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Abstract

The need for explanations to predictions in knowledge graphs is increasing because they are generally computed
via embedding-based methods that are efficient, but do not explain predictions. Many explanation methods rely
on axioms in the knowledge graph that are incomplete, thus often making the explanations incomplete. One
way to address this gap is to consider, for explanations, hypothetical knowledge at the schema or assertion level.
However, methods based on hypothetical assertions often ignore existing facts. Conversely, approaches that
enrich explanations via rule learning typically disregard the available schema. We propose LPX-AbPoint, the
first method using a combination of abduction and pinpointing techniques to compute explanations consisting of
both schema axioms and existing or hypothetical assertions. We present a comparative empirical study showing
that our method produces more useful explanations than approaches relying solely on observed knowledge, while
remaining complementary to rule learning techniques.
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1. Introduction

Despite their proven utility [1, 2], Knowledge Graphs (KGs) [3] are often incomplete, due to the their
semi-automatic lifecycle. Expressing KGs in Description Logics (DLs) [4] allows to exploit their semantics
more effectively, based not only on data assertions but also on available schema axioms via reasoning.
Moreover, missing assertions can be also identified through Link Prediction (LP). Knowledge Graph

Embedding (KGE) models [5] are currently widely used for LP tasks as they have proved both accurate
and efficient. Essentially they learn mapping KG symbols to vectors (embeddings), thereby encoding
structural properties of KGs. Hence, LP tasks can be tackled by means of vector operations. However,
these methods can hardly provide evidence (e.g., in the form of axioms) for the predictions. This is an
important issue, particularly when predictions may influence critical decisions. For example, predictions
on drug side effects can impact investment decisions [6].

To address this issue, we target LP eXplanation (LPX) methods [7], focusing specifically on post-hoc

ones as they can be combined with any LP method. Many such methods, e.g., Kelpie [8], leverage the
embeddings to compute explanations based on assertions available in the KG. However, these methods
discard the available schema. Alternatively, pinpointing methods [9] may be used to explain predictions
that are logically entailed by the KG. The resulting explanations also include schema axioms, which
are crucial for explanation [10]. However, KGs do not always entail the predictions computed via KGE
models, also because of their inherent incompleteness. This often leads LPX methods based on the
embeddings to return explanations that do not clearly entail the prediction and pinpointing methods
to fail to explain the prediction. Our aim is to overcome these limitations and improve the utility of
explanations. To this purpose, we explore the usage of additional knowledge that is missing from the
KG but possibly true, according to the open world semantics adopted in DLs, and useful for explanation.
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Figure 1: Comparison of three explanations for a prediction. The dashed edges denote predictions. The thick

red (thin gray) elements denote the knowledge used (not used) in the explanation.

Existing LPX methods that use additional assertions rely on such supplementary knowledge even
when the available knowledge is sufficient. Also, they disregard schema axioms. As an alternative,
LPX-AnyBURL explains predictions inductively: it selects learned rules, along with their grounding
assertions, to lead to the prediction. However, in this approach the rules are expressed in a different
language from that of the KG schema, which is therefore discarded.

As a complementary direction, we investigate the use of additional assertions in combination with
available knowledge. Specifically, we explore explanations consisting of: 1) schema axioms; 2) existing
assertions, additional assertions, or both. As an example, consider the explanations, compared in Fig. 1,
for the same prediction on a KG, with data and schema, about kinship relations. Kelpie may return the
child-assertions as an explanation. However, this explanation does not clearly entail the prediction even
if coupled with the available schema. LPX-AnyBURL, instead, may explain the prediction using the
same childassertions and a learned rule stating that two persons sharing a child are (probably) married.
Differently, an additional assertion could regard the other participant of the marriage, which would
lead to also use the (available) schema axiom.

To generate the additional assertions, we resort to abduction to generate a hypothesis, i.e., an assertion
that helps entail the prediction. MHS-MXP [11] is a abduction method that does not impose any
language restrictions and is based on the interpretations of the KG that do not satisfy the prediction.
However, the inspection of interpretations is not implemented in recent parallel DL reasoners (e.g.,
Konclude [12]) that scale to large KGs. We address this limitation to allow explanations to be computed
through abduction exploiting efficient reasoners.

For our purposes, we propose LPX-AbPoint, which, to the best of our knowledge, is the first post-hoc
LPX method to compute explanations with such a structure, combining abduction and pinpointing [13].
LPX-AbPoint resorts to abduction to generate a hypothesis and performs pinpointing on the KG ex-
tended by assuming the hypothesis. The abduction method applies to any DL with decidable consistency
checking, whereas the pinpointing approach is tailored to tableau reasoning, though other approaches
can be integrated. The abduction approach further generalizes MHS-MXP by characterizing hypotheses
via the known duality between unsatisfiable and correction constraint sets [14], which only requires
decidable consistency verification via any reasoner. As for pinpointing, LPX-AbPoint relies on tracing
extensions of reasoning because that have the same complexity as standard reasoning.

We posit that LPX-AbPoint, by using abduction as an intermediate step to frame LPX as pinpointing,
yields higher utility than methods using only available knowledge and those using only additional



assertions and performs comparably to LPX-AnyBURL. We tested this claim through a comparative
evaluation on multiple datasets derived from large and publicly available KGs [15] and using LP-
diXit [16], a proxy indicator of explanation utility based on LLMs [17].

The contributions of this work are the following:

• we apply abduction and pinpointing to explain predictions by LP methods;
• we apply the known duality between unsatisfiable sets and correction constraint sets to abduction

in DLs;
• we experimentally prove the utility of abduction for explaining predictions by LP methods.

The rest of the paper is organized as follows. We review current solutions for LPX in §2, while basics on
KGE are provided in §3. We describe LPX-AbPoint in detail in §4 and present an empirical study on its
implementation in §5. Finally, we summarize the contributions and suggest possible extensions in §6.

2. Related Works

In this section, we survey state-of-the-art approaches to explain LP in KGs. Among post-hoc LPX
methods, that we target because they are general w.r.t. the LP method, several ones select or generate
pieces of knowledge as evidence for the given prediction. The simplest methods in this class compute
exactly one assertion by optimizing for a measure of the explanatory utility of possible assertions.
This is the case of DP [18], using a perturbation measure, and Criage [19] based on approximated
influence functions. Criage targets assertions sharing the second argument with the prediction and
applies to geometrical and tensor factorization KGE models, whereas DP targets assertions sharing the
first argument with the prediction and applies to any KGE model. More advanced methods explain a
prediction by returning a set of assertions selected w.r.t. to an objective measure among a candidates
pool. Kelpie [8] and Kelpie++ [20] frame the objective as a partial re-training process. Similarly,
KE-X [21] is based on (approximated) information gain, whereas KGExplainer [22] and KGEx [23]
are based on knowledge distillation. CrossE [24] and SemanticCrossE [25] generate explanations
consisting of paths. They are based on similarity measures and support paths, i.e., similar predictions
with a similar explanation. Although they apply in principle to any KGE model, their performance
largely depends on the usage of specific models that also encode interactions among individuals and
properties. However, these methods rely only on knowledge observed in the KG, whereas we target
explanations enriched with additional knowledge. Alternatively, pinpointing methods [9] may be used
to explain predictions that are logically entailed by the KG. The resulting explanations may also include
schema axioms, which are a crucial component of explanation [10]. However, this approaches fail to
explain predictions that are not entailed by the KG.
Imagine, which is also based on partial re-training, targets hypothetical assertions computed via

graph summarization and subsequent reconstruction of the original graph. Kelpie and Kelpie++ involve
additional assertions obtained by corrupting possible explanations, but return solely the existing asser-
tions, from which the additional ones are obtained. Imagine, instead, provides explanations consisting
of actual additional assertions. However, it discards the available assertions even when useful for
explanation. Instead, we aim for an approach considering hypothetical or existing assertions. Moreover,
while intuitively leading to “plausible” hypotheses, Imagine is not grounded in any uncertainty or
reasoning criterion. We rather aim for a principled account of hypotheses based on their ability to
support entailment. GEnI [26] also includes schema axioms in the explanations. It infers schema
axioms by matching numerical patterns in property embeddings to schema axioms on properties (e.g.,
two properties are inverse when their embeddings sum to zero). However, these patterns are seldom
observed in practice: GEnI falls back to an approach similar to Criage, when no match is found.
Moreover, GEnI works only for geometrical and tensor factorization KGE models.

These methods often apply to any LP method, but are dependent on the embeddings. Instead, LPX-
AnyBURL [27] is fully independent of the embeddings: it learns rules from the observed assertions
and selects a subset of rules and facts that lead to the prediction. It frames this step as an abduction



problem: starting from the rules (i.e., assuming no assertions), it identifies which assertions must be
added to derive the prediction. In this approach, the candidate hypotheses coincide with the existing
facts in the KG. This is essentially equivalent to rule pinpointing over the KG. In contrast, we aim at an
abduction approach where the possible hypotheses are assertions not observed in the KG.

Other post-hoc methods target explanation more globally: they aim to construct clear models from the
original opaque models and/or their predictions rather than return knowledge that back up a specific
prediction. For example, in [28] logical rules are mined to explain a set of predictions. With FeaBI [29],
interpretable vectors are extracted from embeddings (of KGE models) via feature engineering. Another
direction is represented by interpretable LP methods, e.g., interpretable embeddings [30] or rule-based
LP methods [31, 32], where the prediction processes/mechanisms are more traceable.

As for abduction in DLs, several methods have been formalized targeting the extension of data [33, 34],
schema [35], both data and schema [36], or complex concept expressions [37]. Among the assertion
abduction methods that we target, MHS-MXP [11], based on the seminal HS-tree method [38], is the
most general in that it does not impose any language restriction. However, it requires the inspection of
DL interpretations which is seldom implemented in DL reasoners. Also recursive partitioning algorithms
such as QuickXplain and MXP [39] can be used to derive minimal hypotheses. In particular, while
QuickXplain [40, 41] returns one minimal hypothesis, MXP computes all hypotheses of minimum
cardinality and, when larger ones exist, returns one of them. Different hypotheses can be obtained by
changing the (often arbitrary) partitioning approach. However, these methods do not guarantee that
the returned hypotheses are consistent with the KG.

3. Basics

First, we specify the DL notation adopted in the paper.1 Then, we recall the basics of KGE models.

Definition 1 (DL KG). Let I, C, and R be the sets of individual names, concept names (including ⊤ and

⊥), and property names, respectively. For concepts 𝐴,𝐵 ∈ C, the concept intersection is the concept 𝐴⊓𝐵.

A DL KG is a pair 𝒦 = (𝒯 ,𝒜), where 𝒯 is a TBox and 𝒜 is an ABox. For 𝑎, 𝑏 ∈ I, 𝐶 ∈ C, and 𝑟 ∈ R,

concept assertions are expressions of the form 𝐶(𝑎) and property assertions are expressions of the form

𝑟(𝑎, 𝑏). For concepts 𝐴,𝐵 ∈ C, concept subsumption axioms are expressions of the form 𝐴 ⊑ 𝐵.

KGE models typically learn a representation of each individual, concept, and property name in the
KG as an embedding (vector) in a low-dimensional space by exploiting the ABox [5]:

Definition 2 (KGE model). Let 𝑑𝑖, 𝑑𝑟 ∈ N be the embedding dimensions for individual names and

property names, respectively. A KGE model represents each individual name 𝑎 ∈ I and each concept name

𝐶 ∈ C such that a concept assertion 𝐶(𝑎) is in 𝒜 by means of an embedding a ∈ R𝑑𝑖
; and each property

name 𝑟 ∈ R and a 𝑡𝑦𝑝𝑒 property dedicated to concept assertions through an embedding r ∈ R𝑑𝑟
.

Moreover, KGE models involve a score function that, given the embeddings, estimates the plausibility
of assertions. Different categories of KGE models, such as geometrical, based on tensor factorization,
and neural ones, are often characterized by the adopted score function. The LP methods compute the
filler for an incomplete triple by ranking the possible triples based on the score function.

4. The Proposed Approach

We introduce the post-hoc LPX method LPX-AbPoint. It can be combined with any LP method and
is generally independent of the embeddings, i.e., the explanations it produces do not vary with the
underlying KGE model. It takes a consistent KG 𝒦 and a ABox assertion 𝑝 predicted via a LP method;
we define 𝒦′ ≜ 𝒦 ∪ {¬𝑝}. It computes an explanation consisting of:

1We define notation only for the concept constructors and TBox axioms that appear in the examples because the formalization
of LPX-AbPoint is independent of the specific notation of these constructs.



• a set of existing TBox axioms;
• a (possibly empty) set of existing ABox assertions;
• a (possibly empty) hypothesis.

LPX-AbPoint uses ABox abduction to identify the hypothesis. It then employs axiom pinpointing to
extract the explanation (justification) from the KG extended by assuming the hypothesis. The abduction
method requires only a decidable consistency checking procedure (thus also applying to formalisms
beyond DLs), whereas the axiom pinpointing approach that we adopt is tailored to tableau reasoning,
even if in principle other approaches can be integrated. In the remainder of this section, we detail our
abduction approach (§4.1) and the integration of axiom pinpointing approaches (§4.2).

4.1. ABox Abduction in LPX-AbPoint

In this subsection, we characterize a hypothesis via KG consistency, illustrate the method proposed to
compute a hypothesis based on this characterization, and discuss the computational complexity of this
method.

4.1.1. Hypotheses and Correction Sets

A hypothesis is a set of ABox assertions, disjoint from the KG ABox, that, if assumed, leads to entail
the prediction. A hypothesis is trivial if it is inconsistent with the KG, as a contradiction entails any
assertion. Formally:

Definition 3 (Hypothesis). Let 𝒰 be a finite set of ABox assertions called abducibles that is disjoint from

𝒜, a hypothesisℋ ⊆ 𝒰 for 𝑝 given 𝒦 is a set of abducibles that if assumed leads to entail the prediction,

i.e., 𝒦 ∪ℋ |= 𝑝 (𝒦′ ∪ ℋ is inconsistent). A hypothesis ℋ is minimal iff there is no other hypothesis ℋ′
such thatℋ′ ⊂ ℋ. A hypothesisℋ is non-trivial ( trivial) if 𝒦 ∪ℋ is consistent (inconsistent).

Example 1. Let 𝒦 = (𝒯 ,𝒜) be a KG with 𝒜 = {𝐸(𝑎)} (shortly {𝐸}), 𝒯 = {𝐸 ⊓ 𝐴 ⊓ 𝐶 ⊑ 𝑆, 𝐸 ⊓
𝐵⊓𝐷 ⊑ 𝑆, 𝐹 ⊓𝐺 ⊑ ⊥}, and enriched with the prediction 𝑆(𝑎), and 𝒰 ≜ {𝐴(𝑎), 𝐵(𝑎), 𝐶(𝑎), 𝐷(𝑎)}
(shortly {𝐴,𝐵,𝐶,𝐷}) be the set of abducibles. The minimal non-trivial hypothesis are {𝐴,𝐶} and

{𝐵,𝐷}. Instead, {𝐹,𝐺} is a minimal trivial hypothesis.

Since the definition does not yield an efficient procedure to compute non-trivial minimal hypotheses,
other than testing for all subsets of abducibles, we further characterize a hypothesis via a duality known
for sets of constraints [14]. In particular, minimal hypotheses correspond to Minimal Unsatisfiable

Subsets (MUSes) of 𝒰 , i.e., minimal subsets of 𝒰 whose addition to 𝒦′ makes it inconsistent. MUSes are
dual to Minimal Correction Subsets (MCSes) of 𝒰 , i.e., minimal subsets of 𝒰 whose removal from 𝒦′ ∪ 𝒰
makes it consistent. The duality is characterized via Hitting Sets (HSes). Given the family ℱ of MCSes,
a HS is a set 𝐻 that hits all the sets in ℱ , i.e., 𝐻 ∩ 𝐹 ̸= ∅ for each 𝐹 ∈ ℱ . A Minimal HS (MHS) is a HS
minimal w.r.t. set inclusion. This duality is formalized in the following theorem:

Theorem 1. ℋ is a minimal hypothesis for 𝒦′ (a MUS of 𝒦′) iffℋ is a MHS of the MCS family ℱ .

Proof. We prove thatℋ is a hypothesis (i.e., 𝒦′ ∪ℋ is inconsistent) iffℋ is a HS of ℱ by proving the
two implications separately, and then prove minimality.
(⇒). Let 𝐹 ∈ ℱ , suppose by contradiction that ℋ does not hit 𝐹 , i.e., ℋ ∩ 𝐹 = ∅. Since ℋ ⊆ 𝒰 ,
this implies ℋ ⊆ (𝒰 ∖ 𝐹 ) and therefore 𝒦′ ∪ ℋ ⊆ 𝒦′ ∪ (𝒰 ∖ 𝐹 ). By definition of ℱ , 𝒦′ ∪ (𝒰 ∖ 𝐹 )
is consistent. However, this implies, by monotonicity, that 𝒦′ ∪ ℋ is consistent, contradicting the
assumption. Therefore,ℋ is a HS of ℱ .
(⇐). Suppose by contradiction that 𝒦′ ∪ℋ is consistent. Then, by definition of ℱ , we have 𝒰 ∖ℋ ∈ ℱ .
However,ℋ does not hit this member of ℱ (ℋ∩ (𝒰 ∖ℋ) = ∅), contradicting the assumption. Therefore,
𝒦′ ∪ℋ is inconsistent.
Minimality. Ifℋ is a MHS of ℱ , then no strict subset ofℋ is a HS of ℱ ; hence, no strict subset ofℋ is
a hypothesis, and thusℋ is a minimal hypothesis. Conversely, ifℋ is a minimal hypothesis, then no
strict subset ofℋ is a hypothesis; hence, no strict subset ofℋ is a HS of ℱ , and thusℋ is a MHS.



Example 2. The MCSes family (of 𝒦 ∪ {¬𝑆(𝑎)} ∪ 𝒰 ) is ℱ = {{𝐴,𝐵}, {𝐴,𝐷}, {𝐶,𝐵}, {𝐶,𝐷}}. The

MHSes of ℱ are {𝐴,𝐶} and {𝐵,𝐷}. Each MHS leads to entail the prediction: 𝒦 ∪ {𝐴,𝐶} |= 𝑆(𝑎) and

𝒦 ∪ {𝐵,𝐷} |= 𝑆(𝑎).

4.1.2. Computing a Minimal Non-Trivial Hypothesis

LPX-AbPoint computes the first non-trivial minimal hypotheses by enumerating the minimal hy-
potheses until a non-trivial one is found. Particularly, LPX-AbPoint selects a set of abducibles and
enumerates the MHSes of the MCSes of the selected abducibles.

Selecting the Abducibles LPX-AbPoint includes a prior step for selecting abducibles because, for
very large KGs, considering as abducibles all the assertions missing in the KG (typically more than
the existing assertions) is clearly computationally infeasible. Hence, it selects the abducibles that are
most likely to belong to a hypothesis. Specifically, it performs a heuristic selection based on embedding
similarity between the prediction and the possible abducibles.

Definition 4 (Abducibles). Given a prediction 𝑟(𝑠, 𝑜) and a parameter 𝑘, the set of abducibles 𝒰 contains:

i. the top-𝑘 concept assertions of the form 𝐴(𝑠) or 𝐴(𝑜) that are not in𝒦 and differ from the prediction,

ranked according to the cosine similarity between the embeddings A and s or o;

ii. the top-𝑘 role assertions of the form 𝑞(𝑠, 𝑜) or 𝑞(𝑜, 𝑠) that are not in𝒦 and differ from the prediction,

ranked according to the cosine similarity between the embeddings q and r, with arbitrary tie-breaking

between 𝑞(𝑠, 𝑜) and 𝑞(𝑜, 𝑠).

This heuristic selection represents a practical trade-off: although it does not guarantee that all relevant
abducibles are retained, it is a efficient criterion to prioritize assertions related to the prediction.

Enumerating theMinimal Hitting Sets LPX-AbPoint grounds on (a slight variation of) the HS-tree
method in MHS-MXP for computing the MHSes of ℱ .

Definition 5 (HS-tree). An HS-tree of ℱ is a node-labeled and edge-labeled tree. For each node 𝑛, let

𝐻(𝑛) denote the set of edge labels occurring on the path from the root to 𝑛. The node label 𝐿(𝑛) can be

either: an MCS 𝑆 ∈ ℱ such that 𝑆 ∩𝐻(𝑛) = ∅; or ✓, if no such MCS exists, which means that 𝐻(𝑛) is a

HS of ℱ . If 𝐿(𝑛) is an MCS 𝑆, then for every element 𝜎 ∈ 𝑆 there is a child 𝑛𝜎 of 𝑛 s.t. the edge from 𝑛 to

𝑛𝜎 is labeled with 𝜎.

LPX-AbPoint adopts an algorithm for building a HS-tree of the family ℱ of MCSes where the paths
to the nodes labeled with ✓ are the MHSes of ℱ . Differently from MHS-MXP, in this algorithm the
nodes are labeled by computing MCSes rather than by inspecting DL interpretations. Since computing
MCSes is computationally demanding, the algorithm treats the family ℱ as an implicit set, computing
the elements as needed and trying to minimize the number of required labels. Indeed, it builds the
HS-tree in breadth-first order, uses two pruning rules, and adopts a MCS reusing strategy.

The following describes the algorithm in detail. It adopts a queue of nodes initialized with the root
node, which is labeled with a MCS of 𝒦′ ∪𝒰 . For each node 𝑛 in the queue, it first checks the following
pruning conditions: (1) if another node 𝑛′ is labeled with ✓ and 𝐻(𝑛′) ⊆ 𝐻(𝑛), node 𝑛 is pruned in
order to stop exploring a superset of a MHS that is obviously non-minimal; (2) if 𝐻(𝑛) = 𝐻(𝑛′) (equal
up to permutation as paths are sets) for another node 𝑛′, then 𝑛 is pruned because it would lead to an
identical branch. Then, if the node is not pruned, the algorithm checks if it leads to a hypothesis, i.e.,
𝒦′ ∪𝐻(𝑛) is inconsistent. If so, the prediction is entailed and 𝐻(𝑛) is returned if it is a non-trivial
hypothesis, i.e., 𝐾 ∪𝐻(𝑛) is consistent, or the branch is pruned otherwise. If 𝐻(𝑛) does not lead to
entail the prediction, a label is needed for 𝑛. The algorithm first adopts a reuse strategy: if there exists
a node 𝑛′ such that 𝐿(𝑛′) ∩𝐻(𝑛) = ∅ then 𝐿(𝑛′) is reused as the label of 𝑛. Otherwise, it computes
𝐿(𝑛) as a MCS of 𝒦′ ∪ 𝒰 using 𝒰 ∖𝐻(𝑛) as possible MCS elements. A different MCS is obtained as the
set of possible MCS elements is restricted. It then adds each element of 𝐿(𝑛) to the queue.
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Figure 2: HS-tree example. Nodes are numbered for reference in text.
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Figure 3: HS-tree example. Nodes are numbered for reference in text.

Example 3. We describe the computation of the HS-tree illustrated in Fig. 2. At the root, the MCS is

{𝐴,𝐵}: the algorithm branches on 𝐴 and 𝐵. The KG is still consistent if adding 𝐻(2) = {𝐴}, hence,

node 2 is labeled with the MCS {𝐶,𝐷}. For node 3, the algorithm reuses the label of node 2 because its path

𝐻(3) = {𝐵} is disjoint with the label of node 2. Node 4 is labeled ✓ as adding the path 𝐻(4) = {𝐴,𝐶}
to the KG leads to entail the prediction. While for node 5 and node 6 a label is computed, node 7 is labeled ✓
as adding 𝐻(7) = {𝐵,𝐷} leads to entail the prediction. At the next level, node 8 is pruned by condition (1)

because 𝐻(8) = {𝐴,𝐷,𝐶} is a superset of the MHS {𝐴,𝐶}. Similarly, nodes 9, 10, and 11 are pruned by

condition (1).

Example 4. We describe the computation of the HS-tree illustrated in Fig. 3. The root is labeled with

{𝐴,𝐵}. Node 2 is labeled with the MCS {𝐵,𝐶}. Similarly, node 3 is labeled with the MCS {𝐴,𝐷}. At

the next level, node 6 is pruned by condition (2) because its path 𝐻(6) = {𝐵,𝐴} is equal to the path to

node 4, namely 𝐻(4) = {𝐴,𝐵}.

Finding a Minimal Correction Set For finding a MCS of the selected abducibles, LPX-AbPoint
resorts to a novel instantiation of QuickXplain [40, 41] (QX). It is a “divide et impera” algorithm that
recursively partitions the input set to find a minimal subset satisfying a given monotone property. LPX-
AbPoint applies QX to compute a MCS 𝐹 by instantiating the monotone property as the consistency
of 𝒦′ ∪ (𝒰 ∖ 𝐹 ), which is monotone (although consistency is anti-monotone) as adding axioms to 𝐹
means removing axioms from𝒦′ ∪𝒰 . QX solely requires a decidable consistency verification procedure.
Note that, for a fixed partitioning of the input set, QX always returns the same subset, while different
partitions may yield different subsets.

We formalize this instantiation of QX in Alg. 1 and describe its initial call and first recursion level.
QX takes as input a finite set 𝑈 of possible solutions; a background set 𝐵 against which 𝑈 is evaluated;
a removal set 𝑅, initially empty, tracking the elements removed from 𝐵 during recursion. To find a
MCS 𝐹 ⊆ 𝒰 of𝒦′ ∪𝒰 , LPX-AbPoint invokes QX with 𝑈 = 𝒰 , 𝐵 = 𝒦′ ∪𝒰 (after checking that𝒦′ ∪𝒰
is inconsistent because otherwise no hypothesis exists), and 𝑅 = ∅.

The first condition (Line 1) fails as the removal set𝑅 is initially empty. If𝑈 contains a MCS (guaranteed
by the initial check) and it has only one element (Line 4), then 𝑈 is a MCS (Line 5). Otherwise, QX
partitions 𝑈 into two disjoint subsets 𝑈1 and 𝑈2 (Line 7). Initially, it finds in the first subset 𝑈1 a MCS
𝐹1 of the background without the second subset 𝐵 ∖ 𝑈2 (Line 8). Then, it finds in the second subset 𝑈2

a MCS 𝐹2 of the background without the first part of the MCS 𝐵 ∖ 𝐹1 (Line 9). Eventually, it returns
𝐹 = 𝐹1 ∪ 𝐹2 (Line 10). In the left recursion, the removal set is non-empty as this call is performed
when 𝑈 contains more than one element. Hence, QX determines whether to discard 𝑈1 or continue



Algorithm 1 QX
Input: Solutions set 𝑈 , background 𝐵, removal set 𝑅.
Output: A minimal subset 𝐹 ⊆ 𝑈 that is a minimal MCS of 𝐵.

1: if 𝑅 ̸= ∅ ∧ Consistent(𝐵) then
2: return ∅
3: end if
4: if |𝑈 | = 1 then
5: return 𝑈
6: end if
7: Choose 𝑈1, 𝑈2 s.t. 𝑈 = 𝑈1 ∪ 𝑈2 and 𝑈1 ∩ 𝑈2 = ∅
8: 𝐹1 ← QX(𝑈1, 𝐵 ∖ 𝑈2, 𝑈2)
9: 𝐹2 ← QX(𝑈2, 𝐵 ∖ 𝐹1, 𝐹1)

10: return 𝐹1 ∪ 𝐹2

𝑄𝑋({𝐴,𝐵,𝐶,𝐷}, {𝐸,𝐴,𝐵,𝐶,𝐷}, ∅)

𝑄𝑋({𝐶,𝐷}, {𝐸,𝐶,𝐷}, {𝐴,𝐵}) 𝑄𝑋({𝐴,𝐵}, {𝐸,𝐴,𝐵,𝐶,𝐷}, ∅)

𝑄𝑋({𝐵}, {𝐸,𝐵,𝐶,𝐷}, {𝐴}) 𝑄𝑋({𝐴}, {𝐸,𝐴,𝐶,𝐷}, {𝐵}

∅

{𝐵} {𝐴}

{𝐴,𝐵}

Figure 4: Recursion tree for a execution of QX: downward edges denote recursive calls, nodes denote call

arguments (in the second argument, the TBox 𝒯 is omitted because it is not modified across calls), upward edges

denote returned values.

analyzing it: if the background without 𝑈2 is already consistent (Line 1), a MCS must lie in 𝑈2 and QX
discards 𝑈1 (Line 2); otherwise, 𝑈1 contains an element of a MCS. Next, if 𝑈1 has only one element
(Line 4), QX returns it (Line 5); otherwise QX partitions 𝑈1 (Line 7) and performs the recursive calls
(Line 8 and Line 9). In the right recursion, if 𝐹1 is empty, the consistency check can be skipped, as 𝑈2

must contain elements of a MCS (Line 1). Otherwise, QX determines whether to discard 𝑈2 or continue
analyzing it: if the background without the already identified part of the MCS 𝐹1 is consistent (Line 1)
it discards 𝑈2 (Line 2); otherwise, some other elements of a MCS are in 𝑈2. The subsequent steps either
lead to return 𝑈2 (Line 5) or continue with further recursive calls (Line 8 and Line 9).

Example 5. We describe the recursion tree illustrated in Fig. 4 for an execution of QX computing a MCS

for Ex. 1. Since the removal set is initially empty and ℬ is inconsistent, the set of possible solutions is

partitioned into {𝐶,𝐷} and {𝐴,𝐵}. In the left recursion, QX discards {𝐶,𝐷} as removing {𝐴,𝐵} restores

consistency. In the right recursion, it further splits {𝐴,𝐵} into {𝐵} and {𝐴} as the MCS portion identified

in the left recursion is empty and the solutions set is not a singleton. For the first split, the singleton {𝐵} is

returned because removing 𝐴 is insufficient. The same happens for the second split, where the singleton

{𝐴} is returned. QX eventually returns {𝐴,𝐵}.

4.1.3. Computational Complexity of Abduction in LPX-AbPoint

In the following, we discuss the complexity of computing the first minimal hypothesis, and for enumer-
ating minimal hypotheses, which is the problem addressed by LPX-AbPoint. The complexity results
are stated w.r.t. the number of consistency checks, treating each one as a constant time operation.

Proposition 1. The following results hold [42]:

i. Computing the first minimal hypothesis is in 𝑃 .

ii. Computing the next minimal hypothesis is NP-complete. Restricting to hypotheses of size at most 𝑘,

the problem is in 𝑃 . Precisely, in the worst case, 𝒪(𝑛𝑘+1) consistency checks are required, where 𝑛
is the number of abducibles.



Proof sketch. We prove the two results separately:
i. By monotonicity of entailment, the first minimal hypothesis can be obtained by starting from all

the abducibles and iteratively removing them while entailment of the prediction is preserved.
ii. LPX-AbPoint constructs the HS-tree in breadth-first order up to depth 𝑘. Hence, it requires up

to 𝒪(𝑛𝑘) node expansions. Each node is labeled via QX, which requires up to 𝒪(𝑛) consistency
checks. Overall, up to 𝒪(𝑛𝑘+1) consistency checks are performed.

4.2. Integrating Axiom Pinpointing Methods in LPX-AbPoint

We define an explanation and motivate the approach integrated in LPX-AbPoint.

Definition 6 (Explanation). Given a KG 𝒦 and an assertion 𝑝 such that 𝒦 |= 𝑝, an explanation for 𝑝 is a

subset 𝒥 ⊆ 𝒦 such that 𝒥 |= 𝑝. An explanation is minimal if no proper subset 𝒥 ′ ⊂ 𝒥 entails 𝑝.

Example 6. The minimal explanations for the KG in Ex. 1, extended by assuming the hypothesis, are

{𝐸,𝐴,𝐶} and {𝐸,𝐵,𝐷}.

To compute an explanation of 𝑝 given 𝒦∪ℋ, LPX-AbPoint resorts to axiom pinpointing approaches
that compute explanations based on tracing of the reasoning via the tableau algorithm, which are also
known as glass-box approaches [13]. These methods return explanations consisting of both TBox and
ABox axioms and apply to very expressive DLs such as 𝒮ℛ𝒪ℐ𝒬. They tag the assertion of the ABox(es)
created during the expansion steps in the tableau with the axioms in the KG that led to such expansions.
An obvious drawback of these pinpointing methods is that the tracing mechanism requires to disable
the main optimizations of the tableau method, i.e., to stop exploring alternative expansions once a clash
is found. For mitigating this issue, we focus on returning only one explanation. Hence, this method
falls within the same complexity as the tableau without tracing, which depends on the targeted DL.
Moreover, termination is guaranteed when returning only one explanation, whereas tracing extensions
for retrieving all the explanations may not terminate (even if the tableau without tracing terminates).
However, the set of axioms generated by this algorithm might not be minimal. The redundant axioms
may be caused by the order of tableau rule applications.

Differently, black-box approaches for explanation do not require modifications to the underlying
reasoning algorithm, but, even for computing only one explanation, require multiple consistency checks.
The glass-box pinpointing approach can be combined with a black-box one for reducing the non minimal
explanation to a minimal one.

5. Experimental Evaluation

In this section, we discuss the settings (§5.1) and the outcomes (§5.2) of the comparative empirical
evaluation that we performed.

5.1. Experimental Setting

We used LP-diXit [16] to measure the utility of the returned explanations. LP-diXit measures the
Forward Simulatability Variation (FSV) induced by an explanation for a prediction (made by a LP
method), i.e., the variation between the simulatability (predictability) of a prediction without and with
an explanation [43]. A prediction (with an explanation) is simulatable if a verifier can hypothesize the
output of the LP method given the same input provided to the (LP) method (and the explanation). The
FSV can have the following values, indicating that the explanation is:

+1 useful: the simulation with the explanation is correct, whereas the one without it is incorrect;
0 useless: either both simulations are correct or both are incorrect;
−1 misleading: the simulation with the explanation is incorrect, instead, the one without it is correct.



We adopted LP-diXit with the LLM Llama3.1-70B-Instruct using a zero-shot prompt including a
constraint forcing the LLM to select its response from the top 20 fillers of the prediction input, according
to the KGE model. As metrics, we measured the frequencies 𝑓+1, 𝑓±0, and 𝑓−1 of the corresponding
FSV values, and the average time (𝑡) required to compute an explanation.

We configured LPX-AbPoint to stop the construction of the HS-tree as soon as a minimal non-trivial
hypothesis is found. Moreover, we set both the maximum depth of the HS-tree and the parameter 𝑘 in
the selection of abducibles to 2 because this is the largest computationally feasible configuration. Under
this setting, LPX-AbPoint requires up to 123 consistency checks, which corresponds to ∼ 9 hours of
computation time, if considering ∼ 20 seconds per consistency check.

We compared LPX-AbPoint with several recent LPX methods producing different types of explana-
tions: Criage and DP (single assertions), Kelpie++ (sets of assertions), Imagine (hypothetical assertions),
and LPX-AnyBURL (rule-based explanations). For Kelpie++ and Imagine, we set the maximum ex-
planation length to 2 because longer explanations were shown to be less useful despite the higher
computational cost [16]. Although Kelpie++ supports both necessary and sufficient explanation modali-
ties and two different graph summarization approaches (simulation and bisimulation), we adopt only the
necessary modality and the summarization based on simulation, since the other alternatives were found
to be less effective, while decreasing efficiency [16]. We adopted four datasets collected in KG-SaF [15],
a recent suite of datasets extracted from publicly available KGs, containing both TBox and ABox,
and released in OWL2 DL. Specifically, we selected YAGO3-10-C, YAGO4-20-C, ARCO25-5, WHOW25-5

(excluding DBPEDIA25-100K-C as it is inconsistent). These cover different levels of expressivity in the
schema, with ARCO25-5 and WHOW25-5 being the most expressive. For each model and dataset, we
compared the LPX methods on a sample of 100 assertions among those correctly top ranked by the LP
method. Since the explanations (by some LPX methods) may vary depending on the LP method, we
performed the experiments with different LP methods, each representing a prominent model family,
namely: TransE [44] (geometrical), ConvE [45] (neural) and ComplEx [46] (tensor factorization). We
executed Criage solely for ComplEx and ConvE because it does not apply to translational models.

We used Konclude, a hybrid (tableau and consequence-based) parallel OWL2 DL reasoner, for con-
sistency checking, and Pellet [47] for axiom pinpointing, as it is, to the best of our knowledge, the
only reasoner supporting glass-box axiom pinpointing. We implemented this study in Python on the
software libraries GRainsaCK [48], that automatizes the evaluation of LPX methods via LP-diXit, and
PyClause [49], implementing LPX-AnyBURL. The resources require to reproduce the study, e.g., code,
prompts, required libraries, adopted hardware, datasets, trained models, and hyperparameters, are
available on GitHub.2

5.2. Outcomes and Discussion

Tab. 1 shows that methods leveraging additional knowledge (LPX-AbPoint and LPX-AnyBURL) consis-
tently outperform those relying solely on observed knowledge (Criage, DP, Kelpie++) or on additional
assertions (Imagine), supporting the claim that explaining predictions requires additional knowledge
when existing knowledge is insufficient, while still reusing existing knowledge whenever it suffices.
One possible reason leading LPX-AnyBURL to outperform LPX-AbPoint is that it relies on a large set
of inductively learned rules that, even if uncertain, account for most predictions. By contrast, schema
axioms in ontologies are not designed to predict all the observed assertions. Hence, LPX-AbPoint
requires either that the prediction is already entailed by the ontology or that the missing gap can
be bridged through abduction. A further observation concerns the variability of the performance of
LPX-AbPoint across datasets. LPX-AbPoint obtained the highest fraction of helpful explanations on
YAGO3-10-C, followed by ARCO25-5, YAGO4-20-C, and WHOW25-5. It may be partly due to ARCO25-5
and WHOW25-5 being highly domain-specific KGs where many individuals have technical identifiers
that may have reduced the LLM’s ability to use the explanations. As for efficiency, although the results
highlight limitations of LPX-AbPoint, it is, to the best of our knowledge, the first method applying

2https://github.com/rbarile17/lpx-abpoint

https://github.com/rbarile17/lpx-abpoint


Table 1

The FSV value frequencies and the average explanation time (s) of the LPX methods.

KGE LPX method YAGO3-10-C YAGO4-20-C ARCO25-5 WHOW25-5
𝑓+1 𝑓±0 𝑓−1 𝑡 𝑓+1 𝑓±0 𝑓−1 𝑡 𝑓+1 𝑓±0 𝑓−1 𝑡 𝑓+1 𝑓±0 𝑓−1 𝑡

ComplEx

Criage 70 30 0 0 29 67 4 0 44 55 1 0 47 52 1 0

DP 28 72 0 0 10 80 10 0 11 84 5 0 12 84 4 0

Imagine 3 94 3 151 13 76 1 248 13 81 6 128 15 81 4 56

Kelpie++ 44 55 1 168 12 80 8 275 20 75 5 176 15 82 3 143

LPX-AnyBURL 79 21 0 0 45 54 1 0 63 35 2 0 59 39 2 0

LPX-AbPoint 72 28 0 199 40 58 2 523 59 41 0 1683 36 63 1 133

ConvE

Criage 47 53 0 0 58 42 0 0 69 30 1 0 22 78 0 0

DP 0 99 1 0 8 75 17 0 1 97 2 0 2 93 5 0

Imagine 0 99 1 106 54 44 2 66 2 96 2 28 2 92 6 67

Kelpie++ 0 99 1 115 18 69 13 56 1 97 2 32 13 85 2 63

LPX-AnyBURL 97 3 0 0 60 39 1 0 69 30 1 0 50 45 5 0

LPX-AbPoint 77 23 0 202 60 40 0 596 30 68 2 3398 17 81 2 279

TransE

DP 2 93 5 0 12 79 9 0 5 88 7 0 5 87 8 0

Imagine 2 95 3 145 14 74 12 169 9 83 8 113 8 84 8 62

Kelpie++ 3 95 2 225 13 71 16 198 11 82 7 115 12 81 7 82

LPX-AnyBURL 66 33 1 0 43 51 6 0 65 33 2 0 48 51 1 0

LPX-AbPoint 63 36 1 204 41 58 1 604 46 51 3 807 41 56 3 242

Table 2

The explanations returned by different LPX methods for two predictions. Type: A = ABox, T = TBox, R = rule.

Source: E = existing knowledge, H = hypothetical (abducted or induced) knowledge.

LPX method Explanation Type Source

Prediction: Construction(a), Dataset: ARCO25-5

Criage Construction(b) A E

DP Immovable(a) A E

Imagine urbanRelation(a, b) and other similar assertions with a different object A H

Kelpie++ Immovable(a) and other related concept assertions A E

LPX-AnyBURL Construction(𝑥)← Immovable(𝑥) R H

Immovable(a) A E

LPX-AbPoint ConstructionSpace ⊑ Construction T E

ConstructionSpace(a) A H

Prediction: Organization(NyenrodeUniversity), Dataset: YAGO4-20-C

Criage Organization(AGHUniversity) A E

DP location(NyenrodeUniversity,Breukelen) A E

Imagine location(AsburyUniversity,NyenrodeUniversity) and similar assertions with other univer-

sities as subject

A H

Kelpie++ location(NyenrodeUniversity,Breukelen) and similar assertions with other places as object A E

LPX-AnyBURL type(NyenrodeUniveristy, 𝑦)← type(GRCollege, 𝑦) R H

Organization(GRCollege) A E

LPX-AbPoint School ⊑ Organization T E

School(NyenrodeUniversity) A H

abduction to large-scale KGs, enabled by the generality of the approach w.r.t. the applicable reasoners.
Indeed, previous abduction approaches, such as MHS-MXP, have been evaluated only on very small
KGs.

Moreover, although LPX-AnyBURL provides the best overall trade-off between utility and efficiency,
it requires rules that are learned from data and are not further validated. Conversely, LPX-AbPoint
leverages the available schema. This matters in scenarios where explanations should remain coupled
to the intended semantics established in KG construction. In this respect, we discuss the explanations
reported in Tab. 2 for two predictions made via ComplEx. For the prediction on ARCO25-5, both
LPX-AbPoint and LPX-AnyBURL both return useful explanations based on concept taxonomy. LPX-
AbPoint uses an existing schema axiom and a hypothetical assertion, whereas the other leverages a
induced rule in a different language. Differently, the hypothesis returned by Imagine seems less directly
tied to the prediction. Moreover, Kelpie++ and DP show a pattern similar to the explanation from



LPX-AnyBURL, but without an explicit rule. Finally, Criage seems to make an analogy with another
specific individual. For the prediction on YAGO4-20-C, the explanation by LPX-AbPoint seems more
useful than the others. This highlights the differences in explanation quality that are not fully evident
in the FSV distribution, which is influenced by the number of predictions for which an explanation
is returned. In this case, the explanations selected by LPX-AnyBURL and Criage seem very specific
because they rely on specific individuals. The assertions by Imagine, Kelpie++, and DP seem less
directly related to the prediction. Moreover, Imagine seem to return a inconsistent assertion using
universities rather than places in assertions on the location property.

6. Conclusion

We proposed LPX-AbPoint, the first LPX method that computes explanations consisting of: 1) schema
axioms, 2) existing assertions, additional assertions, or both. It combines abduction and pinpointing: it
supplements the KG with hypothetical assertions, and then derives an explanation from the extended
KG. The abduction approach is a further generalization of the most general existing approach. For
pinpointing, LPX-AbPoint integrates tracing extensions of tableau-based reasoning.

We performed a comprehensive experimental evaluation: the outcomes suggest that LPX-AbPoint
outperforms approaches based purely on available knowledge and those based purely on additional
knowledge and performs comparably to LPX-AnyBURL based on rule learning. We also found that
LPX-AnyBURL sometimes explain predictions via very specific rules that encode similarities among
individuals.

The study also suggests future research. We intend to investigate a solution assuming knowledge
both at the schema and assertions level. We plan to investigate search heuristics for abduction and
pinpointing based on KGE models for improving the efficiency of the LPX method.
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