LTL 4,¢ in [18] and, additionally, by providing an interpreta-
tion (T(C))7 to typicality concepts T(C'). In the following we will refer to temporal interpretations
for LTL src as pairs T = (AZ, 1), assuming the evaluation of LTL 4.¢ constructs reported above.

For each timepoint n, relation <™ has the properties of a preference relation in KLM preferential
interpretations [4, 5]. When modularity also holds for <", the relation <™ has the properties of a
preference relation in rational (or ranked) KLM interpretations [5]. The fact that each irreflexive and
transitive relation <" on A is well-founded guarantees that there are no infinite descending chains
x0, X1, Z2, . .. of elements of AZ, such that 1 <"xq, xo<"z1, .. ..

Although we have considered a constant domain AZ, as for LTL 4z¢ [18], expanding domains can
be considered, by letting a domain AZ, for each time point n, with AZ C AZ 41, for all n.

An LTLY ;o knowledge base K = (T, A), where T is a set of concept inclusions and A is a set of
assertions of the form C'(a) or r(a, b), where C is an extended concept, r is a role name in Ng, and a
and b are individual names in ;.

The notions of satisfiability and model of a knowledge base can be extended to LTLY - the assertions
in A are evaluated at time point 0; the inclusions C' C D in T have to be satisfied at all time points’.

Definition 1 (Satisfiability in LTLY -.). Given an LTLY ;. interpretation T = (AT, <, T): T satisfies a
concept inclusion C C D iff CT C DZ; T satisfies an assertion C(a) (resp., r(a, b)) iff (0,a%) € CF (resp,,
(0,a%,b%) € r1). T satisfies a TBox T if T satisfies all the concept inclusions C' T D in T . T satisfies an
ABox A if T satisfies all the assertions in A.

A concept C' is satisfiable w.r.t. TBox T, if there is an interpretation T such that CT # (), and T satisfies all
the concept inclusions in T .

Given an LTL:{{LC knowledge base K = (T, .A), the interpretation T is a model of K if T satisfies all
concept inclusions in T and all assertions in A.

In [25] a modal interpretation of the typicality operator T in terms of a G6del-L6b modality O has
been used to define an encoding of a preferential extension of SHZ Q with typicality into SHZ Q, by
introducing a new role P~ in the DL language to represent the preference relation.

In the next section, we will extend this encoding to the temporal case.

'Note that, among the linear time temporal description logics studied in [18], in this paper we are building on LTL 4zc with
non-temporal TBoxes, where the TBox T is a set of concept inclusions C' T D, where C, D contain temporal operators, but
no temporal operator is applied to concept inclusions themselves.



3. Encoding LTLY . in LTL azc

For the (non-temporal) case of ALC with typicality [3], it was observed that the meaning of T can
be split into two parts: for any element z € AZ, z € (T(C))? when (i) z € CZ, and (ii) there is no
y € C7T such that y < x. In order to isolate the second part of the meaning of T, a Gédel-Léb modality
O. was introduced (not to be confused with the temporal modality ), and the preference relation <
was interpreted as the inverse of the accessibility relation of this modality. Well-foundedness of < was
needed to ensure that typical elements of CZ exist whenever CZ # (), by avoiding infinitely descending
chains of elements. For ALC with typicality, it was proven that z is a typical instance of C' if and only if
it is an instance of C' and O —(C), that is: given an interpretation Z, a concept C' and an element z € A,
r € (T(0)iffr € (CNO~C)T [3].

In the temporal case, the interpretation of T'(C) at a time point n depends on the preference relation
< at time point n, i.e., on <™. An instance of T(C) (at time point n) is an instance of C' such that all
elements preferred to it (at time point n) are not instances of C (at time point n). We represent the
preference relation < in a preferential temporal interpretation I, by introducing a new role name P
in the language. Also, we represent a concept T(C') with the concept C' M O_ ¢, where O_¢ is a new
concept name which is intended to capture the idea that no preferred domain elements is an instance of
concept C'. Finally, we introduce additional concept inclusion axioms to capture the interplay between
role name P. and the new concepts O_, as well as to enforce the properties of the preference relations
<M.

For a TBox 7 in LTL}I rc» we define an encoding 77 in LTL 4. as follows. For each T(E) occurring
in K (where E is any extended concept not containing the typicality operator), we introduce a new
atomic concept O_ g and, for each inclusion C C D € T, we introduce in 7 the inclusion C' C D/,
where C' and D’ are obtained from C' and D, respectively, by replacing the occurrence of any concept
T(FE) with the concept E M O_g. Note that concept O_ g (as any other concept) may have a different
interpretation at different time points. The following concept inclusion axioms are introduced in 77,
for all concepts FE such that T(E) occurs in 7T

O-p CVP..(-ENO_g) (1)

-0.p C3P..(ENO.g) (2)

The first inclusion is exploited to account for the transitivity of the preference relations <™. The
second inclusion accounts for the smoothness (see [5]) of the preference relations <", i.e., the fact
that if an element is not a typical F element at a time point n, then there must be a typical £ element
preferred to it according to <". The property holds for a well-founded relation <".

We also define the ABox A’ by replacing each occurrence of the concept T(F) in any individual
assertions C(d) in A, with the concept E N O_ g, and by including in A’ all the resulting assertions.
All the assertions of the form R(a,b) € A are included unaltered in A’. The following result holds.

Proposition 1. For a temporal knowledge base K = (T, A) in LTLY ¢, let K' = (T', A') be the
encoding of K in LTL grc. It holds that (i) K is satisfiable in LTL}{LG iff K’ is satisfiable in LTL 4.
Also, (ii) C is satisfiable wrt T in LTLY ;o iff C" is satisfiable wrt T' in LTL sc.

Proof. We provide a detailed sketch of the proof of part (i) (the proof of part (i) is similar).

Let us consider the two directions for statement (i).

(If) Assume there is a preferential model 7 = <AI <, L ) of K in LTL:'E rc- We build an LTL 4.c
model 7/ = (AT’ .T') satisfying K’ as follows:

. AT = AZ.

« for all concept names B in N, BT = BZ;
o for all role names R in Ng, RT = RZ,

« for all individual names a in N7, af = dZ ;

(n,y,x) € Pg iff (n, z,y) €< in the model Z;



. DZ/E ={(n,z): forally € AZ,ify <" xinZ, then (n,y) € (-E)*}.

We have to prove that 7’ is a model of K. First, observe that, as < is transitive and antisymmetric, by
construction the relation Pg is transitive and antisymmetric as well.
From the construction, it can be proven by induction on the structure of concepts that, for all concepts
C occurring in the KB:
(n,y) € CT if and only if (n,y) € (C")F. (3)

For the case C' = T(E), we can prove that:
(T(E) = (ENO.p)F )

If (n,z) € (T(E))%, for some n € N, then x € Min.n(EZ). Hence, (n,z) € E* and for all y <" ,
y ¢ EL,ie, (n,y) ¢ ET. From (3), (n,2) € E* and by construction it follows that (n,z) € O
Therefore, (n,z) € (E M O-z)T . The vice-versa holds as well.

To prove that Z’ is a model of K, first we prove that 7 satisfies 77, that is, for each concept inclusion
C C DinT,T satisfies the corresponding concept inclusion ¢/ C D’ in T". From (n,y) € (C"), it
follows that (1, 7) € CT by (3). As M isamodel of K, (1, ) € DT holds. Hence, by (3), (n,y) € (D')*'
also holds.

It is easy to see that the new concept inclusion axioms (1) and (2) added in 7" are also satisfied in Z'.
For axiom (1), observe that:

0%, = {(n,x) : forally € AZ,ify <" zinZ, then (n,y) € (=A)T}.
and, by definition of Pg and (3):

0%, = {(n,x) : forally € AZ,if (n,z,y) € PZ, then (n,y) € (—A)T'}.

To prove that axiom (1) is satisfied in Z’, we have to prove that for all z € AZ, if (n,z) € (O-4)7,
then (n,z) € (VP-.(~AMO_4))%.

Assume (n,x) € (O-4). For all y € AT such that (n,z,y) € PZ, we have already shown that
(n,y) € (wA)T". We still have to prove that (n,y) € (0-4).

By contradiction, if (n, y) & (0-4)%, from the construction, there is a z such that z <" yand (n, z) &
(=A)L. As y <™ z, by the transitivity of <", it follows that z <" z, which contradicts the hypothesis
that (n,z) € (O_4)!". Therefore, (n,y) € (J-4)% and, hence, (n,z) € (VP-.(=AMO_4))". Thus,
inclusion axiom (1) is satisfied in Z'.

Let us prove that axiom (2) is satisfied in Z'.

Assume (n,z) € (~O-4)%. Then there is a = € A” such that z <™ z, and (n, z) € A%. As the
relation <" is well-founded, there must be a <"-minimal element y <" x, such that (n,y) € AL and
such that, for all w <" y, (n,w) & AZ.

Hence, by construction and by (3), there is an element y € AI/, such that (n,z,y) € Pfl, and
(n,y) € AT'. Furthermore, by construction, (n,y) € O ,.

Therefore, (n,z) € (3P-.(AM O-4))%, and we can conclude that all the inclusion axioms in the
TBox 7 are satisfied in Z'.

Let us prove that all assertions in A’ are satisfied in Z'. For all the individual assertions C’(b) € A’,
C(b) is in A. As T satisfies A, (0,b7) € CT. As b¥' = b%, by property (3), we have that (0,57 €
(CYY'. Assertions of the form r(a, b) in A’ are as well satisfied in 7', as they also occur in A and the
interpretation of roles and individual names is the same in Z’ and in Z. This concludes the proof that 7’
is a model of K.

(Only if) Assume there is an LTL ¢ model T/ = (AT, T’} satisfying K’. We build a preferential
model Z = (A%, <, T) of K in LTLY ;; as follows:

« AT = AT
« for all concept names B in N, BT = BI/;
o for all role names R in Ng, R = RI,;

. .. . /
« for all individual names a in Ny, o = o',



It would seem natural to define each preference relations <™ in Z as the transitive closure of the set of
pairs: Pg = {(x,9) : (n,x,y) € PL'}. However, this would not guarantee that the resulting relation
<" is well-founded. To define the relation < in Z so that it is transitive, well-founded and irreflexive
we introduce some more notation. For all y € AI/, we let S, , be the set of all concepts of the form
O-4 such that (n,y) € (0-4)% ie,

Sny ={0-4 | O-4occursinKBand (n,y) € (0-4)%'}.

Observe that, given a sequence of elements xq, x1, ..., x;, ... such that (n, x;, z;y1) € P<I/, for all
it =0,1,..., the sets S), ;, are non—decreasing' it holds that Sy, »; € Snz,,-
In the model Z = <AI 1) we define the preference relation < by letting:

(n, y,z) e<iff (z,y) € (an) and Sy, ; C Spy.
That is,
y <" xiff (z,y) € (Pgn)Jr and S,z C Spy.

In essence, the pairs of elements = and y such that (z,y) € (Pgnﬁ' but z and y are instances of
exactly the same boxed concepts (S, , = Sp ) do not give rise to a triple (n,y, z) in <. In this way,
for the elements z; in a descending chain xg >" ... >" x; >" x;41 >" ... the sets S), ;, are strictly
increasing, i.e., it holds that S,, »; C Sy 2, ;-

As the number of formulas O, 4 in K is finite, it is not possible that there is an infinite descending
chains of elements g >" ... >" x; >™ x;41 >" ..., for some n. It is easy to see that, for any n, <" is
a transitive, irreflexive and well-founded relation.

As done in the (If) direction, it can proven that that CZ = (C")Z', for all concepts C' occurring in the
KB, and that 7 is a model of K. O

The encoding above is polynomial in the size of the knowledge base K and, more precisely, if | K|
is the size of K, the size of K’ is O(|K|). While we have considered a constant domain in the proof
above, the same encoding can be adopted also for the case of expanding domains.

It was proven [26, 18] that concept satisfiability w.r.t. TBoxes for LTL 4.¢ is ExpPTIME-complete,
both with expanding domains and with constant domains. This complexity result, as a consequence of
Proposition 1 above, extends to the preferential temporal description logic LTL} ce-

Corollary 1. Concept satisfiability in LTL:JL{ rc wr.t. TBoxes is ExpTIME-complete.

In the next sections, we move to consider a multi-preferential semantics for temporal ALC with
typicality, as well as an approach for combining preferences for weighted knowledge bases.

4. A Multi-preferential Temporal Extension of ALC

In [22] we considered a multi-preferential temporal extension of ALC with typicality, called LTLY Are-In
LTLE A semantics, a preference relation <c; is associated with each concept C; in a set of distinguished
concepts C = {C1, ..., Cy}, where the distinguished concepts C; represent the aspects with respect to
which domain individuals are compared. For instance, Tom may be more typical than Bob as a student
(tom <g bobd), but less typical as an employee (bob <g tom).

In the temporal case, at each time point n, there are different preference relations <gl, ceey <7clk
one for each C; € C. As the typicality operator only applies to distinguished concepts C;, a notion of
multi-preferential temporal interpretation M = (A%, <¢,, ..., <¢,, ) can be defined for LTL: AL
where the preference relations <, provide a semantic interpretation of typicality concepts T(C;)
occurring in an LTLY Are knowledge base.

Definition 2. An LTL Aan’ multi-preferential temporal interpretation over C is a tuple T = (AT, <¢,
,<Cyps L) where:



. AT is a nonempty domain;

« for each C; € C, the relation <c,C N x AT x AT associates to each time point n a preference
<¢, over the domain AT such that <¢,={(a,b) | (n,a,b) €<¢,} is an irreflexive, transitive and
well-founded relation over AZ;

« The interpretation function -, introduced in Section 2 for temporally extended goals, is extended to
typicality concepts T(C;) as follows:

(T(C)))* = {(n,d) | d € Mincp (C,), forn € N}
where (> = n,d) € C> t are the instances of C; at time point n.
here C7, = {d | (n.d) € CT} are th fC p

For the moment, let us define an LTL};% knowledge base K = (T, A) as an LTLY - knowledge
base in which only typicality concepts of the form T'(C;) may occur. Later, in section 6 we will lift this
restriction.

The notions of satisfiability and model of a knowledge base, defined in Section 2 for LTL}I rc» naturally
extend to LTL}EZ,. In particular, given an LTLXZ'Z, interpretation Z = (A%, <¢,,...,<c,, 1) T
satisfies a concept inclusion C' C D iff CT C D?; T satisfies an assertion C(a) (resp., 7(a, b)) iff
(0,at) € C7 (resp., (0,at,bT) € rT).

As for LTLE rc» in the multi-preferential case, an encoding of an LTLJTL\ZZ knowledge base K into

an LTL grc knowledge base K’ can be defined and it can be proven that satisfiability of an LTLE"E"CL

knowledge base can be polynomially reduced to satisfiability of an LTL or-¢c knowledge base.

To deal with multiple preferences, a new role P., has to be introduced in the language for each
distinguished concept C; € C, and new concept names O, are needed to encode each typicality
concept T(C;) occurring in the TBox with a concept C; M O_¢, in LTL 4r¢c. Axioms corresponding to
axioms (1) and (2) in Section 3 need as well to be introduced for all C; € C.

The result that concept satisfiability in LTL:E rc w.r.t. TBoxes is ExpPTIME-complete also extends to
the multi-preferential temporal ALC under the LTL};’Z[CL semantics.

5. Temporal Weighted KBs and weakly faithful interpretations

Many closure constructions have been proposed for preferential description logics [7, 10, 11, 14]. In this
section, we revisit the notion of from temporal weighted LT L}Eé knowledge base from [22]. Weighted
knowledge bases have been previously considered in [15, 23] for non-temporal DLs with typicality,
and more recently in [24] in a conditional answer set programming framework (CondASP). The idea
is to allow for the definition of prototypical properties of a class, with (positive or negative) weights
representing the degree of plausibility/implausibility of each property, including the temporal dimension.

A temporal weighted LTLE&Z?Z knowledge base K overC is a tuple (T, Tcy, - .., Tc,,, A), where T is a
TBox and A an ABox as in LTL};ZZ,, and, for each C; € C, T¢, is a set of weighted defeasible inclusions,
of the form T(C;) T Dy, having a weight wj, a real number. Here, both C; and Dy, are LTL arc
concepts, and do not contain occurrences of the typicality operator. Let us report the following example
from [22].

Example 1. Let K = (T, TEmp, TStudent, A) be a weighted knowledge base over the set of distinguished
concepts C = { Emp, Student, Professor}, with empty ABox, where T containing the inclusions:

Emp C Adult Adult T Jhas_SSN.T PhdStudent T Student

T (Professor) C (3Teaches. Course)U Semester_End
where, for instance, Tgm,, contains the weighted defeasible inclusions:

(d1) T(Emp) C Young, -50
(d9) T(Emp) C Jhas_boss.Emp, 100
(ds) T(Emp) C Jhas_classes. T, -70;



and Tstudent contains the defeasible inclusions:

(dy) T(Student) C Young, 90

(ds) T(Student) C 3has_classes. T, 80

(ds) T(Student) C 3hasScholarship. T, -30

(d7) T(Student) T O(Promoted U Rejected), 100

The meaning is that, while an employee normally has a boss, he is not likely to be young or to have classes.
Furthermore, between the two defeasible inclusions (dy) and (ds3), the second one is considered to be less
plausible than the first one. Negative weights represent penalties. Given two employees Tom and Bob such
that, at time point n, Tom is not young, has no boss and has classes, while Bob is not young, has a boss and
has no classes, considering the weights above, we will regard Bob as being more typical than Tom as an
employee at time point n.

In the definition of the semantic of the language we depart from [22]. Given a temporal multi-
preferential interpretation T = (AT, <¢,,...,<c,, L), a concept C; € C and a domain element
x € AZ, the weight Wgz o (x) of x wrt. C; inT at time point n, is defined considering the inclusions

(T(C;) C Dy, ,w}) € T¢, as follows:

Weala)=" > w

h:(n,z)eDFE

Informally, the weight Wgzn(x) of x wrt C; at time point n is the sum of the weights of all defeasible
inclusions T(C;) C Dy, for C; such that x is an instance of Dy, in Z. The more plausible are such
inclusions, the higher is the weight of z wrt. C;; the less plausible they are, the lower is the weight. If
no defeasible inclusion (T(C;) T Dy, ,w; p,) is in K for a distinguished concept C;, then W, ,,(z) =0
holds for all domain elements x.

Given a set T, of defeasible inclusions for concept Cj, the weights Wén (x), for the different domain
elements z, are intended to constrain the preference relation <f, . At time point n, z is preferred to y
wrt C; (e, x <¢, y) if the weight Wgzn (x) is higher than the weight Wgzn(y) That is, for z,y € AZ,

<ty iff W& ,(z)>WE .(y) (5)

The higher is the weight of an element x wrt. C; at time point n, the more preferred is the element wrt.
C; at time point n. In the example above, ng(bob) =100 > ng(tom) = —70 (for C; = Emp)
and, hence, bob < gy, tom, i.e., Bob is more typical than Tom as an employee.

Let us define a concept-wise multi-preferential temporal semantics (cw™ temporal semantics) for a
weighted knowledge base.

Definition 3. Given a weighted LTL:‘E’ZZ knowledge base K = (T, Tc,, ..., Tc,, A) overC, a concept-
wise multi-preferential temporal model (ew™-model) of K is a multi-preferential temporal interpretation
T=(AT, <qy,..., <Cy» LY, such that: T satisfies all the inclusions in T and assertions in A and, for all
j=1,....k

<¢;={(n,z,y) :n € Nandz <, y},

where each <’&j is defined according to condition (5).

As in the non-temporal case, one can strengthen the semantics by enforcing an agreement between
the interpretation of concepts C; at some time point n in Z, and the preference relations <’j among
domain elements at the same time point. In particular, we may require that the interpretation 7Z is
weakly faithful wrt. C; at time point n, by requiring that, for all z, y € AZ,

r <¢.y and (n,y) € C?T then (n,z) € CT.



This condition prevents that, when z is preferred to y wrt. C; at time point n, y is an instance of C; at
timepoint n, while z is not.

Note that here we are departing from the definition of the concept-wise multi-preferential temporal
semantics in [22], as we do not introduce a global preference relation < in the semantics, and we have
also exploited a slightly different notion of weight of a domain element ng ,, (). This is motivated by
the approach we adopt for combining preferences, which is described in the next section.

6. Combining preferences from weighted knowledge bases

In example 1, one may be willing to consider typicality concepts such as T(Emp 1M Student) or to
verify the satisfiability of an inclusion such as T(Emp M Student) C has_Classes. But how can
we define the interpretation of a concept T(C'), when C' is a boolean combination of distinguished
concepts C; € C? In previous approaches to multi-preferential semantics in the two-valued case, e.g.,
[12, 27, 14, 22], a global preference relation < was defined from the preferences <(;,, and the semantics
of typicality concepts T(D) is defined by identifying the typical D elements as the <-preferred D
elements.

However, choosing a single global preference relation < may be restrictive, as one may want to exploit
different minimization criteria and allow for different user-defined preference relations. Following
[24], rather than defining a single global preference relation <, we allow for the definition of different
preference relations, associated with complex concepts obtained by combining the distinguished con-
cepts C', ..., C,. The idea is related to Brewka’s framework for preference combination [28], which
introduces a logical preference description language for combining basic preference descriptions d;
and dy (defining preorders on models) into complex preference descriptions dy A da, d1 V dg, —d; and
dy > dy. However, as observed by Brewka [28], the preference description —(d; V ds) is different from
—dy A —dg, which would lead to break some desired KLM properties of a nonmonotonic consequence
relation [4].

In this section, following the approach proposed for Conditional ASP with weighted KBs [24], we
develop an alternative approach for preference combination, which exploits the weights ng(m)
introduced above to compute the preference relation <%, for any concept D which is a boolean
combination of the distinguished concepts.

Let D be a boolean combination of the distinguished concepts (i.e., D is obtained by combining the
distinguished concepts C; using 1, Ll and —). We define the interpretation of a typicality concept T(D),
as:

(T(D))* ={(n,d) | d € Min<%(D£), forn € N}

where D = {d | (n,d) € DT} are the instances of D at time point n, and <7, is the preference
relation associated to D.

To define the preference relation <}, associated with a concept D (a boolean combination of the C;’s)
we inductively extend the notion of the weight of a domain element with respect to a distinguished
concept C; to any boolean concepts. Given given a knowledge base K and an interpretation Z, let Maz
and Min be, resp., the maximum and the minimum value of the weight ng,n($)’ for any distinguished

concept C; in K and domain element = in Z. We define Wl%n(m) inductively on the structure of D:
WEnpan(®) = min(W5,  (2), W, ,,(x))
nguD277’L(m) = max(Wghn(x), W527n(x))
WfDﬂz(x) = Max — ngn(x) + Min
Proposition 2. The following properties hold:
W—I\_!D,H(S) = W%,n(s)
W—I‘(D1HD2)’7L('%.) = W‘I\D1L|‘\D2,n('r) W—I\(D1HD2)(S) = W;Z\Dll—}ﬁDQ (S)



A _ A A _ T
WD1UD27n(1‘) - WDluDQ,n($> WD1WD2,n(x) - WDQl_lDl,TL(':U)

W%uD,n(‘r) = ng((ﬂ) WgﬂD,n(x) = Wl%,n(x)
T _ T T _ T
W(Dl\_ng)UDg,,n(m) - WDll_l(DngDg),n(x) W(Dlez)l‘ng,n<x) - WDlﬂ(DgﬂDg),n(x)
Assuming that C1, . .., (), are named concepts, for two equivalent boolean concepts D; and Dy, the

weight of a domain element z wrt. D; and wrt. D at a time point n have to be the same.

Lemma 1. Let D; and Dy be boolean combinations of the distinguished concepts C'y, . .., Cy,. Assume
the distinguished concepts C1, . .., Cy, are named concepts in N¢.
If Dy and D are equivalent concepts (in ALC), then Wghn(az) = w3

,.n (@), for all domain elements

x.

The preference relation associated with a complex concept D can be defined by generalizing condition
(5) to any formula D which is a boolean combination of distinguished propositions. For all x,y € AZ,
we let:

x<phy iff Wh,(z)>Wh,(y)

The associated preorder relation <p, is a total preorder. As a direct consequence of Lemma 1, the
following proposition holds:

Proposition 3. Let Dy and D3 be boolean combinations of the distinguished concepts C1, . .., C),. Assume
the distinguished concepts C1, . . ., Cy, are all named concepts in N¢.
If Dy and Dy are equivalent in ALC, then, for all domain elements x,y € AT x <p, yiffr <p, y.

This result shows that the semantics is well behaved and we conjecture that suitably reformulated
KLM properties may hold at each time point n. We will leave the study of the KLM properties of the
logic for future work.

7. Conclusions

In this paper we have developed an encodings of the preferential temporal description logics with
typicality LTLJT4 rc in the temporal logic LTLE rc- The formalism has also been extended to define a
multi-preferential semantics for weighted knowledge bases, by introducing multiple preferences with
respect to distinguished concepts. The paper introduces a concept-wise multi-preferential semantics
for weighted temporal knowledge bases and develops an approach for preference combination in the
temporal case, based on weights, by generalizing the approach proposed for a conditional answer set
programming [24].

On a different route, a preferential LTL with defeasible temporal operators has been studied in
(20, 21]. The decidability of meaningful fragments of the logic has been proven, and tableaux based
proof methods for such fragments have been developed [19, 21]. Instead, our approach does not consider
defeasible temporal operators (nor preferences over time points), but it combines standard LTL operators
with the typicality operator in a temporal ALC (where preferences are over the domain elements).

The encoding of LTLﬁ cc into LTL 4. provides decidability and complexity results for concept
satisfiability wrt. Tboxes, for the monotonic logic LTL}LC. For the multi-preferential case, proof
methods for defeasible temporal reasoning with weighted knowledge bases have to be investigated,
possibly for fragments of LTL}ZZ, by exploiting preference combination as done in [24] for Conditional
ASP, based on Answer Set Programming techniques. This will be subject of future work.
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